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PREFACE 
to the Third Edition 

The rllird time is fhe charm. 
ANONYMOUS 

The third edition is an evolutionary improvement over the second edition. which was an 
extensive revision of the first edition. See the updated Preface TO Ihe First E(Jirioll (over
leaf) for morc detailed information on the book's purpose and organization. 1llroughout 
this third edition many smull improvements have beclll11ade 10 the discussion of a vari
cty ortapies in every chapter. based largely on user feedback, and all known errors have 
been corrected. The major change is the addition of 23 1 new problem selS, a 46% in
crease over Ihe second edition, bringing the \olallO 73 1 problems. plus 88 larger scale 
project assignments. Many problem figures have been redrawn and enhanced as have 
some in the text body. All of the problem figures are now included as PDF files IOn the 
CD-ROM so Ihat students can easily oblain hard copies to work the solutions on. 

Some new material also has been added. An introduction to compliant mechanisms 
and MEMS is provided in Ch .. pler 2. Chapter 3 .. dds .. section on "Other Useful Linkag
es~ that solve common problems in industry. The treatment of cams in Chapter 8 has 
been both condensed .. nd enhanced with new malerial. Chapter 9's discussion of trans
missions is enhanced and expanded . The treatment of engine dynamics in Chapters 13 
and 14 has been improved. 

The third edition is also enhanced by the addition of much new software on the at
tached CD-ROM. New student versions of the author-written programs. FOURBAR. 
FlvEBAR. SIX BAR. SUDER. DVNACAM. ENGINE, and MATRIX have been revised. en
hanced. and improved. All now provide larger screens and many new features. These 
programs undergo frequent revision with added features and enhancements. Instructors 
who adopt the book for a course may download the latest student versions of the pro
grams from bun:llwww,dcsjj;no(mncbjncry,coOl. 

Professor Shih-Linns (Sid) W1Ulg of Nonh Carolina A&T has added many models 
to his included package. Mechanism Siml/illlion ill (I Mllllimedia EnvirOllmelll. It now 
contains over 100 Wo,.king M(J(lei (WM) files based on the book's figures and 19 Mal
I(lb® models for kinematic analysis and animation. These WM models bring the text's 
figures to life with nnimlilion. graphs, and numerical output. For each of Professor 
Wang's simulations, a video file of the mechanism can be played independentl y of the 
Working Model progmm . Microsoft Inte rnet Explorer is used to navigate among hy
perlinked HTM L fil es Ihal contain text. picture. video. Matlah , and Working Model files. 

The lVorking M{){lei 20 VersiOfl 5.2 Texlbook Edition ( IVM) program is included on 
the CD-ROM and is a newer version Ihan in the second edition. The student can open, 
run, modify. and interact with the many IVM s imulation files provided on the CD-
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ROM. Students also may build and lest new mechanisms in the WM Textbook Edition 
provided on the CD·ROM. bullhe Textbook Edilion as supplied does nOI allow the user 
10 save or print the model. However, instructors who adopl the (ext for a class and re
quire ils purchase by the ir students may call 8()()"766-6615 or 650-381·339510 obtain 
information on how 10 expand the capabilities of the WM Textbook Edition for their Stu
dent's class assignments. For separate information on printing high-quality graphics 
from either edition of IVM. follow the instructions al bup:llwww.worL:.jo!!model.oom/ 
faotjsl,hlml#prjm. 

Some of the Mallab files supplied will analyze fourbar. slidercr.mk, and inverted 
sl ider crank linkages and animate their mOlion. Other Mal/ab files calculate the tooth 
profile of an involute spur gear, show the geometric generation of an involute and the 
Illotion of an ell iptic trammel. Mallab source code is provided . The Matlah program is 
not . Extensivccomments are provided within each Mallah file identifying the equations used 
from the text by number. The student can modify these models for other npplications. 

ACKNOWUWGMENTS The sources of photographs and other nonoriginal art 
used in the text are nc knowledged in the captions and opposite the title page. but the 
author would also like to express his thnnks for the cooperation of all those individ
uals and companies who generously made these items available. The author is indebt
ed to. and would like to thank. a number of users who kindly notified him of errors or 
suggested improvements. These include: Professors Eben CohbofWPI. Diego Galll::i 
of University of Buenos Aires. 101111 R. Hall ofWPI. Shafik Iskmrder of U. Tennessee. 
Richartl 1akllbek of RPI. Cheong Gill-Jeong of Wonk wang Univ .. Korea. Swami 
Karlllwmoortlr)' of St. Louis Universiry. Pierre Larochelle of Florida Tech. Scott Open· 
shaw of Iowa State. Frallcis H. ROl'ell of Notre Dame. Arnold E. Sikkemtt of Dorch Col
lege. and DOllilid A. Smith ofU. Wyoming. 

Professors Meil'ill R. Corle)' of Louisiana Tech, R. Demshierof U. Evansville. Krislma Gupta 
of U. lIIinois-Olicago. Michael Keefe of U. Delaware. 10/111 St~ell of Valparaiso University, 
Douglas Walcer: of York College, and Lindsey Wells of U. Texas 31 Tyler nlso provided use· 
ful suggestions or corrections. Reviewers of this edition also included: Professors Kurt 
Allder.fOlI of RPI. Stel'e tie Brllyn Kops of U. Washington, Marek Klljalh of Dalhousie 
University. Mark Nagllrka of Marquette University. Tim Nyc of McMaster University, 
and Bob Williams of Ohio University. The author also th:mks the many others who reo 
sponded to the survey on the second edition. 

Professors Lar,)' L. Howell of BYU. G. K. Allal1fllll.\·lIre.~h of U. Penn, and YOllg.Mo 
Mooll of WPI kindly supplied photographs of compliant mechanisms. Professor Cosme 
FUr/OIlS of WPI generously supplied MEMS photos and infomlation. 

The author wou ld like to express his special apprecimion to Professor Sitl Wang of 
NCAT for his efforts in creating the Working Model and Mmlab fil es on the CD·ROM. 
Professor Tholl/(lS A. Cook, Mercer University (Emeritus) provided most of the new 
problem sets as well as their solutions in his impressive and voluminous solutions man
unl and its accompanying M(llhcotl ill solution files. The author is most grateful for Dr. 
Cook's valuable contributions. 

If you find any errors or have comments or suggestions for improvement, please 
emai l the author at l1orloll@wpi.edll. Ermtn as discovered. and other book infonnation, 
will be posted on the author's web site at hnp:Uwww,dcsj!!I!QfmachjoCQ'.COID. 



PREFACE 
to the First Edition 

When! hear, I forger 
When! see, I remember 
When I do. I /lnderstand 
ANCIENT CHINESE PROVERB 

This text is intended for the kinematics and dynamics of machinery topics which are 
often given as a single course, or IWO-COUrse sequence. in the junior year of most mechan· 
ieal engineering programs. The usual prerequisites are first courses in Sialics. dynamics. 
and calculus. Usually, the first semester. or ponion, is devoted to kinemtllics. and the 
second to dynamics of machinery. These courses are ideal vehicles for introducing the 
mechanical engineering student to the process of design. since mechanisms tend to be 
intuitive for the typical mechanical engineering Sludenllo visualize and creatc. 

While this lext attempts to be thorough and complete on the topics of analysis. it also 
emphasizes the synthesis and design aspeclS of the subject to a greater degree than most 
telllS in print on these subjects. Also. it emphasizes the use of computer-aided engineer· 
ing as an approach to the design and analysis of this class of problems by providing soft
ware that can enhance student understanding. While the mathematical level of this tell! 
is aimed at second- or third-year university slUdenlS. it is presented de II0l'O and should 
be understandable to the technical school student as well. 

Pan I of this text is suitable for a one-semester or one-term course in kinematics. 
Pan II is suituble for a one-semester or one-term course in dynamics of machinery. Alter
natively, both topic areas can be covered in one semester with less emphasis on some of 
the topics covered in the text. 

The writing and style or presentation in the text is designed to be clear. infomlul, and 
easy to read. Many example problems and solut ion techniques are presented and spelled 
out in detail, both verbally and graphica lly. All the illustrations are done with computer· 
drawing or drafting programs. Some scanned photographic images are also included. 
The entire lext. including equations and artwork , is printed directly from the author's 
computer disk by laser typesetting for maximum clarity and quality. Many suggested 
readings are provided in the bibliography. Short problems. and where appropriate. many 
longer, unstructured design project assignments are provided at the ends of chapters. 
These projects provide an opportunity for the studenlS to do and understand. 

XIX 
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The author's approach to these courses lind Ihis text is based on ovcr40 years' 
experience in mechanical engi neering design. both in industry and os a consu ltant. 
He has taught these subjects since 1967, both in even ing school 10 practicing engi· 
neers and in day 5chooil0 younger students. His approach to the course has evolved 
a great deal in thaI lime. from a traditional approach. emphasizi ng grnphical analysis of 
many structured problems. through emphasis on aigeb .... .aic methods as computers be
came available. through requiring students 10 write their own computer programs. to 
the current stale described above. 

The one constant throughout has been Ihe attempt to convey the art o f the design pro
cess to the students in order 10 prepare them to cope with real cngineering problcms in 
practice. Thus, thc author has always promoted design within thcse courses. Only re
cently. however. has technology provided a means to more effcctivcly accomplish this 
goal. in the foml of the graphics microcomputer. This text allemptS to be an improve
ment over those currcntly available by providing up-to-date mcthods and tcchniques for 
analysis and synthesis that take full advantage of thc graphics microcomputcr. and by 
emphasizi ng design as well as analysis. TIle text also provides a more completc. mod
ern . and thorough trealment of cam design than existing texts in print on thc subject. 

TIle author has written seven intemctive, student-friendlycomputcr programs for the 
design and :lIlalysis of mechanisms and machines. The~ programs are designed to en
hance the student's understanding of the basic concepts in the~e courses while simuha
neously allowing more comprehensive and realistic problcm and project ~~ignmenlS to 
be done in the limited time available than could ever be done with manual solution tech
niques. whether gmphical or algebraic. UnslruclUred. realistic design problems which 
have many valid solutions are assigned. Synthesis and analysis are equally emphasized. 
111e nnalys\-,> mcthods presented are up to date. using vector equations and matrix tech
niques wherevcr applicable. Manual graphical analysis methods are de-emphasi7..ed. The 
gmphics output from thecomputerprogmms allows the student to sec the resullS ofvari
at ion of parameters rapidly and accumtely and reinforces learning. 

These computer progmms are distributed o n CD-ROM with this book. which also 
contains instructions for their use on any IBM compatible. Windows 98/2000/NT capa
ble computer. Progmms SUDER. FOUR BAR. FI VEBAR and SIXBAR analyze the kinemat
ics and dynamics of those types of linkages. Progmm DYNACAM allows the design and 
dynamic analysis of C:lm-follower systems. Program ENGINE analyzes the slider-crank 
linkllge as used in the internal combustion engi ne and provides a complete dynamic 'lIlal
ysis of si ngle and tnulticylinder engine inline. V. lind W configurations, allowing the me
chanical dynamic design of eng ines to be done. Progr.ull MATRIX is :1 general purpose 
linear equation system solver. 

All these progr:uns. except MATRIX . provide dynamic. graphical animation of the 
designed devices. The reader is strongly urged to make usc of these programs in order 
to investigate Ihe results of variation of parameters in these kinem:lt ic devices. The pro
gmms are designed 10 enhance lind augment the text ralher than be a substitute for il. The 
converse is also (rue. Many solutions to the book's examplcs and to the problem selS are 
provided on the CD-ROM as files to be opened in these programs. Most of these solu
tions can be animated on the computer screen for a better dernonstmtion of the concept 
than is possible 00 the printed page. The inslructor and students are both encoumged to take 
advantage of the computer prognuns provided. Instructions for their use arc in Appendix A. 



PREFACE 

The aUlhor's intention is that sy nthesis topics be introduced first to all ow the 
students to work on \ome simple design tasks early in the term while still mastering 
the analysis topics. Though th is is not the " tradit ional"' approach to the teaching of 
this materi:l!' the :lu thor believes th:1I it is a superior method to that of initial concen
tration on detailed analysis of mechanisms for which the student has no concept of or
igin or purpose. 

Chapter:. I and 2 are introductory. Those inst ructors wishing to teach an::alysis 
before :.yn the:.is ca n leave Chapters 3 and 5 on linkage synthesis fo r hiler consump
tion. Ch:lpters 4, 6, and 7 on position. velocity. and acceleration analysis are sequen
tial and build upon each other. In fact, some of the problem setS arc common among these 
three chapters so that Sludents c:m use thei r posi tion solutions 10 find velocities and then 
later use both to find the accclerm ions in the same linkages. Chapter 8 on cams is 
more ex tensive and comple te than that of o ther kinematics texts and t:,kes a design 
approach. Chapter 9 on gear trains is introductory. The dynamic foree treatment in Parl 
II uscs nMrix methods for the solution oflhe system simultaneou:. eq uat ions. Graphical 
force :malysis is not emphasized. Chapler 10 presents an introduction to dynamic sys
tems model ing. Chapter II deals with force :malysis of linkages. Balanci ng of rotat ing 
machinery and linkages is covered in Chapter 12. Chapters 13 and 14 usc the intenml 
combustion engine :IS an example to pull together many dynamic concepts in a design 
context. Chapter 15 presents an introduction to dynamic systems modeling and uses 
the cam-follower :.y:.tem as the example. Chapters 3. 8. I L 13, and 14 provide open 
ended project problems as well as structured problem sets. The assignment and execu
tion of unstructured project problems can greatly enhance the student's understand
ing of the conce pts a!) described by the proverb in the epigraph to thi s preface. 

ACKNO WLEI)G1'n :NTS The sources of photographs and other nonoriginal art 
used in the text are acknowledged in the captions and opposi te the litle page, but the 
author would a lso like to express his thanks for the cooperat ion of :III those indi vid
uals and companies who ge nerou~ ly made these items available. The author would 
al:.o like to thank those who reviewed various sections of the first ed it ion of the tex t 
and who made m:lny u!'cful sugge~t ions for improvement. Mr. John Titus of the Un i
versi ty of Minne:.ota reviewed Chapter 5 on analytical synthesis and Mr. Dennis 
Kl ipp of Klipp Engineeri ng. Waterville, Maine. rev iewed Chapler 8 on cam design. 
Professor William J. Crochetiere ,lIld Mr. Horner Eckhardt of Tufts University, Med
ford. Ma~s., reviewed Chapter 15. Mr. Eckhardt and Professor Crocheliere of Tufts, 
and Profes:.or Charlc\ Warren of the University of Alabama taught from and rc
viewed Part I. Professor Iiolly K. Au lt of Worcester Polytechnic Insti tute thorough
ly rev iewed the entire tex t while te:lching from the pre-publication. claSS-lest ve r
sions oflhe completc book. Professor Michael Keefe of the Universit y of De law;trc 
provided many helpful comment". Sincere thanks al so go to thc large number of un
dergraduate students and graduate teaChing assiSlants who caught many typos and errors 
in the text and in the progmm:. while usi ng the pre-publication versions. Since the book's 
firsl printing. Profs. D. Cronin. K. Gupta. P. Jensen. and Mr. R. Jantz have wrilten to point 
out errors or make 5ugge:.tions that I have incorporated and for which I thank them. The 
author takes full responsibility for :my errors that may remain and invites from all read
ers their cri ticisms. sugge~tions for improvement. and identification of errors in the lext 
or progl"'J.ms. <;() that both can be improved in fu ture versions. Contact UPflau@woi,cdu. 
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INTRODUCTION 
Inspiration most often srrikes 
those who lire hard at work 
ANONYMOUS 

1.0 PURPOSE 

Chapter 1 

In this text we will explore the topics of kinematics and dynamics of machinery in re· 
SpecllQ the synthesis of mcchanisms in order to accomplish desired motions or tasks. 
and also the analysis of II1cdmnisms in order to delcnnine their rigid-body dymlmic 
behavior. These lopics arc fundamcnta llo the broader subject of machine design . On 
the premise Ihal we cannot analyze anyth ing unlil it has been synthesized inlo existence. 
we will first explore the lopic of synthesis of mechanis ms. Then we will investigate 
techniques of analysis ofmechaniSIllS. Ailihis will be directed toward developing your 
ability to design viable mechanism solutions to real. unstruclUred engineering problems 
by using a design process. We will begin wi th careful definitions of the temlS used in 
these topics. 

1.1 KINEMATlCS AND KINETICS 

KINEMATICS 

KINt::TICS 

The .tTllIl)' of motio/l lI'ill1ol/1 regard to foras. 

The Sf/Illy of fon-es 011 systems ill mOliol1. 

These two conccpts are re:ltly //01 physically separable. We arbitrarily separatc thcm for 
instructional reasons in engineering education. It is also valid in engineering design 
practice to first consider the desired kinematic motions and their consequences. and then 
subsequemly investigate the kinctic forces associated with those motions. TIle student 
should realize that the division between kinematics and kinetics is quite arbitr.try and 
is done largcly for convenience. One cannot design most dynamic mechanical systems 
without laking both topics into thorough consideration. It is quite logical to consider 
them in the order listed since. from Newton"s second law_ F = ma, one typically needs 10 
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know the acceleralions (a ) in order to compute the dynamic forces (F) due to the mo
tion of the system's mass (m). There are also many situations in which the applied forc
es are known and the resultant accelerations are to be found. 

One principal aim of kinematics is to create (design) the desired motions of the sub
ject mechanical par1s and then mathematically compute the positions. velocities. and ac
celerat ions that those motions will create on the parts. Since. for most earthbound me
chanical systems, the mass remains essentially constant with time. defining the accel
erations as a func tion of lime then also defines the dynamic forces as a function of time. 
Stresses, in tum. will be a funct ion of both lIpplied and inertial (ma) forces. Since engi
neering design is charged with creating systems thm will not fail during their expected 
service life. the goal is to keep stresses within acceptable limits for the materials chosen 
and the environmental conditions encountered. This obviously requires that all system 
forces be defined and kept with in desired limits. In machinery that moves (the only in
teresting kind), the largest forces encountered are often those due to the dynamics of the 
machine itself. These dynamic forces are proport ional 10 lIccelcmtion, which brings us 
back to kincmatics.the foundlllion of mechanical design. Very basic :md early decisions 
in the design process involving kinemalic principles can be crucial to the success of any 
mechanical design. A design that has poor kinematics will prove troublesome and pcr
fonn badly. 

1.2 MECHAN1SMS AND MACH1NES 

A mechanism is a device that transfonns motion to some desirable pattern and typically 
develops very low forces and transmits little power. A nmchine typically contains mech
anisms thai are designed to provide signi ficant forces and transmi t significant power.! I) 
Some examples of common mechanisms are a pencil sharpener. a camera shuller. an an-, 
alog clock, a folding chair. an adjustable desk lamp. and nn umbrella. Some examples 
of machines that possess motions similar to the mechanisms listed above are a food 
blender. a bank vault door, an automobile transmission. a bulldozer. a robot. and an 
amusement park ride. There is no clear-cut dividing line between mech:misms and ma
chines. llley differ in degree rather than in kind. If the forces or energy levels within 
the device nre significant. it is considered a machine: if not. it is considered a mechanism. 
A useful working definition of a mechanism is A .fystem of elements arrollged /0 trans
mit motion ill 0IJredetermilled /oshioll. This can be converted to a definition of a ma
chine by adding the words and energy after motion . 

Mechanisms. jf lightly loaded and run at slow speeds, C:1I1 sometimcs be treated 
strict ly as kinematic devices; that is, they cun be analyzed kinermllicnlly without regard 
to forces. Machines (and mechanisms nmning at higher speeds), on the other hand. must 
first be treated as mechanisms. a kinematic analysis of their velocities and accelerations 
must be done, and Ihen they must be subsequently analyzed as dynamic systems in which 
their stat ic and dynamic forces due to those accelerations are analyzed using the princi
ples of kinetics. Part I of this text deals with Kinematics of Mechanisms, nnd I'arl 11 
with DYllamics of Machinery. The techniques of mechanism synthesis presented in Pan 
I are applicnble to the design of both mechanisms and machines, since in each case some 
collection of moveable members must be created to provide and control the desired 
motions and geomctry. 

- • .r:J', -.~-
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1.3 A BRIEF HISTORY OF KINEMATICS 

Machines and mechanisms have been devised by people since the dawn of history. The 
ancient Egyptians devised primitive machines to accomplish the building of the pyra
mids and other monumenls. Though the wheel and pulley (on an axle) were not known 
to the Old Kingdom Egyptillns.they made use of the lever. the inclined plane (or wedge), 
and probably the log roller. The origin of the wheel and axle is not definitively known. 
Its first appearance seems to have been in Mesopotamia about 3000 to 4O(M) B.C. 

Agreat deal or design effort was spent from early times on the problem of time keep
ing as more sophisticll ted clock:works were devised. Much early machine design WItS 
directed toward military applications (catapults, wall scaling apparatus, etc.). The tenn 
civil engineering was tater coined to differemiate civi lian from military applications of 
technology. Mechanical engineering had its beginnings in machine design as the in
ventions of the industrinl revolution required more complicaled and sophisticated solu
tions to motion control problems. Jlllnes Watt ( 1736-1819) probably deserves the title 
of first kinematician for his synthesis of a straight-line linkage (see Figure 3-29a on 
p. 121) to guide the very long stroke pistons in the then new steam engines. Since the 
planer WIlS yet to be invented (in 1817). no means then ex isted to machine a long. straight 
guide to serve as a crosshead in the steam engine. Wall was certainly the first on record 
to recognize the value of the motions of the coupler link in the fourbar linkage. O lh'cr 
Evans(1755-18J9) an early American inventor. also designed a straight-line linkage for 
a steam engine. Eu ler (1707-1783) was a contemporary of Wall. though they apparent
ly never mel. Euler presented an annlytical treatment of mechanisms in his Mechallica 
sive Motlls Scif'nta Anal)'ticf' £-.:posita (1736-1742), which included the concept thllt pla
nar motion is composed of tWO independent components. namely. lranslation of a point 
and rotalion of the body about that point. Euler also suggested the separation of the prob
lem of dynamic analysis into the "geometrical" and the "mechanical" in order to simpli
fy the detennination of the system 's dynamics. Two of his contemporaries. d' Alembert 
and Kant. also proposed simi lar ideas. This is the origin of our division of the topic into 
kinematics and kinetics as described 011 p. 3. 

In the early 1800s. L'Ecole Polytechnic in Paris. Fmnce. was the repository of engi
neering expertise. Lagrange and Fourier were among its faculty. One of its founders 
was Gaspard Monge (1746- 18 18). inventor of descriptive geometry (which incidental
ly was kept as a military secret by the French government for 30 years because of ils 
value in planning fortifications). Monge created a course in elements of machines and 
set about the lask of classifying all mechanisms and machines known to mankind! His 
colleague. Hachcttc. completed the work in 1806 and published it as what was probably 
the first mechanism text in 181 I. Andre Marie Ampere ( 1775-1836), also a professor 
at L'Ecole Polytechnic. set :lboUl the fonnidable task of classifying "all human knowl
edge." In his E.uai slIrllll'hifosophie lies Sciencf'S. he was the first to use the tenn cin
ematique. from the Greck word for motion: to describe the study of motion without 
regard to forces. and suggestcd that "this science ought to include all that can be said with 
respect to motion in its different kinds. independently of the forces by which it is pro
duced." His tcnn WItS later anglicized to kinf'matics and gennanized to killf'matik. 

Robert Willis (1800-1875) wrote the text PrincipiI's o/Mf'chanism in 1841 while a 
professor of natum! philosophy at the University of Cambridge. England. He attempted 
to systematize the task of mechanism synthesis. He counted five ways of obtaining 

5 

• Ampere is quoted a.!i 

writing "(11le science of 
mechanisms) must 
therefore nOl define 11 

machille. as has usually 
been done. lIS an insuu
ment by the help of whi(;h 
the direction and intensity 
of a givcmfon" can be 
altered, but PS an 
instrument by the help of 
whkh the direction and 
I'doc;ty of a given mOlion 
(;1111 be altered. To this 

science . .. I have given the 
name Kinemalil:S from 
K1vIlCl- mOfion." in 
Maunder. L. (1979). 
"Theory and PrnctK:e." 
Pr(}('. 5th " \)rId COrl!. 011 

Thtory of Mtchan;sms ami 
Machintl. Montrnl. p. I. 
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relative Illotion between input and output links: rolling (;on';lCI, sliding contact. linkag
cs. wrapping conncclOrs (bellS. chai ns). and lackle (rope or chain hoists). Franz Reu· 
Icaux ( 1829· 1905). published TlleoretiJclre KillemlJlik in 1875. Many of his ideas are 
Stilt current and useful. Alexander Kennedy ( 1847· 1928) Ir.lOs1alcd Reulcaux into En
glish in 1876. This text became the foundation of modCnl kinematics and is still in print! 
(Sec bibliography at end of chapter.) I-Ie provided us with the concept ofa kinematic pair 
(joiru ), whose shape and imeraclion define the type of motion transmitted between ele
mCl1Is in the mechanism. Reuleault defined ~i}[ basic mechanical components: the link. 
the wheel. the cam. the screw. the michel. and the belt. He alro defined "higher" and 
"lower" pairs. higher having line or poim contact (as in:l roller or ball bearing) and low
er having surface cont:lct (as in pin joints). Reuleaux is generally considered the fat her 
of modern kincmatics and is responsible for the symbolic notation of ~ke letal. generic 
linkages used in all modem kinematics texts. 

In the 20th century. prior to World War II. most theoreliclil work in kinemlltics was 
done in Europe. especiall y in Gemlany. Few research results were nvailable in Engl ish. 
In the United Swtes. kinematics was largely ignored until the 1940s. when A. E. R. 
dc.longe wrOle "What Is Wrong with 'Kinemat ic'" ;md . Mechani!>nl\ '?:'121 which called 
upon the U.S. mechanical engineering educat ion establi!.hmentto poly attention to the Eu~ 
ropelln accomplishments in this field. Si nce then. much new work has been done. e!.pe
dally in kinematic synthesis. by American and European engineers and re~archers such 
all J. Denavi!. A. Erdman. F. Freudenslein . A. S. HlIli . R. H:lrlenberg. R. Kaufman . 
IJ. Roth . G. Sandor. and A. Sonl. (nIl of the U.S.) and K. Hain (ofGemlany). Since the 
fall of the " iron curtain" much original work done by Soviet Ru!.sian kinematicians has 
become available in the Uni ted States. such as that by ArIObole\'skyJ31 Many U.S. re
searchers have applied the computer to solve previously intractable problems. both of 
analysis and synthesis. making practical use of m:my of the theories of their predeces
sors.!"1 This text will make much use of the availubility of computers to allow more ef
fi cient nnalysis nnd synthesis o f sol utions to machine design problems. Seveml comput
er progmms are included with this book for your use. 

1.4 APPLICATIONS OF KINEMATICS 

One of the first tasks in solving any machine design problcm is 10 detenn ine the kine
matic configurlltion(s) needed to provide the desired motions. Force lind ~trcss analyses 
typicall y cannot be done until the kinematic issues hllve been resolved. This text ::tddress
es the design of kinematic devices such as linkages. cams. nnd gears. E;.lch ofthcse tenns 
will be fully defined in succeeding chaplers. but it may be useful to show some exam
ples of kinematic npplications in this introduclorychaplcr. You probably have used many 
of these systems without giving any thought to the ir kinematics. 

Virtually any machine or device that moves conlllins one or more kinematic ele
ments such as linkages. cams. gears. belts. chains. Your bicycle is a si mpleex ample of a 
kinematic system that contains a chain drive to provide torque multiplication and sim
ple cable-operated linkages for braking. An automobile contains many more examples 
o f kinematic devices. Its steering system. wheel suspensions. and piston-engine all con
lain linkages: the engine's valves are opened by cams: and the transm ission is full of 
gears. Even the windshield wipers are linkage-driven, Figure I- Ia shows a spalial1ink
age used to control the rear wheel movement of 11 modem automobile over bumps. 
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(0) Spotlalllnkoge rear suspension 
Courtesy of Daimler Benz Co 

(b) Ul lllty tractor with backhoe 
Courtesy of JoIln Deere Co. 

(c) LInkage-d riven exerCise mechanism 
Courtesy or ICON Health & Flmess. Inc 

FIGURE 1-1 

Examples of kinematic devices In general use 

Construction equipment such as tractors, cranes. and backhoes all usc linkagb; ex
tensively in their design. Figure I- I b shows a small backhoe that is a linkage driven by 
hydraulic cylinders. Another application usi ng linkages is that of exercise equipment as 
shown in Figure I- I c. The examples in Figure I- I are all of consumer goods that you 
may encounter in your daily tmvels. Many other kinematic examples occur in Ihe realm 
of producer goods- machines used to make the many consumer products that we use. 
You are less likely to encounter these outside of a factory environment. Once you be
come familiar with the teons and princ iples of kinematics. you will no longer be able to 
look at any machine or product without seeing its kinematic aspects. 

1.5 THE DESIGN PROCESS 

Design, Invention, Creativity 

These are all familinr tenns but may IllCnfl different things to different people. These 
tern's can encompass n wide range of activities from styling the newest look in cloth ing, 
to creat ing impressive archi tecture. to engineering a machine for the manufllcture of fa
cial tissues. Engineering design. which we are concerned with here. embod ies all three 
of these activities as well llS many others. The word design is derived from the L1tin 
designare. which means "10 designote. or m(lrk out." Webster 's gi ves several de fini 
tions. the most applicable being "10 outline, pial. or pion. os (lClion or work . . . 10 COII 
cril'e, jlll'em - cOlllrive." Engineering design has been defined 3S " . . . 'he process of 
applying 'he 1'("iol/s 'ec/lll iqllt's alld sciemijic principles for Ihe purpose of defining (I 
del'ice. 0 process or (I s),slem in sl/fficient lll'taillO permit its rl'(lli:ation .... Desigll mll)' 
be siml}ll' or el/ormol/sl)' complex, eosy or llijJicl/ ll. mathemolical or nonmOlhemal;cal .
it ma)' i,n'o/l'e a Ir;I';lIl problem or olle of great importance:' Oesign is a universal con· 
stituent of eng ineering pract ice. But the complex ity of eng ineering subjects usually 
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TABLE 1-1 
A Design Process 

1 Identification Of 
Need 

2 Background 
Reseorch 

3 Goal Statement 

4 Performance 
SpecI1lc"",,", 

5 ideatIOn ond 
Invention 

6 Analysis 

7 Selection 

8 Detailed Design 

9 Prototyplng and 
Tesllng 

10 Production 
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requires that the student be served with a collection of st ructured . set-pit4:e problems 
designed to e lucidale a particular concept or concepts related to the particular topic, 
These textbook problems typically take the fonn of "gil'ell A, B, C, alld D,fin(1 E:' Un
fortunately. real-l ife engineering problems are almost never so structured. Real design 
problems more often take the fonn of " Wh(lf we need is a framl/s 10 sll/ff l/Ii,f widget infO 

Illar hole wilhin the lime allocaled to Ihe transfer of Ihis oIlier gizmo," The new engi
neering gmduate will search in vain among his or her textbooks for much guidance to 
solve such a problem, This unstruclUred problem statement usually leads to what is 
commonly called "blank paper syndrome." Engineers often find themselves staring at 
a blank sheet of paper pondering how to begi n solving such an ill-defined problem. 

Much of engineering education deals with topics of analysis. which means to de
compose, to rake apart, to reso/l'c imo its constitllem parts. This is quite necessary, The 
engineer must know how to analyze systems of vluious types. mechanical, electrical. 
thermal, or nuid, Analysis requires a thorough understanding of both the appropriate 
mathematical techniques and the rundamental physics of the system's function. But. 
before any system can be analyzed. it must exist. and a blank sheet of paper provides lit
tle substance for analysis. Thus the first step in any engineering design exercise is that 
of synthesis, which means pwtillg together. 

The design engineer. in practice. regardless of discipline, continuously faces the 
challenge of structllring Ihe IIII.ftrllCllired problem. Inevitably. the problem as posed to 
the engineer is ill-defined and incomplete. Berore any attempt can be made to ana/Fe 
Ihe siruarion he or she must first carefully define the problem. usi ng an engineering ap
proach. to ensure that any proposed solution will solve the right problem. Manyexam
ples ex ist of excellent engineering solutions that were ult imate ly rejected because they 
solved the wrong problem. i.e .. a different one than the client really had. 

Much research has been devoted to the definition of various "design processes" 
intended to provide means to Structure the unstructured problem and lead to a viable 
solution. Some of these processes present dozens of steps, others only a few. The one 
presented in Table I- I contains 10 steps and has, in the author 's experience, proven suc
cessful in over 40 years of practice in engineering design. 

ITERATION Before discussing each of these steps in detail it is necessary to point 
out that this is nOI a process in which one proceeds from step one through ten in a linear 
fas hion. Rather it is. by its nature. an iterative process in which progress is made halt
ingly. two steps forward and one step back. It is inherently circular. To iterate means to 

repeal, to rel/m, to a IJrel'iol4s stale. If. for example. your apparently great idea, upon 
analysis, tums out to violate the second law of thennodynamics. you can retum to the 
ideation step and get a beller idea! Or, if necessary. you can return to an earlier step in 
the process, perhaps the background research. and learn more about the problem. With 
the understanding that the actual execution of the process involves iteration. for simplic-

Blank poper syndrome ity. we will now discuss each step in the order listed in Table J - I. 

Identification ot Need 

This first step is of len done for you by someone, boss orelient, saying "What we need is 
...... Typically this statement will be brief and lacking in detai l. It will fall far short of 
providing you with a structured problem statement. For example. the problem statement 
might be "We need a beller lawn mower." 
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Background Research 

This is the most imponant phase in the process. and is unfonunately oflen the most ne
glected. The tenn research. used in this context. should 1/01 conjure up visions of white
cooted sc ientists mixing concoctions in test lUbes. Rather this is research of a morc 
mundane son. gathering background infonnation on the relevant physics. chemistry. or 
other aspects of the problem. Also it is desirable to find out if this. or a similar problem. 
has been solved before. There is no point in reinventing the wheel. If you are lucky 
enough to find a ready-made sol ution on the market. it will no doubt be more economi
cai to purchase it than to build your own. Most likely this will not be the case. but you 
may learn a great deal about the problem to be solved by investigating the existing "an" 
associated with simi lar technologies and products. Many companies purchase. disassem
ble. and analyze theircompctitor's products. a process sometimes referred to as "bench
marking. " 

nle palen I literature lind tcchnic .. l publications in the subject .. rca are obv ious 
sources of infomlfllion and are .. ccessible via the worldwide web. The U.S. Patent and 
Trademark Office openttes a web site at www.uspto.gov where you can search patents 
issued since 1976 by keyword. inventor. title. patent number. or other data. You can print 
a copy of the patent from the site. A commercial site at www.delphiQo.CQDlalsoprovides 
copies of extant patents including those issued ill EuropelUl countries. The "disclosure" 
or "specification" section of a patcnt is required to describe the invention in sud_detail 
that anyone "skilled in the an" could make the invention. In retum for this full disclo
sure the govemment grants the inventor a 20-yenr monopoly on the claimed invention. 
Afler thai tenn expires. anyone can use it. Clearly. if you find that the solution exists 
and is covered by a patcnt slill in force. you have only a few ethical choices: buy the pat
entee's existing solution. design something that does not conflict with the patent. or drop 
the project. 

Technical publications in engineering are numerous and varied and are provided by 
a large number of professional organizations. For the subject mailer of this text. the 
AmeriClln Society 0/ Mechallical Engineers (ASME). which olTers inexpensive student 
memixrships. and the Imenwtionol Federation/or the Theory o/Mochilll!sol/{l Mecha
nisms (lFToMM) both publish relevant journalS. the ASMEJournal of Mechanical De
sign and Mechllnism anti Machille Theory. respective ly. Your school library may sub
scribe to these. and you c:m purchase copies of articles from their web sites nt 
www,a~me,oriLvubS!iQUOlals/ and www,clsevjer.com/inca/Publications. respecti vely. 

The world-wide-web provides an incredibly useful resource for the engineer or stu
dent looking for infonnntion on any subject. TIle many search engi nes available will 
deliver a wealth ofinfonnation in response to selected keywords. The web makes it easy 
10 find sources for purchased hardware such a~ gears. bearings. and motors. for your ma
chine designs. In addi tion. much machine design information is avai lable from the web. 
A number of useful web sites are cntalogued in the bibliography of Ihis chapter. 

It is very imponant that sufficient energy lUld time be expended on this research and 
preparation phase of the process in order to avoid the embarrassment of concocting a 
great solulion to the wrong problem. Mosl inexperienced (and some experienced) engi
neers give too little attention to this phase lUldjump too quickly into the ideation and in
vention suge of the process. This IIIIISI Ix> avoided! You must discipline yourself to nOI 

try to solve the problem before thoroughly prepnring yourself to do so. 

• 

Identifying the need 

Reinventing the Wheel 

Gross shorteners 
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TABLE 1-2 
Performance Specifi
cations 

Device to have seIf-
confalned power 
supply. 

2 Device to be 
corrosion resistant. 

3 Device to cost less 
than $100.00. 

4 Device to em" < 80 
dB sound Intensity 
allOm. 

5 DevIce to shorten 
1/4 ocre of grass 
per hour. 

6 etc ... elc. 

• Orson Welles. fafllOilS 
Duthor and filmmaker, onc::c: 
said, Th~ eMmy of art;s 
the absence of limiwfions. 
We (:a1I parapluue thaI as 
The enemy of Ill'sign is Ihe 
ubst'na ofSfHdfiratiolls. 
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Goal Statement 

Once the background of the problem area as originally slated is fully understood. you 
will be ready to recast that problem inlo a more coherent goal statement. This new prob
lem statement should have three characteristics. It should be concise, be general. and be 
uncolored by any tenns that predict a soJUlion. It should be couched in tenns of func
tional visualization. meaning to \·islIlIli:e irsfimclioll, rather than any panicular embod
iment. For example. irthe original statement of need was " D esign a Beller Lawn Mow
er." after research into the myriad of ways to cut grass that have been devised over the 
ages. the wise designer might restate the goal as "Design :1 Means to Shorten Grass." 
The original problem statement has II built-i n trap in the fonn of the colol"ed words "lawn 
mower." For most people, this phrJSe will conjure up a vision of something with whir
ring blades and II noisy engine. For the ideation phase to be most successful. it is neces
sary to avoid such images and to state the problem generally. clearly. and concisely. As 
an exercise. list JO ways to shorten grass. Most of them would nOt occur to you had you 
been asked for JO beller lawn mower designs. You should use functional \'isualizlltion 
to avoid unnecessarily limiting your creativity! 

Performance Specifications . 

When lhe background is understood, and the goal clearly stated. you are ready to fonnu
late:l set of peliornlllllce !.'pecijiC(lfioll s (also called task .11Jecijic(J(ioIlS). These should 
not be design specifications. The difference is that performance specifications define 
what the system mllst do, while des ign specifications define how ;1 fllIISf do i t . At this 
stage of the design process it is unwise to OIl1cmpt to specify how thc goal is to be accom
plished. That is left for the ideation phase. The purpose of the pcrfonnance specifica
tions is to carefully define lind const .... lin the problem so th:lt it both can be so/l'ed and 
can be ShOWlIlO IIl11'e beell 3'Qh'ed after Ihe fact. A sample sel of perfonnance specifica
lions for our "grass shortener" is shown in Table 1-2. 

Note that these specifications constrain the design without overly restricting the 
engineer's design freedom. It would be inappropriate to require a gasoline engine for 
specification I. because other possibilities exist th:ll wi ll prov ide the desired mObility. 
Likewise. to demand stainless steel for all components in spec ification 2 would be un
wise. since corrosion resistance can be obtained by other, less-expcnsive means. In short. 
the perfonnance speci fi cations serve to define the problem in as complete and as gener
al a manner as possible, and they serve as a contmctual definition of whal is to be ac
complished. The fini shed design can be lested for compliance with the specificat ions. 

Ideation and Invention 

This step is full of both fun LInd frustration. This phase is potentially Ihe most sat isfying 
to most designers. but it is al so the most difficult. A great deal of research has been done 
10 explore the phenomenon of '"creativity.'" II is, most agree. a common human trait. It 
is certainly exhibited toa very high degree by all young ch ildren. The mte and degree of 
development that occurs in the human from birth through the first few yeOlrs of li fe cer
tainly requires some innate creativity. Some have claimed thOlt our methods of Western 
educalion tend to stifle children 's natural creativity by encouraging confonnity and re
stricting individuality. From ·'coloring within the lines" in kindergarten to imitating the 
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leltlbook's writing p:ltlems in Jalcr grades, individuality is suppressed in favor of a so
cializing confonni ty. This is perhaps necessary to avoid anarchy but probably does have 
the effect of reducing the individual's ability to think cremively. Some claim that cre
ativity can be taught. some that it is only inherited. No hard evidence exists for e ither 
theory. It is probably true that one's lost or suppressed cremivity can be rekindled. Oth
erstudies suggest that most everyone underutilizes his or her potential creative abi lities. 
You can enhance your creativity through various techniques. 

CRE,\TI\ E I'R(K;.:SS Many techniques have been developed to enhance or inspire 
creative problem solving. In fact. just as design processes have been defined. so has the 
creatil'e process shown in Table 1-3. This creative process can be thought of as a subset 
of the design process and to ex ist within it. The ideation and invention step can thus be 
broken down into these four substcps. 

I UEA GE'ERATION is the most difficult of these steps. Even very creative people 
have difficulty in inventing "on demand." Many techniques have been suggested to 
improve the yield of ideas. The most important technique is that of de/erretl jlldgmt''''. 
which means that your criticality should be temporarily suspended. Do not try to judge 
the quality of your ideas at thi s st.-ge. That will be taken care of later. in the IInalysis 
phase. TIle goal here is to obtain as large a lJlll/llliry of potential designs as possible. 
Even superficially ridicu lous suggestions should be welcomed, as they may trigger new 
insights and suggest other more realistic and practical solutions. 

BR,\"STOK\tI'G is a technique for which some claim great success in generat
ing creative solutions. This technique requires a group. preferably 6 to 15 people, and 
attempts to circumvent the largest b:lrrier to creativity. which is/ear a/ridicllle. Most 
people. when in a group. will not suggest their real thoughts on a subject. for fear of be
ing laughed at. Brainstornling's rules require that no one is allowed to make fun of or 
criticize anyone's suggestions. no mailer how ridiculous. One panicipant aclS as "scribe" 
and is duty bound to record all suggestions. no mailer how apparently silly. When done 
properly. this technique can be fun and can sometimes result in a "feeding frenzy" of 
ideas that build upon each other. Large quantities of ideas can be generated in a short 
time. Judgment on their quality is deferred to a later time. 

When working alone. other techniques are necessary. Analogies and inversion are 
often useful. Attempt todrnw analogies between the problem at hand and other physical 
contexts. If it is a mechanical problem. conven it by analogy to a fluid or electrical one. 
Inversion turns the problem inside out. For example. consider what you want moved to 
be stationary and vice versa. Insights often follow. Another useful aid to creativity is 
Ihe use of synonyms. Define the action verb in the problem statement, :md then list as 
many synonyms for thm verb as possible. For example: 

Problem stalement : Move this object from point A to point B. 

The aCliO/lI'er/J is '"mOI'e." Some sYllollyms are pl/sh. pI/II, slip, sfille. shol·e.lhrow. eje(·r. 
jl/mp. spill. 

By whatever means. the aim in this idealion step is to generate a large number of 
ideas without particular regard to quality. But, at some point. your "mental wel l" will go 
dry. You will have then reached the slep in the creative process called frustration . It is 
lime to leave the problem and do something else for a time. While your conscious mind 
is occupied with olher concerns, your subconscious mind will still be hard at work on 
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the problem. This is the step called incubation. Suddenly, at a quite unexpected time 
and place. an idea will pop into your consciousness, and it will seem to be the obvious 
and "right " so[ ulion (0 the problem ... Eureka! Most like ly. later analysis will discov
er some flaw in this solution. Ir so, back up nnd iterale! More ideation, perhaps more 
research. and possibly even a redefini tion of the problem may be necessary. 

In "Unlocki ng Human Creati vity"151 Wallen describes three requi rements for cre-
ati ve insight: 

Fascil/ation wi,,, a problem. 

SOli/ration wilh the facts. technical ideas. data. (lnd Iile background oflhe problem. 

A period of reorganization. 

The first of these provides the motivation to solve the problem. The second is the back
ground research step described on p.9. The period of reorganization refers to the frus
tration phase when your subconscious works on the problem. WaJlenl51 reports that tes
timony from creative people tells us that in this period of reorganization they have no 
conscious concern with the particular problem and that the moment of insight frequent ly 
appears in the midst of relaxation or sleep. So to enhance your creativity. saturate your
self in the problem and related background material. Then relax and let your subcon
scious do the hard work! 

Analysis 

Once you are at this stage, you hove structured the problem. at leasllemporarily. and can 
now apply more soph isticated analysis techniques to examine the perfomlance of the 
design i,n the analysis phase of the design process. (Some of these analysis methods will 
be discussed in detail in the following chapters.) Further iteration will be required as 

Sqfrty PafomulllU Reliability RANK 
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problems are discovered from the analysis. Repetition of as many earlier steps in the 
design process as necessary must be done to ensure the success of the design. 

Selection 

When the technical analysis indicates that you have some potentially viable designs, the 
best one available must be selected for deta iled design, protolyping, and testing. The 
selection process usually involves a comparative analysis of the available design solu
tions. A decision mat rix sometimes helps to identify the best soltilion by forcing you to 
consider a variety of factors in a systematic way. A decision matrix for our beller grass 
shortener is shown in Figure 1-2. Each design occupies a row in the matrix. The col
umns are assigned categories in which the designs are to be judged, such as cost. ease of 
use, efficiency, perfonnance. reliability, and any others you deem appropriate to the par
ticular problem. Each category is then assigned a weighting faClor , which measures its 
relative imponance, For example, reliability may be a more important criterion to the 
user than COSt . or vice vcrsa. You as the design engineer have 10 exercise your judgment 
as to the selection lind weighting of these categories. The body of the matrix is then filled 
with numbers that rank each design on a convenient scale, such as I to 10, in each of the 
categories. Note that this is ultimately a subjective ranking on your part, You must ex
amine the designs and decide on a score for each, The scores are then mUltiplied by the 
weighting factors (which are usually chosen so as to sum to a convenient numbe~ such 
as I) and the products summed for each design. TIle weighted scores then give a rank
ing of designs. Be cautious in applying these results. Remember the source and subjec
tivity of your scores and the weighting factors! There is a temptation to put more faith 
in these results than is justified. After all, they look impressive! They can even be taken 
out to several decimal places! (But they shouldn't be.) The relll valuc of a decision 
matrix is that it breaks the problem inlo more tractable pieces and forces you to think 
about the relative value of each design in many categories. You can then make a more 
infonned decision as to the "best" design. 

Detailed Design 

This step usually includes the creation ofa complete set of assembly and detail drawings 
or computer-a ided design (CA D) pan files, for each and el'ery part used in the design. 
Each detail drawing must specify all the dimensions and the mtllerial specifications nec
essary to make that pan. From these drawings (or CAD files) a prototype test model (or 
models) must be constructed for physical testing, Most likely the tes ts will discover 
more naws. requiring funher itera tion. 

Prototyping and Testing 

MODELS Ultimately. one cannot be sure of the correctness or viability of any design 
unti l it is built and tested. This usually involves the construction ofa prototype physical 
model. A mathematical model. while very useful. can never be as complete and accu
rate a representation of the actual physical system as a physical model, due to the need 
to make simplifyi ng assumptions. Prototypes are often very expensive but may be the 
most economical way to prove a design. short of building the actual, full-scale dev ice. 
Prototypes can take many fonns. from working scale models to full -size, but simplified. 
representations of the concept. Scale models introduce their own complications in 
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regard to proper scaling of the physical parameters. For example. volume of material 
varies as the cube of linear dimensions, but surface area varies as the square. Heat trans
fer to the environment may be proportional to surface area. while heat generation may 
be proportional to volume. So linear scal ing of a system. e ither up or down. may lead to 
behavior different from that of the full-scale system. One must exercise caution in scal
ing physical models. You will lind as you begin to design linkage mechanisms that a 
simple clirdboard model of your chosen link lengths. coupled together with thumbtacks 
for pivots. will tell you a great deal about the quality and character of the mechanism's 
motions. You shou ld get into the habit of making such simple articulated models for all 
your linkage designs. 

TESTING of the model or prototype may range from simply actuating it and ob
serving its function to anaching extensive instrumentation to accurately measure dis
placements. velocities. accelerations. forces. temperatures. and other parruneters. Tests 
may need to be done under controlled environmental conditions such as high or low tem
perature or humidity. The microcomputer has made it possible to measure many phe
nomena more accurately and inexpensively than could be done before. 

Production 

Finally. with enough time. money, and perseverance, the design will be ready for pro
duction. This might consist of the manufacture of a single final version of the design. 
but more likely will mean making thousands or even millions of your widget. The dan
ger, expense. and embarrassment of finding naws in your design after making large 
quantities of defective devices should inspire you to use the greatest cure in the earlier 
Sleps of the design process to ensure Ihat il is properly engineered. 

ThC'design process is widely used in engineering. Engineering is usually defined 
in terms of whal an engineer does. but engineering can also be defined in terms of how 
the engineer does what he or she does. Engineering is w; III/ich (/ lIIethOiI. {lit appr(){lch. 
a prOl·ess. a state of mind for problem solving. as it is {/IIlIctivity. The engineering ap
proach is that of thoroughness. anemion to detail. and consideration of al l the possibili
ties. While it may seem a contradiction in lemlS to emphasize "attention to detail" while 
extolling the vinues of open-minded, freewheeling. creative thinking. it is not . The two 
activities are not only compalible. they are symbiotic. It ultimately does no good 10 have 
creative, original ideas if you do not. or cannot. carry out the execution of those ideas 
and "reduce them to practice." To do this you must disci pline yourse lf to suffer the 
nitty-griuy. nett lesome. tiresome details that are so necessary to the completion of any 
one phase of the creative design process. For example. to do a creditable job in the de
sign of anything. you must completely define the problem. If you leave out some detail 
of the problem definition. you will end up solving Ihe wrong problem. Likewise. you 
musttho/'ollgllly research the background infonnalion relevant to the problem. You must 
exhaustively pursue conceptual potent ial solutions to your problem. You must then ex
tensively analyze these concepts for validity. And. finall y. you must (Iet(lil your chosen 
design down 10 the last nut and bolt to be confident it will work. If you wish to be a good 
designer and engineer. you must discipline yourself to do things thoroughly and in a log
ical, orderly manner, even whi le thinking great creative thoughts and iterating to a solu
tion. Both attributes. creativity and attention to detail. are necessary for success in engi
neering design. 
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1.6 OTHER APPROACHES TO DESIGN 

In recent years, an increased eITon has been directed toward a better understanding of 
design methodology and the design process. Design methodology is the study of Ihe 
process of designing. One goal of Ihis research is to define Ihe design process in suffi
cient delai l lO allow it to be encoded in a fonn amenable to execution in a computer, us
ing "nnificial intelligence" (A I). 

Dixonl61 defines a design as a SWf/' of inJormllfion which may be in any of several 
fomlS: 

... words, graphics. e lectronic dma, lind/or others. It m3Y be partial or complete. It 
ranges from a sm:.11 amount of highly abstract infonnation early in the design process 
to a very large amount of detailed infonnalion later in the process sufficient to perfonn 
manufacturing. It may include. but is nO( limited to. infonnalion about size and shape. 
function. materials. marketing. simulated perfonnancc. m:lnufacturing processes. toler
ances. and more. Indeed. any and all infomlation relevan! to the physical or economic 
life of a designed object is part of its design. 

He goes on to describe several generalized states of infonnation such as the requiremems 
state that is analogous 10 our performance specifications. Infonnalion aboUi lhe phys
ical concepl is referred to as the concepllwl slate of infonnation and is analogous to our 
ideation phase. HisJellfllre configuration and parametric states of infomllttion aru sim
ilar in concepl lO our detailed design phase. Dixon then defines a design process as: 

The series of activities by which the information about the desigocd object is changed 
from one infonnalion state to :lnothcr. 

Axiomatic Design 

N. P. Suhl71 suggests an (lxiomllfic llPIJroach to design in which there are four domains: 
customer domain, functional domain, physical domain. and the process domain. These 
represenl a range from "what" to "how," i.e., from a Slate of defining what the customer 
wants through detennining the functions required and the needed physical embodiment. 
to how a process wi ll achieve the desired end. 1·le defines two ax ioms that need to be 
satisfied to accomplish this: 

Maintain the independence of the functional requirements. 

2 Minimize the infonnation content. 

The first of these refers to the need to create a complele and nondependent sel of perf or
mance specifications. The second indicates that the best design solution will have the 
lowest infonnation content (i.e .. the teast complexity). Others have earlier referred to 
this second idea as KISS. which stands, somewhat crudely, for "keep it simple, smpid." 

The implementation of both Dixon's and Suh's approaches to the design process is 
somewhat complicltted. TIle interested reader is referred to the literature cited in the bib
liography to this chapter for more complete infonnation. 
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1.7 MULTIPLE SOLUTIONS 

Note thai by the nature of the design process, there is not any one correct answer or so
lution to any design problem. Unlike the slfUclured "engineering textbook" problems. 
which most students are used 10 , there is no right answer "in the back of the book" for 
any real design problem,- There are as many potential solutions as there are designers 
willing to allempt them. Some solutions will be bener than others, but many will work. 
Some wit! nOl l There is no "one right answer" in design engineering, which is what 
makes il inlcresling. The only way to delennine the relative merits of various potential 
design solutions is by thorough analysis. which usually will include physical testing of 
constructed prototypes. Because this is a very ex pensive process. it is desirable to do as 
much analysis on paper. or in the computer. as possi ble before actually build ing the de
vice. Where feasible. mathematical models of the design. or par1s of the design. should 
be created. These may take many fonns. depending on the type of physical system in
vol ved. In the design of mechanisms and machines it is usually possible to write the 
equations for the rigid-body dynamics of the system. and solve them in "closed fonn" 
with (or without) a computer. Accounting for the elastic deformations of the members 
of the mechanism or machine usually requires more complicated approaches using tin ite 
difference techniques o r the finit e element method (FEM). 

1.8 HUMAN FACTORS ENGINEERING 

With fe w exceptions. all machines are designed to be used by humans. Even robots must 
be programmed by a human. Huma n factors engineering is the study of the human
machine interaction and is defined as WI applied science thai cOQl"ll inate.f the design of 
devices, systems. ami physical working cOII(Jiriolls lI'ith tlie capacities alld reqlliremems 
of the lI'~rker. The machine designer must be aware or this subject and design devices to 
"fit the man" rather than expect the man to adapt 10 fillhe machine. The term ergonom
ics is synonymous with IIl1man faclOrs engineering. We of len see reference to the good 
or bad ergonomics of an automobile interior or a household appliance. A machine de
signed with poor ergonomics will be uncomfonable and tiring to usc and may even be 
dangerous. (Have you programmed your VCR lately. or set its clock?) 

There is a wealth of human factors data available in the literature. Some references 
are noted in the bibliography. The type of infornlation that might be needed for a ma
chine design problem ranges from dimensions of the human body and their d istribution 
among the population by age and gender. to the llbility of the human body to withstand 
accelerations in various directions. to typical strengths and force generating abili ty in 
various positions. Obviously. if you are designing a device that wi ll be controlled by a 
human (a grass shor1ener. perhaps). you need to know how much force the user can ex
ert with hands held in various positions. what the user 's reach is. and how much noise 
the ears can stand without damage. If your device will carry the user on it, you need data 
on the limits of acceleration that the body can toler3te. Data on all thcse topics ex ist. 
Much of it was developed by the government which regularly tests the abili ty of military 
personnel to withstand extreme environmental cond itions. Pan of the background re
search of any m3chine design problem should incl ude some investigation of human 
factors. 
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1.9 THE ENGINEERING REPORT 

Communicalion of your ideas and resul1s is a very importam aspect of engi neering. 
Many engineering students picture themselves in professional practice spending most of 
their time doing calculations of a nature similar to those they have done as students. 
Fortunately. this is seldom the case. as it would be very boring. Actually. engineers spend 
the largest percentage of the ir time communicating with others. either orally or in writ
ing. Engineers write proposals and technical reports. give presentations. and interact 
with support personnel and managers. When your design is done. it is usually necessary 
to present the results to your client. peers. or employer. The usual form of present3lion 
is a formal engineering report. Thus. it is very important for the engineering student to 
develop his or her communicmion skills. YOII may be 'he cleverest perSOli ill 'he world. 
hilt /10 olle will kllow ,hl/' if YOII call1lOI commllll ic;are YOllr ideas clearly alld cOllcisely. 
In fact. if you cannot explain what you have done. you probably don'l understand il your. 
self. To give you some experience in this important skill. the des ign project ass ignments 
in later chapters are intended to be written up in fonnal engineering reports. Infonna. 
tion on the writing of engineering reports can be found in the suggested readi ngs in the 
bibliography at the end of this chapter. 

1.10 UNITS 

There are scveral systems of units used in engineering. The most common in the Uniled 
States are the U.S. foot-pound-second (fps) system, the U.S. inch-pound-second (ips) 
system. and the System International (51). All systems are created from the choice of 
three of the quantities in the general expression of Newton's second law 

F= 1/11 ( 1.1 a) 

" 
where F is force. m is mass. I is length. and, is time. The units for any three of these 
variables can be chosen and the other is then derived in terms of the chosen units. The 
three chosen units are called base IInils, and the remaining one is then a deri1'ed lIf/il. 

Most of the confusion that surrounds the conversion of computations between ei
therone of the U.S. systems and the SI system is due to the fact that the 51 system uses a 
different set of base units than the U.S. systems. Both U.S. systems choose /orce .lengt". 
and time as the base units. Mass is then a derived unit in the U.S. systems. and they are 
referred to as grfll'i((lIiollal sy.fft'm$ because the val ue of mass is dependent on the local 
gravitational constant. The 51 system chooses mass. length , and lime as the base units 
and force is the derived unit. 5 [ is then referred to as an ahsolllle syslem since the mass 
is a base unit whose value is not dependent on local gravity. 

The U.S. fool·pound-second (f,)5) system requires that all lengths be measured in 
feet (fl), forces in pounds (lb). nnd time in seconds (sec). Mass is then derived from 
Newton's law a.~ 

(Ub) 

and the units are: 
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Pounds seconds squared per foot (lb-sec2/fl ) = slugs 

The U.S. inch-pound-second (ips) system requires that all lengths be measured in 
inches (in). forces in pounds (Ib), and time in seconds (sec), Mass is still derived from 
Newton 's law, equation I.lb, but the units are now: 

Pounds seconds squared per inch (lb-sec2/in) =- b lobs 

T his mass unit is nol slugs! It is wonh twelve slugs or one blob." 

Weight is defined as Ihe force exened on an object by gravi ly. Probably Ihe most 
common units error that students make is to mix up Ihese two unit systems (fps and ips) 
when converting weight units (which are pounds force) to mass units. NOie that the grav
itational acceleration constant (g) on eanh at sea level is approx imately 32.2 feet per 
second squared. which is equivalent 10 386 inches per second squared. The relat ionship 
between mass and weight is: 

Mass = weight / gravi tational acceleration 

W 
m=- (1.2) 

g 

It should be obv ious that, if you measure all your lengths in inches and then use 
g = 32.2 feet/scc2 to compute mass. you wilt have an error of afactor of 12 in your re
su lts. This is a serious error. large enough to crash the airplane you designed. Even 
worse off is the student who neglects to conven weight to mass (It al/ in his calculations. 
He wil l have an error of either 32.2 or 386 in his results. This is enough 10 sink the ship!t 

To even further add to the student 's confusion about units is the common use of the 
unit of qounds mass (Ibm). This uni t is often used in fluid dynamics and thennodynam
ics and comes about through the use of a slightly different fonn of Newton's equation: 

F= ma 
g, 

where m = mass in Ibm' a = acceleration and gc = the gmvitational constant. 

( 1.3) 

The va lue of the mass of an object measured in pounds mass (Ibm) is IIIllIItTically 
eqllallo its weight in pounds force (lb/)' However the student mllst remember to di\'i(/e 
the value of m in Ibm by 8c when substituting inlO this fonn of Newton's equation. Thus 
the Ibm will be divided either by 32.2 or by 386 when calcu lating Ihedynamic force. The 
resull will be the same as when the mass is expressed in either sl ugs or blobs in the F = 
fila fonn of the equation . Remember that in round numbers at sea level on earth: 

I slug:: 32.2 Ibf I blob", 386 It" 
The SI system requires that lengths be measured in meters (Ill), mass in kilograms 

(kg), and time in seconds (sec). This is sometimes also referred to as the mks system. 
Force is derived from Newton's law, equation 1.1 b and the units arc: 

kilogram-meters per second2 (kg-m/scc2) '" newtons 

Thus in the SI system there are distinct names for mass and force which helps alle
viate confusion. When convening between SI and U,S. systems, be alert to the facllhal 
mass converts from kilograms (kg) to either slugs (sl) or blobs (bl), and force converts 
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Table 1-4 Variables and Units 
Bose UnIts In BoIdtoce - Abbreviations In ( ) 

Variable Symbol Ips unit fps unit Slunlt 

""ca F pounds (Ib) pounds (Ib) newtons (N) 

length Inches (In) feet (rt) melers em) 

TIme seconds (sec) seconds (sec) seconds (sec) 

M"" " 1b--sec2 lin (bI) 1b-sec2 I rt (sf) kilograms (kg) 

Weight W pounds (Ib) pounds (Ib) newlons(N) 

VeIocHy v In I sec "/sec m/sec 
Acceleration , In I sec2 ft / sec2 m /sec2 

Ja~ J In / sec3 ft I sec3 m /sec3 

Angle e degrees (deg) degrees (deg) degrees (deg) 

Angla e radians (rod) radians (rod) radians (rod) 

Angular velocity ro rod /sec rod / sec rod {sec 

Angular occeleraHon " rod / sec2 rod /sec2 rod I sec2 

Angulor jerk • lad / sec3 rod /sec3 rod I sec3 

Torque T Ib-in 
, 

Ib-ff N-m 

Mass moment of lnertlo Ii>-ln->ec' Ib--fl-sec2 N-m-sec' 
Ene<gy , ...... b "-It> joule, 

Pow," p n-Ib/sec fI--b I sec wafts 

_me V ~, Ii' m' 
Weight density , Ib 1103 Ib I tt3 N/m3 

Moo_ p bl/1n3 "/ Ii' kg/m3 

from newtons (N) to pounds (Ib). The gravitational constant (g) in the SI syste m is ap
proximalely 9.81 m/sec2. 

The principal system ofunil!; used in this textbook will be the U.S. ips system. Most 
machine design in the Uniled Sillies is slill done in this system. Table 1-4 shows some 
of the variables used in this lexi nnd theif unilS. The inside front cover contnins a table 
of conversion fac tors tx:tween the U.S. and S I sySlems. 

The studem is caulioned 10 always check the units in any equat ion wrinen for:l prob
lem solulion. whether in school or in professional praclice after gradual ion. If properly 
wrillen. an equal ion should cancel all units across the equal sign. If iI does nOI. then you 
can be absQllllely SIIrt' if is incorrect. Unfortunately. a unil balance in an equat ion does 
nOi guaralllee thai il is correct. as many olhererrors are possible. Always double-check 
your results. You might save a life. 

,. 
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1.11 WHAT'S TO COME 

In this leXI we will explore the topic of machine design in respect to the synthesis of 
mechanisms in order to accomplish desired motions or tasks. and also the analysis of 
these mechanisms in order to determine their rigid-body dynamic behav ior. On the 
premise that we cannot analyze anything until it has been synthesized into existence. we 
wi ll first explore the topic of sYnihesis of mechanisms. Then we will investigate the 
analysis of those and other mechanisms for their kinemalic behavior. Finally, in Pan LI 
we will deal with the dynamic analysis of the forces and torques generated by these 
moving machines. These topics cover the essence or lhe early stages of a design project. 
Once Ihe kinematics and kinetics of a design have been delennined, most oflhe concep
lual design will have been accomplished. Whallhen remains is detailed design-sizing 
the parts against faiture. The topic of detailed design is discussed in other texts such as 
reference [8J. 
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KINEMATICS 
FUNDAMENTALS 
Clwllce!avors 'he prepared mind 
PASTEUR 

2.0 INTRODUCTION , 

-
Chapter2 

This chapter will present definitions of a number of temlS and concepts fundamental 10 
the synthesis and analysis of mechanisms. It will also present some very simple but 
powerful analysis tools thai are useful in the synthesis of mechanisms. 

2.1 DEGREES OF FREEDOM ( DOF) OR MOBILITY 

A mechanical system's mobility (M) can be classified according to the number of de
grees of rreedom (DOF) that il possesses. The system's DOF is equal to the /I/lmber of 
illliepelldem parameters (measuremellts) tllar (Ire "ee(lcd to uniquely define ;/$ POS;I;01/ 
ill space (It ally iI/Slam of time. Note mal DOF is defined with respect 10 u selected frame 
of reference. Figure 2-\ shows a pencil lying on a Oat piece of paper with an x. y COOT

dimlle system added. If we constrain this pencil to alwnys remain in the plane of the 
paper, three parameters (OaF) are required to completely define the position of the pen
cil on the paper, two linear coordinates (x, y) to define the position of anyone point on 
lhe penci l and one angular coordinate (9) to define the angle of the penci l with respect 10 
the axes. The minimum number of measurements needed to define its position lire shown 
in the figure as x.)'. and a. This system of the pencil in a plane then has t hree OaF. Note 
that the particular parameters chosen to define its position are not unique. Anyahemalc 
sel of three parameters could be used. There is an infinity of sets of parameters possible. 
but in this case there must be three parameters persel. such as two Icngt hsand a n a ngle. 
to define the system's position because a rigid bod)' ill p/(lIIe mOlioll has thru OaF. 
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FIGURE 2 - 1 

A rigid body In Q plane has three DOF 

, 
Now allow the penci l to ex ist in a three-dimensional world. Hold it above your 

desktop and move it about. You now will need six parameters to define its six DOF. One 
possible set of pammeters that could be used are three lengths. (x.),. :). plus three angles 
(9. 41, p. AI1)' rigid body il1lhree-space has six degrees of freedom. Try to identify these 
six DOF by moving your pencil or pen with respect to your desktop. 

The penci l in these example.. .. represents a rigid body, or link , which for purposes 
of kinematic analysis we will assume to be incapable of deformation. This is merely a 
convenient fiction to allow us to more easi ly define the gross motions of the body. We 
can later superpose any deformations due to extemal or inertial loads onto our kinematic 
mOlions to obtain a more complete and accurate picture of the body's behavior. BUI re
member. we are typically facing a blank sheet of paper at the beginning stage of the de
sign process. We cannot determine deformations of a body until we define its size, shape. 
material properties. and loadings. Thus. at this stage we will assume. for purposes of 
initial kinematic synthesis and analysis. that ollr kille lllaric bodies are rigi(/ alld 
massless. 

2.2 TYPES OF MOTION 

A rigid body free to move within a reference frame wi ll. in the general case. have com
plex motion, which is a simultaneous combination of rota tion and transla tion . In 
three-dimensional space. there may be rotation about any axis (any skew axis or one of 
the three principal axes) and also simultaneous translation that can be resolved into com
ponents along three axes. In a plane. or two-dimensional space. complex motion 
becomes a combination of simultaneous rotation about one axis (perpendicular to the 
plane) and also translation resolved into components along two axes in the plane. For 
simplicity. we will limit our present discussions 10 the case of pla na r (2-0 ) kinematic 
systems. We will define these terms as follows for our purposes, in planar mOl ion: 

" 
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Pure rollilioll 

the body lJOssesses Ollt! poilll (cellfer of rOfalioll) Illllt II,,:>, 110 motiOn wi,h respect 10 the 
"sl(Ilionary" frame of reference. All other POIIIIS Oll ihe botl)' describe orrs about that 
center. A reference line drown 0 11 the body ,hrollSh the allier changes 011/)' its angular 
orientatioll. 

I'ure Iranslalion 
all poilllJ Oil 'he body describe parallel (cun·iliflear or rectilinear, pill"S. A reference line 
draw" 011 the body changes ils linear position bll/ does lIot chllllge ill' lIl/glilar oriellla
tion, 

Complc'( lIlotion 

1I .fiml/lwlleOI/S combinalioll of rotatioll 011(/ trans/mioll . Any 1"(1erellce Ijllt! (Iralt'll 011 
the body will change both ils linear positiol/lInd its (IIIKula,. oriel/tatioll . Poill's onlhe 
body will/ravel nOllparallel patla. alld ,here wilf be. at cI'ery ill.flWII. (I allier of row
rioll. which will comilll/ol/sly challge location. 

Translation and rotation represent independent motions of the body. Each con ex
ist wit hout the other. If we define a 2-D coordinnle system os shown in Figure 2-1 (p. 
25), the x and y tenns represent the translation components of mOlion. and the a tenn 
represents the rotation component . 

2.3 LINKS, JOINTS, AND KINEMATIC CHAINS 

We will begin our exploration of the kinematics of mechanisms with an investigation of 
the subject of linkage design . Linkages are the basic building blocks of all mechanisms, 
We will fhow in later chapters that all common fomls of mechanisms (cams, gears, belts. 
chains) are in fact variations on a common theme of linkages. Linkages arc made up of 
links and joints. 

A link. as shown in Figure 2-2, is an (assumed) rigid body thm possesses at least two 
nodes that are poillts for attachmem to other lillks. 

Hinary link 

Ternar.v link 

Quaternary link 

Binary link 

FIGURE 2 -2 

links 01 dlff6fent ordeK 

- 0111' with two lIolles. 

- 0111' lI'irh three 1I001es. 

- 0 111' with fO/l/' no(/es. 

Ternary [ink Quaternary link 
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A joint is a COIllIf!'Clioll betll'een two or more links (at their n()(/es), which alloH'.f 
$Ollie morion, or pOlential IIIOlioll. between Ihe connected links. Joints (also called ki
nematic pairs) can be classified in several ways: 

By the type of contnct between the e lements. line. point. or surface. 

2 By the number of degrees of freedom allowed at the joint. 

3 By the type of physical closure of the joint: e ither force or form closed. 

4 By the number of links joined (order of the joint). 

Reuleaux III coi ned the temllower pair to describe joints with surface contact (as 
with a pin surrounded by a hole) and the tenn higher pair to describe joints with point 
or line cOnlac!. However. if there is any clearance between pin and hole (as there must 
be for motion), so-ca lled surface contact in the pin joint actually becomes line cOnlact. 
as the pin contacts only one "side" of the hole. Likewise. at a microscopic level. a block 
sl iding on a nat surface llCluully hus conlact only at discrete points. which are the tops of 
the surf:lces' asperi t ies. The main practical udvuntage of lower pairs over highcr pairs is 
their beller ability 10 IraI' lubricant between their enveloping surfaces. This is especially 
true for the rotating pin joint. The lubricant is more easily squeezed out of 11 higher pair. 
nonenveloping joint. As a result . the pin joint is preferred for low wear and long life. 
even over ils lower pair cousi n. the prismatic or slider joint. 

Figure 2·3a (p. 28) shows the six possible lower pairs. their degrees of freedom. and 
their one-letter symbols. The revolUle (R) and the prismatic (P) pairs are the onl y lower 
pairs usable in a planar mechanism. The screw (H). cylindric (C), spherical (S). and nat 
(F) lower pairs are all combinations of the revolute andlor prismatic pairs and are used 
in spatial (3-D) mechanisms. The Rand P pairs are the basic building blocks of all other 
pairs that are combinations of those twO as shown in Table 2- 1. 

A more useful mean~ to classify joints (pairs) is by the number of degrees of free
dom that they allow between the two elements joined. Figure 2-3 also shows examples 
of both one- and two-freedom joints commonly found in planar mechanisms. Figure 2-3b 
shows IwO fomls of a pl:lIlar. one-freedom joint (or pair), namely, a TOtating (revolute) 
pin joint (R) and a trunslaling (prismatic) slider joint (P). These are also referred to as 
full joints (i.e .. full = I DOF) and arc lower pairs. The pin joint allows one rOllllional 
DOF. and the slider joint :llIows one trunslational DOF between the joined links. These 
are both contained with in (and each is a I imiting case 01) another common. one-freedom 
joint. the screw and nut (Figure 2-3a). Motion of e ither the nut or the screw with respect 
to the other resu lts in helical motion. If the heli x angle is made zero. the nut rotates with
out advancing and it becomes the pin join!. If the helix angle is made 90degrces, the nut 
willtranslute along the axis of the screw, and it becomes the slider joint. 

Figure 2-3c shows examples of two-freedom joints (higher JXlirs) that simultaneously 
aUow two independent . relative motions. namely translation and rotation. between the joined 
links. Paradoxically. this two-rrt'tdomjoint is sometimes referred to as a "h"lf joint:' with 
ilS two freedoms placed in the denominator. The half joint is also called a roll-slide joint 
because it allows both roll ing and sliding. A spherical. or ball-and-socket joint (Figure 2-3a). 
is an example of a three-freedom Joint. which allows three independent angular mOlions be
tween the twO linksjoincd. Thisjoystickor balljoiflt is typically used in a three-dimensional 
mechanism. one example being the ball joints in an automotive suspension system. 
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TABLE 2-1 
The Six lower Pairs 

Name 
00f 

Cont-
(Symbol) alns 

Revolute R (R) 

Prismatic P (P) 

Helical RP 
(H) 

Cylindric 
2 RP 

(C) 

_0' 3 ROR 
(5) 

P1on<> 3 RPP 
(f) 



Revolute (R) joLnI-1 DOF 

Prismatic (P) joint_ I DOF 

c 
". 

Helical (H) joint- I DOF 

ax 

". 
Cylindric (C)joint-2 DOF 

Spherical (S) joint- 3 DOF 

Planar (F) joint- 3 DOF 

(0) The six lower palfS 

FIGURE 2 - 3 

Joints (pails) o f various types 
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-ax_ 
, t • d 

ROfating full pin (R) joint (fonn closed) Translating full slider (P) joint (fonn closed) 

(b) Full )oints - 1 DOF (lower pairs) 

,,-, --. 

Link against plane (force closed) Pin in slot (fonn closed) 

(e) Roil-slide (holf Of RP) jdnls - 2 DOF (higher pairs) 

First order pin joint - one DOF 
(two links joined) 

Second order pin joint - two DOF 
(three links joined) 

Cd) The order of a joint Is one less than the number of linkS Joined 

May roll. slide, or roll-s lide, depending on friction 

(e) Planor pure-rOU (R), pure-slide {Pl. Of rol-sllde (RP) jolnt - 1 or 2 DOF (higher palf) 
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A joint with more Ihan one freedom may also be a higher pair as shown in Figure 
2-k, Full joints (lower pairs) and half joints (higher pairs) are both used in planar (2-0). 
and in spatial (3-D) mechanisms, Note that if you do not allow the two links in 
Figure 2-3c connected by a roll-slide joint 10 slide, perhaps by providing a high friction 
coefficient between them. you can "lock out" the translating (l1x) freedom and make it 
behave as a full joint. This is then called a pure rolling joint and has rotational freedom 
(1.\9) only, A common example of this type of joint is your automobile tire rolling against 
the road. as shown in Figure 2-3e, In normal use there is pure roll ing and no sliding at 
this joint. unless. of course, you encounter an icy road or become too enthusiastic about 
accelerating or cornering. If you lock your brakes on ice, this joint converts to a pure 
sliding one like the slider block in Figure 2-3b. Friction determines the actual number 
of freedoms at this kind of joint. It can be pure roll . pure slide. or roll-slide. 

To visualize the degree of freedom of a joint in a mechanism. it is helpful to "men
tally disconnect'· the two links that create the joint from the rest of the mechanism. You 
can then more easily see how many freedoms the two joined links have with respect to 
one another. 

Figure 2-3c also shows examples of both form-closed and force-closed joinls. A 
form.closed joint is kept together or closed by irs geometry. A pin in a hole or a slider in 
a two-sided slot are foml closed. In contrast. a force-closed joint. such as a pin in a 
half-bearing or a slider on a surface, requires some external force to keep ir /Q8e~her or 
closed, This force could be supplied by gravity. a spring, or any external means. There 
can be substantial differences in the behavior of a mechanism due to the choice of force 
or form closure. as we shall see. The choice should be carefully considered. In linkages. 
form closure is usually preferred, and it is easy to accomplish, Bul for cam-follower systems. 
force closure is often preferred. This topic will be explored funher in later chapters. 

Figure 2-3d shows examples of joints of various orders. where joinl order- is defined 
as the n/lmher of /inks joined miflllS OIlC. It takes two links to make a single joint: thus 
lhe simplest joint combination of two links has joint order one. As additional links are 
placed on Ihe same joint. the joint order is increased on a one for one basis. Joint order 
has significance in the proper detenninalion of overall degree of freedom for the 
assembly. We gave definitions for a mechanism and a machin e in Chapter I. With 
the kinematic c lements of links and joints now defined. we clln define tho!.e devices 
more carefully b;lsed on Reuleaux's classifica tions of the kinematic chain, mecha
nism, and machi ne. III 

A kinemOllk chain is defined as: 

An assemlJ/o8e of /inks alld joints, i/lten'O/lI/ected ill a 11'(1), 10 prOl'ide a cOlltrolled out
pw motion ill re.fpOllse to a .fll/JP/ied il1plll mOlioll. 

A mechanism is defined as: 

A kinematic C/wil1 ill wllich (If least one lillk hlls beel/ "grounded." or at/ached. to thl' 
fram~ of referellce (which iUdf ma)' be in 1110tioll) . 

.\ machi ne is defined as: 

A combil/O/ioll 0/ resistam lxxlies armllgt'd to compel lire mechal/ical forces of lI(lturl' to 
do work accofllptlllil'li by determil/alt' mOliolls. 
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By Reuleaux's definition [II a machine is a collection of meclulflisms arranged LO 
transmit/orees a"d do work. He viewed all energy or force lransmilling devices as ma
chines thai utilize mechanisms as their building blocks to provide Ihe necessary motion 
constraints. 

We will now define a crank as a link that makes a complett' rel'o/wiOl/and is pil'
oled to grollnt/, a rocker as a link that has oscil/atory (back lIlIt/forth) roUlt;onant/ is 
l,il'Otet/ to grollnt/, and a coupler (or connecting rod) as a link that has complex mOfion 
am/ is IIOt pil'otet/ 10 ground. Ground is defincd as lIny /illk or linb thai are fixed 
(nonmoving) with respect to the reference frame, Note that the reference frame may in 
fact itself be in motion. 

2.4 DETERMINING DEGREE OF FREEDOM OR MOBILITY 

The concept of degree ofrreedol1l (OOF) is rundamcntalto both the synthesis and analy
sis of mcchanisms. We need to be able to quickly dcterm ine the DOF of any collection 
of links and joints that may be suggested as a solution to a problem. Degree of freedom 
(also called thc mobility M) ofa system call be defincd as: 

Degree or Freedom 

the nllmber 0/ i"p"ts that n('ed to be prol'il/et/ in order to crea/e a ",.et/ieto/)/e Olllplll; 

also: 

/he /lumber 0/ int/el't'nt/erll coort/illotes reqlliret/lo define its posi/ion. 

At the oUlsel of the design process, some general definilion of the desired output 
mOlion is usually available. The number of inputs needed 10 obtain Ihal OUlput mayor 
may nottbe specified. Cost is the principal conSlraint here. Each required input will need 
some type of actuator. e ither a human operator or a "slave" in the fonn of a mOlOr, sole
noid. air cylinder, or other energy conversion device. (These devices are discussed in 
Seclion 2. 15 on p. 57.) These multiple input devices will have to have thcir actions 
coordinated by a "controller: ' which must have some intelligence. This control is now 
often provided by a computer but can also be mechanically programmed into the mechanism 
design. There is no requirement that a mechanism have only one DOF. although that is often 
desirable for simplicity. Some machines have many DOF. For example. picture the number 
of control levers or actuating cylinders on a bulldozer or crane. See Figure l-Ib (p. 7). 

Kinematic chains or mechanisms may be either open or closed . Figure 24 shows 
both open and closed mechanisms. A closed mechanism will have no open attachment 
points or nodes and may have one or more degrees of freedom. An open mechanism of 
more than one link wi ll always have more than one degree offreedom , thus requiring as 
many actuators (motors) as it has OOF. A common example of an open mechanism is an 
industrial robot. All open kinematic elwill 0/ two biliary linb anti aliI' joint is called a 
dyad . The sels of links shown in Figure 2-3a and b (p. 28) are dyads. 

Reuleaux limited his definitions to closed kinernmic chains and to mechanisms hav
ing only one DOF. which he called cOlls/rainet/. 111 The somewhat broader definitions 
above are perhaps beller suiled to current-day applicmions. A multi-DOF mechanism. 
such as a robol. will be constrained in its motions as long as Ihe necessary number of 
inputs are supplied to contTol all its DOF. 

; 'l(J! 



KINEMAncs fUNDAMENTALS 

() 

(o) Open mechonl$m chain (b ) Closed mechanism chain 

fiGURE 2 · 4 

Mechanism chains 

Degree of Freedom (Mobility) in Planar Mechanisms 

To detemline thc overall DOF of lIny mechanism, we must account for the number of 
links and joints. and for the interactions among them. TheDOF o f any assembly of links 
can be predictcd from an invcstigation ofthc Grueblercondition . 121 Any link in a pillne 
has 3 DOF. Therefore. a system of L unconnected links in the same plane will have 3L 
DOF. as shown in Figure 2·Sa (p. 32) where the two unconnected links have a total o f six 
DOF. When these links lire connected by a full joint in Figure 2·5b. t..Yt and t..)'2 are 
combined as t..y, and t..Xt and t...f2 are combined as t...r. This removes [WO DOF. leaving 
four DOF. In Figure 2·Sc the half joint removes only one DOF from the system (because 
a half joint has IWO 001-'). leaving the system of two links connected by a half joint with a 
tOial of five OOF. In addition. when any link is grounded or attached to the reference frame. 
all three of ilS ooF will be removed. This reasoning leads to Gruebler's equation: 

M=3L-2J-3G 

where: M = drgf'ft' of frudol/J or mobility 
L :, IIIlmlNr of links 
J = number of joillls 
G '" mmlber of grOlmdl'lllill/is 

(2. la) 

Note that in any real mechanism. even if more than one link of the kinematic chai n 
is grounded. the net effect will be to create one larger. higher·order ground link . liS there 
can be only one ground plane. Thus G is always o ne, and Gruebler 's equtltion becomes: 

M:J(L-I)-2J (2.1b) 

The value of J in equations 2. la and 2. 1 b must reflect the value of al l joints in the 
mechanism. That is. half joints count as 1(2 because they only remove one DOF. It is 
less confusing if we use Kut'l.bach 's modification of Gruebler's equation in this (oml: 

M = 3(L - I)-2J1 -J2 

where: M = degrt't' offrudom or mobilit)' 

L = 1IIIIIIbrr of lillts 
J/ =mllllbt'rofIOOF(frIIl}joims 
12 = I/Ilmber ofl DOF (half) joilJls 

(2.1(') 
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(0) Two uncOfV\eCled ijnkS 
DOF-6 

( 
.e, 

(b) Connecled by a rull joint 
DOF .. A 

( 
.e, 

(e) Comected by 0 rol-sllde (half) JOint 
DOF-5 

FIGURE 2 -S 

Joints remove degrees of freedom 
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The value of 1[ and h in these equat ions must still be carefully detemlined to ac
count for all fu ll , half. and multiple joints in any linkage. Muhiple joints count as one 
less than the number of links joined at thatjoim and add to the "fuJI " (11) cll tegory. The 
DOFof any proposed mechanism can be quickly ascertained from this expression before 
investing any time in more detailed design. It is interesting to note thatlh is equation has 
no information in it about link sizes or shapes, only their quantity. Figure 2-6a shows a 
mechanism with one oaF and only full joints in it. 

Figure 2-6b shows a structure wi th zero oaF lind which contains bOlh half and 
multiple joims. Note the schematic notation used to show the ground link. The ground 
link need not be drawn in outline as long as al l the grounded joints are idemified. Note 
also the joints labeled "multiple" and "halr' in Figure 2-6a and b. As an exercise, com
pute the oaF of these examples with Kulzbach 's equation. 
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Ground 

Note: Sliding full join! 

There are no 
roll-slide 
(half) joints 
in this 
linkage 

L =8. )=10 

DOF: I 

Ground 

Ground (link I) 

7 

, 

Muhiple joint 

Ground 

(0) linkage with full and multiple joints 

L=6. ) :7.5 

DOF ::0 

Ground (link I) 

Ground 

Muhiple jOint 

4 

v- Hal f joint 

=, ~~ 
Ground 

(b) Unkoge with full. half. and multipleJoinls 

FIGURE 2 -6 

Iilkoges containing pints of various types 
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• If the sum of,he le"glh~ 

of allY lWO linh IS less tlmn 
the Icngth or,lle thml link. 
IIK-n their inle~oolteC"on 
;s impossible. 
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Degree of Freedom (Mobility) in Spolial Mechanisms 

The approach used to delermine (he mobilily of a planar mechanism can be easily ex
tended 10 three dimensions. Each unconnected link in three-space has 6 DOF. and any 
one of Ihe six lower pairs can be used to conneel them. as can higher pairs with more 
freedom. A one-freedomjoinl removes 5 DOF. a Iwo-freedomjoint removes 4 DOF. CIC. 
Orounding a link removes 6 DOF. This leads to Ihe Kutzbach mobility equation for spa
liallinkagcs: 

M =6{J.. - I)-5J, -4J2 -3J3 -1J4 - J!J (2.2) 

where the subscript refers to the number of freedoms of Ihe joint. We will limit our study 
to 2·D mechanisms in this text. 

2.5 MECHANISMS AND STRUCTURES 

The degree of freedom of an assembl y of links completely predicts its character. There 
nre only three possibi lities. If rhe DOF i.f positive. it wifl he (j lIIechallism , and the links 
will have relative motion. If the DOF is eXllclly :CI'O, ,hell illl'iII be (I )'Imcillre, and no 
motion is possible. If rile DOF is lIegalil'c. ,hell if i.v (J pre/oadell structure. which means 
that no motion is possible and some stresses may also be present at the lime of assembly. 
Figure 2·7 shows examples of these three cases. One link is grounded in each case. 

Figure 2-73 shows four links joined by four full joints which. from the Gruebler 
equat ion. gives one DOF. It will move. and only one inpul is needed to give predictable 
results. 

Figure 2-7b shows three links joined by three fuJljoims. It has zeroDOF and is thus 
a structure. Note that if the link lengths will allow connection: all three pins can be 
insened into their respective pairs of link holes (nodes) withoUl straining the structure. 
as a position can always be found to allow assembly. 

Figure 2-7c shows two links joined by two full joints. It has a OOF of minus one. 
making it a preloaded structure. In order to insen the two pins without straining the 
links. the center di stances of the holes in both links must be exactly the same. Practi
cally speaking. it is impossible to make two pans exactly the same. There will always 
be some manuf:lcturing error. even if very small. Thus you may have to force the sec
ond pin into place. creating some stress in the links. The structure wi ll then be preloaded. 
You have probably met a similar situation in a course in applied mechanics in the fonn 
of an indetenninate beam, one in which Ihere were 100 many ~upport s or constraints for 
the equ:uions available. An indeteml inale beam al so has negative OOF. white a !I'imply 
supported beam has zero OOF. 

BOlh structures and preloaded structures are commonly cncountered in engineering. 
In fact the true structure of zero DOF is rare in engineering practice. Most buildings . 
bridges. and machine frames are prelo.1ded structures. due to the use of welded and riv· 
eted joints rather than pin joints. Even si mple structures like the chair you are silting in 
are often preloaded. Since our concern here is wi th mechanisms. we wil l concentrate on 
devices with positive OOF only. 
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• 
(a) MechaniSm-OOF,. + 1 (b) Siructure-OOF '"' 0 (e) Preloaded structure-OOF,.-l 

FIGURE 2 - 7 

Mechanisms. structures, and preloaded structures 

2.6 NUMBER SYNTHESIS 

The tenn number synthesis has been coined to mean the determination oft/It! lI/1mber 
and order of links and joints nece.~.wlly to l)I'(xlllce motion of a particlliar OOF. Link 
orde r in this context refers to the number of nodes per link.- i.e .. bina ry, ternary, qua
ternary, etc. The value of number synthesis is to allow the exhaustive detenninalion of 
all possible combinations of links that will yield any chosen OOF. This then equips the 
designer with a definitive catalog of potential linkages to solve a variety of motion con
trol problems. 

As an example we will now derive all the possible link combinations for one OOF. 
including setS of up to eight links, and link orders up to and including hexagonal links. 
For simplicity we will assume that the links will be connected wilh only single. full ro
tating joints (i.e., a pin connecting two links). We can later introduce half joints, mul
tiple joints, and sliding joints through linkage tr.l.nsfonnat ion. First let's look at some 
interesting anributes of linkages as defined by the above assumption regarding full joints. 

Hypothesis: If all joints are fu ll joints. an odd number of DOF requires an even number of l i nk.~ 

and vice versa. 

Proof: Gh'en: All even integers can be denoted by 2111 or by 211. and ull odd integel'll can 
be denoted by 2m - I or by 211 - I. where /I and m are any positive imegers. The 
number of joints must be !I positive integer. 

Let : L "" nUlllberof links, J = number of joints, and M:= DOF '" 2111 (i.e., all even numbel'll) 

T hen: rewriting Gruebler 's equation 2. 1 b to solve for J. 

3 /II 
1=-(L-1)--

2 2 

Try: Substituting /II '" 2m, and L := 2n (i.e .. both any even numbers): 

J i =3n-m--
2 

(2.3a) 

(2.3b) 

• NUl lO be oonrused v.ilh 
Hjoonl order" as (kfined 
earl ier ... hlch rercrs 10 lhe 
number or DOF Ihal a }Oml 
"..,..~, 
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This cannot result in J being a positive integer as required. 

Try: M:: 2m - I and L = 2n - I (i.e .. both any odd numbers): 

5 
1=3n-m--

2 

This also cannot result in J being a positive integer as required. 

Try: M = 2m - I, and L = 2n (i.e., odd-even): 

1=3n-m-2 

This is a positive integer for 1/1 2: I and" 2: 2. 

Try: M:: 2m and L = 21/ - 1 (i.e .. even-odd ): 

J=3n-m-3 

This is a positive integer for m 2: I and " 2: 2. 

(2.k ) 

(2.3d) 

(2.3e) 

$0, for our example of one-DOF mechanisms. we can only consider combinations 
of 2. 4, 6. 8 ... links. Letting the order of the links be represented by: 

B = number 0/ hilwry links 
T :: numlNr of '''fllary /i"ks 
Q = numlNr of quoltrnariu 
P = number of fWllfogona/s 
H = num!H, 0/ he.ragoflals 

the 10lal number of links in any mechanism will be: 

and 

then 

L=8+T+Q+P+fI+ ··· 

Since two link nodes are needed to make one jainr: 

j = nodes 
2 

/lodes = order of link x 110. 0/ links of Ihal order 

J = "(2"B_+"1"T_+_4,,,Q,,+,,5,,P_+"'.cIl_+_'-LH) 
2 

Substitute Equations 2.4a and 2.4d into Gruebler 's equation (2.1 b, on p. 31) 

M = 3{B+ T +Q+ P+H _1)_2( 28+ 3T +4~+5P+611 ) 

M = B-Q-2P-3H-3 

(2.4n) 

(2.4b) 

(Vk) 

(2.4d) 

(2.4<) 

NOle ",hal is missing/rom Ihis eqlla/ion! The lernary links have dropped OUI. The 
OOF is independent orlhe number orlernary links in Ihe mechanism. BUI because each 

.• '"' T· . ,-
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ternary link has three nodes, it can only create or remove 3{l joints. $0 we must add or 
subtraclternary links in pairs to maintain an integer number of joints. The addition or 
subtractioll o/ternary links illlXlir.f will nO! affect the DOF o/the meeha,,;sm. 

In order to determine all possible combinations of links for a panicular DOF, we 
must combine equalions 2.3a (p. 35) and 2.4d: 

l(L_I)_~ = (28+3T +4Q+SP +6H) 
2 2 2 

(2 . .5) 

3L - 3- M = 2H+3T+4Q+SP +6H 

Now combi ne equation 2.5 with equation 2.4a to eliminate B: 

L-3- M :T+2Q+3P+4H (2.6) 

We will now solve equations 2.4a and 2.6 simultaneously (by progressive substitu
tion) to detennine all compat ible combinations of links for DOF = 1. up to eight links. 
The strategy will be to start wi th the smallest number of links, and the highest-order link 
possible with that num ber. eliminating impossible combinations. 

(Note: L mll5tl)(' l'1'en for (}(fd DOF.) 

CAS.: I. L = 2 

L-4 = T +2Q+3P+4H =-2 (2.7a) 

This requires a neg:lIive number of links. so L = 2 is impossible. 

CA'\t: 2. L=4 

L - 4 =r +2Q+3P+4H ",0; so: T=Q=P=H=O 

(2.7b) 

L = 8+0 = 4: 8=4 

The simplest one-OOF linkage is four binary links-the fourbar linkage. 

C\SE 3. 1~= 6 

L - 4 =T +2Q+3P+4 /l :. 2: so: P = /l =0 (2.7e) 

TmayonlybeO,1,or2; Q may only beOor I 

If Q = 0 then T must be 2 and: 

L = H+2T+OQ ::: 6: 8=4. T=2 (2.7d) 

Ir Q = I. then T must be 0 and: 

L=8+0T+IQ=6; 8 -=5. Q=1 (2.7e) 

There are then two possibilities for L = 6. Note that one of them is in facllhe sim
pler fourbar with two ternaries added as was predicted above. 

C,\st: -'. L = 8 

A tabular approach is needed with this many links: 

., 
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~ 
T~ 
B = 6 
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L-4'" T ... 2Q +3P +41-1 ::: 4 

8 +T+Q+P+fI:8 

8 =7. T =0 

Q=O. P =0 

T+2Q=4 

B +r+Q =8 

T = 2 T = 4 

B =5 B = 4 

T+2Q+3P = 4 

B+T +Q+P_S 

P = 0 

T+20 = J 

O +T +Q= 7 

[ T=l. ~ O. 11 =6 

(2.7Q 

From (hi s analysis we can see that . for one DOF, there is only one possible four 
link configuration. two six link configurations. and ri ve possibilities for eight links 
usi ng binary Ihrough hexagonal links. Table 2·2 shows the so-ca lled "link sets" for 
atl the possible linkages for onc OOF up to 8 links and hexagona l order. 

TABLE 2-2 l-DOFPlanor Mechanisms with Revolute Joints and Up 10 8 Unks 

l ink Sets 
Total Unks 

81nary Ternary Quaternary Pentagonal Hexagonal , , 0 0 0 0 

6 , 2 0 0 0 

6 5 0 0 0 

6 7 0 0 0 

6 , , 0 0 0 

6 5 2 0 0 

6 6 0 2 0 0 

6 6 0 0 
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2.7 PARADOXES 

Because the Gruebler criterion pays no attention to link sizes or shapes. it can gh'e mis
leadillg resllits in the race or unique geometric configurations. For example, Figure 2-8a 
shows a structure (DOF = 0) wi th the ternary links of arbi trary shape. This link arrange
ment is sometimes called the " E-q uintet ," because or its resemblance 10 a capital E and 
the ract that it has five jinks, including the ground" It is the next simplest structural 
building block to the '·deitlltriplet ." 

Figure 2-8bshows the same E.quintet with the ternary links straight and parallel and 
with equispaced nodes. The three binaries are also equal in length. With this very unique 
geometry. you can see thllt it will move despite Gruebler"s prediction to the contrary. 

Figure 2-Sc shows a very common mechanism thai also disobeys Gruebler 's crite
rion. The joim between the two wheels can be postulated to allow no slip, prov ided thm 
sufficient rriction is available. If no slip occurs, Ihen this is a one-rreedom. or rull. joint 
that tl llows only relm ive angular motion (69) between lhe wheels. With thm assumption. 

(a) The E-qulntet With DOF. 0 
--agrees With Gruebler equation 

(b) The E-quintet With DOF .. I 
-dIsagrees with Gruebler equation 

due to unique geometlY 

Full joint
pure ro ll ing 
no slip 

(c) ROiling cylinders with DOf. I 
-disagrees With Grl.l9bler equotlOn 

which predicts DOF. 0 

FIGURE 2-8 

GruebIet porodo)fes--llnlcoges that do not behove os predicted by the Gruebler equation 

3. 

• It i ~ also called an Assur 
chain. 
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TABLE 2·3 
Number 01 Vond 
Isomers 

Links V'*' 
""""" 

4 

6 2 

8 16 

10 230 

12 6856 '" 6862· 

• R~a~hell<t di"llllrtt 
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there are 3 links and 3 full joints. from which Grucblcr's equation predicts zero OOF. 
However. this linkage does move (actual DOF = 1), because thecenterdisl:mce. or length 
of link I. is exactly equal to the sum of the radii of the two wheels. 

There arc other examples of paradoxes that disobey the Grucblcr crilerion due to 
their unique geometry. The designer needs to be alert 10 these possible inconsistencies. 

2.8 ISOMERS 

The word isomer is from the Greek and menns Iwl'illg equal parts. Isomers in chemis
try are compounds that have the same number and type of alOms but which are intercon
nected differently and thus have different physical properties. Figure 2-93 shows two 
hydrocarbon isomers. n-butane and isobutane . NOie that each has the same number of 
carbon and hydrogen atoms (C4 H to). but they arc di ffe rent ly imerconnected and have 
different properties. 

Linkage isomers are analogous to these chemic:!l compounds in that the links (like 
atoms) have various nodes (electrons) available to connect to other links' nodes. The 
assembled linkage is analogous to the chemical compound. Depending on the particular 
conm .. 'Ctions of avai lable links. the assembly wi ll have different mOlion propenies. The 
number of isomers possible from a given collection of links (as in :!Ily row of Table 2-2 
on p. 38) is far from obvious. In fact the problem of mathematically predicting the num
ber of isomers of all link combinations has been a long-unsolved problem. Many re
searchers have spent much effort on this problem with some recent success. See refer
ences [3[ through [7[ for more infonnation. Dharariprngada 161 presents a good histori
cal summary of isomer research to 1994. Table 2-3 show~ the number of valid isomers 
found for one-OOF mech:!nisms with revolute pairs. up to 12 links. , 

Figure 2-9b shows all the isomers for the simple cases of one OOF with 4 and 6 links. 
Note that there is only one isomer for the case of 4 links. An isomer is only unique if the 
interconnections between its types of links are different. That is. all binary links are 
considered equal. just as all hydrogen atoms are equal in the chem ical analog. Link 
lengths and shapes do not figure into the Gruebler criterion or the condition of isomerism. 
1llc 6-link case of 4 binaries and 2 ternaries has only two valid isomers. These are known as 
the Wall 's eh'lin and the Stephenson's ch"in after their discoverers. Note the different 
interconnections of lhe ternaries to the binaries in these twO cXllmplcs. The Wail'S chain 
has the two ternaries d irectly connected. butlhe Stephenson 's chain does not. 

There is also a thi rd potential isomer for this case of six links, as shown in Figure 2-9c. 
but it fails the test of distribution of degree offreedom. which requires that the overall 
OOF (here I) be unifonnly dis tributed throughout the linkage and not concentrated in a 
subchain. Note that this arrangement (Figure 2-9c) has a stru ctural subchain of DOF= 
o in the triangular fonnation of the two ternaries and the single binary connecting them. 
This creates a truss. or delta triplet. The remaining three binaries in series fonn a four~ 
bar chain (OOF = I) with the structural subchain of the two ternaries and Ihe single bi
nary effectively reduced to a structure Ihal acts like a single link. Thus this arrangement 
has been reduced to the simpler case of the fourbar linkage despite its six bars. This is 
an im'alid isomer and is rejected. It is lef! as an exercise for the reader to find the 16 
valid isomers of the eight bar. one-OOF cases . 
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(0) Hvdrocarbon ISomers n-butane and Isobutane 

I 2 

G8D Franke's ~ 
- molecules-~ 

2 2 

1lIc: only fourbar isomer Stephenson's sixbar isomer Watfs sixbar isomer 

(0) A~ valid isomers of the fourbor and sixbor linkages 

I 

~ 
3 

_ Franke's 
molecule 

Fourbar sllbchnin 
concenlru les the 

H 

Structural subchain 
reduces three links 
toa zeroDOF 
"delta triplet" truss 

1 DOF or the mechanism -. 
(c) An invalid SIXbOr Isomer which reduces to the simpler fourtxlf 

FIGURE 2 -9 

Isomers of klnemotlc chains 

• 
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• If all rc.'olule joints HI a 

fourbar linl.:agc an: 
rt'placed by prismatic 

JOint~. Ihe result will be 11 
, ... ·o·OOF llS~mb l y. AI\o, 
If three rcvolulejoml~ In a 
fourbar loop arc replaced 
I'dlh pnsmallc joints. lhe 
onc rcmallullg revo lmc 

joint wiLl nOl be able 10 
tum. effe<:lIvcly [ock.inglhe 

''''0 pinned hn~s IOgclner 
as ooe. TIlls effecli,cly 

reduces the a$sembly 10 a 
three bar lin~age which 

should have 1:ero DOF. 
BUI. 11 delta trtplet wilh 
three prisrnallc joims has 

one /JO""-llnolher 
Grueblc:r's parndoll. 

11us figure is proVldt'd 
as an nlurnaled Working 

Model file on Ihe CD· 
ROM. II!> filenamt' is the 

same as the figure number. 
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Franke's "Condensed Notation for $truclUral Synthesis" method can be used 10 help 
find Ihe isomers of any collection of links thai includes some links of higher order than 
binary. Each higher order link is shown as a circle with its number of nodes (its valence) 
wril1en in it as shown in Figure 2-9 (p. 41). These c ircles are connected with a number 
of lines emanating from each circle equal 10 ils valence. A number is placed on each line 
to represcnt the quantity of binary links in that conncction. This gives a "molecular" 
represcntation of the linkage and allows exhaustive determination of :111 the possible bi
nary link interconnections among the highcr links. Note the correspondence in Figure 
2-9b betwecn the linkages and their respective Franke's molecules. TIle only combina
tions of three integers (including zero) that add to 4 are: ( I. 1.2), (2. O. 2). (0. 1. 3). and 
(0. O. 4). The fi rst two are. respectively. the Stephenson's and Wan's linkages: the third 
is the invalid isomer of Figure 2-9c. The fourth combin;lIion is also invalid as it results 
in a 2- DOF chain of 5 binaries in series with the 5th "binary" comprised of the two ter
naries locked IOgether at two nodes in a preloaded structure with a sutx:hain DOF of - 1. 

2.9 LINKAGE TRANSFORMATION 

The number synthesis techniques described above g ive the designer a toolkit of basic 
linkages ofpanicular DaF. If we now relax the arbitrary constraint that restricted us to 
only reyolUle joints, we can tmnSfOnll thcse b:tsic link:tges to a wider variety of mecha
nisms with even gre3tcr usefulness. There are seyeral transfornlalion tcchniques or rules 
Ihal we can apply 10 planar kinematic chains. 

Reyolute joints in any loop can be replaced by prismatic joints with no change in 
OOF or lhe mechanism, providcd that at lcast two rcyolutcjoints remain in the loop." 

2 Any fulljoillt can be replaced by a half joint . butlhis will increase the OOF by one. 
, 

3 Remoyal of a link will reduce the OOF by one. 

4 The combination o f rules 2 :md 3 above will keep thc original oaF unchangcd. 

5 Any tcrnary or higher-order link can be panially "shrunk" to a lower-order link by 
coalescing nodes_ This will creale a mulliple joint but will nOi change the DOF of 
the mechani sm. 

6 Complete shrinkage or a highe r-order link is equiyulent to its removal. A multiple 
joint will be created. and the DOF will be reduced. 

Fi gure 2-1 Oat shows a fourbar c rank-roc ker linkagc transformed into [he four
bar slider-crank by the 3pplication or rule # 1. It is still a rourbar linkage. Link 4 has 
become a slid ing block. The Gruebler's equation is unchanged at onc DaF beC:lUM: the 
slider block provides n full joint against link I. as did Ihe pin joinl it replaces. Note that 
this lransfornmtion from a rocking output link 10 a slider output link is equivalent to in
creasing Ihe length (mdius) of rocker link 4 until its arc motion at the joint between links 
3 and 4 becomes a slr.lighlline. Thus the slidcr block is equi valent to an infinitcly long 
rocker link 4. which is pivoted at infinity along a line perpendicular to the slider ax is as 
shown in Figure 2- IOa. 

Figure 2- IObt shows a fourbar slider-crank transfomled via rule #4 by the sub~ti tu
tion of a half joint for the couplcr. The first version shown retains the same motion of 
the slider as the original linkage by use of a curved slot in link 4. The effecliye coupler 
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Grashof crank-rocker 

, , , 
I 

, , , -, , 

3 

4 

Grashof sl ider-crank 

, , 

Effective link 4 ~: 
j 

Sl ider block 

Effective rocker 
pivot is III infini ty 

(a) Transforming a fourbar cronk-rocker 10 a slider-crank; 

Roll-slide 
(half) join! 

2 

FIGUIlE 2-] 0 

linkage transformation 

Slider4 

Effective link 3 

'" c"ra_:k2 l X 1+,-'- ~ _ _ r SHd" 4 " , 
Effective link 3 

I 

(b) Transforming the slider-cronk 10 the ScoTch yoke 

Effective link 3 
EfTec!ive link 2 

Effec ti ve link 4 

2 

(c) The com-follower mechanism has on effective fourbor eQutvalenT 

'3 
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is always perpendicular to the tange nt of the s lot and falls on the line of the original 
coupler. The second version shown has the slot made straight and perpendicular to 
the slider axis. The effective coupler now is "pivoted" at infinity. This is called a 
Scotch yoke and gives exact simple h(lrmOIl;C 11101;011 of the slider in response to a 
constant speed inpu t to the crank. 

Figu re 2·IOc (p. 43) shows a fourbnr linkage transformed into a cam· foll ower 
linkage by the application of rule #4. Link 3 has been removed and a half joint sub
sti tuted for 3 full joint between links 2 and 4. This still has one DOF. and the 
cam-follower is in fac t a fourbar linkage in :mother disguise. in which the coupler 
(link 3) has become an effective link of I'lIriahle length. We will invesligme the four
bar linkage and these variants of il in greater detail in later c hapte rs. 

Figure 2-113 shows the Stephenson's sixbnr cha in from Figure 2-9b (p. 41) trans
formed by fUmial shrinkage of a ternary link (rule #5) to crelile a multiple join!. It is 
slill a one-DOF Stephenson's sixbar. Figure 2- 11 b shows the Watt 's sixbur chllin from 
Figure 2-9b with one ternary link COlIIlJlerely shl"llllk to create a mu lt iple joint. This is 
now a Slnlcture with DOl: :0 O. The two triangular subchains are obvious. JUSt as the 
fourba.r chain is the basic building block of one-OOF mechanisms, this thrcebar triangle 
delta triplet is the basic bllilding blol'k of zero-DOF structures (tru,\ses). 

2.10 INTERMITTENT MOTION 

Int ermittent motion is a sequence of moriO//J (ifill dwells. A d well is (/ period ;1/ H'hich 
tile Oll tPllt link remaills sflItiollllry while tile if/lmt lif/k comilllles to mOl'e. There are many 
applications in machinery that requ ire intermittent motion. The cam-fo llower variation 
on the fourbar linkage as shown in Figure 2· IOc (p. 43) is often used in these situations. , 

Shrunk lin!.. 

-. 

'" 
.' 
. 

-. . . . 
4 6 5 DOF::: I 

4 

(a) Partial shrinkage of higher link 
retOlns orIglnol OOF 

(b) Complete shrinkage of higher link 
reduces DOFby one 

FIGURE 2 · 11 

Unk shrinkage 
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10e design of thai device for both imenninent and continuous output will be addressed 
in detail in Chapter 8. Other pure linkage dwellllle('hanisms are discussed in the next 
chapter. 

GE'E\ ,\ MECHAN IS\I A common fonn of imennillent mOlion device is the 
Geneva mechanism shown in Figure 2· 12a (p. 46).* This is also a transformed fo urbar 
linkage in which the coupler has been replaced by a half joint. The input crank (link 2) 
is typically motor driven at a constant speed. The Geneva wheel is filled with at least 
three equispaced. radial slots. The crank has a pin Ihal enters a radial slot and causes the 
Geneva wheel to tum through a ponion of a revolUlion. When the pin leaves that slot. 
the Geneva whee l remains stationary unt il the pin enters the next slot. The result is 
intennittent rotation of the Geneva whee l. 

The crank is also fitted with an arc segment. which engages a matching cutout on 
the periphery of the Geneva wheel when the pin is out of the slot. This keeps the Geneva 
wheel stationary and in the proper lOCal ion for the next enlry of the pin. The number of 
slots detenn ines the number of "stops" of the mechanism. where srop is synonymous 
with (Iwell. A Geneva wheel needs a minimum of Ihree stops to work. The maximum 
number of stops is limited only by the size of the wheel. 

RATc m r I\M> p ,\\\(, Figure 2- 12b· shows a ratchet and pawl mechanism. The 
a rm pivots aboUilhe center of the toothed ratchet wheel and is moved b.'lck and fqnh to 
index the wheel. The dri ving pawl rotates the ralchet wheel (or ratchet) in the counter· 
clockwise direction and does no work on the return (clockwise) trip. The locking pawl 
prevents the ratchet from reversing direction while the driving pawl returns. BOlh pawls 
are usually spring·loaded against the ratchet. Thi s mechanism is widely used in devices 
such as "ratchel" wrenches. winches. etc. 

LI'~ .. \H GE" t:V,\ MEe ll ,\ ~t.s \1 There is also a variation of the Geneva mechanism 
thaI has linear translational output. as shown in Figure 2· 12c.* This mechanism is analo· 
gous to an open Scotch yoke device wilh multiple yokes. It can be used as an intennit· 
tent conveyor drive with the slots arranged along the conveyor chain or belt. II also can 
be used with a reversing motor to gel linear. reversing oscillation of a single slotted out· 
put slider. 

2.11 INVERSION 

It should now be apparent that there are many possible linkages for any situation. Even 
wilh the limitations imposed in the number synthesis example (one OOF. eight links. up 
to hexagonal order). there are e ightlinkage col11billations shown in Table 2·2 (p. 38). and 
these togelher yield 19 valid isomers as shown in Table 2·3 (p. 40). In addition. we can 
introduce another factor. namely mechanism inversion. An in version is created by 
grounding (I differelll iink in rhe kinemaric chain. Thus there are as many inversions of a 
given linkage as it has links. 

The motions resulting from each inversion can be quite different. bUI some inver· 
sions of a linkage may yield motions similar to other inversions of the same linkage. In 
these cases only some of the inversions may have distinctly different motions. We will 
denole the illl'ersiOIlS rhar "m'e disrinctly differelll mOlions as dislinct inversions. 

•• 

• This figure is provided 
as IlI1 anima(ed Woril:I"g 
Model file on (he: CD· 
ROM. Its filename is (he 
Slime as the fi gure number. 
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Geneva wheel 

Driving pawl 

Locking pawl 7 
Spring 

Ratchet wheel 

(0) Four-stop Geneva mechanism (b) Ratchet and pawl mechanism 

Slider 
I'"", 

3 

\ Cmnk 

(c) uneor Intermittent motiOn 'Genevo' mechanism 

See :llso Figures P2- 14 (p. 82) and PJ-7 (p. 150) for other examples of linear inlennittenl mOl ion mechanisms 

Rotary and Iineor intermittent motion mechanisms 
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4 4 4 4 

2 2 2 

(0) Inversion # 1 
slider b lock 
translotes 

(b) Inversion # 2 
slider block has 
complex motion 

(e) Inversion # 3 
slider block 
rotates 

(d) Inversion # 4 
slider block 
Is stotlonary 

fiGURE 2 - 13 

four dlsNnct InverSIons of the foU/bor slider-cronk mechonism (eoch block link is stotlonary-all red links move) 

Figure 2- 13· shows the four inversions of the fourbar slidcHrank linkage. all of 
which have distinct mOlions. Inversion # I. with link I as ground and its slider block in 
pure lransl:1Iion. is the mOSt commonly seen and is used for piston engines and pislon 
pu mps. Inversion #2 is obtained by grounding link 2 and gives Ihe Whitworth or 
crank-shaper quick-return mechanism. in which the slider block has complcx 0101 ion. 
(Quick-return mechanisms will be investig:lled further in the next chapter.) Inversion 
#3 is obtained by grounding link 3 and gives the slide r block pure mUllion. Inversion 
#4 is obtained by grounding the slider link 4 and is used in hand operated. well pump 
mechanisms. in which Ihe handle is link 2 (extended) and link I passes down the well 
pipe to mount a pislon on its bottom. (II is upside down in the figure .) 

The Walt's six bar chllin has two dislinct inversions. and the Stephenson's s ixbar 
has three distinct inversions. as shown in Figure 2- 14 (p. 48). The pin-joimcd fourbar 
has four distinct inversions: the crank-rocker. double-crank. double-rocker, and triple
rocker which arc shown in Figures 2- 15· (p. 49) and 2-16 (p. 50): 

2.1 2 THE GRASHOF CONDITION 

The fourbar linkage has been shown above to be the simp/est possihle IJill -joil1let/ 
mechanism for single degree of freedom controlled motion. It :llso appears in various 
disguises such as the slider-crank :lI1d the cam-ro llower. It is in fact the most common 
and ubiquitous device used in machinery. It is also eXlremely versatile in tenns of the 
types of motion that it can generate. 

Simplicity ;$ ()lit' mal'/.. of gooli t/esigll. The fewest pans Ihat can do the job will usu
ally give the leasl expensive and mOSI reliable solution. Thus the fourbar linkuge should 
be among the firsl solutions to motion control problems to be investigated. The C rashor 

, This liguTl: is pnwided 
as an animated WOI'ting 
Model Ii Ie on the CD
ROM. lIS litcnanlC tS the 
sanlC as the figuTl: number. 
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(0) Stephenson's $lxbor InverSion I (b) Stephenson's sixbar inversiOn II (c) Stephenson's slxbor Inversion.1 

(d) WoH's slxbor Inversion I (e) WoH's sixbor inversion II 
FIGURE 2 - 14 

AI distinct i"\VersIons of the s/xbor Wage 

condition [81 is a very simple relationship that predicts the rotation behavior or 
rotatability of a fourbar linkage's inversions based only on the link lengths. 

Let: 

Then if: 

S = length of shortest link 

L = length of longest link 

P = length of one remaining link 

Q = length of other remaining link 

S+L'!!.P+Q (2.8) 

the linkage is Grashof and at least one link will be capable of making a full revolution 
with respect to the ground plane. This is called a Class I kinematic chain. [f the inequality is 
not true, then the linkage is non-Grashof and 110 link will be capable of a complete revo
lution relative to any other link . This is a C lass II kinematic chain. 

Note that the above statements apply regardless of the ordcr of assembly of the links. 
That is. the detcnnination of the Grashof condition call be made on a sel of unassembled 
links. Whether they are later assembled into a kinematic chain in S. L. P. Q. or S. P. L. Q 
or any other ordcr, wi ll flot change the Grashof condilion. 

The mot ions possible from a fourbar linkage will depend on both the Grashof con
dition and the inversion chosen. The inversions will be defined with respect to the shon
est link. The motions are: 
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(a) Two non-dlStinCt cronk-rocker Inversions (GCRR) 

. 
" • .. ---... .. , ",-- , 

--

; __ ---'G'?' :; 
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(b) Double-cronk InVElfSion (GCCC) 
(drag link mechOnm) 

(e) Doi.JblENocker Inv9r$iOn (GRCR) 
(couplel' rololes) 

FIGURE 2 · 15 

AlInvENSlons of the Groshof fourbor linkage 

For the C lass I case, S + L < P + Q: 

Ground either link adjacent to theshonest and you get a crank-rocker. in which the 
shonest link will full y rot:lle and the other lin k pivoted to ground wi lt osci llate. 

Ground the shonestlink and you will gel a double-crank. in which both links piv
oted to ground make complete revolut ions as does the coupler. 

Ground the link opposi te the shonest and you will get it Grashof double-rocker . in 
which both links pi voted to ground oscillate and only the coupler makes a full revolu
tion. 

For the Class II Cllse, S + L > P + Q: 

All inversions will be triple- rockers (9) in which no link can fully rotate. 

For the Class III case, S + L = P + Q: 

Referred to as special-case Grashof and also as a Class III kinematic chain. all 
inversions wi ll be e ither double-cranks or crank-rockers but will have "change 
points" twice per revolution of the input crank when the links all become colinear. At 

4. 
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(a) Triple-rocket .-1 (RRRl) (b) Trlple-rocksr .2 (RRi?2) 

, 
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, 
(e) Triple-rocker "3 (Rf?R3}, (d) Trlpie-rocker ;4 (RRR4) 

FIGURE 2 - 16 

All Inversions of the non-Groshof fourbor linkage ore triple rockers 

• This figure is provided 
as an :mimaled Working 
Model file on the CD· 
ROM. lIS filenamt' IS the 
SlIme as the figure numbc'r. 

these change points the output behavior will become indclcmlinate. The linkage behav, 
ior is then unpredictable as il may assume e ither of two configurations. Its motion must 
be limited 10 avoid reaching the change points or an additional. out-or-phase link pro
vided to guarantee a "carry through" of the change points. (See Figure 2- 17c.) 

Figure 2- 15+ (po 49) shows the four possible inversions of the Grashof case: IwO 
crank-rockers. a double-crank (also called a drag link), :md a double-rocker with rotat
ingcoupler. The two crank-rockers give similarmOlions and so are not distinct from one 
another. Figure 2- 16- shows four non-distinct inversions. all triple-rockers. of a 
non-G .-ashor linkage. 

Figure 2-173 and b shows the para llelogram and antiparallelogram configunuions 
of the special-case G rashof linkage. The parallelogram linkage is quite useful as it ex
actly duplicates the rotary motioll of the driver crank al the driven crank. One common 
use is to couple the two windshield wiper output rockers across the width of the wind
shield on an automobile. The coupler of the parallelogram linkage is in curvilinear trans
lation. remaining at the same angle while all points 011 it describe identical circular paths. 
It is often used for this parallel motion. as in truck tailgate lifts and industrial robots. 
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(0) ParallelOgram form 
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(b) AntllxuaflelOgram form 
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(e) Double-parallelOgram linkage gives parallel 
motlOf'! (pure curvilinear translation) to coupler 
and also carries through the change points 

(d) Deltoid or kite form 

fiGURE 2 - 17 

Some forms of the speclol-cose GfoshOf Nnkoge 

The antiparallclogram linkage (also called "butterfly" or "bow-tic") is also a double
crank. but the output crank has an angular velocity different from the input crank. Note 
Ihal the change points allow Ihe linkage to swi tch unpredictably between the parallelo
gram and anti parallelogram fonns every 180 degrees unless some addilionallinks are 
provided 10 carry it through Ihose positions. This can be achieved by adding an out-of
phase companionlinkrige coupled to the same crank. as shown in Figure 2- 17c. A com
mon application of this double parallelogram linkage was on steam locomotives. used to 
conncct the drive wheels loget hcr. The change points wcre handled by providing the 
dupliclLte linkage, 90 degrees out of phase, on the other side of the locomotive 's ax le 
.. hafL When one side was at u chungc point, the other side would drive it through. 

The double- parallelogram arrangement shown in Figure 2-17c is quite useful as it 
gives a Iranslnt ing coupler that remai ns horizontal in all posi lions. The two paruJlelo
gram stages of the linkage urc out of phase so each carries the olher through its change 
paims. Figure 2- l7d shows the deltoid or kite configuration that is a double-crank in 
which the shoner crunk makes [Wo revol utions for each one made by the long crank. 
This is also called an isoccles linkuge or a Galloway mechanism after ils discoverer. 

There is nothing e ither bad or good about the Grashof condition. Linkages of all 
three persuasions are equally useful in their place. If, for example. your need is for a 
motor driven windshield wip-!r linkage, you may want a non-special-case Grashof erank
rocker linkage in order to have a rotating link for the motor's input, plus a sp-!cial-case 
parallelogram stage to couple the two sides together as described above. If your need is 

, , 

, , , 



" DESIGN OF MACHINERY CHAPTER 2 

to controllhe wheel motions of a car over bumps. you may want a non-Grnshof triple· 
rocker linkage for short stroke oscillatory motion. If you want to exactly duplicate some 
input motion lit a remote location, you may want a special-case GrJshof parallelogram 
linkage, as used in a drafting machine. In any case, this simply detennined condition tells 
volumes about the behavior to be expected from a proposed fourbar linkage design prior 
to any construction of models or prototypes. 

Classification of the Fourbar Linkage 

Barker 1101 has developed a classilication scheme Ihat allows prediction of the type of 
motion that can be expected from a fourbar linkage based on the values of its link ratios. 
A linkage's angular motion characteristics are independent of the Ilbsolute values of its 
link lengths. This allows the link lengths to be nonnalized by dividing three of them by 
the fourth to create three dimensionless ratios that deline its geometry. 

Let the link lengths be designated /'It /'2. /'3, and /'4 (all positive and nonzero), with 
the subscript I indicllting the ground link. 2 the driving link. 3 the coupler. tlnd 4 the re
maining (output) link. The link ratios are then fonned by dividing each link length by /'2 
giving: At = /'tl r2. A3 = /'3/ /'2, ~ = r4/ r2· 

Each link will also be given a leiter designation based on its type of motion when 
connected to the other links. If a link can make a full revolution with respect to the other 
links. it is called a crank (C). and if not, a rocker (R). The motion of the assembled link· 
age based on its Gmshof condition and inversion can then be given a letter code such as 
CCRR for a Crashof crank-rocker or CCCC for a Grashof double-crank (drag link) 
mechanism. The motion designators C and R are always listed in the order of. input link. 
coupler. output link. The prefix G indicates a Grashof linkage, S a speciaJ.case Crashof 
(changelpoint). and no prefix a non-Crashof linkage. 

Table 2·4 shows Barker's 14 types offourbar linkage based on this naming scheme. 
The first four rows are the Grashof inversions. the next four arc the non-Crashof triple 
rockers, and the last six are the special-elise Crashof linkages. l-Ie gives unique names 
to each type based on a combination of their Grashof condition and inversion. The tra
ditional names for the same inversions are also shown for comparison and are less spe
cific than Barker's nomenclature. Note his differentiation between the Crashor crank
rocker (subclass -2) and rocker-crank (subclass 4). To drive a CRRC linkage from the 
rocker requires adding a flywheel to the crank as is done wi th the internal combustion 
engine's slider-crank mechanism (which is a GPRC linknge). See Figure 2-lOa (p. 43). 

Barker also defines a "solution space" whose axes are the link ratios AI, ),,3. ~ as 
shown in Figure 2-18. These ratios' values theoretically extend to infinity. but for any 
practical linkages the ratios can be limited to a reasonable value. 

In order for the four links to be assembled. the longest link must be shoner than the 
sum of the other three links. 

L«5+P+Q) (2.9) 

If L '" (5 + P + Q). then the links can be assembled but wi ll not move. so this condi
tion provides a criterion to separate regions of no mobility from regions that allow ma. 
bility within the solution space. Applying this criterion in temlS of the three link ratios 
defines four planes of zero mobility that provide limits to the solution space. 



KINEMATICS FUNDAMENTALS 

TASlE 2 -4 Sarker's Complete Classification of Planar Fourbar Mechanisms 

Adopled from ref 110J_ S - $hO(Ieslllnlc, 1_longesllink. GJOOC _ Grashol. R'RRx .. non-Grashot. Sn _ SpecloI c ase 

Type 
s + , vs. 

Inversion Cia" p. q 

< L1 - S - ground ,-, 
2 < L2" S - Input '-2 
3 < ~ .. s .. coupler ' -3 

• < L.i .. s .. output '4 
5 > LI - I - ground II- I 

6 > L2 - I - Input 11·2 

7 > 1..3 - I .. coupler 11-3 

• > L.i .. I - output 114 

9 Ll - s _ ground III·' 
10 • L2 - s .. Input 111·2 

" ~ - s ... c oup\ef 111·3 

12 • L.i .. s .. output U1-4 

'3 • two eQual pairs 111-5 

,. • Ll" L2"~" L. 111-6 

• SC a special case. 

/ 

j{),' 
--

FIGURE 2-18 

Bortt:er's Designation 

Grashot cronk-cronk-cronk 

Groshof cronk-rocker-rocker 

Grashof rocker-crank-rocker 

Grashof rocker-rocker-cronk 

Class 1 rocker-rockeHocker 

Class 2 rocker-rocker-rocker 

Closs 3 rocker-rocker-rocker 

Closs <1 rocker-rocker-rocker 

change point cronk-crank-cronk 

change point c ronk-rocker·rocker 

change point rocker-cronk-rocker I 

change point rocker-rocker-cronk 

double change point 

triple change point 

A, 

---

\ 
\ 
\ 

I - GCCC 
2 - GCRR 
3' GRCR 
4 - GRRC 
5 - RRRI 
6- RRR2 
7 - RRR3 
8· RRR4 

SOI1!:er's SOlutIon space for the fourbar linkage Adopted from reference (IOJ. 

Code Also Known As 

GCCC double-crank 

GCRO c lonk-rocker 

GRCR double-rocker 

GROC rocker-clonk 

-, triple-rocker 

RRO> trlp le·rocker 

RRR3 triple-rocker 

RRR<1 triple-rocker 

SCCC SC · double -cronk 

SCRR SC crank-rocker 

SOCR SC double-rocker 

SRRC SC rockel-crank 

S2X 
parallelogram 
or deltoid 

53X ,quo,. 
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1::AI+).,+A4 

A3""AI+ l +AJ 

A4 = ).I+ l +A, 

AI = I+A3+ A4 

(2. 10) 

Applying the S + L '" P + Q Grashof condition (in temlS of the link ratios) defines 
three additional planes on which the change-point mechanisms :111 lie. 

I+AI "'A)+A4 

I +AJ = AI +A4 

I+A4 =AI +A, 

(2. 11) 

The positive octant of this space, bounded by the At-A3' AI -~' A3-~ planes and 
the four zero-mobi lity planes (e<]utltion 2.10) conl3ins e ight volumes that are separated 
by the change-point planes (equlItion 2. 1 I ). Each volume contains mechani sms unique 
to one of the fi rst eight classifications in Table 2-4 (p. 53). These e ight volumes are in 
contact with one another in the solution space, but to show thei r .... hapes, they have been 
"exploded" apan in Figure 2-1 8 (p. 53). The remaining six change-point mechanisms of 
Table 2-4 exist only in the change-point planes that are the interfaces between the eight 
volumes. For more detail on this solution space and Barker 's clnss ificmion system Ihan 
space pemlits here . see reference [101. 

2.13 LINKAGES OF MORE THAN FOUR BARS 

, 
Geared Fivebar Unkages 

We have seen that the simplest one-DOF linkage is the fo urbar mechanism. It is an ex
tremely versatile and useful device. Many quite complex motion control problems can 
be solved with just four links and four pins. Thus in lhe interest of simplic ity, des igners 
should always first try to solve lheir problems with a fourbar lillkllge, However. there 
will be cases when a more complicated solution is necessary. Add ing one link and one 
joilll to form a fi vebar (Figure 2- 19a) will increase the DOF by one. to two, By adding a 
pair of gears to tie two links together with a new half joint.lhe OOF is reduced again to 
one, and the geared fi \'ebar mechanism (GFUM) of Figure 2_ 19bt is created. 

The geared fi vebar mechanism provides more complex motions than the rourbar 
mechan ism at the expense of the added link and gearsct as can be seen in Appendix E. 
The reader may also observe the dynamic behavior of the linkage shown in Figure 2-19b 
by running the program FtVEBAR provided with this tex t lllld opening the dala file 
F02- 19b,5br. See Appendix A for instruct ions in running the program. Accept all the 
default values. and aninlllte the linkage . 

• This fillure IS prOVIded 
as an anima,ed Worling Slxbar linkages 
Model file on lhe CD, 
ROM. lis file l1amc i~ ,he We nlready mellhe Watt 's and Stephenson'S six bar mechanisms. See Figure 2- 14 (p. 48). 
SlIme as the fi gure l1umber. The Walt 's sixbllr can be thought of as /11'0 jOllr /HI/' lill kages ( 'ollllf'Cled ill series and 
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(a) Flvebar linkage-2 OOF 

FIGURE 2- 19 

Two fOfms of the ftvebar linkage 

3 4 

(b) Geared fJvebar linkage- I DOF 

sharing two links in common. The Stephenson 's sixba r can be thought of as IWO fOl/r

bar /inkaKes connecled inl)(lrallel and sharing two links in common. Many linkages can 
be designed by the technique of combining multiple fourbar chains as basic bui/ding 
bfocks imo more complex assemblages. Many real design problems will require solu
tions consisting of more than four bars. Some Walt's and Stephenson's linkages are pro
vided as buill-in examples 10 Ihe progr-.1m SIXBAR supplied with this lext. You may run 
that program to observe these linkages dynamically. Select any example from the menu. 
accept all default responses. and animate the linkages. 

Grashot-Type Rotatability Criteria tor Higher-Order linkages 

Rotatabilily is defined as Ille ability of 01 least aile lillk in a kinemoric cllOin to make a 
f /lll rel'ollllion "'illl respecllo Ille otller /illks and defines the chain as Class 1. 11 or 1.11 , 
Revolva bilily refers to 1I specific link in (I cllain (lnd indicatt's Illat il is olle of Ihe links 
Ihar call rotale. 

ROTATA IIiLi IT OF Gt-: \RED FIVt-:II.\R LIl'4KAGES Ting [III has derived an expres
sion for rotatability of Ihe geared fivebar linkage that is similar to the fourbar's Grnshof 
criterion. Lctthe link lengths be designated L. through Ls in order of increasi ng length, 

then if : (2.12) 

the two shortcst link s can revolve fully with respect to Ihe others and the linkage is des
ignated a Class I kinematic chain. If this inequality is 1101 true, then it is a Class II chain 
and mayor may not allow any links to fully rolatedcpending on the gear rat io and phase 
angle between the gears. If the inequality of equation 2. 12 is replaced with an equnl sign, 
the linkage will be a Class III chain in which the two shortest links can full y revolve 
bUI it wilt have change points like the spec ial-case Grashof fouroar. 

Reference 1111 describes the cond itions under which a Class IJ geared livebar linkage 
will and will not be rotatable, In practical design tenns. it makes sense to obey equation 2. 12 

ss 
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(p. 55) in order to guarantee a "Grashof' condition. II also makes sense 10 avoid the 
C lass III change-point condit ion. Note that if one of the shon links (say L2) is made zero. 
equation 2.12 reduces to the Grashof ronnula of equation 2.8 (p. 48), 

In addition to the linkage 's rotatability. we would like 10 know about the kinds of 
motions thai are possible from each of the live inversions of a fivebar chain. Ting [II) 
describes these in detail. But. if we want to apply a gearsel between two links of the five
bar chain (to reduce its DOF to I), we really need it to be a double-crank linkage. with 
the gears attached to the twO cranks. A Class I fivebar chain will be a double-crank 
mechanism if the fWO shortest links ore omollB ,Iu' set of ,I/ree /inks that comprise the 
mulumis",'s ground link and the two cra"ks pil'ote{/ IO ground. III J 

ROTA'I"AHIUTY 0.' N-HAR U,\K,\G.:S Ting et al. 112]. [131 have ex tended 
rOialabil ity criteria 10 all s ingle-loop linkages of N-bars connecled with revolUie joinlS 
and have developed general theorems for linkage rOlutability and the revolvability of 
individual links based on link lengths. Let the links o f an N-bar linkage be denoted by L; 
(i = 1.2 . ... N), with LI :5 ~:5 "':5 LN. The links need not be connected in any particu
lar order as rotatability criteria are independent of that faclor. 

A single-loop. revolUie-jointed linkage of N links wi ll have (N - 3) Dor. The nec
essary and sufficient condition for the assemblabililY of an N-Bar linkage is: 

N- ' 
LN:S L Ll (2. 13) t., 

A link K will be a so-called short link if 

{K}N- ' t., (2.14a) 

and a so-called /ol1g link if 

(2. 14b) 

There will be three long links and (N - 3) short links in any linkage of this type. 

A sing le-loop N-bar kinematic c hain containing on ly lirst-ordcrrevolute joints will 
be a Class I. Class n, or C lass III linkage depending on whether the sum of the lengths 
o f its longest link and its (N - 3) shortest links is, respectively. Icss than. greater than. or 
eq ual to the sum of the lengths of the remaining two long Jinks: 

Class I : 

Class II : 

Class ilL 

LN +(Ll + ~ +··.+LN_J )< LN_2 + LN_1 

LN +(Ll +~ +·,,+ LN_J » LN_2 + LN_1 

LN +(Ll +~ +".+ LN_3)u LN_2 +LN_1 

(2. tS) 

and, for a Class I linkage, there must be one and on ly onc long link between two non
input angles. These conditions are necessary and sufficient to define the rotatability. 

The rtvolvability of any link Lj is defined as its abi lity to rotate fully with respect 
to the other links in the chain and can be detennined from: 
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N- ' 
Li+LNS L/A' 

i _ Lb.i 

(2.16) 

Also. if L j is a revolvable link. any link that is not longer than Lj wi ll also be revolvable. 

Additional theorems and corollaries regarding limits on link motions can be found 
in references [121 and [13\. Space does not pemlittheircomplete exposition here. Note 
that the rules regarding the behavior of geared fivebar linkages and fourbar linkages (the 
Grashof law) stated above are consistent with. and contained within. these gener:11 
rol1uability Iheorems. 

2.14 SPRINGS AS LINKS 

We have so far been dealing only with rigid links. In many mechanisms and machines. 
it is necessary to counterbalunce the static louds applied to the device. A common ex· 
ample is the hood hinge mechanism on your automobile. Unless you have the (cheap) 
model with the strut Ihal you place in a hole 10 hold up the hood. il will probably have 
eilher a fourbaror sixbar linkage connecting the hood to the body on each side. The hood 
may be the coupler of a non-Grashof linkage whose two rockers are pivoted 10 the body. 
A spring is fitted between two of the links 10 provide a force to hold the hood in th~ open 
position. 11le spring in Ihis case is an addi lionallink of variable length . As long as it 
can provide the right amount of force, it acts to reduce the DOF of Ihe mechanism 10 zero. 
and holds the system in static equi librium. However, you can force it to agai n be a one· 
OOF system by overcom ing the spring force when you puilihe hood shut. 

AnOlherexample, which may now be righl next 10 you, is the ubiquitous adjustable 
arm desk lamp, shown in Figure 2-20: This device has two springs that counterbalance 
lhe weight of Ihe links and lamp head. If well designed and made, it will remain stable 
over a fairly wide range ofposilions despite variation in the overturning moment due to 
the lamp head's changing momenl :lnn. This is accomplished by careful design of the 
geometry of the spring-link relat ionships so that. as the spring force changes with in
creasing length. ils moment amI also changes in a way Ihal cont inually balances the 
changing moment of Ihe lamp head. 

A linear spring can bechamcterized by its spring conslant, k =F l x, where F is force 
and.\' is spring displacemem. Doubling its deflection will double the force. Most coil 
springs of the type used in these examples are linear. 

2.15 COMPLIANT MECHANISMS 

The mechanisms so far described in Ihis chapler all consist of discrete e lements in the 
form of rigid links or springs connecled by joints of various types. Complianl mecha
nisms can provide similar motions with fewer pans and fewer (even zero) physical joints. 
Complinnce is the opposite Ofsliffness. A member or ··Iink" that is compliant is capable 
of significant deneclion in rcsl>onse to load. An ancient example of a compliant mecha
nism is the bow and arrow. in which the bow's deflection in response to the archer pull
ing back the bowstring stores elastic strain energy in the flexible (compliant) bow. and 
Ihat energy launches the arrow. 
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A spring-bolanced 
Inkoge mechaniSm 

• Thi~ figure is provided 
as an animated Working 
Model fite on the CD
ROM. lis filename IS the 
same as the figure number. 
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A tackle box with 
" living hinge" Covrtesy 
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The bow and bowstring comprise two parts. but in its purest fonn a complianE 
mechanism consiSIS of a single link whose shape is carefully designed \0 provide areas 
offlcx ibility thai serve as pseudo joints. Probably the most commonly avai lable example 
of a simple compliant mechanism is the ubiquitous plastic tackle box or toolbox made 
with a " living hinge" as shown in Figure 2·21. This is :I dyad or two-link mechanism 
(box and cover) with alhin section of material connecting the two. Certain themlOplas
lics. such as polypropylene. allow thin sections to be flexed repeatedly without failure. 
When the part is removed from the mold. and is still wann.lhc hinge must be flexed once 
to align the material's molecules. Once cooled, it can withstand millions of open-close 
cycles without fail ure. Figure 2-22 shows a prototype of a fourbar linkage toggle switch 
made in one piece of plastic as a compliant mechanism. It moves between the on and off 
positions by flexure of the thin hinge sections that serve as pseudo joints between the 
"links," Another example of a compliant mechanism is shown in Figure 6-13 (p. 287) 
and that device is also the subject of the case study discussed in Chapter 16. 

Figure 2-23a shows a forceps designed as n one-piece compliant mec hanism. In· 
stead of the conventional two picces connected by a pin joint. this forceps has small cross 
sections designed to serve as pseudo joints. It is inject ion molded of polypropylene ther
moplastic with " living hinges." Note thallhere is a fourbar linkage 1,2,3,4 althe cen· 
ler whose "joints" are the compliant sections of small dimension at A, O. C, and D. The 
compliance of the material in these small sections prov ides a built-in spring effect to hold 
il open in the rest condition. The other portions of the device such as Ihe handles and 
jaws are designed with stitTer geometry to minimize the ir de fl ections. When the user 
closes the jaws, the hooks on the handles latch it closed. clamping the gripped item. Figure 
2-23b shows a two-piece snap hook that uses the compliance of the spring closure Ihal 
resul ts from either car of Ihe wire spring being pivoted at different locations A I and A2' , 

These examples show some of the advantages of compliant mechanisms over con
venlional ones. No assembly OI>CTations are needed, as there is only one pan. TIle 

'"hn" '" 4 

"1m"'" 1 L..-___ ..... 

(0) Switch on (b) SWitch oN 

FIGURE 2-22 

One-plece compliant SWitch Courtesy o( Pro'~ IOtry L Howel. BriQhOm \foc..nQ UnIv&r$lty 
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"link" :1 
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(0) One·piece molded polypropylene compliant forceps 
(No1Qe Nunc /ntemotlOllOl. Sweden) 

FIGURE 2 -23 

Compliant mechanisms 

needed spring effecl is built in by control of geomell"y in local areas. The finished part is 
ready to use as it comes out of the mold. These features all reduce cost. 

Complillnt mechanisms have been in use for a long time (e.g., Ihe bow and arrow. 
fingernail clipper. paper clips). but found new applications in the late 20th century duc 
in part to Ihe availability of new mmerials and modem manufacturing processes. Some 
of their advantages over conventional mechanisms are the reduction of number of parts. 
elimination of joint clearances. inherent spring loading. and potential reductions in cost. 
",eight. wear. and maintenance compared to conventional mechanisms. They are. how
ever. more difficult to design and analyze because of their relatively large deflections that 
preclude the use of conventional small-deflcclion theory. This lext will consider only 
lhe design and analysis of noncompliant. (i.e .. assumed rigid) links and mechanisms with 
physical joints. For infonllation on the design and analysis of compliant mechanisms see 
reference 16. 

2.16 MICRO ELECTRO-MECHANICAL SYSTEMS (MEMS)" 

Recent advances in the manufacture of microcircuitry such as computer chips have led 
to a new foml of mechanism known as micro electro-mechanical systems or MEMS. 
These devices have features measured in micrometers. and micromachines range in size 
from a few micrometers to a few millimeters. They are made from the same si licon wafer 
material that is used for integrmed circuits or microchips. The shape or pattern of the 
desired device (mechanism. gear. etc.) is computer generated atlnrge scale and then pho
tographically reduced and projecled onto the wafer. An etching process thcn removes 
the si licon material whcre the image eilherdid ordid not alter the photosensitive coat ing 
on the silicon (the process cnn be set to do either). What remains is a tiny reproduction 
of the original geometric pallem in si licon. Figure 2-24a (p. 60) shows silicon microgears 
made by Ihis method. lhey lite only a few micrometers in diameter. 

" 

(b) Compliant snap 
hook ™ (WlcflOrd USA.. 
Portsmouffl. RI) 

• More infonnalioo 00 
MEMS can be found at: 
hnp:/lwww.sal\tha.gov/ and 
hnp:/twww.nloem$l1I:l.org/ 
memsl 
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compliant e lectrostatic aClUators 
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mOlordnvc 

(b) MlcromolOf ond gear troin 

MEMS of etched sUlcon (0) mlcrogoors Cou1e:syol SondkJ NotbnoJ Loborotot/e$ (b) mlcromolor bV Sandia Lobs SEM 
photos coc.rt8$)' 01 Pro/fmO( Cosme FUfIonQ. ~es19r PoIyteclv!ic InshM9 

• Professor Larry L 
Hov.·ell . (2002) personal 
communicat ion. 

Compliant mechanisms are very adaptable 10 this manufacturing technique. Figure 
2-24b shows a micromOlor thaI uses the gears o f Figure 2-243 and is smaller than a few 
millimeters overall . The motor drive mechanism is a series of compliant linkages that 
are oscillated by an electrostatic fi eld to drive the crank shown in the enlarged view of 
Figure 2-24b. Two of these electrostatic actuators operate on the same crank. 900 OUi of 
phase to carry it through the dead center positions. This mOlar is cnpable of continuous 
speeds of 360 000 rpm and short bu rsts 10 a million rpm before overheating from fric· 
tion lit that high speed. 

Figure 2· 25 shows "a compliant bi lowble mechani sm (known as the Young mecha
nism) ill its two stable positions. Themlal actuators amplify thennal expansion to snap 
the dev ice between its two posit ions. It can be used as a microswitch or 11 microrelay. 
Because it is so small. it can be actuated in a few hundred microseconds:'· 

Appl ications for these micro devices are juSt beginning to be found. Microsensors 
made with this technology are c urrently used in automobile airoog assemblies to delect 
sudden deceleration and fire the airbag inflator. MEMS blood pressure monitors that can 
be placed in a blood vessel have been made. MEMS pressure sensors are being filled to 
automo bi le lires to continuously monitor tire pressure. Many other applications are be
ing and will be developed 10 utilize Ihis technology in the future. 
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FIGURE 2-25 

Compliant bistable silicon mlcromechanism In fwo positions Courtesy of Professor Lorry L 
HOwell, BriQf'IOm Young University 

2.17 PRACTICAL CONSIDERATIONS 

There are many fllctors Ihat need to be considered to create good-quality designs. Not 
all of them are contained within the applicable theories. A great deal of an based on 
experience is involved in design as well. This section attempts \0 describe a few such 
practical considerations in machine design. 

Pin Joints versus Sliders and Holf Joints 

Proper material selection and good lubrication are the key to long life in any situation. 
such as ajoint, where two materials rub IOgcther. Such an interface is called a beari ng. 
Assuming the proper materials have been chosen, the choice of joint type can have a sig
nifican! effect on the ability to provide good, clean lubrication over the lifetime of the 
machine. 

RE\ Ot,lH (PI\ ) .lOl"rs The simple revolUle or pin joim (Figure 2-200) is the 
clear winner here for several reasons. It is relatively easy and inexpensive to design and 
build a good quality pin joint. In its pure Conn- a so-called sleeve or journal bearing
the geometry of pin-in-hole traps a lubricant film within its annu]lIr interfllce by capil
lary action and promotes a condition called hydrodynamic Illbrication in which the pans 
are separated by a thin film of lubricant as shown in Figure 2-27, Seals Clm easily be 

iP=~ 
r Stlllion3ry joumal 

f iG UR E 2 -27 

Shafl TOlming rapidly 
• hydrodynamic 

lubric31ion 
• no metal contact 
• fluid pumped 

by Sh3f1 
• Sh3ft lags bearing 

centerline 

HydrodynamIC lubrlcotlon In 0 sleeve beoring-deOlance and motions exoggerated 
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(b) Slider joint .. ,-.. 

i o 

, 

(e) Holt joint 

FI GURE 2 - 26 

JoInts 01 vonous types 
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(0) Boll beaflng 

(b) Roller bearing 

(e) Needle bearing 

FIGURE 2·29 

Boll. rOller .and needle 
bearings fOf revolute 
joints COtXfesy of NTN 
COfpOfa/lon, Japan 
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FIGURE 2 -28 

SpheOcal rod end Cowt9$yof fmetsOn Power rronsmlsslon. lthoco. NY 

provided <lI the ends of the hole. wrapped around the pin.lo prevent loss of the lubricant. 
Replacement lubricant can be introduced through radial holes into Ihe bearing interface. 
either continuously or periodically. without disassembly. 

A conven ient (onn of bearing for linkage pivOis is the commercially avai lable 
spherica l rod end shown in Figure 2·28. This has a spherical. sleeve-type bearing thaI 
self-aligns to a shan thai may be out ofparnl lel. liS body threads onto the link, allowing 
links 10 be convenicnlly made from round stock with threaded ends that allow adjustment 
of link length. 

Relatively inexpensive ball and roller bea r ings are commercially available in a 
large variety of sizes fOT revolute joints as shown in Figure 2-29. Some of these bear
ings (p:incipalty balllYpe) can be obtained prelubricated and with end seals. TheiT roil
ing elements provide low-friction operation and good dimensional control. Note thaI 
rolling-elemelll bearings aClUally contain higher-joint interfaces (half joints) at each ball 
or roller. which is potemially a problem as noted below. l'lowever, the ability to trap 
lubricant within the roll cage (by end seals) combined with the relatively high rolling 
speed of the bal ls or rollers promotes hydrodynamic lubrication lind long life. For more 
detai led infomlation on bearings and lubricat ion. see reference 115J. 

For revolute joints pivoted to ground, several commercially available bearing Iypes 
make the packaging easier. Pillow blocks and n :mge-mounl bellrings (Figure 2-30) are 
available litted with e ither rolling-element (ball. roller) bearings or sleeve-type journal 
bearings. The pi llow block allows convenient mounting to a surface pllnl ilei to the pin 
axis. and fl ange mounts fasten to surfaces perpendicular 10 the pin ax is. 

I'RIS.\IATIC (SLII)~;R ) J Ot;\'TS require a carefully machined and straight sial or rod 
(Figure 2-26b, p.6 1), The bearings often must be custom made, though linear ball bear
ings (Figure 2-31) are commercially available but must be run over hardened and ground 
shafts. Lubrication is difficult to maintain in any slid ing joint. The lubricant is not geo
metrically captured, and it must be resupplied either by running the joint in an oil bath or 
by periodic manual regreasing. An open slot or shaft tends to accumulate airborne din 
panicles thm can act as a grinding compound when trapped in the lubricant. This will 
accelerate wear. 
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(a) Pillow-block bearing (b) Flange-mount bearing 

FIGURE 2 -30 

Pillow block and f!onge-mount bearing units Courtesy of Emerson Power rrorumlsslon. lthoco. NY 

HIGIl t:R ( H,\I. F) J OINTS ~uch as 11 round pin in a slot (Figure 2-26c, p. 61) or a 
cam-follower joint (Figurc 2-IOc. p. 43) suffer even more acutcly from the slider 's lu
brication problems, because they typically have two oppositely curved surfaces in line 
contact. which tend 10 squceze any lubricant out of the joint. This type of joint ne~ds to 
be run in an oil b:uh for long life. This requ ires that the assembly be housed in an expen
sive. oil-tight box with se<lls on all protruding shafts. 

These joint types arc all used extensively ill machinery with great ~uccess. As long 
as the proper (lltelltiOIlIO ellgilleerillg {/etail is paid. the design can be successfu l. Some 
common examples ofalllhreejoini types can be found in an automobile. The windshield 
wiper mechanism is a pure pin-jointed linkage. The pistons in the engine cylinders are 
true sliders and are bathed in engine oil. The valves in theenginc arc opencd and closed 
by cam-follower (half)joints Ih;lt are drowncd in engine oi\. You probably change your 
engine oil fairly frequently. When was the 1:1SI lime you lubricated your windshield 
wiper linkage? Ha) this linkage (not Ihe mOlor) ever failed? 

Cantilever or Straddle Mount? 

Any joint mU)1 be :.upponed OIgainst the joint loads. Two basic approaches are possible 
as shown in Figure 2-32. A Clllltilevered joint ha~ the pin Uourna l) supported only, as 
a cant ilever be.ull. Thi ... i\ 'iometimc~ ncce~~ary as with a c rank that must puss over 
the coupler nnd cannot have lHlylhi ng on the other side of the coupler. However. a 
canti lever beam i~ inherently wellker (for Ihe same cross section and load) than 11 

straddle-mounted (simply ~upported) beam. The straddle mounting can lIvoid apply
ing a bending moment to the links by keeping the forces in the :.ame plane. The pin 
will feel a bending moment LIl both ca~es. bUlthe straddle-mounted pin is in double 
shear- two cross section~ are sharing the load . A cantilevered pin is in single shear. 
II is good practice to u~e straddle· mounted joints (whether revolute. prismatic, or 
higher) wherever possible. If a cnl11ilc"ercd pin musl be used, then a commercial shoul
der !;Crew thai has a hardened and ground shank as shown in Figure 2-33 (p. 64) can 
sometimes serve <IS a pivot pin. 
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(0) Eccentric ctank-rocker (b) Eccenfrlc slldet-ctonk 

FIGURE 2 - 34 

EccenttIC cronkS 

Short Links 

It sometimes happens that the required length of a crank is so short thai il is not possible 
to provide suitably sized pins or bearings at each of its pivots. The SolUlion is to design 
the link as an eccentric crank. as shown in Figure 2-34. One pivot pin is enlarged to the 
point Ihat it, in effect. contains the link. The outside diameter of the circular crank be
comes the journal for the moving pivol. The fixed pivot is placed a distance e from the 
center oflhis circle equal to the required crank lenglh. The distance e is the crank's ec
centricity (the crank length). This arrangement has the advanlage of a large surface area 
within the bearing to reduce wear. though keeping the large-diameter joumallubricated 
can be difficult. 

Beari'19 Ratio 

The need for straight-line motion in machinery requires extensive use of linear translat
ing slider joints. There is a very basic geometrical relationship called bearing rario, 
which if ignored or violated will invariably lead to problems. 

The bearing ratio (BR) is defined as Ihe eff('clil'e lell81h ofll/e slider owr Ihe effee
liI'e diaml'/er of lire bearillg: BR = L I D. For smooth operation this ratio should be 
greater than 1,5. and never less than I . The larger it is. the bener. EfTt'Clive length is 
defined as Ihe disllIlICt' o\'er wlrich lire 11101'illg slider COII/OCIS Ihe .w(l/iol/ol'Y glli(/('. There 
need not be cont inuous contact over that distance. That is. two short collars, spaced far 
apart, are effect ively as long as their overall separation plus their own lengthS and are 
kinematically equivalent to a long tube. Effective di:llllcter is 'he lal'gesl dis/(II/ce 
across 'he sl(IIiol1al'Y g/lides. in any plane pcrpcndicul:lf to the sl iding motion. 

If the slider joint is sintply a rod in a bushing. as shown in Figure 2·35a. the effec
tive diameter and length are identical to the actual dimensions of the rod diameter and 
bushing length. If the slider is a platfonn riding on two rods lind multiple bushings. as 
shown in Figure 2-35b, then the effective diameter and length are the overall width and 
length. respectively. of the platform assembly. It is this case that orten leads to poor bear
ing ratios. 

A common example of a device wilh a poor bearing ratio is a drawer in an inexpen
sive piece of furniture. If the only guides for the drawer's sliding motion are its sides 

.- ""''''Yf( 
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(a) $jngle rod In bushing (b) Platform on two rods 

FIGURE 2- 35 

Bearing ratio 

running against the frame. it will have a bearing ratio less than I. since it is wider thnn it 
is deep. You have probably experienced the sticking and jamming thai occurs with such 
a drawer. A better-qunlity chest of drawers will have a cenler guide with a large L I D 
ratio under the boltom of the drawer and wil l slide smoothly. 

Commercial Slides 

Manycompanies provide standard linear slides that can be used for slider crank linkages 
and cam-follower systems with translating followers. These are avai lable with linear ball 
bearings thnt ride on hardened stee l ways giving very low friction . Some are preloaded 
to eliminate clearance and backlash error. Others are available with plain bearings. Fig
ure 2-36 shows an example of a ball·bearing linear slide with two cars riding on a single 
rail. Mounting holes are provided for attaching the rail to the ground plane and in the 
cars for anaching the elements to be guided. 

linkages versus Cams 

The pin-jointed linkage has all the ad vantages of revolute joints listed above. The 
cam-follower mechanism (Figure 2- IOc. p. 43) has all the problems associated with the 
half joint listed above. But. both are widely used in machine design. oft en in the same 
machine and in combination (cams driving linkages). So why choose one over the Other? 

The "pure" pin-jointed linkage with good bearings at the joints is a potentially su
perior design. all else equal. and it should be the first possibility to be explored in any 
machine design problem. However. there will be many problems in which the need for 
a straight. sliding motion or the eJ(act dwells of a cam-follower are required. Then the 
practicallimit:ltions of cam and slider joints will have to be dealt with accordingly. 

6. 

Ball bearing linear 
slide coor/osy of THK 
AmeOCo/nc .. 
SCf"lorJmb6tg, /I. 
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Linkages have the disadvantage of relalivcly large size compared 10 the output di~
placement of the working portion: thus theyean be somewhat difficult to p:lckage. Cams 
tend 10 be compact in size compared to the follower displacement. Linkages are rela
tively difficult to synthesize, and cams are relatively clIsy \0 design (as long as u com
puter is uvailable). But linkages are much easier and cheaper to manufacture to high 
precision than cams. Dwells are easy to gel with cams. and difticull with linkages. Link
ages can survive very hostile environments. wi th poor lubrication. whereas cams cannot. 
unless sealed from env ironmental contaminants. Linkages have beller high-speed dy
namic behavior than cams. are less sensitive 10 manufacturing crro~ . and can handle 
very high loads. but cams can malch spccilied mOl ions bener. 

So the answer is far from clear-cut. It is another design trade-of! simarioll in ..... hich 
you musl weigh all the faCIOrs and make Ihe best compromise. Because oflhe potential 
advanlages of the pure linkage il is imponant to consider a linkage design before choos
ing a potentially eas ier design task but an ultim;ltely more expensive solut ion. 

2.18 MOTORS AND DRIVERS 

Unless manually oper.ued. a mechanism wi ll require some Iype of driver device to pro
vide the input mOlion and energy. There are many possibilities. If the design requires a 
continuous rol:try input motion. such as for a Grashof linkage. a slider-crank. or Il 

cam-follower. the n a motor or engine- is the logical choice. Motors come in a wide n· 
riety of types. The most common energy source for a motor is e lectricity. but compresSfil 
air and pressurized hydraulic fluid are also used to power air and hydraulic motof'l. 
Gasoline or diesel engines are another possibility. If the input motion is tmnslation. as 
is common in e;lr1h-moving equipment. then a hydraulic or pneumatic cylinder is usu
ally needed. 

Electric Motors 

Electric mOIOrs arc classified both by the ir function o r applicalion and by lheireleclTical 
configuration. Some functional classifications (described below) are gca rmotors. ser· 
\·omotors. and stepping motors. Many different e lectrical configurations as shown in 
Figure 2·37 are also available. independent of their fUllctional cla:ositications. The main 
eleclTical configuration division is between AC and DC motors. Ihough one Iype. the 
universal motor is designed to run on either AC or DC, 

AC and DC refer to a/tefllming cu,.rellt and direct currellT respccl ively. AC is Iypi
cally supplied by the power companies and. in the U. S .. will be altemllting si nusoidally 
at 60 hertz (Hz). at about ±l 20, ±240. or ±480 vol ts (V) peak. Many other countries 
supply AC at 50 Hz. Single-phaseAC provides a single sinusoid varying with time. and 
3-phase AC provides three sinusoids at 1200 phase angles. DC current is constant with 
time. supplied from generators or battery sources and is mosl often used in vehicles. such 
as ships. automobiles. aircrafl, etc. Batteries are made in multiples of 1.5 V. with 6. 12. 
and 24 V being the most common. Electric mOlOrs are also classed by their rated power 
as shown in T:lble 2-5. Both AC and DC motors are designed to provide continuous ro
tary output. Wh ile they can be slalled momentarily against a load. they c3nnottolerale a 
ru ll-cu rrenl. zero-velocity Siall for morc than a few mi nutes wilham overheating. 
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FIGURE 2-37 

TVpes of electric motors SOt.wce- RelerfKlCfl (/4) 

DC MOTORS nre made in differenl e lectrical configurations. such as permalll'lII 
magllet (PM). slwlII-II"()IlIId. series-woul/d. lind compollnd-woul/d. The names refer to 
the manner in which the rot:lting annaturc coi ls are electrically connected to the station
ary fie ld coils-in pamllcl (shunt). in ~ries. or in combined series-parallel (compound). 
Pemlanent magnets replacc the ficld coi ls in a PM motor. Each configuration provides 
differenl torque-speed charJ.cteri ~tics. The lorqul'-speed curve of a mOlor describes how 
it will respond to an applied IO:ld and is of great interest to the mechanical designer as it 
predicts how the mechanical-electrical syslem will behave when the load varies dynam i
cally wi th time. 

PunlA ".E".'T MA( j".Kr DC MOTONS Figure 2-38a (p. 68) shows a torque-speed 
curve for a pennancnt magnet (PM) motor. NOle Ihal its torque varies great ly wilh speed. 
ranging from a maximum (stall) torque ;It )".ero speed 10 zero lorque at maximum (no-load) 
speed. This rclation~hip comes from the fac t that power = torque x onglilar \·elocily. Since 
the power available from the mOtor is limited 10 some finite value,:m increase in torque 
requires a decrease in angular velocity and vice versa. Its lorque is maxi mum al st:11I 
(zero velocity). which i<; typical of all electric motors. This is an advantage when staning 
heavy loads: e.g .• an electric-molor-powered vehicle needs no clutch. unlike one powered 
by an internal combustion engine Ihal cannol stan from stall under load. An engine's 
torque increa!>Cs r.!ther than decrea~es wilh increasing angular velocity. 

Figure 2-38b shows a fami ly of load lines superposed on the IQrqlle-spen/curve of 
a PM motor. These load lines represent a time-varying lo..1d applied to the driven mecha
nism. The problem comes from the facl that as Ihe required load lorqlle ill(rnlses. IIII' 
motor /l1I1.fI reduce speed 10 SUfJf)ly il. lllUs. the input speed wi ll vary in response to load 

l Indue'lOn ) 

l Wouoct Rotor J 
Squlnel Cage 

TABLE 2-5 
Molar Power Classes 

Class I-F 

Subfroctlonal < 1/20 

Fractional 1/20-1 

Integral > 1 
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FIGURE 2 ·38 

DC permanent magnet (PM) electric molo(s typical speed-torque characteristic 

• ll1e syncbronous AC 
I1l()(Qr and the speed· 
conll1)lIed DC P\QIor ate 
ej(eepuons. 

varimions in mosl motors. regardless of their design." If constant speed is required, this 
may be unacceptable. Other types of DC motors have either more or less speed sensitiv
ity to load than the PM motor. A motor is typically seiecle(i /x/sed 011 its torque-speed 
cun'e. 

5Hl "T-WOl '0 DC MOTORS have a IOrque speed curve like thaI shown in 
Figure ;?:-39a. Note the flatter slope around the rated torque point (at 100%) compared 
to Figure 2·38. The shunt-wound motor is less speed-sensitive to load variation in its 
operating range. but stalls very quickly when the load exceeds its maximum overload 
capac ity of about 250% of rated torque. Shunt -wound motors are typically used on 
fans and blowers. 

St:KIE.<:j ·\VOl'l) DC MOTORS have a IOrque-speed characteris tic like that shown 
in Figure 2-39b. Thi s type is more speed-sensit ive than the shunt or PM configurations. 
However. its starting torque can be as high as 800% of full -Io.'ld rated torque. It also does 
not have any theoretical max imum no-load speed. which makes it lend to run away if the 
load is removed. Actually. friction and wi ndage losses will limit its maximum speed. 
which can be as high as 20.000 to 30.000 revolutions per minute (rpm). Overspeed de
tectors are someti mes filled to limit its un loaded speed. Series-wound motors are used 
in sewing machines and portable grinders where their speed variability can be an advan
I3ge as il can be controlled. to a degree. wi th voltage vnriation. They are also used in 
heavy-duty applications such as vehicle traction dri ves where their high starting torque 
is an advantage. Also their speed sensitiv ity (large slope) is advantageous in high-load 
appliclllions as it gives a "soft-stan" when movi ng high· inen ia londs. The motor's ten
dency 10 slow down when the load is applied cush ions the shock that would be felt if a 
large step in torque were suddenly applied to the mechllOical elements . 

CO\II'Ol '0· \VOL ~t) DC MOTOR S have their field and annaturecoi ls connected 
in a combination of series and parallel. As a resulltheir torque-speed characteristic has 
aspects of both the shunt-wound and series-wound mOIOrs as shown in Figure 2-39c. 
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Torque-speed curves tOf three types of DC motor 

Their speed sensi tivity is greater than a shunt-wound but less than a series-wound motor 
and it will not run away when unlOl.tded. This feature plus its high starting torqu'e and 
soft ·start capability make it a good choice for cranes and hoists thaI experience high in
ertialloads and can suddenly lose the load due to cable failure. creating a potential run
away problent if the motor does not have a self-li mited no-load speed. 

SI'EED,C O" ·ROI.Um DC MOTORS Ifprecise speed control is needed. as is often 
the case in produclion machinery. another solution is 10 use a speed-controlled DC mo
lor that oper.ues from a controller that increases and decreases the current 10 the mOlor 
in the face of changing load 10 try to maintain constant speed. These speed·controlled 
(typically PM) DC motors will run from nn AC source since the controller also converts 
AC 10 DC. The COSI of this solution is high, however. Another possible solution is to 
provide a nywheel on the input shaft. which will store kinetic energy and help smooth 
out the speed variations introduced by load vnriations. Aywheel s will be investigated in 
Chapter II. 

AC MOTORS are the least expensive way to get continuous rotary motion. and 
they can be had with a variety of torqlle,slJeed curves to suil various load applications. 
They are limited to a few slandard speeds that are a function of the AC line frequency 
(60 Hz in North America. SO Hz elsewhere). The synchronous motor speed lis is a func
tion of line frequency fand the number of magnetic poles p present in the rotor. 

120[ 
II, ""-p- (2.17) 

Synchronous mOlors ··lock on" 10 Ihe AC line frequency and run exaclly lit synchronous 
speed. These mOlors are used for clocks and timers. Nonsynchronous AC motors have 
a small amount of slip thai makes them lag Ihe line frequency by about 3 10 10%. 

Table 2-6 (p. 70) shows the synchronous and nonsynchronous speeds for variousAC mo
!OT-polecontigurJ.lions. 11le most common AC motors have4 poles. giving nonsynchronous 
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TABLE 2·6 
I.e Motor Speeds 

Pole. ""'" Async 
opm """ 

2 3600 3450 

4 1800 1725 

6 1200 1140 

6 Q()() 650 

10 no 690 

12 600 575 
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no·/ood speeds of about 1725 rpm. which reflects slippage from the 6O-Hz synchronous 
speed of 1800 rpm. 

Figure 2-40 shows Iypical torque-speed curves for single-phase (141) and 3-phase 
(3tj1) AC molOrs of various designs. The single-phase shaded pole and pennanenl split 
capacitor designs have a staning torque lower than their full- load torque. To booSllhe 
sIan torque. the split-phase and capacitor-Sian designs employ a separate slarting circuit 
Ihat is cut off by a centrifugal switch as the motor approaches operating speed. The bro
ken curves indicate Ihal the motor has switched from it!'; starting circuit to its running 
circuil. The NEMA · three-phase motor designs B, C. and D in Figure 2-40 differ mainly 
in their stoning torque and in speed sensitiv ity (slope) ncar the full-load point. 

GUH.MOTORS If different single (liS opposed to variable) output !opeeds than the 
standnrd ones of Table 2-6 are needed. II gellrbox speed reducer can be attached to the 
motor's outpul shaft . or a geannotor can be purchased that hu~ an integral gearbox. Gear
motors arc commercially ava ilable in a large variety o f output speeds and power ratings. 
The ki nematics of gearbox design are covered in Chaptcr 9. 

SERVO\lOTORS These arc fast-response, closed-loop-controlled motors capable 
of providing a progmmmed function of ncceienuion or velocity. providing position con
troL and of holding 11 fixed position against :110.1£1. C lused loo p means thaI sellsors(typi
cally .flwfi ellcoders) all the motor or the oWpul (/('I'if'e bei"g /IIo\'('d /eet/ hack ill/orm{l
lioll 011 its pO.fitioll (lml I'e/oeity. Circuitry in thc motor controller responds to the fed 
back infonnalion by reducing or increasing (or reversing) the current now (and/or its 
frequency) to the motor. Precise positioning of the output device is then possible. as is 
control of the speed and sh3pe of the motor's response to changes in load or input com
mands. ,These are relatively expensive devicest that arc commonly used in applications 
such as moving the night control surfaces in aircraft and guided missiles. in numerically 
controlled machining centers. aUlOmated manuf;lcturing machinery. and in controlling 
robots. for example. 
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Servomotors arc made in both AC and DC configurations, with the AC type currently 
becoming more popular. These achieve speed control by the controller generating a 
variable frequency cutTCnt that the synchronous AC mOlor locks onto. The controller 
first rectifies the AC line current to DC and then "chops" if imo fhe desired frequency. a 
common melhod being pulse-width modilication. They have high torque capability and 
a flat torque-speed curve similar to Figure 2-39a (p. 69). Also. they wi ll typically pro
vide as much as three times their continuous rated torque for shon periods such as un
der intennillenl overloads. Other advantages of servomolOrs include their ability to do 
programmed "soft stans," hold any speed to a close tolerance in the face of variation in 
the load IOrque, and make a rapid emergency stop using dynamic braking. 

STEI'I'EH MOTORS These are brushless pennanent magnet. variable reluctance, 
or hybrid·type motors designed to position an outpul device, Unlike servomotors. they 
typically run open loop. meaning they reail'e 110 feedback as 10 whether tile OlllfJlIt 
device lias respollded as reqlles/ed. Thus. they can get OUl of phase with the desired 
progmm, They will. however, happily sit energized for an indefini te period, holding the 
output in one position (though they do get hot- IOO- 150°F). Their intemal construc
tion consists of a number of magnetic strips arranged around the circumference of both 
the rotor and stator. When energized. the rotor will move one step. 10 the next magnet. 
for each pulse received. Thus. these are intermittent motion devices and do not pro
vide continuous rotary mOlion like other mOlOrs. The number of magnetic strips and con
troller Iype detemlincs their resolution (typically 200 stepslrcv, but a microstepper drive'can 
increase this to 2000 or more steps/rev). They arc relatively small compared to AC/OC 
1110100 and have low drive torque capacity but have high holding torque. They are moder
ately expensive and require special controllers. 

Air and Hydraulic Motors 

These have more limited application than electric mOtors, simply because they require 
the availability of a compressed air or hydraulic source. Both of these devices are less 
energy efficient than the direct electrical to mechanical conversion of electric motors. 
because of the los!)Cs associated with the con\lersion of the energy first from chem ical 
or electrical to fluid pressure and then to mechanical ronn. Every energy conversion 
invol\les some losses. Air motors find widest application in factories lind shops. where 
high-pressure compressed air is available for other reasons. A common example is the 
air impact wrench used in automotive repair shops. Although individual air motors and 
air cylinders are relatively inexpensive. these pneumatic systems are qu ite expensive 
when the cost of itJlthe anci llary equipment is included. Hydraulic mOtors are most often 
found within m:lchines or systems such as construction equipment (cranes). aircraft. and 
ships. where high-pressure hydmulic fluid is provided for many purposes. Hydraulic 
systems are very expensive when the cost of all the ancillary equipment is included. 

Air and HydrauliC Cylinders 

These are linear actuators (piston in cylinder) that provide a limited stroke. straight-line 
output from a pressurized fluid flow input of either compressed air or hydraulic fluid 
(usually oil), They are the method of choice if you need a linear 1110tion as the input. 
However. they share the same high cost. low efficiency. and complicat ion f:tctors as 
listed under their air and hydraulic motor equivalents abo\le. 

71 
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Another problem is that of comrol. Most mOlars, ICrllO their own devices, will lcnd 
to run al a constant speed. A linear actualOr. when subjected to a constant pressure nuid 
source. Iypical of mosl compressors. will respond with more nearly constant accelera
tion. which means ils velocity will increase linearly with time. This can result in severe 
impact loads on the driven mechanism when the actuator comes to the end of irs stroke 
at maximum velocity. Servov::lIve conlrol of the fluid flow, to slow the actuator at the 
end of its stroke. is possible but is quile expensive. 

The most common application of fluid power cylinders is in faml and construction 
equipment such as IraclOrs and bulldozers. where open loop (nonscrvo) hydraul ic cylin
ders actuate the bucket or blade through linkages. The cylinder and its piston become 
two of the links (slider and track) in a slider-cr:mk mechan ism. See Figure I- Ib (p. 7). 

Solenoids 

TIleS/! are electromechanical (Ae or DC) linear actuators that share some of the limitations 
of :tir cylinders. nnd they possess a few more of their own. They are ellergy illefJi
de",. are limited to very short strokes (aboul 2 to 3 e m), deve lop II force th at varies 
exponentially over the stroke. and deliver high impacl loads. They nre. however. in
expensive. reliable. and have very rapid response times. They cannot handle much 
power. and they are typically used as control or swi tching devices ralher Ihan as 
devices lhal do large amounts of work on a system. 

A common application of solenoids is in camera shutters. where a small solenoid is 
used to pull the latch and trip the shutler action when you push the button to take the 
picture. Its nearly instantaneous response is an asset in this application. and very lillie 
work i~ being done in tripping a latch. Anolher application is in electric door or trunk 
lock ing systems in automobiles. where Ihe dick of the ir impact can be dearly heard 
when you lum the key (or press the bullon) to lock or unlock Ihe mechanism. 
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2.20 PROBLEMS' 

·2-1 Find three (or Olher number as assigned) of the followin g common devices. Sketch 
careful kinematic diagrams And find their tOlnl degrees of freedom. 

a. An automobile hood hinge mechanism 
b. An au tomobile hatchback lift mechanism 
c. An electric can opencr 
d. A fo lding ironing board 
e. A folding card table 
f. A folding beach chnir 
g. A baby swing 
h. A folding baby walker 
i. A fancy corkscrew ,IS shown in Figure P2-9 (p. 80) 
j. A windshield wiper mechanism 
k. A dump truck dump m~hani~m 
I. A trdSh truck dumpster mechanism 
m. A pickup lruck tailgate mechanism 
n. An automobile jack 
o. A collapsible auto radio antenna 

2-2 How many DOF do YOll have in your wrist nnd hand combined? Describe them. 

·2-3 How many DOF do the followingjoinls have? 

,. Yourknec 
b. Your ankle ,. Your shoulder 
d. Your hip 
,. Your knuckle 

-2-4 liow many DOF do the rollowing have in their nomml envirooment'! 
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a. A submerged submarine b. An eanh-orbiting salellile 
c. A surface ship d. A mOlorcyc1e 
c. The prim head in a 9-pin dot matrix computer primer 
f. The pen in an XY plotter 

·2-5 Are the joints in Problem 2-3 (p. 73) force closed or fonn closed? 

·2.6 Describe the motion of the following ilem..~ as pure rOlation. pure translation. or 

complex planar motion. 

R. A windmill 
b. A bicycle (in the vertical plane, not !lIming) 
c. A convcntional " double-huns" window 
d. The keys on a computer keybo3rd 
c. The hand ofaclock 
f. A hockey puck on the ice 
g. The pen in an XY ploller 
h. The prim head in a computer printer 
I . A "casement" window 

·2-7 Cakulme the mobility of lhe linkages assigned from Figure 1'2-1 pan 1 and pan 2. 

·2-8 Identify the items in Figure P2-! as mechanisms. structures, or prcloaded Structures. 

2-9 Use linkage transfonJlation on the linkage of Fi~ure P2- la 10 make it:1 I-DOF 
mechanism. 

(dl 

o 

(0 

FIGURE P2 - 1 pari 1 

Unkages fO( Problems 2·7 to 2-10 
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bdlcrank 

(e) 

ground 

air cylinder 
and pision 

looling 

connccling rod 

follower ann 

2 rocker anns 

FIGURE P2 - 1 port 2 

Unkages fOf Problems 2-7 fo 2-8 

rocker 

pushrod 

lappel 

cam 

(h) 

(/) 
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valve 
~pring 

valve 
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1/11 

FIGURE P2 -2 

Pl"obIem 2-19 
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2- 10 Usc linkage lransfomlalion on the linkage of Figurc P2-1d (p. 74) [0 make it a 2-DOF 
mechanism. 

2-11 Use number synthesis to find all the possible link combinations (or 2-DOF. up to 9 
links, to hexagonal order. using only revohlle joints. 

2-12 Find all the valid isomers of the eighlbar I -OOF link combinations in Table 2-2 
(p. 38) having : 

!I. FOllr binary and (our ternary links 
b. Five binaries, two ternaries. and one quaternary link 
c. Six binaries and twO qU3temary links 
d. Six binaries. one lemary. and one penlagonal1ink 

2-13 Use linkage transfommtion to creale a I-DOF mechanism with two sliding full joints 
from II Stephenson's sixbar linkage in Figure 2·14a (p. 48). 

2- J 4 Use linkage IransfomKllion to cre:Lle;J I -OOF mechilnisrn with one sliding full joint 
and a half joint from a Stephenson's sixbar linkage in Figure 2- 14b (p. 48). 

-2- 15 Calculate the Gr.1shof condition of the fourbar mechanisms defined below. Build 
Cllrdbo:ml models of the linkages and describe the motions of each inversion. Link 
lengths are in inches (or double given numbers for centimeters). 

Part 1. 

,. 2 4.5 7 9 
b. 2 3.5 7 9 
c. 2 4.0 6 8 

Pan 2. 
d . 2 4.5 7 9 
,. 2 4.0 7 9 
r. 2 3.5 7 9 

2·16 What type(s) of electric motor would you specify 

a. To drive a load with large inertia. 
b. To minimize variation of speed with load variation. 
c. To maintain accurate constan t speed regardless of load variations. 

2- 17 Oe.-.cribe the difference between a cam-follower (half) joint and a pin joint. 

2-18 Examine an automobile hood hinge mechanism of the type described in Section 2.14 
(p.57). Sketch it carefully. Calculate its mobility and Grashofcondition. Make a 
cardboard model. Analyze it with a free .bo<ly di:Lgrmn. Describe how it keeps the 

hood up. 

2- I 9 Find an adjustable arm desk lamp of the type shown in Figure P2-2. Measure it and 
sketch it to scale. Calculate ilS mobility and Grashof condition. Make a cardboard 
model. Analyze it with a rree-body diagram. Describe how it keeps itself slllble. Are 
there any positions in which it loses slability? Why? 

2-20 Make kinematic ske tches. define the types o f all the links and joints. and determine 
Ihe mobi lity of the mechanisms shown in Figure P2-3. 

·2-2 1 Find the mobility of the mechanisms in Figure P2-4 (p. 78)_ 

2-22 Find the Grashof condition and Barker classifications of the mechanisms in Figure 
P2-4a. b, and d (p.78) . 

2-23 Find the rotalability of each loop o rthe mechanisms in Figure P2-4c. r. and g (p. 78). 
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FIGURE P2-3 

Problem 2-20 Bockhoe and fronf-end loader Covrlesy of John Deere Co. 

·2-24 Find the mobility of the mechanisms in Figure P2-5 (p. 79). 

2-25 Find the mobility of the ice tongs in Figure P2-6 (p. 79). 

11. When opemting them to gmb the ice block. 
b. When clamped to the ice block but before it is picked up (ice grounded). 
c. When the person is carrying the ice block with the tongs. 

·2-26 Find the mobility of the aUlomOlive throttle mechanism in Figure P2-7 (p. 79). 

·2-27 Sketch a kinem:lIic diagram of the scissors jack shown in Figure P2-8 (p. 80) and 
detennine its mobility. Describe how it works. 

2·28 Find the mobility of the corkscrew in Figure P2-9 (p. 80). 

2-29 Figure P2-10 (p. 80) shows Watt's sun and planet drive that he used in his steam 
engine. The beam 2 is driven in oscillation by the piston of the engine. The planct 
gtar is fixed rigidly to link 3 and its center is guided in the fixed track I. The output 
rotation is taken from the sun ge,Lr 4. Sketch II, kinematic diagram of this mechanism 
and delennine its mObility. Clln it be classified by the Barker scheme? Ifso, what 
Barker class and subclass is it? 

2-30 Figure P2-1 1 (p. 81) shows II bicycle handbmke lever assembly. Sketch a kinematic 
diagram of this device :lnd draw its equivalent linkage. Detennine its mobility. Hint: 
Consider the flexible cable to be a link. 

2-3 1 Figure P2- 12 (p. 81) shows II, bicycle brake caliper assembly. Sketch a kinematic 
diagram of this device and draw its equivalem linkage. Delenn;ne ils mobility under 
two conditions. 

a. Bruke pads not contacting the wheel rim. 
b. Brake pads contacting the wheel rim. 

Hinl: Consider the flexible cables to be replaced by forces in this case. 
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" 
LI = 174 

L2 =- 11 6 
L3= lOS 
L4"" 11 0 

LI=162 1.2=40 
~= 122 1.3 =96 
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1.2 = 19 
L3=70 
L4=70 
L,5= 70 
Ys.70 

(0) Fourbar linkage (b) Fourbar Iinkoge (c) Radial compressor 

LI=150 1.2=30 

Lp ' 150 1..1 '" 30 
- A 3 B 

2 ~---~~ b,,, 

, 
3 

x -

(d) Walking-beam conveyor 

1.1 = 87 

1.2 '" 49 
1.3 =- 100 
1.4 ",, 153 

1.,5 = 100 
1.6= 153 

FIGURE P2- 4 

(g) Drum broke mechanism 

0 20 4= L3=L,5 = 16O 
0804=L,,=L7~ 120 

° 2 A =02C =20 
04 8 =04D = 20 
04£=04G = 30 
OgF=OsH=-30 F 

o 

6 

(e) BeUcrank mechanism 

,.-- 4.5 typo 

G 

7 

/I 

4 

(I) OffSet Slider cronk 

LI =45.8 
L2 = 19.8 
L3= 19.4 
L.j - 38.3 
L,5 = 13.3 
1.7 = 13.] 
L8 - 19.8 
4 = 19.4 

<Il) SymmelrICal mechanism 
Jill dimeosioos in mm i 

Problems 2-21 102·23 Adapted from P. H. HIt and W P Rule. (1 960) Mechonlsms; Ano/y$I:s and DesIgn. wItt1 permb.!Jon 
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Link 6 move:-; 
horizontally 

6 
Link 8 moves 
horizontally 

in a straight line in a siraight line 

0, 

(a ) (b ) 

FIGURE P2 - 5 

Problem 2-24 Chebyschev (0) ond Sytvester-Kempe (b) slrolghf-tlne mechanism Adopted from Kempe. How to t::Jro-wa 
SfroIQI1t 1kIe. Mocmllon: london. 1877 

2-32 Find the mobililY. the Grashof condition. and the Ban.:erdassificalion ofthc 
mechanism in Figure P2- 13 (p. 82). 

2-33 Figure PZ- 14 (p. 82) shows a "pick-and-place" mechanism in combin:llion with a 
"walking beam:' Sketch its kinematic diagrnm. detcrmine its mobility and ils tyPe 
(i.c .. is it a fourbar. a WailS :.ixbar. a Slephenson's sixb3r, an eightb3r. or whal?) 
Make a cardbcmrd model of all but the gear train ponion and exmnine its motions. 
Describe what it does. (Xerox Ihe page and enlarge il. or prinl il from Ihe PDF file on 
the CD-ROM. Then paste the copies on cardboard and cut OUI the links.) 

2-34 Figure P2-15 (p. 83) shows a power hacksaw. used to cut metal . Link 5 pivots at as 
and its weight forces the sawblade against lhe workpiece while Ihe linkage moves Ihe 
blade (link 4) back and forth within link 5 10 cutlhe pan. Sketch its kinemalic 
diagram. detemline its mobility and its type (i.e .. is it a fourbar. a Watts sixbar. a 
Stephenson's ~ ixbar. an eight bar. or wllllt?) Use reverse linkage lransfonlllliion 10 
determine its pure revolute-jointed equivalenllinkage. 

F F 

ice 

" 
Problem 2-25 

::) Air filter 

I" 
~~~~V lbroll ie linkage Thr0l11c bOOy 

-~ = ~ 

~ ../ ""';,,/ D 
L~_~ 0, 

FIGURE P2-7 

Problem 2·26. Adopted from P. H HJiI and W P rruIe. (/960) Mechanisms: AfloIY$/$ and 0esJ0n.1N11h pefmlss#on 
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4 

7 

FIGURE P2 · 8 

Problem 2·27 

·2-35 Figure P2·16 (p. 83) shows a manual press used (0 compact powdered materials. 
Sketch its kinematic diagram. delcnlline its mobility and ils Iype (i.e" is it a fourbar. 
a Watts six bar. a Stephenson's sixbar. all cighlbar, or whm?) Use reverse linkage 
transformation to dClennine ils pure revolute-jointed c<luivalent linkage. 

2-36 Sketch the equivalent linkage for the cam and follower mechanism in Figure P2-17 (p. 83) 
in the position shown. Show thai il has the s,1me DOF as the original mechanism. 

2-37 Describe the motion of the following rides. commonly found at an amusement park. 
as pure rotation. pure translation. or complc;'II; planar motion. 

Section A-A 

FIGURE P2 - 10 

Problem 2-29 James watt's sun and planet drive 
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F ,1>/,. 3 --- " 
cable 

\1" ~ 
.. , 

" 
, 

handlebar 

FIGURE P2· 11 

Problem 2-3G BIcycle hand brake lever assembly 

a. A Ferris wht:eI 
b. A "bumper" ear 
c. A drog racer ride 
d. A roller coaster whose foundation is laid out in a straighlline 
e. A boat ride through a lIIaze 
f. A pendululII ride 
g. A train ride 

FIGURE P2·12 

Problem 2-31 BIcycle broke caliper assembly 

wheel 
rim 

cable 

" 

broke lever 

handgrip 

frome 
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0 20" = 108 
O zA :: 40 

L3:: 108 

L4:: 40 

0 20 6 "" 200 
0 28::32 

LS;; 260 

ObC = 96 
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2 

FIGURE P2 - 13 

Problem 2-32 CrImping Tool 

LI = 0.92 
L2 =0.21 

L) =O.SO 
L4 = 0.60 

nm/' 

2-38 Figure P2- la (p. 74) is an example of a mechanism. Number the links, stan ing with 
I. (Don', forget the ';ground"1ink.) Letter the joints ulphabclicnlly. starting with point A. 

a. Using your link numbers. describe each link liS binary. [emory. etc. 
b. Using your joillt letters. determine each joint's order. 
c. Using your joint leiters. determine whether each is II half or full joint. 

2-39 Figure P2- 1 b (p. 74) is an example of II mechanism. Number the links. starting with 
I. (Don', forgel the "ground" link.) tener the joints nlphabetically, slatting wilh A. 

II. Using your link numbers. describe each link as binary. lemary. etc. 
b. Using your joint letters. determine each joint's order. 
c. Using your joint letters. detennine whether each is a half or full joilll. 

" 

all dinlenSio>:":'~;":m:m~"''''!:~~r::::::: 

6 

S«lion A-A 
FIGURE P2 - l" 

Problem 2·33 WoIkng-beom Indexer with plck-and-ploce mechanism AOoplecj from PH,.. end W P RtMJ. (1960) 
Mechonisms; AfOy5Is end DesIgn. wtttl pem~ 
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L2 =75 mm 

Jr""lt:=====~==\~c~~'i~"~~IL;J = 170 mm 

" hluJr 3 2 
, 

workpiece 

FIGURE P2 - ' 5 

Probklm 2-34 Power hockSaw Adopted from P. H. HHI Otld W. P Rule. (1960). Mechanisms: AnoJy$Is and De$lgn. with perml$$lon 

2-40 Figure P2- lc (p. 74) is un c ... :lmplc o f :l mech:lnism. Number the links. start ing with 
1. (Don't forget the "ground" link.) Letterthe joints alphabetically. starl ing with A. 

, 
-< 

a. Using your link numbers. describe each link as binary. ternary. etc. 
b. Using your joint Icttcrs. dc tcmline each joint's order. 
c. Using your joint letters. detennine whethcr each is a half or fu ll joint. 

II 

~ 

lie 

I 

IT 
, , 
1 

~ 
: 

~Il ] 

, I 
I 
I , 

r-----------------~~o~, J 

FIGURE P2 - 16 

polOoder 

Problem 2-35 Powder compacting press Adopted from P. H. ,..00<1 W. P. Rule. (lw.m. 
MecIol/sms: AndysIs 00<1 DmIon. wi1fl pefrnlsslon 

follower 

spring 

roller 

FIGURE P2 - 17 

Problem 2-36 
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• This mechanism was 
crc::ued wilen the boss 
COlllplained Ihm Ike light 
was being lefl on overnight 
100 frt<lucnlly in lhe sllop 
Sl~room bul refused to 
provide funds to buy 1111 

electronic solution. 1lIe 
sllop technician .)I)l~ed ihe 
problem mechanically (and 

.... hlmsicaJ ly) from scrap 
pans. The bo5s was laler 
promoted. perhaps because 
of his demonstrated 
mastery of budgetary 

control. 

DESIGN OF MACHINERY CHAPTER 2 

2-41 Figure P2·1d (p. 74) is an example or II mechanism. Number the links. start ing Wilh 
I. (Don" forget the "ground" link.) Lel1cr the joints alphabetically, starting with point A. 

a. Using your link numbers. describe each link as binary. u:mary. etc. 
b. Using your joint leiters. detemline each joint's order. 
c. Using your joint letters. delennine whether each is a half or full joint. 

2-42 Find Ihe mobility. the Gmshof condition. and the Barker classification of Ihe oil field 
pump shown in Figure P2- 18. 

2.43 Find the mobility. the Gr.t5hof condition, and the Barker c lassifica tion of the aircraft 
overhead bin shown in Figure P2· 19. Make a cardboard model and investigate its 
motions. 

2.44 Figure P2·20 shows a "Rube Goldberg" mechaniJ;m· thuttums II light switch on 
when a room door is opened and off when the door is closed. The pivot aI 02 goes 
through the wall. There are twO spring· loaded piston. in cylinder devices in the 
assembly. An arrangement of ropes and pulleys inside the room (not shown) 
transfers Ihe door swing into a rotation of link 2. Door opening rotutes link 2 CWo 
pushing the switch up as shown in the figure , and door closing rollltes link 2 CCW, 
pulling the switch down. Consider Ihe spring-loaded cylinder al the switch 10 be 
effectively a single variable-length binary link. Find the mobility of tile linkage. 

2-45 Use Working madelto create and animate the mechanism in Figure P2·1 4 (p. 82). 

2-46 Use Working modcl to create and animate the mechanism in Figure P2· 15 (p. 83). 

2-47 Use Working model to ereate and animate the mechanism in Figure P2- 18. 

2-48 Find the mobil ity or the mechanism shown in Figure 3-33 (p. 142). 

2-49 I Find the mobility of the mechanism shown in Figure 3-34 (I'. 143). 

2-50 Find the mobility or the mechanism shown in Figure 3-35 (I', 143). 

2·5 1 Find the mobil ity of the mechanism shown in Figure 3-36 (I'. 144). 

51.26 
/' \ 

80 

\ " • • .- 47.5 - -

76 

~I ____ ~~--~~--~~------~~ 

FIGURE P2 - 18 

Problem 2-42 An 011 field pump· dimensions In Inches 

12 
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FIGURE P2-19 

Problem 2·43 An aircraft overhead bin mechanism - dimensions In Inches 

2·52 Find Ihe mobilily of Ihe mechanism shown in Figure 3-37b (p. 144). 

, 
e," 

FIGURE P2 · 20 

A'Rube Galdberg'lghl switch octuatlng mechanism (Ccx.rtesyofRobed rc¥or, WPt) 
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Chapter3 

GRAPHICAL LlNKAG,E,; 
SYNTHESIS / 
Gel/ills is 1% in:''Rimrioll 
and 99% perspiration 
THOMAS A. EDISON 

3.0 , INTRODUCTION 

Most engineering design practice involves a combination of synthesis and analysis. 
Most engineering courses deal primaril y with anal ysis tcchniques for various situations. 
However. one cannot analyze anything until it has been synthesized into existence. 
Many machine dcsign problems require the creation of a device with particular motion 
characteristics. Perhaps you need to move a tool from posi tion A 10 position B in a par
ticular time interval. Perhaps you need to !race out a particular path in sp:lce to insert a 
part inlO an assembly. The possibi lities are endless. but a common denominator is often 
the need for a linkage 10 genemte the desired motions. So. we will now ex plore some 
simple synthesis techniques \0 enable you to create potent ial linkage design solutions for 
somc typical kinematic applications. 

3.1 SYNTHESIS 

QL\LlTATIVE SVl\TIIESIS means fhe cre(ltioll of pO/emili/ so/mimls ill fhe absence of 
1Il1'ell-llefined algorithm thm configures or predicts the SO/lilian. Since most real design 
problems will have mally more unknown variables than you will have equations to de
scribe the system's behavior. you cannot simply solve the equlltiolls to get a solution. 
Neverthe lcss you must work in this fu zzy context to create II potcntilll solution and to 
al so judge its quali(v. You can thcn analyze the proposed solution to delemline ilS via
bility. and iterate between synthesis and analysis. as outlined in the design process. un
til you are s.1tisfi ed with the result. Sevcml tools and techniques exist to assist you in 
this process. The Iradilionall001 is the drafting boord. on which you layout. to scale. 
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multiple orthogmphic views of the design, and investigate its motions by dmwing arcs, 
showing multiple positions, and using tmnsparent. movable overlays. COll1pwer-aitletl 
tlrafting (CAD) systems can speed this process to some degree. but you will probably 
find that the quickest way to get a sense of the quality o f your linkage design is to model 
it. to scale. in cardboard or dmfling My/a'" and see the motions directly. 

Other tool~ are available in the fonn o f computer progmms such as FOURBAR, FlVE
BAR. SIX BAR. SUDER. D VNACAM, ENGINE. and MATRIX (all incl uded with this text). 
some of which do synthesis, but these are mainly analysis tools. They can analyze a trial 
meehanism solution so rapidly that their dynamic graphical output gives almost instan
taneous visual feedback on the quality of the design. Commercially available programs 
such as Workillg M()(/et also allow rapid analysis ofa proposed mechanical design. The 
process then becomes one of qua lita ti ve design by successive a nalysis, which is really 
all irermioll berweell sYllfhesis Will {llIalysis. Very many trial solutions can be examined 
in a short time usi ng these Compwer-(Jitletl engineering (CAE) tools. We will develop 
the mathematical solutions used in these programs in subsequent chapters in order to pro
vide Ihe proper foundulion for underslanding their operation. But. if you want 10 try 
these programs to reinforce some of the concepts inlheseearly chapters. you may do so. 
Appendix A is a manual for the use of these programs, and it can be read 1lI any time. 
Reference will be mude 10 program features that are gennane to topics in each chapter, 
as they are introduced. Data files for input to these computer programs are also p~ovid 

ed on disk for example problems and fi gures in these chapters. The data fil e names are 
noted near the figure or example. The student is encouraged to input these sample files to 
the programs in order 10 observe more dynamic examples than the printed page can provide. 
These examples can be run by merely accepting the defaults provided for all inputs. 

n rE S\ "Tll hStS refers to the tlefinition of the proper t)pe of nrechtm;.fnr be.ft .mir
etl to the problem and is a fonn o f qualitative synthesis.t This is perhaps the most diffi · 
cult task for the student as it requires some experience and knowledge of the various 
types of mechanisms that ex ist and which also may be feasible from a perfomlance and 
manufacturing standpoi nt. As an example. assume that the task is to design a device to 
track the straight-line motion o f a pan o n a conveyor belt and spray it with a chemical 
coating as it passes by. This has to be done at high, constant speed, with good accuracy 
and repeatabili ty. and it must be reliable. Moreover. the solution must be inexpensive. 
Unless you have had the opponunity to see a wide variety of mechan ical equipment. you 
might not be aware that this task could conceivably be accompl ished by any o f the fol
lowing devices: 

- A stmigJu-linl' lillkage 
- A clim lIml/ollower 
- An (lir cylimJer 
- A hydraulic ("),lillder 
- A robot 
- A solr/wid 

Each o f these solutions. whi le possible, may not be o ptimal or even practical. More 
detai l needs 10 be known about the problem to make that judgment. and thai dctail will 
come from the research phase of the design process. The straight-line linkage may prove 
to be too large and to have undesirable acceleratio ns; the cam and followe r will be 
expensive, though accurate and repeatable. The air cylinder itsel f is inexpensive but 
is noisy and unreliable. The hydraulic cylinder is more expensive, as is the robot. 
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The solenoid. while cheap. has high impaclloads and high impact velocity. So, you can 
see that Ihe choice of device type can have a large effect on the quality of Ihe design. A 
poor choice 31 the Iype synthesis stage can create insoluble problems laler on. TIle de· 
sign might have 10 be scrapped after completion. at greal expense. Design is essentiall~ 
an exercise in trade-ofTs. Each proposed type of sol ution in this example has good and 
bad points. Seldom will there be a clear-cut, obvious solut ion to a real engineering de
sign problem. It will be your job as a design engineer to balance these conflicting fea
lUres and find a solUlion that gives the best trade-off of functionality against cost, reli
abi li ty, and all other fac tors of interest. Remember, all ellgineer can do. with Olle dollar, 
II'hat ally/ool call d%r tell dollars. Cost is always an imponant constraint in engi neer
ing design. 

Ql-\ "," IT\Tt \ E SV,\TlI F..stS, OR Ai\A t,n l CAI. SV" ru ES t.. means the generation 
of one or more solutions of a panicular type that you know to be suitable to the problem. 
and more imponnntly. one for which there is a synthesis nlgorithm defincd. As the name 
suggests. this Iype of solution cnn be quantified. as some set of equations cx ists that will 
give a numerical answer. Whether that answer is a good or suitable one is still a mailer 
for the judgment of the designer and requires analysis and iterat ion to optimize the de
sign. Of len the avaitable equations are fewer than the number of potential variables, in 
which case you must assume some reasonable values for enough unknowns to reduce the 
remaining set 10 the number of available equations. Thus some qunlitative judgment en
ters into the synthesis in this case as well . Except for very si mple cases. a CAE 1001 is 
needed to do quantitative synthesis. Examples of such tools are the programs SyMcch 
by J. Cook el aI.- that solves the three-position multibar linkage synthesis problem and 
LlNCAGES,t by A. Erdman et ai . [I] that solves the four-posit ion fourbar linkage synthe
sis problem. The computer programs provided with this text also allow you to do three
posit ion analytical syn thesis and general linkage design by successi\'t~ analysis. The 
fast computation of these programs allows one to analyze the pcrfonnance of many trial 
mechanism designs in a shon time and promotes rapid iteration to a beller solution. 

I)tM~. "'SJO"'AL S""'T HES1S of a linkage is the determillation 0/ the proportions 
(lengths) of the links necessary /0 accomplish the desired motions and can be a fonn of 
quantitative synthesis if an algorithm is defined for the panicular problem. but can also 
be a fonn of qualilative synthesis if there are more variables than equations. The latter 
situation is more common for linkages. (Dimensional synthesis of cams is quantitative.) 
Dimensional synthesis assumes that. through type sYfllhesis, you have already deter· 
mined that a linkage (or a cam) is the most appropriate solution to the problem. This 
chapter discusses graphical dimensional synthesis o f linkllges in detail. Chapter 5 pre
sents methods of analytical linkage synthesis. and Chapter 8 presents cam synthesis . 

3.2 FUNCTION, PATH, AND MOTION GENERATION 

Fl , c:no'" GE ... ~:RATlO... is defined as the corre/ation 0/ {III inpllt motio" witll all alit· 
pllt motion ill a mechallism. A function generator is conceptually a "black box" that de
livers some prediclable output in response to a known input . Historically. before the ad
vent of e[eClronic computers. mechanical function generators found wide application in 
anillery range finders and shipboard gun aiming systems. and many other tasks. They 
are, in fact. mechanical analog computers. The development of inexpensive digital 
e lectron ic microcomputers for control systems coupled with the avai labili ty of compact 
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servo and stepper motors has reduced the demand for these mechanical function genera
tor linkage devices. Many such applications can now be served more economically and 
efficiemly with eleclfomechanical devices" Moreover. the computer-comrolled electro
mechanical function generator is programmable. allowing rapid modification of the 
function generated as demands change. For this reason. while presenting some simple 
examples in this Chapter and a general. analytical design method in Chapter 5. we will 
not emphasize mechanical linkage function generators in this text. Note however that 
the cam-follower system. discussed extensively in Chapter 8. is in fact a foml of mechan
ical function generator. and it is typically capable of higher force and power levels per 
dollar than electromechanical systems. 

PATH GESI-:RATtO,\ is de fined as rite cofltml of a point in rhe plane sitch rhar it 
/o/lo'l'l's some pre.fcrihed iX'th. This is typically accomplished with at least four bars. 
wherein a point on the coupler traces the desi red path. Specific examples are presented 
in the section on coupler c urves below. Note that no attempt is made in path generution 
to control the orientation of the link that contains the point of interest. However. it is 
common for the timing of the arrival of the point at panicular locations along the path to 
be defined. Thi s case is called path generation ",ith prescribed timing and is analogous 
to function generation in that a panicular output function is spec ified. Analytical p:llh 
and function gencT'dtion will be dealt with in Chapter 5. 

MOTION GI-;,\ER,\'ttO,\ is defined as the colltrol 0/ a line ill the plalle slIcll lllm ir 
assumes .fome prescribed sel 0/ seqllcmial positions. Here orientation of the link con
taining the line is important. This is a more general problem than path generation. and 
in fact. path generation is a subset o f motion generation. An example of a motion gener
ation problem is Ihe cOl1lrol o f the "bucket" on a bulldozer. The bucket must assume a 
set of positions to dig. pick up. and dump the excavated eanh . Conceptually. the motion 
of a line. painted on the side of the buckel. must be made to assume the desired positions. 
A linkage is the usual solulion. 

PI.A'\ \R M":CH,\ ,\tS\IS VERSUS SI'ATtA!. Mt:CHA'\IS~IS The above discussion of 
controlled movement has assumed that the motions desired are planar (2-0). We live in 
a three-dimensional world, however. and our mechanisms must funct ion in that world. 
Spatial mechanisms (I/'e 3-D devices. Their design and analysis is much more complex 
than that of planar mechanisms. which lire 2-D devices. The study of spatial mecha
nisms is beyond the scope of this introduclory text. Some references for further study 
are in the bibliography to this chapler. However. the study of planar mechanisms is nOI 
as practically limiting as it might first appear since many devices in three dimensions are 
constructed of multiple sels of 2- D devices coupled together. An example is any fo lding 
chair. It will have some son of linkage in the left side plane that allows folding. There 
will be an identical linkage on the right side of the chair. These two XY planar linkages 
will be connected by some structure along theZ direction. which tics the two planar link
ages into a 3-D assembly. Many real mechanisms are arranged in this way. as duplicate 
planar linkages. displaced in the Z direction in paralle l planes and rigidly connected. 
When you open the hood of a car. take note of the hood hinge mechanism. It will be du
plicated on each side of the car. The hood and the car body tie the two planar linkages 
together into a 3-D assembly. Look and you will see many other such examples of as
semblies of planar linkages into 3-D configurations. So. the 2-D techniques of synthesis 
and analysis presented here wil l prove 10 be of practical value in designing in 3-D as well. 

.9 

• Ie is worth llOIing thm 
lhe day is long p:l.'>l when a 
nl«lmnical engincercan 
be cootent to remain 
ignor.llll of electronICS and 
ekerromecharues. 
Vlttual ty all modem 
machuK's are controlled by 
electronic devices. 
~ia:hanical cngmecl'$ muse 
undcrslarld thc:1r opmttion. 
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3.3 LIMITING CONDITIONS 

The manual, graphical. dimensional synthesis techniques presenlcd in Ihis chapter and 
the compUicrizable. analytical synthesis techniques presented in Chapter 5 are reason
ably rapid means 10 obtain a !rial solution to 3 motion control problem. Once a potential 
solution is found , it must be evaluated for its quality. There are many criteria that may 
be applied. In lalcrchaplcrs. we will ex plore Ihe analysis o f these mechanisms in detail. 
However. one does not want to expend 3 great deal of lime analyzing, in greal detail. a 
design that can be shown to be inadequate by some simple and quick evaluations. 

Tom' I.E One imponanl test can be applied within Ihe synthesis procedures de
scribed below. You need to check that thc linkage can in fact reach all of the specified 
design positions without enco untering 11 limit or loggle position, also called a slalion
ary configuration. Linkage symhesis procedures often on ly provide that the particular 
posi tions spec ified will be obtained. They say noth ing ;\bout the linkage 's behavior be
tween those positions. Figure 3- la shows a non-Grashor fourbar linkage in an arbitrary 
position CD (dashed lines), and also in its two toggle pos itions. CtOI (solid black lines) 
and C2D2 (solid red lines). The fOggle po,filiollS Me l!t'/('rmilled I), the coUt/earity of two 
of the mOl'illg links. A fourbar double- or triple-rocker mechanism will have at least two 
of these toggle positions in which the linkage assumes a triangular configuration. When 
in a triangular (toggle) position. it will not allow further inpul Illotion in one direction 
from one of its rocker links (eithcr of link 2 from position C tD ] or link 4 from position 
C2D2)' The other rockcr willthcn havc to be driven to gClthe linkage oul of toggle. A 
Grashoffourbar crank-rocker linkage will also assume twO toggle positions as shown in 
Figure 3- 1 b. when me shortest link (crank 02C) iscolinear with the coupler CD (link 3). 
either t'ft('fuln J colinear (02C2D2) or ol'er/lIpping colinear (02C lD I). It cannot be back 
(Iril'ell from the rocker 04) (link 4) through these coli ncar positions, but when the crank 
02C (link 2) is driven. il will carry through bolh toggles becau.l.C it is Crashof. Note that 
these toggle positions also define the limits o f motion of the driven rocker (link 4). at 
wh ich its angular velocity will go through zero. Use program FOUR BAR 10 read the data 
fil es F03-0 1 A.4br and F03-1 b.4br and anirnale Ihesc examples. 

After synlhesizing a double- or triple-rocker solul ion 10 a multiposi tion (motion 
generation) problem, you must check for the presence of toggle positions betll'e('/I your 

Link 2 " 

0, 
Link I c, Link I 

(0) Triple·rocker loggia posillons (b) Cronk-rocker loggle positions 

FIGURE 3 - 1 

l..i1koges In toggle 
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Folded position 

ToopcrJle; 
Link 4 

I. Release IOgglc 

2. Lin tailgale 

Link 3 

Truck Tnilgute (Link 2) Truck body (Link I) 

Deltoid toggle linkage used to control truck tollgate motion 

design positions. All eas), lI'a), to do this is with a cardboard nl()(lel of the lillkage (Ie
sign. A CAE tool such as FOURBAR or Workillg Model will also check for this problem. 
It is imponant to realize that a toggle condition is only undesirable ifit is preventing your 
linkage from gelling from one desired position to the other. In other circumstances the 
toggle is vel")' use ful. It can provide a self-locking feature when a linkage is moved 
slightly beyond the toggle position and against a fixed stop. Any allempt to reverse the 
motion of the linkage then causes il merely to jam harder againstlhe stop. It must be 
manually pulled "over center." oul of loggle. before the linkage will move. You have 
encounlered many examples of this .tpplication. as in card table or ironing board leg link
ages and also pickup truck or station wagon tailgate linkages. An example of such a tog
gle linkage is shown in Figure 3-2. It happens to be a special-case Grashof linkage in 
the deltoid configuration (see also Figure 2- 17d. p. 51). which provides a locking toggle 
position when open. :tnd folds on tOp of itself when closed, to save space. We will ana
lyze the toggle condition in more detail in a later chapter. 

Tit \V.;\IIS";IO' A ,,;u Another useful leSI that can be very quickly applied 10 a 
linkage design 10 judge itsqultlity is the measurement ofils transmission lingle. Thiscan 
be done ;tnalyticlt lly. graphically on the drawing board. or with Ihe cardboard model for 
a rough approximution. (Extend Ihe links beyond the pivot 10 measure the angle.) The 
transmission angle ~ is shown in Figure 3-3a and is defined as tile allgle between thl' 
O/IfP/1f link (lnd the coupler.· It is usually taken as Ihe absoillte i'll/lie of the lIcwe angle 
of tile p(lir of (fIlKle,~ lit the intersection of Ille fWO lillks and varies continuol/sl)' from some 
minimum to some IIIlL1:im//1I/ mll/e as the linka,~e goes throllgh its range of motion. II is 
a measure of the quali ty of force and velocity 1r.lllsmission al the joinl.t Note in Figure 
3-2 lhat the linkage cannot be moved from the open position shown by any force applied 
to the tailgate. link 2. since the transmission angle is then between links 3 and 4 and is 
zeroal thai position. But a force applied to link 4 as the input link. will move il. The trans
mission angle is now bet ..... een links 3 and 2 and is 45 degrees. 

., 

• As defined by All. III 

t The IrlIIlsmisslOrl angle 
has linHled applicaJ.ion. It 
only prediclS the quaJiry of 
fon;e or IIJfque trnnsrnission 
If the input and output linl$ 

are pivoted 10 ground. Iflhe 
OUtput fOl'l:e is taken from 3 
I10IIting link (coupler). then 
the translmS.'lion angle is of 
roo value. A different lodex 
of nlml called the joint f~ 
index (JI-,) IS presented In 

Chapter 11 which diS(:uS5e!i 
fon:c lIIllI\ysis in hnkpges. 
(SceScctiooll .t2on 
p. ~92.) The JFl is useful for 
situaliOlI5 in which the 
OlI tput link is floating a.s we ll 
lIS for giVing the same kind 
ofinfolmmioo when the 
output is !liken from a link 
ll)IIating agairlSl the ground. 
ItO\l<"CVef. the SA ~uire'l 
that a complete fcoree 
lIIl3lysis of the tmkage be 
done, whereas the 
ttllnsmission angk is 
dcttmlined from linkage 
geometry 31ooc. 
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o " 

4 F~ :: F}4 s;n~ 

(a) Unkog9 transmission ongle )l (b) Stoffe forces 01 a linkage Joint 

FI GU RE 3 -3 

Transmission angle In the foorbor IInkoge 

• Alt, III woo defined the 

trnnsmission lingle, 
recommended kcq>ing 
v...... >40". But it can be 
argued th:U at highet spttds. 
the momentum of the 
moving elmlmlS and/or the 
addition of a nyv.·hed will 
carry • mechanism through 
locations of poor transmis
sion angle. The ITI06I 

common uample is the 
~k-dri"m 5IideTcr:u\k (as 
used in intemal combustion 
m gillC$) which has 
)l:0 twice peT reyolution. 
Also, the transmission angle 
is ooly critical in a fouma.. 
linkage whef11hc rocker is 
lhcoulpullinJ.: OIl which the 
working load impinges. If 
the working load is takeR by 
the coupler rather than by 
the rocker. then minimum 
lr.msmission angles less than 
40" may be viable. A IfIC'g 

definitive way IOquaJify a 
mechanism's dynamic 
function is 10 compute the 
variation in its required 
driving torque. Dri"i", 
torque and "yv.httls are 
addrc:sscd in OIapter II . A 
joint force index (JR) can 
aJso be calculated.. (See 

fOOUlOlet on p. 9 L) 

Figure 3·3b shows a torque T 2 appl ied to link 2. Even before any motion occurs, 
this causes a static. colinear force 1'34 to be applied by link 3 to link 4 at point D. Its 
radial and tangential components F~ and FL arc resolved parallel and perpendicular 10 

link 4. respectively. Ideally. we would like all of the force F34 to go into producing oul
put IOrque T4 on link 4. However, only the tangential component creates torque on link 
4. Thepdial component F3.I provides only tension or compression in link 4. This radial 
component only increases pivot friction and does not contribute to the output torque. 
Therefore. the optimum value for the transmission angle is 90". When J.1 is less than 
450 the radial component wi ll be larger than the tangential component. Most machine 
designers try to keep the minimum transmission angle above about 400 to promote 
smooth running and good force transmission. However, if in your particular design there 
wi ll be little orno external force or torque applied to link 4, you may be able to get away 
with even lower values of J.1." The transmission angle provides one means to judge the 
quality ofa newly synthesized linkage. If it is unsatisfactory. you can iterate through the 
synthesis procedure to improve the design. We will investigme the transmission angle 
in more detail in later chapters. 

3.4 DIMENSIONAL SYNTHESIS 

Dimensional synthesis of a linkage is the determinlllion of the proporrioll!; (fellsths) 0/ 
the finks necessary 10 accomplish Ihe desired 1II00;0"S. This section assumes thaI. 
through type symhes;s, you have detennined that a linkage is the most appropriate solu· 
tion to the problem. Many techniques exist to accomplish this task of dimensional syn· 
thesis of a fourbar linkage. The simplest and quickest methods are graphical. These 
work well for up to three design positions. Beyond that number, a numerical, analytical 
synthesis approach as described in Chapler 5, using a compUler, is usually necessary. 

Note that the principles used in these graphical synthesis techniques are simply those 
of euclidean geometry. The rules for bisection of lines and angles. properties ofparalleJ 
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and perpendicular lines. and definitions of arcs. e tc., are all that are needed to generate 
these linkages. Compass. protractor. and ru le are the only tools needed for graphical 
linkage synthesis. Re fer to any introductory (high school) text on geometry if your geo
metric theorems are rusty. 

Two-Position Synthesis 

Two-position synthesis subdivides into two categories: rocker output (pure rOlation) 
and coupler output (complex motion). Rocker output is most suitable for situations in 
which a Grashof crank-rocker is desired and is. in fact. a trivial case of jllnction genera
tion in which the output funct ion is defined as two discrete angular posi tions of the rock
er. Coupler output is more gcner'JI and is a simple case of mOlion generalioll in which 
two positions of a line in the plane are defined as the output. This solution will frequent 
ly lead to a triple-rocker. However. the fourbar triple-rocker can be motor driven by the 
addition ofa dyad (twobar chain). which makes the final result a Watt's s ixbar contain
ing a Grashor rourbar subcha in . We will now explore the synthesis of each of these 
types of solution for the two-position problem. 

Jtn'XAMPlE 3- 1 
, 

Rocker Output - Two Positions wlth Angulor Displacement. (Function Generation) 

Problem: 

Solution: 

Design a fourbar Grashof crank-rocker to give 45° of rocker rotation with equal 
time forward and back. from a constant speed motor input. 

(sec Figure 3-4·. p. 94) 

Draw the outpullink O~ in both extreme positions. BI and B2 in any convenient location. 
such that the desired angle of mot ion 64 is subtended. 

2 Draw the chord 8t82and extend it in either direction. 

J Select D. convenient point O2 on linc 8tB2cxtended. 

'* Bisect linc segment 8 t82. and drJw a circle of that radi us about 02' 

5 Labellhe two intersections of the circle and Bt82cxtended. At and A2. 

6 Measure the length of the coupler as A t to 8 t or A2 to 8 2' 

7 Measure ground length I. crank length 2, and rocker length 4. 

8 Find thc Grnshof condition. If non-Grashof. redo steps 3 to 8 with 02 further from 04. 

9 Make a cardboard model of the linkage and articulate it to check its function and its trans
mission angles. 

10 You can input the file F03-04.4br to program FOURBAR to sec this example come alive. 

Note several things about this synthesis process. We started with the output end of 
the system. as it was the only aspect defined in the problem statement. We had to make 

• This figUTe is provided as 
an anima.cd Wming Model 
file on the CD-ROM. lIS 
filenamr is the ~ as the 

figure numbc:T. 
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(0) Construction method 

(b) Finished linkage 

FIGURE 3·4 
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Two-position func tion synthesis with rocker output (non-qulck·relurn) 

CHAPTER 3 

Link 4 

0, 

many quite arbitrary decisions and assumptions to proceed beclIuse there were many 
more variables than we could have provided "equations" for. We are frequentl y forced 
to make "free choices" of "a convenient angle or length." These free choices are aClual
Iy definitions of design parameters. A poor choice will lead to a poor design. Thus these 
are qua lita ti,'e synthesis approaches and require an iterat ive process, even for this sim
ple an example. The first solUlion you reach will probably not be satisfactory, and sev· 
eral attempts (iterations) should be expected to be necessary. As you gain more experi· 
ence in designing kinematic solutions you will be able to make better choices for these 
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design pardmeters with fewer iterations. T he value of making a simple model of your 
design cannol be o\'erslressed ! You will get the 1IIOS/ iI/sighT into your design's quality 
for the least efforl by making. articulating. and studying the model. These general ob
servations will hold for most of the linkage synthesis examples presented. 

b 'XAMPlE 3-2 

Rocket Output - Two Positions with Complex Displocement. (Motion Gene/otlon) 

Problem: 

Solution: (see Figure 3-5-. p. 96) 

Draw the link CD in its two desired po~jtions. C ,D, and C2D2. in the plane as shown. 

2 Draw construction lines frolll point Ct to C2 and from point DliO D2. 

3 Biscctline C,C2 and line 1),1)2 and extend their perpendicular bisectors '0 i111erscet at 04. 
Their intersection is the rolopole. 

4 Select II convenic111 r.ldiu~ :md drdw an arc about the rotopole to intersect both lines 04Ct 
and 04C2' Lnbclthe intersections 8, and B2. 

5 Do steps 2 to 8 of Example 3-1 (p. 93) to complcte the linkagc. 

6 Make a cardboard model of the linkage and articulate it to check its function and its trans
mission angles. 

Note that Example 3-2 reduces to the method of Example 3-1 once the rOlopole is 
found. Thus II link represented by II line in complex motion can be reduced 10 the sim
pler problem of pure rotalion and moved to any two positions in the plane as the rocker 
on II fourbar linkage. The nex. t ex.ample moves Ihe same link Ihrough the same IWO po
sitions as the coupler or a fourbar linkage . 

b 'XAMPLE 3-3 

Coupler Output - Two Positions with Complex Displacement. (Motion Generation) 

Problem: 

SoIufion: 

Design a fourbM linkage 10 move the link CI) shown from position CtOjto C202 
(willl moving pivots m C and D). 

(see Figure 3-6, p. 97) 

Draw the link CD in its two desired positions. C tOt and C202. in the plane as shown, 

2 Dmw construction lines from point C t to C2 and from point O,to 02. 

3 Biscctlinc C te2 and line 0 ,02 and extend the perpendicular bisectors in convenient direc
tions. The fOtopole will not be used in this solution. 

95 

• This figure is provided as 

an animated WOf1r;ing Mode' 
fileon!he(D..ROM. Its 

filename is the same as !he 
figure numbtt. 
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... ROlopole 

(0) Finding the rolopele for Exomple 3-2 

Link 4 

c, 
" 0, 

Link 3 

0, 
Link I 

(b) Constructing tne linkage by the method In Example 3· ' 

FIGURE 3 -5 

Two-positIOn motion syntnesls with rocker output (non-qulck-return) 

4 Select any convenient point on each bisector (IS the fixed pivots 02 nnd 04. respectively. 

5 Connect O2 with C I and call it link 2. Connect 0 4 with 0, and call it link 4. 

6 Line CIDt is link 3. Line 0204 is link I. 

7 Check the Grashof condition. and repeat Sleps 4 to 7 if unsatisfied. Note that any Grashof 
condition is potentially acceptable in this casco 

8 Construct a cardboard model and check ils function to be sure it can gel from the initial to 
final posi tion without encountering any limit (Ioggle) positions. 

9 Ched,: the transmission angles. 
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Link 4 
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(0) Two-poSition synthesis (b) Rnlsned non-Groshof fourbar 

fiGURE 3 - 6 

Two-position motion synthesis with coupler oulpul 

Input file F03-06.4br 10 program FOURBAR 10 see Example 3-3 (p. 95). No(e (hal (his 
example had nearly (he same problem Slalemenl as Example 3-2 (p. 95), bUllhe solulion 
is quite different. Thus a link can also be moved to any two positions in the plane as the 
coupler of a fourbar linkage, ra ther than as the rocker. However. to limit its motions to 
those two coupler positions as extrema. two additional links are necessary. These addi
tiooallinks can be designed by the method shown in Example 3-4 and Figure 3-7 (p. 98). 

h XAMPlE3-4 

Adding a Dyad (Twobor Chain) to Control Motion In Example 3-3 (p. 95). 

Problem: 

Solution: 

Design n dyad to control and limit the eXlremes of mOl ion of the linkage in Ex
ample 3-3 to its two design positions. 

(see Figure 3-7a) 

Select a convenient point on link 20rthe linkage designed in Example 3-3. Note Ihal it need 
not be on the line O~t. Label this point 8]. 

2 Draw an arc about center 02 through 81 to intersect the corresponding line 0282 in the sec
ond position of link 2. Label this point 8 2. The chord 8182 provides us with the same prob
lem as in Example 3·1 (p. 93). 

] Do steps 2 10 9 of Example 3-1 to complete the linkage. except add links 5 and 6 and center 
06tather than links 2 and 3 and center 0 2' Link 6 will be the driver crank. TIle fourbar sub
chain of links 06. Aj. 8j. 02 must be a Grashof crank-rocker. 
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D, 

c, 
Link 5 

(0) Adding a driver dyad to the fourbor chom 
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Link 6 
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(b) The completed Wall's slXbor linkage With motOf 01 0 6 
0, 

0, 

"\ ---- ' , 
---

" (c) An oltemote locatiOn of the dliver dyad wilh molO!' 01 06 

FIGURE 3·7 

DrIvIng a f'IC)I')-QOShof linkage with a dyad (non-quick-return) 
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Note that we have used the approach of Example 3-1 (p . 93) to add a d yad to serve 
as a driw!r srage for our ex isting fourbar. This results in a s ixbar Walt's m echanism 
whose first stage is Grashof as shown in Figure 3-7b: Thus we can drive this with a 
motor on link 6. Note also that we can loca te the motor center 0 6 anywhere in the plane 
by judicious choice of point 8 1 o n link 2. If we had put 8 1 belo w center 02. the motor 
would be to the right of links 2. 3, and 4 as shown in Figure 3-7c. There is {III infinifY of 
dril'er dyads possible that will drive any double-rocker assemblage of links. Input the 
files F03-07b.6br and F03-07c,6br to program StXBAR to see Example 3-4 (p. 97) in 
mOlion for these twO solut ions. 

Three-Position Synthesis with Specified Moving Pivots 

T hree-position synthes is a llows the defin ition of three posi tions of a line in the plane 
and w ill create a fourbar linkage configurat ion to move it to each of those pos itions. This 
is a motion gencralion problem . The synthesis technique is a logical extens ion of the 
method used in Ex ample 3-3 (p. 95) for two-l>osition synthes is with coupler o utput. The 
resulting linkage may be o f any Grasho f condit ion and will usually require the addit ion 
of a dyad to control and limit its motion to the positions o f inte rest. Compass. protrac
tor. and rule are the only tools ~ecded in this graphical method. 

6 EXAMPlE 3-5 

Coupler Output - 3 Positions with Complex Displacement. (Motlon Generation) 

Problem: 

Solution: 

Design a fourbat linkage to move the link CD shown from position C,D, toC2D2 
and then to position C)lh. Moving pivolS are at C and D. Find the fixed pivot 
locutions. 

(see Figure 3-8. p. 98) 

Draw link CD in its three design posit ions C1D I• C2D2_ CYJ3 in the plane 3S shown. 

2 Draw construction lines from point Cl to C2 and from point C2 to C). 

3 Bisect line C lC2 and line C2C 3 and extend their perpendicular bisectors unt il they intersect. 
Label theiT in tersection 02. 

" Repeat steps 2 and 3 fo r lines DlD2and D2D3. Label the intersection 0 4-

5 Connect 02 with Cl lind call illink 2. Connect 0 4 with Dl and call it link 4. 

7 Check the Grashof condi tion. Note that :my Grashof condit ion is potentially acccptnble in 
this case. 

II Construct a cardboard modc1 and check its function to be sure it can get from initial to fi nal 
posit ion without encountering any limit (toggle) positions. 

q Construct a driver dyad according to the method in Example 3-4 (p. 97) using an extension 
of link 3 to allnch the dyad. 

•• 

• This figure is provided as 
an anim:llcd WOlting MocIct 
file on the CD-ROM. liS 
fikname i!J the same a<5 the 

figure number. 
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(0) ConstructIOn method (b) Finished non-Groshol fourbor 

FIGURE 3 -8 

Three-position motion synthesis 

Nllle Ihal while a solUlion is usually oblninable for Ihis case, il is possible that you 
may nOI be able to move the linkage cont inuously from one position to the next without 
disassembling the links and reassembling them to gel them past a limiting position. ThaI 
will obviously be uns3tisfaclOry. In the particular sol Ulion presented in Figure 3-8. note 
that links 3 and 4 are in toggle al position one, and links 2 and 3 are in toggle al position 
three. In Ihis case we will have to drive link 3 with a driver dyad. since any attempt to 
drive either link 2 or link 4 will fai l 311he toggle positions. No amount oflorque applied 
to link 2 at position C 1 wi ll move link 4 away from point DI. and driving link 4 will not 
move link 2 away from position C3. Input the fil e F03-0S.4br to progr'.Im FOUR BAR to 
see Example 3-5 (p. 99). 

Three-Position Synthesis with Alternate Moving Pivots 

Another potenlial problem is the possibili ty of an undesirable location of the fixed piv
ots 02 and 0 4 with respect to your packaging constraints. For example. if the fixed piv
ot for a windshield wiper linkage design ends up in the middle of the windshield. you 
may want to redesign il. Example 3-6 shows a way to obtain an alternAte configuration 
for the same three-posi tion motion as in Example 3-5. And, the method shown in Exam
ple 3-8 (ahead on p. 100) allows you 10 specify the location of the fixed pivots in advance 
and then find the locations of the moving pivots on link 3 that are compatible with those 
fixed pivots. 
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,tn'XAMPLE 3-6 

Coupler Output - Three Positions with Complex Displacement - Alternate Attach
ment Points for Moving PIvots. (Motion Generation) 

Problem: 

Solulion: 

Design a fourbar linkage to move the link. CO shown from position C 10110 C202 
and then 10 position C:P3' Use different moving pivOIs Ihan CD. Find the fixed 
pivolloclltions. 

(see Figure 3-9·. p. 102) 

Dmw the link. CD in its Ihree desired positions CIO I. C20 2• C:PJ. in Ihe pillne as done in 
Example 3·5 (p. 99). 

2 Define new attachment points EI :md Fl lhm have a fixed relalionship between CIDI and 
EIFI within Ihe link. Now use EIF1to define Ihe three positions of the link.. 

:\ Dr.lw construction lines from point EI to E2 and from point E2 10 E3. 

-I Biseci line EIEl and line E2§) and extend Ihe perpendicular bisectors unti l they inle~ct. 
Labellhe inlersection 02. 

~ Repeal steps 2 lind 3 for lines FIF2 and F2F). Label the intersection 0 4 . 

6 Connecl O2 with Eland call it link 2. Connect 0 .. wilh F I and call it link. 4. 

7 Line ElF 1 is link 3. Line 0204 is link I. 

R Check the Gruhof condition. Note thlll any Gmshof condition is potentially acceptable in 
this case. 

9 Construct a cardboard model lind check its function to be sure it can get from inili3110 final 
position without encounlering any limit (Ioggle) positions. If not. change locations of points 
E and F lind repeal sleps 3109. 

10 Construct a driver dyad acting on link 2 according 10 Ihe melhod in Example 3-4 (p. 97). 

Note that the shift of the attachment points on link 3 from CO 10 £F has resul ted in 
a shifl of the locations of fixed pivots 02 and 0 4 as well. Thus they may now be in more 
favorab le locations than they were in Example 3-5 (p. 99). It is important to understand 
that any two points on link 3. such as £ and F, can serve to fully define thai link as a rigid 
body, and that there is an infinity of such sets of points to choose from. While points C 
and 0 have some particular location in the plane thai is defined by the linkage's func
tion, points £ and F can be anywhere on link 3. thus creating an infin ity of solutions to 
Ihis problem. 

The solution in Figure 3-9 (p. 102) is different from that of Figure 3-8 in several re
spects. It avoids the toggle positions and thus can be driven by a dyad acting on one of 
the rockers. as shown in Figure 3-9c. and the transmission angles are beller. However. 
the toggle positions of Figure 3-8 might actually be of value if a self-locking feature were 
desired. Recogni:e 'hat both of Ihese SOIIll;OIlS are ro rhe same problem, and the solu-

o 

• Thi.J; figure is provided as 
an animated working Model 
fikonlheCD-ROM. I ~ 

filmamc is the same as the 
f(Jure number. 
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tion in Figure 3-8 (p. 100) isjusl a special case of that in Figure 3-9. Both sol utions may 
be useful. Line CD moves through the same Ihree positions with both designs. There is 
an infinity of other solutions to Ihis problem waiting to be found as well. Input the file 
F03-09c.6br 10 program SIX8AR to see Example 3-6 (p. 101). 

Three-Position Synthesis with Specified Fixed Pivots 

Even though one can probably find an acceptable solution to the three-position problem 
by the methods described in the tWO preceding examples, it can be seen that the designer 
will have litlle direct contro l over the location of the fixed pivots since they are one of 
the results of the synthesis process. It is common for the designer to have some con
straints on acceptable locations of the fixed pivots. since they will be limited to locations 
at which the ground plane or the package is accessible. It would be preferable if we could 
define the fixed pivot locations, as well as the three posi tions oflhe moving link. and then 
synthesi7.e the appropriate attachment points, £ and F.lo the moving link to satisfy these 
more realist ic constraints. TIle principle of inversion can be applied to this problem. 
Examples 3-5 (p. 99) and 3-6 (p. 101) showed how to find the required fixed pivots for 
three chosen positions of the moving pivots. Invening this problem al lows specification 
of the fixed pivot locations and detenninalion of the required moving pivots for those 
locations. The first step is to finctihe three positions of the ground plane that correspond 
to the three desired coupler positions. This is done by inverting the linkage · as shpwn 
in Figure 3- 10 and Example 3-7. 

;lnEXAMPlE 3· 7 

three-Position Synthesls with Specified Fixed Pivots - Inverting the Three-Posltlon 
Motion Synthesls Problem. 

Problem: 

Solution: 

Inven a fourbar linkage which moves the link CD shown from position C1Dlto 
C2D2 and then to position CJl)3. Use specified rlXed piv(){s 02 and 0 4. 

First find the invened positions orthe ground link corresponding to the three cou
pler positions ~pecified. (See Figure 3- 10, p. 104.) 

Druw the link CD in its three desired positions CtD t. CZD2• CJl)3. in the plane, as was done 
in Example 3-5 (p. 99) lind liS shown in Figure 3- t03. 

2. Draw the ground link 0204 in its desired posi tion in the plane with respcctto the first cou
plcr position C1Dl as shown in Figure 3·103. 

3 Druw construction arcs from point C2 to O2 and from poim D2 to O2 whose radii define the 
sides of triangle C20 2D2' This defines the rel!llionship of the fixed pivot 02 to the coupler 
line CD in the second coupler position as shown in Figure 3-lOb. 

4 Drnw construction arcs from point C2 to 0 4 and from poim D2 to 0 4 to define the triangle 
C20Jl)2. This defines the relationship of the fixed pivot 0 4 to the coupler line CD in the 
second couplcr position as shown in Figure 3- IOb. 

5 Now transfcr this relationship back to the first coupler position C lD t so that the ground plane 
position 02'04' beal'llthe same relationship to C1Dl as 0~4 bore to thc second coupler 

03 

• This method and example 
\t>'ne supplied by Mr. Horne.
O. Eckhardt. Consuhing 
Engineer. Lincoln. MA. 
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position C202. By doing this. we have pretended that the ground plane moved from 0204 

to O~O~ instead of the coupler moving from CtDt to C2Dz. That is. we have im·trud the 

problem. 

6 Repeat the process for the third couplcr position as shown in Figure 3-1 Od and transfer the 
third relative ground link position to the first. or reference. position as shown in Figure 3-1&. 

7 1be three inverted positions of the ground plane that correspond 10 the three desired coupler 

positions are labeled 0204'0~0~. and O; O~ and have also been renamed EtF]. E2F2. and 

EY3 as shown in Figure 3- IOf. These correspond to the three coupler positions shown in 
Figure 3-103. Note that the original three lines CtOt. C202. and CifJ3 are not now needed 
for the linkage synthesis. 

We can use these three new lines EIFI• E2F2. and E)F) 10 find the attachment points 
GH (moving pivots) on link 3 that will allow the desired fixed pi 'lOiS 02 and 0 4 10 be 
used for the three specified oUlput positions. In e ffect we will now consider the ground 
link 0204 to be a coupler moving through the inverse of the original three positions, find 
the "ground pivols" GH needed for that inverted motion, and pUllhem on Ihe real cou
pler instead. The inversion process done in Ex:ample 3-7 (p. 103) and Figure 3- 10 has 
swapped the roles of coupler and ground plane. The remaining task is identical 10 Ihlll 
done in Ex:ample 3-5 (p. 99) and Figure 3-8 (p. 1(0). The result of the synthesis 'lhen 
must be reinverted to obtain Ihe solution. 

~EXAMPlE 3-8 

Ftndlng the Moving Pivots for Three Positions and Specified Fixed PIvots. 

Problem: 

Solution: 

Design a fourbar linkage to move the link CO shown from position C ]0]10 C202 
and then to position C)iJ3' Use specified fixed pivOlS 0 2 and 0 4. Find the re
quired moving pivot locations on the coupler by inversion. 

Using the invened ground link posi tions £t Ft. El F 2. and £y) found in EKumple 
3-7 (p. 103). find the fixed pivots for that invened motion. then reinven the re
sulting linkage to create the moving pivots for Ihe three positions of coupler CD 
that use the selected fixed pivots 02 and 0 4 as shown in Figure 3-1 Oa (see also 
Figure 3. 11 · , p. 106. 

SWrt with the inverted three positions in the plane as shown in Figures 3-lOf and 3- l la. 
Lines EtFt. E2F2. and £)"-) define the three posi tions of the invencd link to be moved. 

1 Draw construction lines from point Etlo £2 and from point £2 to £3. 

3 Bisect line £,E2 and line E2£ ) and extend the perpendicular bisectors until they intersect. 
Label the intersection G. 

4 Repeat steps 2 and 3 for lines F tF 2 and F2F 3. Label the intersection H. • This figure is provided as 
:Ill animated Won;ing Model 

5 Conncet G with Et and call it link 2. ConnectH with FJ and call it link 4. See Figure 3-11b. filcon !heeD-ROM. lis 
filename is the same as !he 

6 In this invened linkage. line EtFt is the coupler. link 3. Line GH is the "ground" link I. figure number. 
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7 We nlll~t now reinvcrt the linkage to retum to the original arrangement. Line ElF I is really 
the ground link 0204. and GH is really the coupler. Figure 3-l lc shows the reinversion of 
the linkage in which points G and II (Ire now the moving piv()(s on the coupler and EIFI has 
resumed its real identity as ground link 0204. (See Figure 3-JOe. p. 104.) 

8 Figure 3-11d reintroduces the original line CIOI in its correct relationship to line 0204 at 
the init ial position as shown in the original problem stlllcment in Figure 3-l0a. This forms 
the required coupler plane and defines a minimal shape of link 3. 

9 1be angular motions required 10 reach the second and third positions of line CD shown in 
Figure 3-lle are the same as those defined in Figure 3- 11b for the linkage inversion. The 
lingle F 1NF2 in Figure 3·11 b is the same as angle 1-1104112 in Figure 3- 11 e and F2HF) is Ihe 
same as angle 1l204H3. The angular excursions of link 2 retain the same relationship be
tween Figure3-llband cas well. The angular motions of links 2 and 4 are the same for both 
inversions as the link excursions are relative to one another. 

10 Check the Grashof condition. Note Ihat Ilny Gmshof condition is potentially acceptable in 
this case provided Ihm the linkage has mobility :IIllong all three positions. This solution is a 
non-Grashof linkage. 

II Construct a cardboard model and check its function to be sure it can get from initial to final 
position without encounterin~(any limit (toggle) positions. In this case links 3 and 4 reach a 
toggle position between points III and Ih. This means Ihat this linkage cannot be driven 
from link 2 as it will hang up atth;II toggle position. It must be driven from link 4. 

By inverting the original problem. we have reduced it to a more tractable fonn that 
allows a direct solution by the general melhod of three-position synthesis from Exam
ples 3·5 (p. 99) and 3-6 (p. 10 1). 

Position Synthesis for More Than Three Positions 

It should be obvious that the more constraints we impose on these synthesis problems. 
the more compl icated the task becomes to find a sol ution. When we define more than 
three positions of the output link. the difficulty increases substantially. 

FOL K-POSlTtO' SV'TIl t:."i I"i does not lend ilself as well to manual graphical so
lutions. though Hall [31 does present one approach. Probably the best approach is that 
used by Sandor and Erdman (4) and others. which is a quantitative synthesis method and 
requires a computer to execute il. Briefly. a set of simultaneous vector equations is wril
len to represent the desired four positions of the enti re linkage. These are then solved 
after some free choices of variable values are made by Ihe designer. The computer pro
gram liNeAGES [II by Erdman et al .. and the program KINSYN [51 by Kau fman. both pro-
vide a convenient and user-friendly computer graphics-based means to make the neces· 
sary design choices to solve the four-position problem. See Chapter 5 for further discussion. 

3.5 QUICK-RETURN MECHANISMS 

Many machine design applications have a need for a difference in average velocity be
tween their"forwnrd" :md ··return" strokes. Typically some external work is being done 
by the linkage on the forward stroke. and the return Slroke needs to be accompl ished as 

'0' 
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rapidly as possible so that a maximum of lime will be avai lable for the working stroke. 
Many arrangements of links wil l provide this fcalure. The only problem is 10 synthesize 
the right one! 

Fourbar Quick-Return 

The linkage synthesized in Example 3- \ (p. 93) is perhaps the simplest example of a four
bar linkage design problem (see Figure 3-4. p. 94, and program FOURBAR disk file 
F03.04.4br), It is a crank-rocker that gives two positions of the rocker with equal time 
for the forward stroke and the return stroke. This is called a nOfl·quick-returtl linkage. 
and it is a special case of the more general quick-return case. The reason for its non· 
quick-return slale is the positioning of the cmnk center 02 on the chord 8\82 extended. 
This results in equal angles of 180 degrees being swept out by the cmnk as it drives the 
rocker from one extreme (toggle position) to the other. If the crank is rotating at con
stant angular velocity. as it will tend to when mOlOrdriven. then each 180 degree sweep. 
forwa rd and back. will take the same time interval. Try this with your cardboard model 
from Example 3-1 by rotating the crank at unifonn velocity and observing the rocker 
motion and velocity. 

If Ihe crank cenler 02 is located off the chord BtB2 extended. as shown in Figure 
3-lb (p. 90) and Figure 3- 12.lhen unequal angles will be swept by the crank between 
the toggle positions (defined as colinearity of crank and coupler). Unequal angles will 
give unequal time. when the crank rotates at constant velocity. These angles are labeled 
Ct. and p in Figure 3-12. Their rat io alP is called the time ratio (TR) and defines lhe 
degree of quick-return of the linkage. Note that the lerm quick-return is arbitrarily used 
to deSQribe this kind of linkage. If the crank is rotated in the opposite direction. it will be 
a quick-rorward mechanism. Given a completed linkage. it is a trivial task to estimate 
the time ratio by measuring or calculat ing the angles a and p. It is a more difficult last 
to design the linkage for a chosen lime ratio. Hall [61 provides a graphical method to syn
thesize a quick-return Grashof fourbar. To do so we need to compute the values of a and 
p Ihllt will give the specified time ratio. We can write twO equations involving a and ~ 
and solve them si multaneously. 

(3.1) 

We also must define a conslruction angle . 

• = 1180-01= I"O-~ (3.2) 

which will be used to synthesize the linkage. 

;tD'XAMPl' 3·9 

Fourbar Cronk-Rocker Quick-Return Unkage tor Specified Time Ratio. 

Problem: Redesign Example 3-1 (p. 93) to provide Ii time ratio of 1:1.25 wi th 45° output 
rocker mOlion. 
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Qulck-Ielurn Gfoshof fourbor cronk-rocker linkage 

Solution: (see Figure 3-1 2· ) 

Draw the output link OJ] in both extreme positions, in any convenient location, such that 
the desired angle of motion, 94 , is subtended. 

::! Calculate a. fi and 5 using equations 3.1 and 3.2. In this e;o;ample. a = 160°. ~ '" 200°. 
5=200 

3 Draw a construction line through point 8\ at any convenient angle. 

4 Draw a construction line through point 82 at angle B from the first line. 

~ Label the intersection of the two construction lines O2. 

6 TIle line 0 20 4 now defines the ground link. 

1 Calculate the lengths of crank and coupler by measuring 0281 and 0282 and solve 
simultaneously: 

Coupler + crank:: 0 2B. 

Coupler - crank z: 0282 

or you can construct the crank length by swinging an arc centered at 0 2 from 8\to cut line 
0282 e;o;tended. Label that intersection B, '. The line B2Bt ' is twice the crank length. Bisect 
this line segmenllo measure crank length O~I ' 

• This figure is provided as 
IIfl animated Working Model 
file on the CD-ROM. Its 
filename is the .same as the 

figure number. 
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~ Calculate the Grashof condition. If 1lOO-Grashof. repeal sleps 3 to 8 with 02 fllnher from 0.;. 

9 Make a cardboard model of the linkage and articulate it to check its function. 

10 Check the transmission angles. 

This method works well for time ratios down 10 about 1: 1.5. Beyond that value the 
transmission angles become poor. and a more complclt linkage is needed. Input the file 
F03-12.4br 10 program FOURBAR to see Example 3-9 (p. 108), 

51xbar Quick-Return 

Larger lime rat ios, up 10 about I :2, can be obtained by designing a sixbar linkage. The 
strategy here is 10 firs t design a fourbar drag link mechanism that has tile desired time 
ra tio between its driver crank and ils driven or "dragged" crank, ;md then add a dyad 
(Iwobar) output stage, driven by the dragged crank. This dyad can be arranged to have 
ei ther a rocker or a Iranslating slider as the output link. First the dr.lg link fourbar will 
be synthesized; then the dyad will be added. 

;In'XAMPl' 3-10 

Slxbor Drag Unk Quick-Return Unkage for Specified Time Ratio. 

Problem: Provide a time ratio of 1: 1.4 with 90" rocker motion. 

Solufibn: (see Figure 3-13) 

Calculate (l and ~ using equations 3.1. For this ellampl; (l = 150" and ~ = 2100. 

2 Draw a line of centers XX at any convenient location. 

] Choose a crank pivot location 02 on line XX and draw an axis YY perpendicular to XX 

through 0,. 

4 Draw a circle of convenient radius 02A about center 02· 

5 Layout angle (l with venex at 02. symmetricalllboUl qumlmnt one. 

Ii Label points A t lind A2 at the intersections of the lines subtending angle a and the circle of 
radius 02A . 

7 Set the compass to a convenient radius AC long enough to cut XX in two places on ei ther side 
of 02 when swung from both A t and A,. Lubel the intersections C I and C2· 

8 The line 02A t is the driver crank. link 2. and line A IC 1 is the coupler. link 3. 

IJ The distance C,C2 is twice the driven (dragged) crank length. Bisect it to loc3te the fixed 
pivot 04. 

10 The line 0204 now defines the ground link. Line 04C 1 is the driven crank. link 4. 

I I Calculate me Gmshof condition. If oon-Grashof. repeat steps 7 - 11 with a shonerradius in step 7. 
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90 <leg. 

Link 5 Link 4 "··,1-- ---
NOIe: Link 5 ~lUSI couple [0 links 3 and 4 al point e l y 

(a) Rocker output $iJ(bor drag link quick-return mechanism 

1:::====, , 

, , 

x 

Link 6 

~ 
\ _t. " 

Link 3 ~-- , 
, AI Link 2 Link 5 

x 

", 
Link I 

Link 4 

1-
Note: Link 5 must couple to links 3 and 4 a[ point C ' y 

(b) Slider output sixbor drag link qUick-return mechanism 

FIGURE 3 - 13 

SVnthes!Mg a slxbar drag link quick-return mechanism 

, , , 
, 4 

x 



• This figure is provided as 
an animaled Working f\.1ode1 
file on !he CI).ROM. Its 
fileoame is the same as the 
figure number. 

DESIGN OF MACHINERY CHAPTER 3 

12 Inven the method or Example 3- 1 (p. 93) to create the output dyad using XX as the chord 
and 04Cl as the driving crank. The points 8 t and 82 wi ll lie on line XX and be spaced apan 
a distance 204C I . 1he pivot 06 will lie on the perpendicular biseclor o r 8 182, at a distance 
from line XX which subtends the specified outpul rocker anglc. 

I J Check the transmission angles. 

This linkage provides a q uick· relUm when a constant·speed motor is attached to link 
2. Link 2 will go through angle (X while link 4 (which is dmgging the output dyad along) 
goes through the first 180 degrees. from position C] to C2. Then. whi le link 2 completes 
its cycle through ~ degrees. the output stage will complete another 180 degrees from C~ 
to C I. Since angle ~ is greater than (x, the forward stroke takes longer. Note that the 
chordal stroke of the output dyad is twice the crank length O"C I. This is independent of 
the angu lar displacement of the o utpul link which can be tailored by moving the pivot 
06 closer to or further from the line XX. 

The transmission angle at the joint between link 5 and link 6 wil1lX!optimized if the fixed 
pivOl 0 6 is placed on the perpendicularbisectorofthe chord B]8 2aS shown in Figure 3- IJa· 
(p. III). If a translating output is desired. the slider (link 6) will IX! localed on line XX 
and will oscillate between BI and 8 2 as shown in Figure 3-J3b. The arbitrJrily chosen 
size of this or any other linkage can be scaled up or down. simply by mult iplying al[ link 
lengths by the same scale factor. Thus a design made to arbitrary size can be fit to any pack. 
age. lnput the file F03- I 3a.6br to program StXBAR to see Example 3-10 (p. I [0) in action. 

C it \" ... ·S lt \I'FH Q l K ... · RETlN" A commonly used mechanism. capable of 
large time ratios is shown in Figure 3- 14" It is often used in metal shaper machines to 
provide a slow cUlling stroke and a qu ick.-return stroke when the tool is doing no work. 

Link 5 ~ 
Link 6 • 

, 
Link I 

Link 3 

FIGURE 3 - 14 

Cronk-shoper qulck'return mechanISm 
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II is the inversion #2 of the slider-crank mechanism as was shown in Figure 2-13b (p. 
47). It is very easy to synthesize this linkage by simply moving the rocker pivot 0 4 along 
the venicul centerline 0 204 while keeping the two extreme positions of link 4 tangent to 
the cittle of the crank. until the desired time mtlo (0. I P) is achieved. Note that the angular 
displacement of link 4 is then defined as well. Link 2 is the input and link 6 is the output. 

Depending on the relutive lengths of the links this mechanism is known as a Whit
worlh or crank-shape r mechanism. If the ground link is the shortest . then it will be
have as a double-crank linkage. or Whirlt'ort" mechallism. with both pivoled links mak
ing full revolutions as shown in Figure 2-l3b (p. 47). If the driving crank is the shortest 
link. then it wi ll behave as a crank-rocker linkuge. orcraflk-shaper l1IedlOllism. as shown 
in Figure 3- 14. They are the same inversion as Ihe slider block is in complex motion in 
each case. 

3.6 COUPLER CURVES 

A coupler is the most interesting link in any linknge. It is in complex motion. and th us 
points on the coupler can have path motions of high degree.· In generol.the more links, 
the higher the degree of curve generated. where degree here means rhe highesr power of 
any rum ill irs equarion. A curve(function) can have III' fa as many intersections (rools) 
with any slraight line as Ihe degree of the function. Thefollrhar slitler-crank has. in 
generJI. fourth-degree coupler curves: the pin-joinretlfollrbar, up 10 sixth degree. t The 
geared fivebar. the sixbar. and more complicated assemblies will have still higherdegree 
curves. Wunderlich 17bl derived an expression for the highest degree III possible for a 
coupler curve of a mechanism of fllinks connected wi th only revolute joims. 

(3.3) 

This gives. respectively. degrees of 6. 18. and 54 for Ihe fourbar. sixbar. and e ightbar 
linkage coupler curves. Specific points on their couplers may have degenerate curves of 
lower degree as. for example. the pin joints between any crank or rocker and the coupler 
that describes second-degree curves (circles). The parallelogram fourbar linkage has de
generate coupler curves. all of which are circles. 

Alilinkagcs that possess onc or more "floating" coupler links will generate coupler 
curves. It is imeresling to note Ihat these will be closed curves even for non-Grashof 
linkages. The coupler (or any link) can be extended infinitely in the plane. Figure 3- 15* 
(p. 114) shows a fourbar link i.ge with its coupler extended 10 include a large number of 
poims. each of which describes a different coupler curve. Note thai these points may be 
anywhere on the coupler. including along line AB. There is. of course. an infinity of 
points on the coupler. each of which generates a different curve. 

Coupler curves can be used to generate quite useful path motions for machine de
sign problems. They are capable of approximarillg srraighr lines and large circle arcs 
with remote centers. Recognize that the coupler curve is a solution 10 the path genera
tion problem described in Section 3.2 (p. 88). It is nOI by itself a sol ution to the motion 
generalion problem. since the attit ude or orienlUtion of a line on the coupler is nOt pre
dicted by the information contained in the palh. Nevertheless it is a very useful device , 
and it ean be converted to a parallel motion generator by adding IWO links as described 
in the next section. As we shall see, approximate straight-line motions. dwell motions. 
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• In t876. Kempe P_l 
proved his theory that:l 
hulllge ..... ith only revolute 
(pm) lind pnsmatic (slidtT) 
JOLIlIS can be found thai will 
tnICe an) algebraH: cun--e or 
any ordet- or a:mplexity. 
But the linkage for a 
pllnicularcun--e may be 
c:xcessivety complex. may 
be unable: 10 1J'a\'e:rse the 
t'UfVe: ..... ithout e:ncoumenng 
limit (toggle) po5ilions. and 
may even need to be 
disassembled and 
reas.o;embled to reoch ~1I 
POin ts Oil tile curve:. See the 
dIscussion or circuit and 
brnnch tk-fecl~ in Section 
4.12 (p. 191 ). Ne\"('nhelc:s5 
thIS theory points to the 
potential for il1ll'resting 
mOtions from the coupler 
cun--e:. 

t The plgebr:l.ic equaMn or 
the coupler curve is 
someumc:s ref~ to as a 
"lricircular selUic~ ~femng 
=pectivdy 10 ilS circulanty 
of J and ilS de~ of 6. 

, This figure is provided IL~ 
an anillUUed Working Modc:t 
file on the CD-RO~t Its 
film'llne is the same: as the 
figure munbeT. 
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o 
(0) Pseudo ellipse 

(b) Kidney bean 

(e) Banana 

(d) Crescent 

(e) ~ngle straight 

o 
(f) Double strolght 

FIGURE 3· 16 ParI 1 

A 'Cursory Catalog' of 
coupler curve shapes 
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Coupler 

8 

A 

Linl4 

Link 2 

FIGURE 3-15 

The !ourbo! coupler extended to Include a IOrge numbef 01 coupler points 

and more complicated symphonies of timed mOl ions nrc available from even the simple 
fourbar linkage and ils infinite variety of of len surprising coupler curve mOlions. 

FOLR8,\R COLPI.t:R ClR\ES come in a variety of shapes which can be crudel} 
categorized as shown in Figure 3-16. There is an infinite range of variation bet .... een 
these generalized shapes. Some features of interest are the curve's double poinls. ones 
that have twO tangents. They occur in twO types. the cusp and the c runode. A cusp iSQ 
sharp IJOill' 011 Ihe clIn't! wllich has the lise/III prOIJCrty of i"s/(IIIt(lI1eo/is :no I'elodry. 
The simplest example of a curve with a cusp is the cycloid curve which is generated by 
a point on the rim of a wheel rotating on a flllt surface. When the point touches the sur· 
face. it has the same (zero) velocity as all points on the stationary surface. provided there 
;s pure rolling and no slip between the elements. Anything auached to a cusp point will 
come smoothly to a SlOp along one path and thcn accelerate smoothly uway from Ihal 
poi nt on a different path. The cusp's feature of zero veloci ty has value in such applica
tions as transport ing, stamping and feeding proccsses. Note th:ltlhe acceleralion (1/ Iht 
CIISp i.f 1101 zero. A crunode c;reall'S 1I1111111il00fJ CIIIT(' Il'ltidl hlls dOllhle IJOilllof mlllt 
Cro.f.fOlWS. The two slopes (tangents) at a crunodc give the point twO different veloci· 
ties, neither of which is zero in contmsl 10 the cusp. In general. a fourbar coupler curve 
can have up to three real double points· which may be 11 combination of cusps and 
crunodes as can be seen in Figure 3- 16. 

Thc Hrol1es lIlId Ne/soll (H&N) atlas of fourbar coupler curves lSal is :I useful 
reference which can provide the designer with a starting point for further design and 
analysis. It contains aboul 7000 couplcr curves and defines the linkage geometry for 

• Actually, !he fourbarcoupler curve has 9 double poims or",hich 6 are usually lIn:1gllW)'. 1I0",C"CI", FlChtCl" and IIulll 18b1 poim OUt lhal SOI1'It 

Ullique configul1llions of ll'oc: fourbar I~ (i.e .• mombus parallelogr:nns and Unie dose 10 this c'llIliigul1Ilionj can ha,'C up 10 6 real dOlI'*' 
poillL'l ",hich they denote asoompnsing 3 "'proper •• and 3 "i~ real double points. For l1OIl·s~ill-case Grn.~fourb:lr lutbges "'lLh 
minimum transmission angles suitable for engmcenllg applicatiQns. only !he 3 "proper'" double poinl$ ""llIlIppear. 
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each of its GrJ.Shof crank-rockerlinkages. Figure 3-l7a - (p. 116) reproduces a page from 
this book. The H&N atlas is logically arranged. with all linkages defined by their link 
ratios. based on a unit length cmnk . The coupler is shown as a matrix of fifty coupler 
points for each linkage geometry. arranged ten to a page. Thus each linkage geometry 
occupies five pages. Each page contains a schematic "key" in the upper right comer 
which defines the link mtlos. 

Figure 3-l7b- shows a "fleshed out" linkage drawn on top of the H&N atlas page to 
illustrate its relationship to the athls infonnat ion. The double circles in Figure 3-17a de
fine the fixed pivots. The crank is always of unit length. The ratios of the other link 
lengths to the crank are given on each IXIge. The actual link lengths can be scaled up or 
down to suit your package constrnints and this will affect the size but not the shape of 
the coupler curve. Anyone of the ten coupler points shown can be used by incorporat
ing it into a triangular coupler link . The location of the chosen coupler point can be 
scaled from the atlas and is defined within the coupler by the position vector R whose 
constant angle 41 is measured with respect to lhe line of centers of the coupler. The H&N 
coupler curves are shown as dashed lines. Each dash Slluion represents fi ve degrees of 
crank rotation. So. for an assumed constant crank velocity, the dash spacing is propor
tional to path velocity. The changes in velocity and the quick-return nature of the cou
pler path motion can be c1earlY-8Cen from the dash spacing. 

One can peruse this linkage atlas resource and find an approximate solution td vir
tually any IXIth generation problem. Then one can take the tentative solution from the 
atllls to a CAE resource such as the FOUI(BAR program and furthe r refine the design, 
based on the complete analysis of positions, velocities, and accelerations provided by the 
program. The only data needed for the FOURBAR program are the four link lengths and 
the locat ion of the chosen coupler poim with respect to the line of centers of the coupler 
link as shown in Figure 3- 17. These parameters can be changed within program FOUR
BAR to aller and refine the design. Input the file F03-17b.4br to program FOURBAR to 
animate the linkage shown in that figure. 

An example of un application of a fourbar linkage 10 a practical problem is shown 
in Figure 3-18- (p. 117) which is a movie camera(or projector) film advance mechanism. 
Point 02 is the crank pivot which is mOlordriven at constant speed. Point 0 4 is the rock
er pivot, and points A and 0 are the movi ng pivots. Points A. B. and C define the coupler 
where C is the coupler point of interest. A movie is rc:llIy a series of still pictures. each 
"frame" of which is projected for a small fraction of a second on the screen. Between 
each picture, the film must be moved very quickly from one frame to the next while the 
shuller is closed 10 blank the screen. The whole cycle takes only 1!24 of a second. The 
human eye's response time is too slow to notice Ihe nicker associated with this discon
tinuous stream of still pictures. so it appears 10 us 10 be a continuum of changing images. 

The linkage shown in Figure 3- 18· is cleverly designed to provide the required mo
tion. A hoo~ is cut into the coupler of this fournar Grashof crank-rocker at point C which 
generates the coupler curve shown. The hook will enter one of the sprocket holes in the 
film as it passes point Fl. Notice that the direction of motion of the hook at lhat point is 
nearly perpendicular to the film, so it enters the sprocket hole cleanly. It then tums 
abruptly downward and follows a crudely approximate st.raightline as it rapidly pulls the 
film downward to the next frame. The film is separately guided in a stra.ighttrack called 
the '"gate." The shutter (driven by another linkage rrom the same driveshaft al 0 2) is 

Il5 

(g) TeofdfOP 

(h) Scimitar 

(/) Umbfella 

(j) Trlple cusp 

(Ie) FIgure eight 

(I) Triple loop 

FIGUIlE 3 - 16 Part 2 

A ·Cursory Catolog" 01 
coupler CUfVe shapes 

• This figure is provided as 
an amnultcd Won:ing Model 
fileonIheC()'ROM. Its 
filename is [he same lIS the 
figure number. 
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• The Hrooes and Nelsoo 
alias is long 00\ of print but 
ma)' be available from 
PrQqueSl.134 7614700. 
www.proqllCSl.~om. Also. D 
similar volume 10 the H&N 
book called the Alias of 
limiul/l' Dnill" utili 

Alloi},sis ~\:>I J: Till' FOIII" 
Bar Unklgf is avaliable 
frurn Sahire Sofl~. 9125 
SW Genuni Onvc, 

BeavmOl1. OR 97005. (800) 
6S9-1874. 

lllere is also a ",eb sue al 
bup:Uwww.ccdaryjlkedui 

slepc/ea&i!IKlIJalicm!!dfl 
fu.n.hwl cre:uoo by Prof. 
Th()ma.~ J. Thompson of 
Cetilllvillc College. which 
provides an inler..clivc 
coopler cun', alias lhal 

a11o"'5 the 1m!. dimensIOnS 
10 be changed 3lId generales 
the coupler curves on 
scroenp ll 

Program FouRMR. included 
wilh this lell. also allows 
rupid invts.igalioo of 
ooupler eu .... ·c ~h~pcs. For 
lilly defillCd linkage 
geometry. ,he prognun 
draws ,he coupler curve. By 
shifl-('licking the nlOUSe 
poinler on the coupler point 
and dragging il around. yoo 
"ill see the CQUpIcr cur.,.e 
dupe in51aruly update for 
each nIlW ooupler poilU 
locaTion. When you release 
rhe moose bIlnon. the new 
lini:a!l'C gt.'O!llctry is 
preserved for 'lUll curve. 
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FIGURE 3-17 

Selecting a coupler cUlVe and constructing the linkage from the Hrol'l9S ond Nelson otlas 
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closed during this interval offilm molion, blanking Ihe screen. At point F2 there is a cusp 
on the coupler curve which causes the hook to decelerate smoothly to zero velocity in 
the vertical direction, ,md then as smoothly accelerate up and out of the sprocket hole. 
The abrupt transition of direction al Ihe cusp allows Ihe hook 10 back OUI of Ihe hole 
wilhoutjarring the film, which would make the image jump on the screen as the shutler 
opens. The rest of the coupler curve motion is essentially "wasting time" as il proceeds 
up lhe back side, 10 be ready 10 enter the film again to repeal the process. Input Ihe file 
F03-18.4br to program FOUR BAR to animate the linkage shown in thai figure. 

Some advantages of using this type of device for Ih is application are thai it is very 
simple and inexpensive (only four links, one of which is Ihe frame of the camera). is 
extremely reliable. has low friction if good bearings are used at the pivots. and can be 
reliably limed with Ihe other events in the overall camera mechanism through common 
shafting from a sillgle motor. There are a myriad of other examples of fourbar coupler 
curves used in machines and mechanisms of all kinds. 

One other example of a very differenl application is that of Ihe automobi le suspen
sion (Figure 3- 19. p. 118). Typically. the up and down motions of the car's wheels are 
controlled by some combinalion of planar fourbar linkages. arranged in duplicate to pro
vide three-dimensional control as described in Section 3.2 (p. 88). Only a few manufac
turers currenlly use <l true spatial linkage in which the links are not arranged in parallel 
planes. In all cases the wheel assembly is attached to the coupler of the linkage issem
bly. and its motion is along a set of coupler curves. The orientation of the wheel is also 
of concern ill this case, so this is not strictly a path generation problem. By designing 
the linkage 10 conlrol the paths of multi pie poi nts on the wheel (lire contact parch, wheel 
center. etc.-all of which are points on the same coupler link extended). motion genera
tion is achieved as the coupler has complex motion. Figure 3- 19a· and b· shows paral
lel planar fourbnr linkllges suspending the wheels. The coupler curve of the wheel cen
ter is nearly a straight line over the small vertical displacement required. This is desir
able as the idea is to keep the tire perpendicular 10 the ground for best traction under all 
cornering and altitude changes of the car body. Thi s is an application in which a non
Grashof linkage is perfectly acceptable. as full rotation of the wheel in this plane might 
have some undesirable results and surprise the driver. Limil stops are of course provid
ed to prevent such behavior. so even a Grashof linkage could be used. The springs sup
port the weight of the vehicle and provide a fifth, variable-lengt h " force link" which sta
bilizes the mechanism as was described in Section 2.14 (p. 57). The function of the four
bar linkage is solely to guide and control the wheel motions. Figure 3- 19c shows a true 
sp3liallinkage of seven links (including frame and wheel) and nillejoints (some of which 
are ball-and-socket joints) used to control the motion of the rear wheel. These links do 
not move in parallel planes but rather control the three-dimensional motion of the cou
pler which carries the wheel assembly. 

SY\l\1tTRICAl. FOl RII \R COl I'I.ER Cl RH:5 When a fourbar linkage's geome
try is such that the coupler and rocker are the same length pin-to-pin. all coupler points 
that lie on a circle centered 011 the coupler-rocker joint with radius equal to the coupler 
length will generate symmetrical coupler curves. Figure 3-20 (p. 119) shows such a link
age. its symmeLTical coupler curve. and the locus of al l points that will give symmetrical 
curves. Using the notation of that figure. the criterion for coupler curve symmeuy can be 
stated as: 

Fi lm 

, , 

0, 

, 0, 

FIGURE 3 - 1& 

Movie comero 
fitm-odvonce 
mechanISm. From DIe 
Wlssenschafrlche unci 

~ 
f'tIotogrophle. MIchel. 
/(vrt.(ed.). (1955). \k)/. 3. 
Horok;1 We.fse. DIe 
Kk"Iematogrop/"ll:SChe 
/(0I1"l8f0. p . 202. Spmget 
\Ief1oQ, OHG. VIenna. 
(Input the file fOO·18 .4br 
to Pfogrcrn FOI.JR8AR 10 
onImaIe !his Inkoge.) 

• This figure is provided as 
an animated Working Model 
file on !he CD-ROM. lIS 
filename is the same as !he 
figure number. 
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(0) Fouroor planar linkages are duplicated In poraliel planes. 
displaced In the 1 direction, behind the links shown 

(0) Paraflel-plonar linkage used 10 control Viper wheel mollOn 
(COIXfesy o( Cfl(ysJer Ccxpotatlon) 

(el Multi-link INe spaUallinkoge used to 
control rear wheel motion 

FIGURE 3 - 19 

(Courtesy of M6Icedes·Benl or Norm 
Amerlco Inc) 

Unkages used In automotive chassis suspensions 

• The nine indc:pcndcm 
paramclCl'!I of a fourbat 

linkag.: are: four link 

lengths. 1 .... 0 ct'JOfdinates of 
the coupler point with 
rnpecr 10 the coupler link. 
and thru. par.unetcr!l !hat 
define the location and 
oricnlalion oflhc fixed hnt 
in the globa.l coontinatc .,..... 

A8=O"H= HI' (3.4) 

A linkage for which equation 3.4 is true is referred 10 as a symmetrical fourbar 
linkage. T1le axis of symmetry of the coupler curve is Ihe linc 0 41' dntwn when Ihe crank 
02A and the ground link 0 20 4 arecolincar--ex tendcd (i.e .. 92 = 180"). Symmetrical cou
pler curves prove to be quite usefu l as we shall see in the next seve!".l1 sections. Some 
give good approximations to circular arcs and others give very good approximations to 
straight tines (over a portion of the coupter curve). 

In the general case, nine parameters are needed 10 define the geometry of a nonsym
metrical rourbar linkage with one coupler point" We can reduce this to five as fol
lows. Three parameters can be e liminated by fi xing the location and orientation of the 
ground link. The four link lengths can be reduced to three parameters by nonnalizing 
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three link lengths to the founh. The shonest link (the cmnk. if a Grashof crank-rocker 
linkage) is usually taken as the reference link. and three link ratios are formed as LI I L2· 
L] I Lz. L41 Lz. where LI = ground. L2 = crank. L] = coupler. and 4 = rocker length as 
shown in Figure 3-20. Two parameters are needed 10 locale the coupler point: the d is
tance from a convenient reference point on the coupler (either B or A in Figure 3-20) to 
the coupler I>oint p. and the angle that the line BP (or AP) makes with the line of centers 
of the coupler AB (either B or y). Thus. with a defined ground link, five pam meters Ihal 
will define the geometry of a nonsymmetrical fourbar linkage (using point 0 as the ref
erence in link 3 and the labels of Figure 3·20) are: LI /~ . L3 / Ltz. L4 /~. OP I~. and 
y. Note that multiplying these parameters by a scaling factor will change the size of the 
linkage and its coupler curve but will not change the coupler curve's shape. 

A symmetrical fourbar linkage wilh a defined ground link needs only llIreepamm
e/l'rs 10 define its geometry because three of the five nonsymmetrical pammeters are now 
equal per equation 3.4: L31 Lz = L4 1 ~ = OP I~. Three possible parameters 10 define 
the geometry of a symmetrical fourbar linkage in combination with equation 3.4 are 
then: LI /~. L3/~. and y. Havi ng only three parameters to deal with rather than fi ve 
greatly simplifies an analysis of the behavior of the coupler curve shape when the link
age geometry is varied. Other relalionships for the isosceles-triangle coupler are shown 
in Figure 3-20. Lenglh AP and-angle B are needed for input of the linkage geometry to 
progrnm FOUR BAR. 

Kota [91 did an extensive study of the characteristics of coupler curves of symmetri
cal fourbar linkages and mapped coupler curve shape as a function of the three linkage 

0= 180"-y 
2 

AP=2(AB)coso 

Locus of coupler points 
for symmetrical curves --

... --- ... 

Coupler 
point P 

fiGURE 3 - 20 
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Coupler curve shapes of symmeh'ICallourbor linkages Adopted from referfN'ICfI (9) 
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FIGURE 3·22 

A three-dlmenslona! mop of coupler curve shapes of symmetrlca! fourbor nnkages (9) 

parameters defined above. He defined a three·dimensional design space to map the cou
pler curve shape. Figure 3·2 1 shows two orthogonal plane sections taken through this 
design space for particular values of link ratios: and Figure 3-22 shows a schematic of 
the design space. Though the two cross sections of Figure 3-21 show only a small frac
tion of the infonnalion in the 3-D design space of Figure 3-22. they nevertheless give a 
sense of the way that variation of the three linkage parameters affec ts the coupler curve 
shape. Used in combi nation with a linkage design tool such as program FOURBAR. these 
design charts can help guide the designer in choosing su itable values for Ihe linkage pa
rameters to achieve a desired path motion. 

GEARW Ftn :" \R COLPLt':R CCR\ ES (Figure 3-23. p. 122) are more complex 
than the fourbar variety. Because there are three additional, independent design variables 
in a geared fivebar compared to the fourbar (an uddit ionallink rmio. the gear ,," io, and 
the phase angle between the gears). the coupler curves can be of higher degree than those 
of the fourb.1r. This means that the curves can be more convoluted. having more cusps 
and crunodes (loops). In fact. if the gear ratio used is noninteger, the inpullink will have 
to make a number of revolutions equal to the factor necessary 10 make the ratio an inte· 
ger before the coupler curve pattern will repeat. The Zhang, Norton. Hammond (ZNH) 
Atfas of Geared Fil'eBar Mechanisms (GFBM) I tOI shows Iypical coupler curves for 
these linkages lim ited 10 symmetrical geometry (e.g .. link 2 = link 5 and link 3 = link 4) 
and gear ra tios of ±l and ±2. A page from the ZNH at las is reproduced in Figure 3-23. 
Additional pages are in Appendix E. Each page shows the family of coupler curves ob
tained by variation of the phase angle for a panicular sel of link ra tios and gear ratio. A 
key in the upper right comer of each page defines the ratios: a = link 3/link 2, ~ = link I 
I link 2.)., = gear 5/ gear 2. Symmetry defines links 4 and 5 as noted above. The phase 

121 

• Adapled from m:lIC:riat~ 

provided by Professor 
Sridtw" Kota, University of 
Mk tugilIl. 
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FIGURE 3· 23 

-_ ... 
• ~. u .-.... 

A page tram the Zhang-Norton-Hammond Olios of geared fivebor c oupler curves 11& 

, 
angle 4l is noted on the axes drawn at each coupler curve and can be seen to have a sig· 
nificant effeci on the resulting coupler curve shape. -

This reference atlas is intended to be used as a starling point for a geared fivebar 
linkage design. The link r.J.l ios, gear mlio. and phase angle can be inpullo the program 
FlVEBAR and then varied to observe the effects on coupler curve shape. velocities. and 
accelerat ions. Asymmetry of links can be introduced. and a coupler point location other 
than the pin joint between links 3 and 4 dclined within the FtVEBAR program as well. 
Note thai program FIVEBAR expects the genr ratio to be in the form gear 2 / gear 5 which 
is the inverse of the ratio)' in the ZN H lit las. 

3.7 COGNATES 

It sometimes happens that a good solution to a linkage synthesis problem will be round 
that satisfies p.1 th generation constraints but which has the fixed pivots in inappropriate 
locations for atlachmentto the available ground plane or fmme. In such cases. the use of 
a cognate to the linkage may be helpful. The tcnn cognate was used by I-I anenberg and 
Denavitll t J to describe a linkage. of differem geometry. which generales the same cou
pler CUlTe. Samuel Robens (1875) and Chebyschev ( 1878) independently discovered 
the theorem which now bears their names: 

Robcrts-Chcbyschcv Theorem 

Three differelll planar, pin-jail/ted four/)(lr linkages will trace idelllica/ coupler cun'es. 
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Hartenberg :lIld Denavi tlt tl presented extensions of this theorem to the slider-crank and 
the sixbar linkages: 

TII'o (JijJl!l'l!lII plal/al' s/i(/('r-crtll1k lillkogc.f will fl'aCt' i(/emical coupler CllrI'es. 

The cOllpler-poilll C/ln'e of (I planar fOl/rOOr linkage is also described by fhe joint of a 
dyad of all aplJropriale sLrbar linkage. 

Figure 3-24a (p. 124) shows a fourbar linkage for which we want to find the two 
cognates. TIle fi rst step is to release the fi xed pivots 0/\ and Os. Wh ile holding the cou
pler slatiOlUlry, rotate links 2 ;lIld 4 into colinearity with the line of centers (A IB t) of link 
3 as shown in Figure 3-24h. We can now conslruCllines parallel to all sides of the links 
in the original linkage to create the Cayley diagram in Figure 3-24c. This schematic 
arrangement defines the lengths and shapes of links 5 through 10 which belong to lhe 
cognates. All three fourbars share the original coupler point P and will thus generate the 
same palh motion on their coupler curves. 

In order to find the correct location of the fixed pi vot Dc frolllt he Cayley diagram. 
the ends of links 2 and 4 are returned to the original locations of the fi xed pivots 0/\ and 
08 as shown in Figure 3-25a (p. 125). The other links will follow this motion, maintain
ing the parallelogram rel ationships between links, and fixed pi vot Oc will then be in ils 
proper location on the ground plane. This configuration is called a Roberts diagram
three fourbar linkage cognates which share the same coupler curve. 

nle Roberts diagram can be drawn directl y from Ihe original linkage without resort 
to the Cayley diagram by noting Ihalthe parallelograms which form the other cognates 
are also present in the Roberts diagram and the Ihree couplers are simi lar triangles. It is 
also possible 10 locate fi xed pivot Oc directl y from the original linkage as shown in 
Figure 3-25a. ConSlruct a sim ilar tr iangle to that oflhe coupler. placing its base (AB) 
between 0.-1 and 0 8 , Its vertex will be at Dc. 

The ten-link Roberts configuration (Cayley 's nine plus the ground) can now be ar
ticulated up to any loggle pos ilions. and point P will describe the o riginal coupler path 
which is the same for all three cognates. Point Oc will nOI move when the Roberts link
age is articulated. proving thaI il is a ground pivol. The cognates can be separated as 
shown in Figure 3-25b and anyone of the three linkages used to generate lhe same cou
pler curve. Corresponding links in the cognates will have the same angular velocity as 
the original mechanism as defined in Figure 3-25. 

Nolle r 121 reports on work by Luck r 13J (in Gennan) thar defines the character of all 
fourbar cognates and theirtrunsmission angles. Iflhe originall inkage is a Grllshof cnmk
rocker. then one cognate will be also, and the other will be a Grashof double rocker. TIle 
minimum transmission angle of the crank-rocker cognate will be the same as that of the 
original crank-rocker. If Ihe o riginal linkage is a Grashof double-crank (drag link), lhen 
both cognates will be also and Iheir minimum transmission angles wi ll be the same in 
pairs thai are d riven from the same fi xed pivot. If the original linkage is a non-Grashof 
triple-rocker, then both cognnles are also triple-rockers. 

These findings indicate thar cognates of Grashof linkages do not offer improved 
transmission angles over the original linkage. Their main advantages are the different 
fixed pivot IOCalion and different velocities and accelerations of other points in Ihe link
age. While the coupler path is the same for all cognates. its velocities and accelerations 
will not generall y be the same since each cognate's overall geometry is differenl. 

-:=====-r12:3 
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(b) Align links 2 and 4 with coupler 
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(c) Construct lines poroUel to all sides of the original fourbar linkage to creote cognates 

FIGURE 3· 24 

Cayley dlagrom to flnd cognates of 0 lourbar linkage 
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FIGURE 3·25 

Roberts dIogrom of three fourbar cognates 
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When the coupler point lies on the line of centers of link 3, the Cayley diagram de
generates to a group of colinear lines. A different approach is needed to detennine the 
geometry of tile cognates. Hartenberg and Denavit lt JI give the following sct of steps to 
find the cognates in this case. The notation refers to Figure 3-26. 

Fixed pi vot Oc lies on the line of centers 01408 extended and divides it in the same 
ratio as point P divides AB (i.e .. Oc I OA = PA lAB). 

2 Line OAA2 is parallel to A tP and A2P is parallel to OAA t. locating A2. 

3 Line OnA3 is parallel to B JP and A)P is parallel to OBOl. locating A). 

4 Joint B2 divides line A2P in the same ratio as point P divides AB. This defines the 
first cognate OAA2B20 C' 

5 Joint B) divides line A)I' in the same ratio as point P divides AB. This defines the 
second cognate 0BA)i3)OC' 

The three linkages can then be separuted and each will independent ly generate the 
same coupler curve. The example chosen for Figure 3-26 is unusual in that the two cog
nates of the original linkage are identical. mirror-image twins. These are spcciallinkag
es and will be discussed further in the next section. 

Program FOUR BAR will automatically calculate the two cognates for any linkage 
configuration input to it. The velocities and accelerations of each cognate can then be cal
culated and compared. The program also draws the Cayley diagram for the set of cog
nates. Input the fil e F03-24.4br to program FOUR BAR 10 display the Cayley d iagram of 
Figure 3-24 (p. 124). Input the files COGNATE I Abr, COGNATE2.4br, and COGNATEJ.4br 
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(a) A tourbolllnkoge ond Its coupler curve (b) Cognates of the fourbor linkage 

FIGURE 3-26 

Finding cognates of 0 fourbor linkage when Its coupler point !Ies on the line of centers of the coupler 
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to animate and view the m()(ion of each cognate shown in Figure 3-25 (p. 125). 1hcircou
pier curves (at least those ponions that each cognate can reach) will be seen to be idelllicai. 

Parallel Motion 

It is quite common to want the output link of a mechanism to follow a panicular path 
without any rotation of the link as it moves along the path. Once an appropriale path mo
lion in the fonn ofa coupler curve and its fourbar linkage have been found. a cognmeof 
Ihat linkage provides a convenient means to replicate the coupler palh motion and pro
vide curvilinear translation (i.c .• no rotation) of a new. output link that follows the cou
pler path. This is referred to as parallel motion. Its design is best described with an ex
ample, the result of which will be a Watt's I sixbar linkagc· that incorporates the original four
bar and pans of one of ilS cognates. lhc method shown is as described in Soni.! t41 

!6J'XAMPLE 3·11 

Parallel Motion from a Fourbor Unkoge Coupler Curve. 

Problem: Design a sixbat linkage for p..1mllcl motion over a fourbar linkage coupler palh. 

Solution: (see Figure 3-27. p. 128) 

Figure 3·27a shows the chosen Gr-dshof crank-rocker fourbar linkage and its coupler curve. 
The first step is to creale Ihe Robens diagram and find ilS cognates as shown in Figure 3·27b. 
The Raben!> lin~age can be found directly. without reson to Ihe Cayley diagr-Jm, as described 
on p. 123. The fixed center Oe is found by dmwing a Iriangle similar to the coupler triangle 
AtBIP with ba~ 0 /108' 

2 One of a cran~·roc~er linkage's cognates will !Llso be a crank-rocker (here cognale #3) and 
the other is a Gmshof double-rocker (here cognate #2). Discard the double-rocker, keeping 
the links numbered 2. 3. 4. 5, 6. and 7 in Figure 3-27b. Note that links 2 and 7 are the IWO 

cranks, and boIh have the same angular velocity. 1be strategy is to coalesce these two cranks 
on a common center (0,,) and then combine them into a single link. 

3 Draw the line qq parallel 10 line O"Oe and through point 0 8 as shown in Figure 3·27c. 

4 Without allowing links 5, 6, and 710 rotate. slide them as an assembly !llong Jines O,.,Oellnd 
qq umil the free end of link 7 is at point 0A' The free end of link 5 will then be al point O~ 
Ilnd poim P on link 6 will be at r . 

5 Add a new link of length OAOe between P and P'. This is the new oll/pllllillk 8 and all points 
on it describe Ihe Original couplcr curve as depicted at points P. P' ,and P" in Figure 3·27c. 

6 The mechanism in Figure 3·27c has 8 links. 10 revolulcjoints. and one DOF. When driven 
by ei ther cran~ 2 or 7. all points on link 8 will duplicate the coupler curve of point P. 

7 This is an ol'rrdostd lit/kogt with redundant links. Because links 2 and 7 have the same 
angular velocity, they can be joined imo one link as shown in Figure 3·27d. Then link 5 can 
be removed and link 6 reduced to a binary link supponed and constrained as pan of the loop 
2.6, 8. 3. The resulting mechanism is a Watt· l sixbar (see Figure 2·14, p. 48) with the links 
numbered 1,2,3,4,6, lind 8. Link 8 is in clm·i/jI/('lII·/rol1sfotioll and follows the coupler 
path of the original point P.t 
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• AllOIhercommon melhod 
used 10 obtain (Wllllci 

motion is to dupticatc the 
same linlm~ (i.e .. the 

i!knlical cognate). connect 
them with a parallelogram 
loop. and tmlOVe two 
redundant links. ThIs rtSIIllS 
in an eight·link mechanism. 
Sa: Figure PJ.7on p. 150 
for an example of such I 

mechaniSm. The method 

shown here using. d/ffemll 
cognate result~ in a simpler 
linkage. oot either aJlllfOOCh 
will accomplish the desn'N 
goal. 

t Another e.w.amplc or. 
parallel ltlOIion S/llbar 

linkage is theOlebyd1e'l 
smtight·liroe lin~ 01 
Figure n·s. 011 p. 79. It is. 

combination or t ..... o of the 
cognates mown in Figure 
3·26. assembled by the 
method described in 
Example 3·1 t wid ~hown in 
Figure 3·27. 
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Geared Fivebar Cognates of the Fourbar 

Chebyschev also discovered that any fourbar coupler curve can be duplicated with a 
geared fivebar mechanism whose gear ratio is plus one, meaning that the gears tum 
with the same speed and direction. The geared fivebar's link lengths will be different 
from those of the fourbar but cun be detennined directly from the fourbar. Figure 3-28a 
shows the construction method. as described by Hall [151, to obtain the geared fivebar 
which wi ll give the same coupler curve as a fourbar. The original fourbar is OAA1B]OB 
(links 1.2.3,4). The fivebar is 0",A2PB20B (links 1.5,6,7.8). The two linkages share 
only the coupler point P and fixed pivots 0", and OB. The fivebar is constructed by sim
ply drawing link 6 parallel 10 link 2. link 7 parallel to link 4. link 5 paralleltoAIP. and 
link 8 parallel to B IP, 

A three-gear set is needed to couple links 5 and 8 with a ralio of plus one (gear 5 and 
gear 8 arc Ihe same diameter and have the same direction of rOlal ion. due to the idler 
gear). as shown in Figure 3-28b. Link 5 is attached to gear 5. as is link 8to gear 8. This 
construction technique may be applied to each of the three fou rbar cognates, yielding 
three geared fivebars (which mayor may not be Grashof). The Ihree five bar cognates can 
actually be seen in the Roberts diagram. Note that in the example shown, a non-Gmshof 
triple-rocker fourbar yields a Groshof fivebar. which can be motor driven. This conver
sion to a GFBM linkage could be an advantage when the "righe coupler curve has been 
found on a non-Grashof fourbar linkage. but continuous oUlput Ihrough the fourbari> tog
gle positions is needed. Thus we can see thattherc are at leasl seven linkages which will 
genemte the same coupler curve, three fourbars, three GFBMs and one or morc sixbars. 

B, Fourbar linkage r Gear 5 

0, 

R 

B, 
Fivebar linkage Idler gear 

8 

B, 

0) ~rns'ructiOn of eQuivalent nvebor Mnkoge (b) ResuMing geared ftvebor flnkoge 

FIGU RE 3 · 28 

A geared fJvebor IInkoge cognate 01 a 10urbor linkage 
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• In Watt's lime. Straight
Ime InoIlOO \o"as dubbed 
"parallel mOllon" though ",-e 
us.c lh,ll teml SOIl\CW h,11 

differemly now. James Wan 
is reported 10 have told his 
son "Though J om IlOl Ol"('r 

IIIlI'WlI$ aft .. , !alltf', >"1'1 1 am 
morr (mH1d of 1M parol/!'I 
nJo/ion lhan of any otMr 
mtrhumrolm",,'lIIoo I ha,-.. 
nllMk." ~ in Muirhead. 
J. P. (1854). Tilt Orixm tmd 
ProgI'V'S$ of Ih .. M«h/micul 
Im'('lIIiQIU of James Watt. 

VQI. J. London, p. 89. 

f NOIe Ill~ in Figure 3-2% 
(and 111 !-lgun: n-IO on p. 
80) that the driven dyad 
(lml.s 7 and 8 111 Fi~3-29b 

or) and 4 III Figure n-IO) 
an: • complit-.Iltd 
anangemcnt of sun and 
planet gtan w,th the planet 
lId( in II.l.'in:ular track. 

~ h:we the srune effect 
ll~ the simpler crank and 
COJ\llCClIrlg rod, Wnu W1lS 

forcM 10 invent the: ~un and 
planet drive to gel around 
Jllmes l)jcklll'lfs 1180 palelll 
on the cmnbhafl and 
connrt1li1g rod. 

* H:un I17I (1967)cileSlhe 
Ilockell reference (161 ( 1926) 
forthis linkage. Nolle 118) 
( 1974) show3' the Hocken 

mechani<;111 but refers to it as 
H O lChySl:hey !;TJr)I.:-mcker 
",!thou, !!olIng its cognate 
relationship to the 
ChcbyschcY double-rocl er. 
"hlCh he :Uso Mlow~. 11 is 
QeftlImly ~i \':ab~ th.u 
Ch-b)~ . .as one of!he 
creaIQrS of!he theoo.m of 
cogJ\aIC I~ WQIJJd have 
di'iCQl'eTl'd the " Boden" 
cognate of his own double
ruc~C'r. H OIIf,.'Vl'f. this author 
has tx.-en unable tQ find allY 
mention of il$ gcr~is in tlJe' 
English Irtcrntu~ OIher than 
the ones cited he~. 
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Program FOUR BAR calculates Ihe eq uivalem geared fivebar configur.ltion for an) 
fourbar linkage and will export its data to a di sk file that can be opened in program FIVE
BAR for anulysis. The file F03-28aAbr can be opened in FOUR BAR 10 unimate Ihe link
uge shown in Figure 3-28a. Then also ope n Ihe file F03-28b.5br in program FtVEBAR 10 

see the mOl ion of the equivalent geared fiveba r linkage. Note Ihat the originul fourbar 
linkage is a triple-rocker. so cannot reach all portions of Ihe coupler curve when driven 
from one rocker. BUI. its geared fivebar equivalent linkage can make a full revolulion 
und traverses the emire coupler palh. To export a FI VEBAR disk file for the equivaJenl 
GFBM of any fourb..1f Hnkage from program FOURBAR. use Ihe £.\port selection under 
the File pull-down menu. 

3.8 STRAIGHT-LINE MECHANISMS 

A very common appl ication o f coupler curves is the genemtion of approximale stroight 
lines. Simighi-line linkages have been known and used since the lime of Jumes Wall in 
Ihe 18th cenlury. Many kinematicians such as Walt . Chebyschev. Peauccllier. Kempe. 
Evans. and Hoeken (as well as Dlhers) over a century ago. developed or discovered ei
ther approximale or exact straight-line linkages. and their names are associated wilh 
those devices 10 this day. Figure 3-29 shows a collection of the beuer-known ones. most 

of which are also provided as animated Working Mode l files on the CD-ROM . 

The fi rst recorded applicalion of a coupler curve to a motion problem is Ihat of 
Watt 's straight -line linkage, patented in 1784. and shown in Figure 3-29a. Wall de· 
vised several straight-line linkages to guide Ihe long-stroke pi ston of his steam engineal 
a time when melal-culling machinery that could create a lo ng. straight guideway did nOi 
yel exist. ' Figure 3-29b shows the Wall linkage used 10 guide Ihe sleam engine piston.t 

nlis triple-rocker linkage is still used in automobile suspension systems to guide Ihe rear 
axle up and down in a straight line as well as in many OIher applic'lIions. 

Richard Robens ( 1789- 1864) (nol to be confused with Samuel Roberts of the cog· 
nates) d iscovered the Roberts' straight -line li nkage shown in Figure 3-29c. This is a 
triple-rocker. Chebyschev (182 1- 1894) also devised many stra ight.line linkages---a 
Grashof double-rocker-shown in Figure 3-29d. 

The Hoeken linkage It61 in Figure 3-2ge is a Grashof crank-rocker. which is a sig. 
nificant practical advantage. In addition. the Hocken linkage has the feature of very 
nearly conJulII/l'eiocily along Ihe ('elller porlioll of ils slraighl-line 1II01iOI/. It is inter· 
esting to note Ihalthe Hoeken and Chebyschev linkages arc cogn:lIes of one another.* 
The cognates shown in Figure 3-26 (p. 126) arc the Chebyschev :md Hoeken linkages. 

Figure 3-29f shows an Evan's stra igh t-line linkage. It is a triple rocker with a 
range of input link motion of aOOul - 75 10 +750 between loggle posi tions. The portion 
of coupler curve shown is all that is reachable belween those limits and has two stmight 
portions. The remainder of the coupler curve is a mirror image making a fi gure eight. 

These straight-line linkages are providt:d as built- in examples in progr,lm FOURBAR. 
Working Model fil es of many of them are also on Ihe CD-ROM . ArtoOOlevsky 1201 show~ 
7 Wail 's. 7 Chebyschev's. 5 Roberts" and 16 Evan's siraight-line linkages in his Vol. I 
thaI include Ihe ones shown here. A quick look in the Hrones ;lIld Nelson ntlus o f cou
pler curves will reveal a large number of coupler c urves with approximate straight-line 
segments. They are quite common. 
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• TIle Ii"~ nll;o,oflhc: Chc:by,c/'.ev smllllhl.line lin~.~~how" have been reponed d,IT.mllly by various aUlhor<. The "'!lOS used llertc all' I~ firs' repo<1ed 
!III Engli.h) by Kc:m~ (1877). f:M Kennedy j IR\l3) dt""tlOO ,1Ie .. me linkage:. reporlcdly ~." Chc:byscllev dtlllOl1.,no'ed ,I al'hc: VlClUla E>;h,b,"on of 18\l3~ 
.. 1Ia"mll die hnl mllos I. 3.n. 2.S. 3.25. We will assume lheurl ... , rererence by Kc:m~ 10 be c:~ as listed In the figure. BoIh may bec:~I'" Chc:by· 
SellCY reconIc:d Kv",.1 ",""gh, line link..,., tIc:. ign •. DOI 
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PeaucellieT was a Freoch 
MIlycaptain IIJ'Id miliwy 
cngintCr who fir.;! proposed 
his "COl11pas compose" or 
con!p()lllld compass in 1864 
but ~i"ed 00 imme(liale 
n!COpltlOll therefor. The 
British-American 
mallll:m:llician. JWIll'!i 
SylvwCT. reponed 01\ II 10 
theA,h .. neum Club In 

Loodon in 1874. lie 

observed that -The iNr/rcl 
ptualM lIIOfiOll oj 
Pl'IllK'l'iIi .. , loob w simpll' 
IIIld IIJQ\~S so l'usily (lwI 

~opl ...... ho 1ft' ;'1lI ",ort 
ulmrut Wlil'n'Wlly ~TP"SS 

(U'QflIS~rIIlha, II K"(liIW 

so limg 10 ITt'disru .... rrd:· A 

"lOdel of tile Pealnllier 
linkage was passed Wl)tIJld 

the table. 'The ranlOUS 
phy~icisl. Sir William 
lbomson (later Lord 
Kelvin). refused 10 
relinqUish it. declaring -No. 
I fu/I't IJ()/ had 111.'1,,1)' 

(,Mllgh oj iHI is II,e mosl 

~u'ifullhill8l hal'" ro'tr 

~tl1 III my lift. - Source: 
Slrnndh. S. (1979). II His/cry 
oflht Mm:hill". A&W 
Publisher's: New York. p. 67. 
A lAVA appIet th:d wlimates 
a l'eauccll ier ce ll can be 
fouJ'o(I at : h.I!R;l.l 
1IW11h2,malh.mbu.alu.lw/ 
jcrhUjlD/"l3v;t-M:C!Choodl -. 
t This figure is prov~:as 
an animated Workmg Model 

file on the CD-ROM. Its 
filename is the same as the 

figure number. 

LI =2 

L2= I 

L3= I 

1..,: I 

AP =2 

2 

0 , 

.............. ..... 

.//~ ~'~" '" 

\ 

~A_:.3 __ '~ ... ~~\\~\ •.. . , .... /.;·/:/i., ,... p 

0, 

DESIGN OF MA.CHINERY 

L5=4,=L7=Lg 

L I =L2 

L3:: L4 

0, 

CHA.PTER 1 

D 

5 
8 

Bl \ . 

\ 1 
- 1'1-

I 
/ 

' ....... _--/ / 

(I) An Evon s oppro~. straight-line finkage (g) Peauceller exact strOlQht·hne linkage 

FIGURE 3 - 29 part 2 

Approximate and exact straight-line linkages 

To generate an exact st rllight line with only pin joints requires more than four links. 
At least six links and seven pin joints are nceded to generate 1m exaci straight line with a 
pure revolute-joi nted linkage, i.e .. a Wntfs or Stephenson's sixbar. A geared livebar 
mechanism. with a gear ratio of -I and a phase angleofltradians, wil l generate an exact 
straight line at the joint between links 3 and 4. But thi s linkage is merely a transfonned 
Wall'~ six bar obtained by replacing one binary link with a higher joint in the fonn of a 
gear pair. This geared livebar's straight-line motion can be seen by opening the file 
STRAIGHT.5sR in program FrvEBAR, and animating the linkage. 

IJea ucellier· (1864) d iscovered an exact straight-line mechanism of eight bars and 
six pins. shown in Figure 3-29g.t Links 5, 6, 7, 8 fonn a rhombus of convenient size. 
Links 3 and 4 can be any convenient but equal lengths. When 0 204 exactl y equals 02A. 
point C generates an arc of infinite radius, i.e., an exact st raight line. By moving the 
pivot O2 len or right from the position shown, changing only the length of link I, this 
mechanism will generate true circle ares with radii much larger than the link lengths. 
Other exact straight-line linkages exist as well. See Artobolevskyl201. 

Designing Optimum Straight-line Fourbar Linkages 

Given the fact thll! an exact straight line can be generated with six or more links using 
on ly revolute joints. why use II fourbar approximate straight-line linkage aI all ? One 
reason is the desire for simplicity in machine design. The pin-joimed fourbar is the sim
plest possible l-DOF mechanism. Another reason is that a very good approximat ion to 
II true straight line can be obtained with jusl four links. and Ihis is o ften "good enough" 
for the needs of the machine being designed. Manufacturing tolerances will. after all. 
cause any mechanism 's performance to be less Ihan ideal. As the number of links and 
joints increases, the probability Ihat an exact-straight-line mechani sm will deliver its the
oretical pcrfonnance in pract ice is obviously reduced. 
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There is a real need for siraighi-line mOlions in machinery of all kinds, especially in 
aUiomaled production machinery. Many consumer products such as cameras, film, toi
letries, razors, and boules are manufaclured, decorated, or assembled on sophisticated 
and complicated machines that contain a myriad of linkages and cam-follower systems. 
Traditionally, most of Ihis kind of produclion equipment has been of Ihe intenniUent
motion variety. This means Ihat the product is carried Ihrough the machine on a linear or 
rolary conveyor that SlOpS for any operation to be done on the product, and then indexes 
the product 10 the next work Slation where it again stops for another operation 10 be per
formed. The forces, torque. and power required to accelerate and decelerate the large 
mass of the conveyor (which is independent of. and typically larger than, Ihe mass of the 
product) severely limit the speeds at which Ihese machines can be run. 

Economic considerations continually demand higher product ion ra tes, requiring 
higher speeds or additional. expensive machines. This economic pressure has caused 
many manufacturers to redesign the ir assembly equipment for continuous conveyor 
motion. When the product is in continuous motion in a straight line and at constant ve
locity, every workhead th;lt operates on the product must be articulated 10 chase the prod
UCI and match bOlh its straight-line path and its constant velocity while perform ing the 
task. These factors have increased the need for straight-line mechani sms. including ones 
capable of near-constant velocity over the straight-line path. 

A (near) perfect straight-line motion is easily obtained with a fourbar slider-~ rank 
mechanism. Ball-bushings (Figure 2-31. p. 63) and ball-slides (Figure 2-36, p. 65) are 
available commercially at moderale COSI and make this a reasonable , low-friction solu
lion to Ihe straight-line path guidance problem. But. the cost and lubrication problems 
of a properly guided slider-crank mechanism are sliJI greater than those of a pin-jointed 
fourbar linkage. Moreover, 3 crank-slider-block has a velocity profile that is nearly si
nusoidal (with some hamlOnic conlent) and is far from having constant velocity over any 
of its motion. (See Section 3. 10 (p. 141 ) for a modified slider-crank mechanism that has 
nearly constant slider velocity for part of its stroke.) 

The Hoeken-type linkage offers an optimum combinatjon of straighlness and near 
constant velocity and is a cronk-rocker, so it can be motor driven. Its geometry, dimen
sions. and coupler path are shown in Figure 3-30 (p. 134). This is a symmetrical fourbar 
linkage. Since the angle "(of line BP is specified and L3 = L4 = BP, only two link ratios 
are needed to define its geometry, say LtllJ2 and L3/1J2. If the crank ~ is driven at con
stant angular velocity Wz, the linear velocity V,f along the straight-line portion dx of the 
coupler path will be very close to constant over a significant portion of crank rotation 6.~. 

A study was done to detemline the errors in straightness and constant velocity o f the 
Hoeken·type linkage over various frac tions.6~ of the crank cycle as a func tion of the link 
ratios. [191 The structural error in position (i.e .. slraighlness) ES and the structural error 
in velocity Evare defined using nOlation from Figure 3-30 as: 

MAXr • • (V.rI)- MJN;"~I(V.r,) 
tv"" -V, 

~---~133 

• See refermce [19) for lIE 
deriv.tion of equations 3,j. 
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TABLE 3 - 1 

Crank angle 
corresponding 
10 .6..1" 

FIGURE 3·30 

DESIGN Of MACHINERY CHAPTER 3 

------
1---- ", , , , --_ ......................... ~ .. ---

y + " cq P Accurate ponion 
.-- C r - of straight Iinc 
J with near 

I constant velocity 

c, 

1_ .. x 

0, 

Hoekens linkage geometry. unkoge shown With Pol center 01 stroight-line portion of pofh 

The structural errors were computed separately for each of nine crank-angle ranges 
a~ from 20° to 180°, Table 3- 1 shows the link ratios that give the smallest possible struc
tural ~rror in e ither position or velocity over values of AP from 20" 101800

, NOie thai 
one cannot allain optimum simighlncss and minimum velocity error in the same linkage. 
However. reasonable compromises between the two cri teria can be achieved. especially 

Link Ratios 101' Smallest Attainable Errors In Straightness and Velocity lor Various 
Crank-Angle Ranges of a Hoeken-Type Fourbor Approximate Straight-Una Unkage (19) 

Ronge 01 Motion Optimized tor Straightness Oplfmlzed tor Constant Velocity 

O/l ' .. "" % 01 Mcu.rmum . v v. Unk Rcrllo$ MolClmum .C, V. "'" """" (cIeg) (cIeg) eyel. nCr % % (t: w:z) t, I t: £3 I t: ox I ~ n Vx % % (t: 1rl2) t r I t: t3/t: ox," 

20 170 5.6% O.CXOOI% 0.38% 1.725 2.975 3.963 0.601 0.006% 0.137%. 1.37.:1 2.075 2.613 0.480 

4() It" 11.1% 0.(X)()()3 1.53% 1.717 2.950 3.925 1.193 0.038% 0.27.:1% 1.361 2.050 2.575 0."" 

50 ISO 16.7%. 0.('X))27%. 3.48'\ 1.702 2.900 3.850 1.763 0.106% 0.387%. 1.3.:17 2.025 2.538 J..:I1I 

80 I'" 22."" 0.001% 6.27%. 1.679 2.825 3.738 2.299 0.340% 0.503% 1.319 1.975 2.463 1.845 

100 130 27.8'l. 0.004 .... 9._ 1.646 2.725 3.588 2.790 0.910% 0.""'" 1.275 1.900 2.350 2.237 

120 120 33.3% 0.010% 14.68"1. 1.611 2.625 3.438 3.238 1.885 .... 0.752'l. 1.229 1.825 2.238 2600 

I'" liD 38 .... 0.023% 20 ...... 1.565 2.500 3.250 3.623 3.327% 0 ...... 1.178 1.750 2.125 2932 

150 100 4A .... 0.047% 27.15% 1.504 2.350 3.025 3.933 5.878% 1.067".1. 1 12.:1 1.675 2.013 3.232 

180 90 SO."" 0.096% 35.31% 1.436 2.200 2.800 .:1.181 9.299'4 1.446% 1.045 1.575 1.863 3.456 

....oJ .. 
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for smaller ranges of crank angle. The errors in both straightness and velocity increase 
as longer por1ions of Ihe curve are used (larger oP). The use of Table 3- 1 to design II 
straight-line linkage will be shown with an example. 

;:In'XAMPl' 3·12 

Designing a Hoeken-Type Straight-Una Unkage. 

Problem: A IOG-mm-Iong straight-line motion is needed over IfJ of the 10lal cycle ( 120" 
of crank rOlation). Oetennine the dimensions of a Hoeken-type linkage that will 

(a) Provide minimum deviation from a straight line. Oetennine its maximum 
deviation from eonstant velocity. 

(b) Provide minimum deviation from constant velocity. Dctennine its maximum 
deviation from a straight line. 

Solution: (see Figure 3-30 and Table 3-1) 

Pan (a) requires the most aCCUT"Jte straight line. Enter Table 3-1 at the 6th row which is for 
II crank-angle duration 6~ of the required 120". The 4th column shows the min imum possi
ble deviation from straight tQ..be 0.01 % of the length of the straight-line ponion used. For a 
IOG-mm length the absolute deviation will then be 0.01 mm (0.0004 in). The 5th column 
shows that its velocity error will be 14.68% of the average veloci ty over the IOG-mm length. 
The absolute value of this velocity error of course depends on the speed of the CT"JIlk. 

:2 The linkage dimensions for part (a) are found from the ratios in columns 7. 8. and 9. The 
crank length required to obtain the loo-mm length of straight line 6x is: 

from Table 3 - I : 8.( = 3.238 
C, 

L,. = ~ = 100 mm _ 30.88 mm 
3.238 3.23 

The other link lengths are then: 

from Table 3-1; 

from Table 3-1: 

~=2.625 
C, 

Ll =2.625~ =2.625(30.88 mm)=81.07 mm 

Lj = 3.438 
C, 

Lj = 3.438~ :: 3.438(30.88 mm)= 106.18 mm 

(b) 

(0) 

Theeolllplele linkageis then: Ll :::: 81.07.l.Jz. = 30.88. L):: L4 =8P:: 106. 18 mm. The nom
inal veloci ty V, of the coupler point at the center of the straight line (92 = 1 BOO) can be found 
frolll the factor in the 6th column which must be mult iplied by thc crank length L2 and the 
CT"JIlk angular veloci ty <Ut in radians per second (rad/sec). 

r----~n. 
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] Pan (b) requires the most accurate velocity. Again enter Table 3· 1 (p. 134) at the 6th row 
which is for a crank angle duration 6~ of the required 1200. 1be 10th column shows tilt 
minimum possible deviation from constant velocity to be 1.885% of the average velocity \ A 

over the length of the straight-line portion used. The II th column shows the deviation from 
srraight to be 0.752% of the length of the straight line portion used. For a loo.nvn length the aJ>. 
solute deviation in straightness for this optimum constant vdocilY linkage will then be 0.75 mm 
(0.030 in). 

The link lengths for this mechanism are found in the same way as was done in step 2 excepl 
that the link r.llios 1.825.2.238. and 2.600 from columns 13. 14. and 15 are used. The resuh 
is: L\:: 70.19, Lz. = 38.46. L) = 4 = BP :: 86.08 mm . The nominal velocity V .. of the cou
pler point at the center of the straight line (92 '" 180°) can be found from the factor in the 12th 
column which must be mult iplied by the crank length ~ and the crank angular velocity fIl2 
in rad/sec. 

" The first solution (s tep 2) gives an extremely accurate stn.ight line over a significant pan of 
the cycle but its 15% deviation in velocity would probably be unacceptable if that factor was 
considered important. The second solution (s tep 3) gives less than 2% deviation from con
stant velocity, which may be viable for a design application. Its 3/4% deviation from 
straightness. while much grealer than the first design. may be IIcceptable in some situations. 

3.9 DWELL MECHANISMS 

A common requirement in machine design problems is the need for a dwell in Ihe output 
molion. A dwell is defined as zero olllpm motiollfor some "oflZero i"pIII moljo", In 
other words. lhe mOlOr keeps going, but the output link stops moving, Many production 
machines perform a series of operations wh ich involve feeding a pan or tool into a work
space. and then holding it there ( in a dwell) whi le some task is performed. Then the pan 
must be removed from the workspace. and perhaps held in a second dwell while the rest 

of the machine "catches up" by indexing or perfomling some olher tasks. Cams and 
followers (Chapter 8) are often used for these tasks because it is trivially easy to create a 
dwel l wilh a cam. But, there is always a trade-off in engineering design. and cams have 
their problems o f high COSI and wear as described in Section 2. 15 (p. 57). 

II is also possible to obtain dwells wi th "pure"linkages of only links and pinjoin{S, 
which have the advantage over cams of low cost and high reliability. Dwell linkages are 
more difficuilio design than are cams with dwells. Linknges will usually yield only an 
approximate dwell but will be much cheaper to make and maintai n than cams. Thus they 
may be well worth the effort. 

Single-Dwell Linkages 

There are two usual approac hes to designing single·dwe lilinkages. Both result in six· 
bar mechanisms. and both require first finding a foutbar with a suitable coupler curve, 
A d yad is then added to provide an outpUt link with the desired dwell characteristic. The 
fi rst approach to be discussed requires the design or definition of a fourbar with a cou
pler curve that contains an approximate circle arc portion. which "arc" occupies the de
sired port ion of the input link (crank) cycle designated as lhe dwell . An atlas of coupler 
curves is invaluable for this part of the task. Symmetrical coupler curves are also well 
suited to this task. and the information in Figure 3·21 (p. 120) can be used to find them. 
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ilnEXAMPlE 3· 13 

Single-Dwell Mechanism with Only Revolute Joints. 

Problem: 

Solution: 

Design II sixbar linkage for 900 rocker motion over 300 crank degrees with dwell 

for Ihe remaining 60°. 

(see Figure 3·3 1. p. 138) 

Search the H&N atlas for a fourbar linkage wilh a coupler curve having an approximllte 
(pseudo) circle arc ponion which occupies 6O"of crank motion (12 dashes). The chosen four
bar is shown in Figure 3·3 Ia. 

2 Layout Ihis linkage to scale including the coupler curve and find the approximate center of 
the chosen coupler curve pseudo·arc using gr.lphical geometric techniques. To do so. draw 
the chord of the arc and construct its perpendicular biseclor as shown in Figure 3·3 1 b. The 
center wi ll lie on Ihis bisector. Find it by striking arcs wilh your compass point on the bisec
tor. while adjusting the radius to get the beSI fi t to the coupler curve. Label the arc center D. 

3 Your compass should now be set to the approximate radius of the coupler arc. This wil l be 
Ihe lenglh of link 5 which is 10 be attached at the coupler point P. 

4 Trace the coupler curve with the compass point. while keeping the compass pencil ltad on 
the perpendicular bisector. and find the extreme location along the bisector that the compass 
lead wi ll reach. Labellhis point E. 

5 The line segment DE represents Ihe maximum displacemenlthat a link of length PD. at· 
tached at P. will reach along the bisector. 

6 Construct a perpendicular bisector of the line segment DE. and extend it in a convenient di · 
rection. 

7 Locale fixed pivot 0600 the bisector of DE such that lines O,p and 0t,E sublend the desired 
output angle. in this example. 90°. 

8 Draw link 6 from 0 (or E) through 06 and extend 10 anyconvenienllenglh. This is Ihe OUI· 
pUll ink which will dwell for the speci fied ponion of lhe crank cycle. 

9 Check the transmission angles. 

10 Make a cardboard model of the linkage and aniculme it to check its function . 

This linkage dwe ll s because. during Ihe time that the coupler point P is Il"dversing 
the pseudo·arc portion or the coupler curve, the other end of link 5. attached to P and the 
same length as the arc radius. is essentially stationary at its other end. which is the arc 
center. However the dwell at point D will have some "jitter" or oscillalion. due to the 
ract that D is only an approximate center of the pseudo·arc on the sixth-degree coupler 
curve. When point P leaves the arc port ion. it will smoothly drive link 5 from point D to 
point E. which will in tum rotate the OUipul link 6 through its arc as shown in Figure 
3·3 1 c (p. 138)." Note that we can have any angular displacement of link 6 we desire with 
the same links 2 to 5. as they alone completely define the dwell aspeCI. Moving pivot 
06 left and right along the bisector or line DE will change the angular displacement of 

- This rtgwt is provided as 
an animated Worung Model 
fiJe on the CD-ROM. lIS 
fiJmame i5 the same as the 
figun: 1IIIlIIber. 
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link 6 but not its timing. In fact. a slider block cou ld be substituted for link 6 as shown 
in Figure 3-3Id" and linear translation along line DE with the same timing and dwell at 
D will resull. Input the file F03-3 Jc.6br to program SIXBAR and animate to see the link
age of Example 3-13 (p. 137) in motion. Thedwell in the motion of link 6 can be clearly 
seen in the animation, including the j iller due to its approximate nature. 

Double-Dwell linkages 

It is also possible. using a foumar coupler curve. to create a double-dwel l OUlput motion. 
One approach is the same as thai used in the single-dwell of Example 3-11 (p. 127), Now 
a coupler curve is needed which h:15 /11'0 approximatc circle arcs of the same radius but 
wilh different centers. both convex or both concave. A link 5 of length equal to the mdi
us of the two arcs will be added such that it and link 6 will remain nearly stationary at 
the center of each of thc arcs, while the coupler point tmverses the circular pans of its 
path. Motion of the output link 6 will occur only when the coupler point is between those 
arc ponions. Higher-order linkages, such as Ihe geared fiveba r. c:m be used 10 create 
multiple-dwell outputs by a similar technique since Ihey possess coupler curves wilh 
multiple, approximate circle arcs. See Ihe built-in example double-dweli linkage in pro
gram SIXBAR for a demonstration of Ihis approach. 

A second approach uses a coupler c urve with two approximate straight-line seg
ments of appropriate durat ion. If a pivoted slider block (link 5) is :lUnched to the' cou· 
pIer at this point. and link 6 is allowed to slide in link 5, it only remains to choose a pivot 
06 at the intersection of the straight-line segments ex tended. The result is shown in 
Figure 3·32 (p. l40). While block 5 is traversing the "straight-line" segments of the 
curve, it will not impan any angu lar motion \0 link 6. The approximate nature of the four
bar straight line causes some jillcr in these dwells also. 

Jtn,XAMPLE 3- 14 

Double-Owell Mechanism. 

Problem: 

5oIuflon: 

Design a sixbar linkage for goo rocker output motion over 20 crank degrees with 

dwell for 160°. relUm motion over 140" and second dwell for 40°. 

(see Figure 3-32. p. 140) 

S('arch the H&N atlns for a fourbar linkage with a coupler curve having two approximme 
struight.line ponions. One should occup)' 160° of crank mOlion (32 dashes). and the second 
40" of crank motion (8 dashes). This is a wedge-shaped curve as shown in Figure 3-318. 

:! La)' OUI this linkage 10 scale including the coupler curve and find the intersection of two tan· 
gent lines colincnr with the slrJ.ighl segments . L1bel this point 06. 

J Design link 6to lie atong these straight tangents, pivot('d at 0 6. Provide a slot in link 6 to 
accommodate slider block 5 as shown in Figure 3-32b. 

~ Connect slider block 5 to the couplcr poinl P on link 3 with a pin joint. 1be finished sixbar 
is sholOm in Figure 3-32c. 

5 Check the tmnsmission angles. 

•• 

• This figure is provided lIS 
an animllled Working MQ(\ct 
file on the CI)..RQM. tIS 
filename is the same as the 
figure number. 
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II should be apparent that these linkage dwell mechanisms have some disadvantag
es. Besides being di ffic ult to synthesize, they give only approximate dwells which have 
some j iner on them. Also. they tend to be large for the output motions oblained. so do 
not package well. The acceleration of the outpul link can also be very high as in Figure 
3-32, when block 5 is ncar pivot 06' (Note the large angu lar displacement of link 6 re
su lting fro m a small motion of link 5.) Neverthe less they may be of value in situations 
where a complete ly stationary dwell is not requ ired. and the low cost and high reliability 
of a linkage are important factors. Program SIXBAR has both single-dwell and double
dwell example linkages built in. 

3.10 OTHER USEFUL LINKAGES' 

There are many practical machine design problems that can be solved with clever link
age design. One of the best references for these mechanisms is by Hain,l221 Another 
useful catalog of li nkages is the five volumes of Artobolevsky.l201 We will present a few 
examples from these that we find useful. Some are fourbar linkages, others are Wall 's or 
Stephenson's sixbars. or eightbar linkages. Anobolevsky provides link ratios. but Hain does 
not. Ham describes their graphical construction. so the dimensions of his linkages shown here 
are approximate. obtained by scaling his dr..!wings. 

Constant Velocity Piston Motion 

The fourbar slider crank linkage is probably the most frequenlly used linkage in machin
ery. Every internal combustion (IC) engine and reciprocating compressor has as many 
of them as it has cyl inders. ManufaclUring machinery uses them to obtain straight line 
motions. In most cases this simple linkage is completely adequate for the application. 
converting continuous rotary input to oscillating straight-line o utput. One limitation is 
lack of control over the slider's velocity profi le when the crank is driven with constant 
angu lar velocity. Altering the link rat ios (crank vs. coupler) has a second-order effect on 
the shape of the slider's velocity and acceleration curvest but it will always be funda
mentally a sinusoidal motion. In some cases. a constant or near constant velocity is need
ed on either the forward or backward stroke of the slider. An example is a piston pump 
for metering nuids whose now rate needs to be constant during the delivery slroke. A 
direct solution is to use a cam to drive the piston with a constant velocity motion rather 
than use a slider crank linkage. However, Hainl221 provides a pure linkage solution to 
this problem thai adds a drag-link fourbar stage to the slider crank with the drag-link geom
elJ)' chosen to modulate the sinusoidal slider motion to be approximately constant velocity. 

Figure 3-33 (p. 142) shows the result. which is effectively a Watt's sixbar. Constant 
angular velocity is input to link 2 of the drag-link stage. II causes its "OUlPUt" link 4 to 
have a nonconstant angular velocity that repeats each cycle. This varying angular veloc· 
ity becomes the " input" to the slider-cI"olJlk stage 4-5-6 whose input link is now link 4. 
Thus, the drag link 's velocity oscillation effectively "corrects" or modulates the slider 
velocity to be close to constant on the forward stroke as ploned in the figure. The devi
ation from constant velocity is < I % over 2400 < 92 < 2700 and <= 4% over 1900 < 92 < 
316°. lis velocity on the return stroke must therefore vary to a greater degree than in the 
unmodu lated linkage. This is an example o f the effect o f cascading linkages. Each 
stage's output function becomes the inpulto the next and the end result is their mathematical 
combination. analogous to adding tenns to a series. See the TKSo/l'er file Dragslider.tkw. 

1"'"---'4 

• A number 0( quite 
inlerwing lmuges can be 
fwOO al the \lI~b ~i lc : 

hup:l1www.mf4abbs.pwp 
,biucyoodq.ro,ult 
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M(cbanjca! Linkages btmL 
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dmwing.-; oftinlc:ages and 
!heir (lOUpler curves ptus 
links 10 d(Iow'nJo.cbble JAVA 
appkU lhat animalC the 
linkage rllOIioos. A 
coIl«tion ofsuch applets is 
at: hl1R:ll 
math2,uwb.nthu cdU twI 
icchulIOflaya·skeichpadl -. 
t This IOpic will be 
addressed in depth in 
ClIapIer 13. 



"2 DESIGN Of MACHINERY CHAPTER 3 

L,,,,,\.OOO 
L2": 2. 170 
1..3'" 2.067 

Ie "" 
4 = 2.310 Nonnalized 
L5 '" 5.400 Ie ~ Velocity of Slider 

2 -----
0 ~ 

\ 
\ 

, 
" "- / - -"-, --~ 

W1.,.cr\U ~ .1 
'- \"(' :w2 

I , 
-40 - 90 180 270 360 

FIGURE 3 · 33 
O2 (dcg) 

Approxlmate constant velocity, drogllnk driven sllder-cronk sIxbor mechOnlsmC22J 

• The link.ages shown in 
Figul"d 3-34 and 3-35 can 
be Ilnirll:lted III progrnm 
StXIJAR by opening the files 
AJ3-34.6b.- and RJ3·35.6b.-. 
respectivety. 

In addition to metering fluids,lhis linkage has application in situations where a part 

must be picked up from a nest on the stationary ground plane and transferred to a con
veyor Ihal is moving at constant velocity. The slider has points o f zero velocity at each 
extreme of motion, exact waigh! line mOl ion in both directions. and a long region of 
approxim31ely constant velocity. Note however, that the Hockens straight-line linkage 
of Section 3.8 (p. 130) gives a nearly exaCI straight line with close to constant velocity 
using'only four links and four pin joints mtller than the six links and slider trJ.ck needed here. 
nlC HlXken's linkage is also useful for the pick-and-place;!lt-constant velocity application. 

large Angular Excursion Rocker Motion' 

It is o rtcn desired to obtain a rocking motion through a large angle with continuous rota
ry input. A Gmshof fourbar crank-rocker linkllge is limited 10 about 120" of rocker os
ci llation if the transmission angles are to be kepi above 30°. A rocker oscillation of ]800 
would obv iously take the transmission angle to zero and also create a Barker Class III 
linkage with change points. an unacceptable solution. To get a targer oscillation than 
about 120° with good transmission angles requires six links. Hainl2:01 designed such a 
linkage (Figure 3-34) as a Stephenson 's III six bar that g ives 180° of rocker motion wilh 
continuous rotation of the input crank. It is a non-quick-retum linkage in which 180° of 
input crank rotation corresponds to the full osci llation of the output rocker. 

An even larger rocker output of aboul2l2° is obtained from the Watfs II sixbar link
age shown in Figure 3-35. This mechanism is used to oscillate the agitator in some wash
ing machines. The motor drives toothed crank 2 through a pinion P. CrJ.nk 2 oscillates 
rocker 4 through 102° via coupler 3. Rocker 4 serves as the input to rocker 6 through 
coupler 5. Rocker 6 is attached 10 the agitator in the washtub. The minimum transmis
sion angles arc 36° in stage I (links 2-3-4) and 23° in stage 2 (links 4-5-6). 

H:linf22J also crellted a relllarkllbJe eight bar linkage that gives ±360° of osci llatory 
rocker mOl ion from continuous unidirectional rotation of the input cronk! 'nlis linkage. 
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0; 

I / 
.1 ~ I T I) 

1.905 
I) 

,\ x 

0, 0, 
3 5 

C O. O. 

(0) Extreme CCW position of link 6 (0) Mid position 01 link 6 (e) Extreme CW poSition 01 link 6 

0 4 0 6 ", 1.00 

L2"" 1.556 

L3 = AB = 4.248 

L.I"" 1.125 

L6: 1.542 

CD:2. 158 

DB ", 3.274 

LeDB '" 36° 

; .. - ,-~ Stephenson's til sixbor with 180" oscDlotion of Qnk 6 when cronk 2 revolves tully (5otxce; ~. pp. <J48.45O) 

shown in Figure 3-36 (p. 144). 111Is a minimum tl1U1smission angle of 300. Slight chrUlges 10 
this linkage's geometry will give more or less than ±360" of output crank oscillat ion. 

Remote Center Circular Motion 

When a rotary motion is needed but the cente r of that rotat ion is not a vailable to 
mount the pi vot o f a crank . :1 linkage can be used to describe an approximate or exact 
circular motion " in the air" remote frOIll the fixed and moving pivols o f the linkage. 

(a) Extreme CCW posillon of link 6 01 +96 4 (0) Exfreme CW posihoo Of link 6 ot -116.2 

I) 

[ii: 1.000 Lp:3.800 L5: 1.286 4"'0.77 1 0 48= 1.286 04D;.I,429 0 20 4 :3.857 0 20 6 =4.643 1 

FIGURE 3-35 

Washng machine ogitotor mechonlsm - conslonl speed molor drives Unk 2 ond ogitolor Is oscltloted by Ynk 6 01 Dt~ 
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0, 

(0) First exlleme positiOn. ~ .. 209" (b) Second extreme poSItiOn. ~., 19' 

0 20 4 - 1.00 £.:!_0.450 L3-0.990 L6-0.325 L7-0.938 Lg_0.572 CD_0.325 CE- 1.145 

D£=0.823 LCDE= 1730 

FIGURE 3 -36 

Elghlbor llnkoge with ±360° oscillatory rotation of link 8 when crank 2 revolves fuly (Sou-ce 1-IorIC22l pp. 368-370) 

o. 

A8=BP=804 = 1.0 

A02=0.136 

0204= 1.414 

3 

ArlObolevsky[20l shows ten such mechanisms. two of which are reproduced in Figure 3-37. 
Figure 3-37a shows a Chebyschev fourbar approximate circle-tracing linkage. When 
the crank rotates CCIV. point P Il"'..Ices a circle of the same diameter CWo Figure 3-37b 
shows a Delone exact circle·tracing sixbar linkage that contains a pantograph cell 
(B-C-lJ-04) that causes point P to mimic the motion of point A. giving an exact 1:1 
replication of the circu lar motion of A about 04, but rotating in the opposite direc· 
tion. If a link were added between Op and p, it would rotute III the same speed but in 
the opposite di rection to link 2. Thus th is linkage cou ld be substituted for a pair of 
external gears (ge3rset) with a I: I ratio (see Chapter 9 for information on gears). 

4 

/ ........... . 

.- ..... P 

II 

AB:::BC=CD=DP-B04 = D04 = 1.0 
0 20 4 ", 0.75 ( 
0 40 1.=0.75 
A02 =0.5 

A 

I) 

.' ....... ~ 
__ J_-_.L.L 

\. -Op) 
, .......... .... 

(0) Chebyschev opp4"oximOte ckcle-troc!ng fourbor (b) De!ane exact clrcle·hoeing siXbor 

FIGURE 3 -37 

Circle generating mechanisms (5cu"ce; Artobole\l$ky (2OJ Vol I. pp 450(451) 
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• All problem ligures are 
provided as PDF fil('$, and 
some an: also provided as 
animatC'(\ Wooing Model 
files; all are 0fI the CD
ROM. PDF filertalllC!l are 
the same: as the figure 
num ber. Run the fiJc 
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and !WI the wlima.ions.. 

• Ans .... 'Cfli in Appendix F. 
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3.13 PROBLEMS' 

-3-1 Define the following examples as p3th.l11OIion. or function gcnel1llion cases. 

3. A telescope aiming (star tl1lcking) mechanism 
b. A backhoe bucket control mcchanism 
c. A thennostat adjusting mechanism 
d. A computer printcr hcad moving mechanism 
c. An XY plotter pen control mechanism 
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3·2 Design It fourOOr Grnsoof cr.ank·rocker for 90" of OUTput rocker l11OIion with no quick· 
return. (See Example 3· 1, p. 93.) Build a cardboard model and detenninc the toggle 
positioos and the minimum tr.ansmission angle from the model. 

"3·3 Design a fourbar mechanism 10 give the TWO positions shown in Figure P3·1 of output 
rocker lll()(ion with no quick.return. (See Example 3-2. p. 95.) Build a cardboard model 
and determine the toggle positions and the minimum tronsmission angle from the model. 

3-4 Design a fourbar mechanism to give the two positions shown in Figure P3· 1 of coupler 
n1(Mion. (Sec: Example 3·3. p. 95.) Build It cardboard model and detenninc the toggle 
positions and the minimum transmission angle from the model. Add It driver dyad. (See 
Example 3-4. p. 97.) 

"3·5 Design a fourbar mechtUlism to give the three positions of coupler l11OIion with 00 quick. 
return shown in Figure P3·2. (See n1so Exanlple 3-5, p. 99.) Ignore the points O2 and 04 
shown. Build It clLrdboard model and determine the toggle positions and the minimum 
transmission angle from the model. Acid It driver dyad. (See Example 3-4, p. 97.) 

"3-6 Design a fourbM rncch:Ulisrn to give the three positions shown in Figure P3·2 (p. 148) 
using the fixed pivots O2 ruK! 04 shown. Build It cardboard model ruK! detemline the 
toggle positioos and the minimum tr-.ansrnission angle from the model. Add a driver dyad. 

3·7 Repeal Problem 3·2 with II quick·return time ratio of I: 1.4. (Sec: Example 3·9. p. 108.) 

·).8 Design a sixbar drag link quick·return linkage for a time ratio of I :2. and OUtput rocker 
mOlioo of ff1'. 

3·9 Design a crank-shaper quick-return mechanism for It time mtio of 1:3 (Figure 3-14. 
p.112). 

"3-10 Find the two cognates of the linkage in Figure 3-17 (p. 116). Drnw the Cayley and 
Roberu diagrams. (beck your results with progmm FolIRBAA. 

3-11 Find the three equivalent gcared fivebar linkages for the three fourbarcognales in 
Figure 3-25a (p. 125). Check your results by comparing the coupler curves with programs 
FouR6AR and FlVEBAR. 

1.750 
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fiGURE P3- 1 

Problems 3-3 to 3-4 
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TABLE P3·D 
Topic/ Problem Matrix 

3.2 FI..W'ICIion, PattI, and 
MoIIon ~aIIoI, 

'-I 
3.3 Um/ting COndIIIonl 

3-14.3-22.3-23.3-
36.3-39.3-42 

3.' Dlmen5lonol 
Synlt!esll 
1~_ 

3·2.3·3.3-4.3-20.3-
46.3-47.3-49.3-50. 
3·52,3-53.3-55.3-
56.3-59. 3-60. 3·63, , .... 
Three-Position v.1th 

-"""'" """" 3·5.3-48.3-51.3-54. 
3-57.3-61.3-65 
Three-PosIIIon witt! -"' .. """'. 
3-6.3-58.3-62.3-66 

3.5 Quick·Return _ ........ 
'"""'" 3-7. 3-67. 3-68. 3-69 

""'" 3-8.3-9.3·70.3-71 

3.6 COUpktr C ........ 

3-15.3-33.3-34.3-35 

3.7 Cognates 

Paola! Motion 

3-17,3·18.3-21. 3·28 

"""' .. """"'" Cog'IOtes 01 the 
,outx> 
3-11.3-25,3·38,3-
41.3-44 

3.e Strolghl-Llne 
Mechonltm. 

]-19.3-31. 3-32 

3.9 Dwell Mechonlsrm 

SIngle DweI 
3·12. 3-n. 3-73. 3-74 
~DweI 

3-13.3-26.3·27 

• Answers in Appendix F. 
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2.371 

1.035 

r 

0.652 
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2.019 --j"-- 2.409 

- 0.995 --j-,----- 4.303 

, 0, 0, 
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3· 12 Design II sixbar single-dwelJ linkage for II dwell of9O" of crullk moIion. with an OUtput 
rocker m()(ion of 45°, 

)·13 Design II sil>bar double-<lwell linkage for a dwell of9O" of cr.mk nlOlion, with an output 
rocker motion of6O". followed by a second dwell of about 60" of emnk moIion. 

3-14 Figure P3-) shows II treadle opcrmcd grinding wheel driven by n foumar link3ge. Make a 
canlbo.:ml model of the linkage to any convcnicm scale. Dctcnnine its minimum 
tnUlsmission angles from the model. Commcm on its opel1ltion. Will it work? If so. 
explain how it docs. 

3-15 Figure P3-4 shows a non-Grashof roorbar linkage thaI b driven from link OzA. All 
dimensions an: in centimeters (em). 

(3) Find the transmission angle at the position shown. 
(b) Find the toggle positions in tenus of angle A0204. 
(e) Find the maximum and minimum transmission angles over its range of motion by 

graphicaltcchniques. 
(d) Draw the coupler curve of point P over its range of motion. 

3-16 Drow the Roberts diagram fOf the linkage in Figure P34 and find il~ t .... ,o cognates. A~ 
they Grashof Of non-Grashof'! 
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3·17 Design:1 Wall·1 sixbar to give parallel motion thal follows the coupler path of point P of 
the linkage in Figure P34. 

3-18 Add a driver dyad to the solution of Problem 3·17 to drive it over its possible range of 
motion wi th no quick-return. (1lle result will be an eightbar linkage.) 

3- 19 Design a pin-jointed linkage that will guide the f(')li;:s of the fork lift truck in Figure P3-S 
up and down in an approximate stmight line O\!e( the range of motion shown. Arrange the 
fixed pivots so they are close to some part of the existing frame or body of the truck. 

3-20 Figure P3-6 (p. ISO) shows a "V-link" off.loading mechanism for a paper roll conveyor. 
Design a pin-jointed linkage to replace the air cylinder driver that will rotate the rocker 
arm and V-link through the 90" motion shown. Keep the fIXed pivots as close to the 
existing frame as possible. Your fourbar linkage should be Grashof and be ill toggle at 
each extreme position of the rocker arm. 

3·21 Figure P3· 7 (p. ISO) shows 3 walking·beam transport mechanism thai uses a fourbar 
coupler curve, replicated wi th a par.llielogram linkage for paraliel motion. Note the 
duplicate cmnk and coupler shown ghosted in the right half of the mechanisn~hey are 
redundant and have been removed from the duplicate fourbar linkage. Using the same 
fourbardriving stage (links Lt. L,. L3. ~ with coupler poin! P). design a Wall-I sixbar 
linkage that will drive link 8 in the same parallel moI:ion using two fewer links. 

·3-22 Find the maximum and minimum transmission angles of the fourbar driving slage (,links 
Lt. u". L3. ~) in Figure P3-7 (p. ISO) 10 graphical accuracy. 

*3-23 Figure P3-g (p. 151) shows a fourbar linkage used in a power loom to drive a comblike 
reed agoinst the thread. "bealing it up" into the cloth. Determine its Grashof condition and 
ilS minimum and maximum transmission Ill1gles to graphical accuracy. 

3-24 Drnw the Robens diagram and find the cognates of the linkage in Figure P3·9 (p. 151). 

FIGURE P3 -5 

Problem 3-19 
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FIGURE P3 -4 

Problems 3·15 103·18 

• Answcl'lI in Appendix F. 
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Problem 3·20 

3·25 Filld the equivalent geared fivcbar mechanism cogn.ate of the linkage in Figure P3-9. 

3-26 Use the linkage in Figure P3·9 10 design an cighlbar doublc-dwell mechanism that has a 
rocker output through 45°, 

3-27 Use the linkage in Figure P3-9 10 design an cightbar double.dllo'cll mechanism that has a 
s lider output stroke of S crank units. 

3-28 Use IWO of the cognates in Figure 3-26b (p. 126) to de$!F a Wall· ] sixbar parallel lOOIiOll 
mechanism !hal carries a link through the same coupler curve at all poinl~. Comment on 
its s imilari ties to !he original Roberts diagr.un. 

3-29 Find !he cognates of the Watt straight- line mcchanism in Figure 3·2% (p. 131). 

-
8 

5 ....• ~ .... / 

FIGURE P3 -7 

Problems 3-21 to 3-22 S110ight-line wolklng-beam elghtbor tlOnsport mechanism 
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Problems 3·24 to 3·27 

3·30 Find the cognates of the Robcns su,;,ighl-line mechanism in Figure 3·29c (p. 131). 

'3-3 1 Design a Hoeken straight-line linkage to gh'e minimum error in velocity over 22% of the 
cycle for a 15<m-long straight-line motion. Specify all linkage panullcters. 

3-32 Design a Hoekcn straight. line linkage to give minimum error in straightness over 39% of 
the cycle for a 2O-cm-long straight-line motion. Specify alilink3ge pararncterl). 

3-33 Design a linkage that will give a symmetrical "kidney bean" shaped coupler curve as 
shown in Figure 3-16 (p. 114 and 115). Usc the dat3 in Figure 3·21 (p. 120) 10 dctenninc 
the required link ratios and generate the coupler curve with program FouRBAR. 

3-34 Repeat Problem 3-33 for a "double sIraight"' coupler curve. 

3-35 Repeat problenl 3-33 for a "scimitar" coupler curve lIo'ith two distinct cusps. Show Ih3t 
lhere are (or are not) true cusps on lhe curve by using program FouRSAR. (I lint: Think 
about the definit ion of a cusp and how you can use lhe program's data 10 show il .) 

°3-36 Find the Grashof condition. inversion. any limit positions, and the extreme values of the 
I1:lIIsmission angle (10 gt'J.phical accuracy) of the linkage in Figure PJ- IO. 

FIGURE P3 - 1 0 

Problems 3-36 to 3-38 
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Problem 3-23 
Loom lOybOr drive 

o 

• AIlS\Io'~ ,n Append,.\ F. 
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Problems 3·39 to 3-41 

8 

, , 

0, 

3-37 Draw the Roberts diagram and find the oognate.~ of the linkage in Figure P3·IO (p. 151). 

3·38 Find the three geared fivebar cognates of the linkage in Figure PJ· IO (p. 151). 

·3·39 Find the Grashof condiLion. any limit positions. and the extreme values of the transmis· 
sion angle (to graphicaJ accuracy) of the linkage in Figure P3-ll. 

3-40 Draw the Roberts diagram and find the cognates of the linkage in Figure PJ-ll. 

3-41 Find the three geared fivebar cognates of the linkage in Figure PJ·II. 

·3-4l. Find the Grashof condition. any limit positions. and the extreme values of the transmis-
sion angle (to graphical accuracy) of the linkage in Figure P3· 12. 

3-43 Draw the Robens diagram and find the cognates of the linkage in Figure P3-12. 

3-44 Find the three geared fivebarcognates of the linkage in Figure P3-12. 

3-45 Prove that the relationships between the angular velocities of various links in the Roberts 
diagram as shown in Figure 3·25 (p. 125) are true. 

FIGURE P3 - 12 

Problems 3-42 to 3·44 

/ AP = 0.91 , 

0, 

, , , 
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3-46 Design a fourbar linkage to move the object in Figure PJ-13 from position 1 to 2 u.~ing 
points A and B for attachment. Add a driver dyad to limit ilS motion to !he range of 
positionS designed making it a sixOOr_ All fixed pivots should be on the b.1Se. 

3-47 Design a fourtxarlinkage to move theobject in Figure P3-13 from position 2 103 using 
poinlS A and B for attachment. Add a driver dyad to Iimil ilS mo(ion to the range of 
positions designed making it a sixbar. All fixed pivots should be on the base. 

3-48 Design a fourbar linkage to move the object in Figure P3-13 through the three positions 
shown using poinlS A and B for attachment. Add a driver dyad to limit ilS motion to the 
range of positions designed making it a sixbar. All fixed pivots should be on the base. 

3-49 Design a fourbar !inkoge to move the object in Figure PJ-14 (p. 154) from posilion I to 2 
using poinlS A and B for attachment. Add a driver dyad to limit its motion to lhe range of 
posi tions designed making il a sixbar. All fixed pivots should be on the base. 

3-SO Design a fourbllr linkage 10 move the objecl in Figure PJ-14 (p. 154) from position 2 10 3 
using poinlS A and 8 for IlIIachrnent. Add a driver dyad [0 limit its motion to the range of 
positions designed mnking il a sixb.1t. All fixed pivots should be on the base. 

3-51 Design a fourbar linkage to move the object in Figure P3- 14 (p. 154) through the three 
positions shown using points A and B for attachment. Add a driver dyad [0 limit its 
motion 10 the range of pot;i[ions designed making it a sixbar. All fixed pivots should be on 
tho ..... , 

3-52 Design a fourbar linkage 10 move the object in Figure P3- t5 (p. [54) from (XISition I to 2 
using points A and 8 for atlachment. Add a driver dyad to limit ilS motion to the range of 
positions designed making it a sixbar. All rued pivots should be on the base. 

- 43 I-- 184 
250 ----j--l 

.- 17 
43 . YP. <><r 

" II , 

8 6lyp. 
17 _ _ 

~ typo 

t 45' 

145 

1- 86 .yp. ---I 

ISO 

I , 
167 --_ _ I 

all dimensions in mm 
FIGURE P3 - 13 

Problems 3-46 to 3-48 

153 
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Problems J..49 to 3-51 
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Problems 3--52 to 3--54 
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3-53 Design a foorbar linkage to move the object in Figure P3-15 from position 2 to 3 using 
poims A and B for auac:hment. Add a driver dyad 10 limit its motion to the range of 
positions designed making it a sixbar. All fixed pivots should be on the base. 

3-54 Design a fourbar linkage to move the object in Figure P3-15 through the three positions 
shown using points A and B for :machmem. Add a driver dyad to limit its motion to the 
range of positions designed making it a sixbar. All fixed pivots should be on the base. 

3-55 Design a fourbarmechanism to move the link shown in Figure P3-16 from position J to 
position 2. Ignore the third ~ition wwt the fixed pivots 02 and 0 4 shown. Build a 
cardboard model and add a driver dyad to limit its motion to the range of posi tions 
designed. making it a sixbar. 

3-56 Design a fourb.1rmechanism to move the link shown in Figure P3-16 from position 2to 
position 3. Ignore the first position and the fixed pivots 02 wwt 0 4 shown. Build a 
cardboard model WId add II driver dylld to limit it~ motion to the range of positions 
designed. making it a sixb.1r. 

3-57 Design a fourbar mechanism to give the three posi tions shown in Figure P3-16. Ignore 
[he fixed pi vot.~ 02 and 0 4 shown. Build a cardooard model and add a driver dyad to 
limit its motion to [he range of posi tions designed. making it a sixbar. 

3-58 Design a fourbar mechrumm to give the three positions shown in Figure P3- 16 using the 
fixed piVOl~ 02 and 0 4 shown. (See Example 3-7. p. 103.) Build a cardboard model wwt 
add a driver dyad [0 limi[ its motion 10 the l"'.U1ge of positions designed. making it a /ixbar. 

3-59 Design a fourbat' mechanism to move the link shown in Figure P3-17 (p. 156) from 
position I [0 position 2. Ignore [he third position and the fixed pivots 02 and 0 4 shown. 
Build a cardboard model and add a driver dyad to limit its motion to the range of positions 
designed. making it a sixbar. 

5.100 

L 
0, 0, 

FIGURE P3 · 16 

Problems 3-55 to 3-58 
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2.714 

FIGURE P3·17 

Problems 3-59 fo 3-<>2 

3-00 , 

3-61 

3-62 

3·63 

3-64 

3-6' 

Design a fourbarmechanism to move the link shown in Figure P3·17 from position 2to 
position 3. Ignore the first positioo and the fixed pivots 02 and 0 4 shown. Build a 
cardboard model and add a driver dyad to limit its moIion to the range of positions 
designed. making it a sixbar. 

Design a fourbar mechanism 10 give the three positions shown in Figure P3·17. Ignore 
the fixed pivots O2 and 04 shown. Build a cardboard model and add a driver dyad to 
limit its motion to the range of positions designed. making it a sixOOt. 

Design a fourbar mechanism to give the three posi tions shown in Figure P3·17 using the 
fixed pivOis ~ and 0 4 shown. (See Example 3·7. p. 103.) Build acardOOard model and 
add a driver dyad to limit its motion to the range of positions designed. making it a sixbar. 

Design a fourbar mechanism to move the link shown in Figure P3·IS from position 1 to 
posi tion 2. Igoore the third positiOiI and the fixed pivOl.~ 0 2. and 0 4 shown. Build a 
cardboard model and add a driver dyad to limit its motion to the range of positions 
designed. making it a sixbar. 

Design a fourbar mechanism to move the link shown in Figure P3·IS from position 210 

position 3. Ignore the first position and lhe fixed pivots ~ and 04 shown. Build a 
cardboard model and add a driver dyad to limit its moIion 10 the range of positions 
designed. making it a sixbar. 

Design a fourbar mechanism to give the three positions shown in Figure P3·IS. Ignore 
the fixed pivots 0,. and 0 4 shown. Build a cardboard model and add a driver dyad to 
limit its moIion to the range of positions designed. making it a sixbar. 
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Pl'Oblems 3-6310 3-66 

3-66 Design a fourbar mechanism to give the three positions shown in Figure PJ-18 using the 
fixed pivOlli 02 and 0" shown. (See Exwnple 3·7, p. 103.) Build a cardboard model wKi 
add a driver dyad to limit its motion 10 the range of positions designed, making it a sixb.lr. 

3-67 Design a fourbar Grdshof crank-rocker for 120" of output rocker motion wi th a quick
return time rutioof 1:2. (See Example 3·9. p. lOB.) 

3-68 Design II fourbnr Grashof cr.U1k-rocker for 1000 of output rocker motion with a quick. 
return time ratio of 1:1.5. (See Example 3·9. p. lOB.) 

3-69 Design a fourbar Grushof errulk-rocker for 80" of output rocker moIion with a quick
rerum time rutioof 1:2.5. (See Exwnple 3-9. p. lOB.) 

3-70 Design a sixbar drug link quick-return linkage for a time ratio of 1:4 and OUtput rocker 
mQ(ion of 50". 

3-71 Design a crank shaper quiCk-return mechanism for a time ratio of 1 :2.5 (Figure 3· 14. 
p.112). 

'7 
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3-72 Design a sixbnr. single-dwclilinkage for a dwell of 7rJ> of cr.mk motion, with an output 
rocker motion 0(30" using a symmetrical fourbar linkage having the following parame. 
leI'S: ground link ratio = 2.0. common link "lIio =- 2.0, and coupler WIgle '(= 40". (See 
Example 3-13, p. 137.) 

3-73 Design 11 sixbar, single-(h',elJ linkage for a dwell of 1000 of crank mOlion. with an output 
rocker moIion of 50" using a symmetrical fourbar linkage having the following parnme_ 
lers: ground link ratio = 2.0. common link r.ttio= 2.5, and coupler angle '(=«1'. (Set 
Example 3-13. p. 137.) 

)·74 Design a sixbar. single-dwelllinkage for a dl'o'c ll of 80" of cr.mk nlOl ion. wi lh an OUtput 
rocker m()(ioo of 450 using a symmclriC'olt fourbar linkage having the following ~ 
ters: ground link ratio = 2.0, common link ralio '" 1.75, and COllpler angle Y= 700. (See 
Example 3·13. p. 137.) 

3·75 Using the method of Example 3- 11 (p. 127). show thaI Ihe sixbar OlCbychcv stmight.lllle 
linkage of Figure P2-5 (p. 79) is a combination of the fourbur OlCbychev stmight-line 
linkuge of Figure 3-29<1 und its Hocken's cognlLle of Figure 3-29c (p. 131). Sec also 
Figure 3-26 (p. 126) for addit ional information useful to this solution. GrJphieally 
construct the Olcbychev sixbar parallel motion linkage of Figure P2-5a from ils two 
fourbar linkage constituents and build:l physical or computer model of the result. 

3.14 PROJECTS 

These larger-scale project slatements deliberately lack dewil (111(1 srmclllre and art 
/oosely (/efined. Thlls. they are similar to tile kiml of "idemificarion of lIeed" problem 
statement commonly encoulUered in engineering practice. It is left to rile stlldefl/ to 
stmct/lre the problem ,hrough backgrol/nd research ami to create (I dear 8001 statement 
(lnd .fer of IJerformance specificatiolls before (lttempting 10 (l('siRnli so/wion. This dt
.figll process is spelled ollr in Chapter I and shol/ld be fol/owell ill all of 'hese examples. 
Thes!' IJrojects call be (lone as all exercise illlllec/ullliSIll sYllfhesis (Ilolle or call be rel'is
ited (111(1 ,horollghly allaly:ed by rhe methods presellled i1l later chaprers as well. All 
results shol/ld be doel/mellled in a professional engineering rel)ort . 

P3- 1 1be tennis coach needs a bener tennis ball server for pr.tCtice. This device must fire a 
sequence of standard tennis balls from one side of a standard tcnnis court over the nct 
such that they land and bounce within each of the thn:e court areas defined by the couII'S 
white lines. 11te ordcr and frequency of a \).111 's landing in anyone of the three cOl.ln area-; 
must be r.UldOIll. 1be device should opemte aUlornmieally and unmtcndcd except for the 
refill of balls. It should fire 50 balls between re loads. 1be timing of \):111 re leases should 
vary. For simplicity. a motor driven pin-joimcd linknge design is preferred. 

P3-2 A quadriplegic patient has lost all motion e;l(cept that of her head. She CWI only move a 
small " mOUlh stick" to effect a switch closure. She WJ.~ an av id reader before her injury 
and would like again to be able to read standard hardcover OOoks without the need of a 
per.;on to tum pages for her. Thus. a reliable. simple. and ine;l(pcnsive automatic page 
turner is needed. 1be book may be placed in the device by 3Il assistant. It should 
accommodate as wide a range ofOOok sizes as possible. Book damage is to be avoided 
and safelY of the user is parnrnount. 

P3-3 Grandma's offher rocker again! Junior's run down to the Bingo parlor 10 fetch her. bot 
..... e·ve got to do something about her rocking chai r before she gets back. She's been 
oompl:lining that her writis makes it too painful to posh the rocl er. So. for her lOOth 
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P3·5 

P3-6 

P3-7 

P3·8 

P3-9 

P3-1O 

1'3-11 

birthday in 2 weeks. we're going to .)urprise ner with a new. automated, motorized rocking 
chair. 1lle only constraints placed Olilhe problem are thaI the device muS( be safe wKi 
must provide interesting nnd plCtlSall1 motions, similar 10 lOOse of her present Boston 
rocker. [0 all partS of the occupant '!, body. Since simplicity is the mark of good design, a 
linkage soIUliOll with only full pin joints is preferred. 

1he local amusement park· ... business is suffering as a result of the proiifcrlilion of 
computer game parlors. 1bcy need a new and more exciting ride .... hich will annlCl new 
CUSIOInCI'$. 1llc only constraints ~ thaI it must be s,1fe. provide excilemellI. and 001 
subject Ike occupantS 10 excessive occeicr.llions or velocities. Also it must be:lS compact 
as possible. since SP.1CC is limited. ConlinuOtJs rorary input and full pin joints are 
preferred. 

The student section of ASME is sponsoring a spring fling on campus. 1bey need II 
mechanism for their "Dunk Ihe Professor" booth which will carry the unfonumue 
(untenured) volunteer into and 01.11 of the water tub. ll1C contestants will provide the 
inputs to a multiple.DQF mechanism. Iflhey know their kinematics, they can provide a 
combination of inputs which will dunk the victim. 

TIle N:_tionail iouse of Aapjacks waills to automate tileir flapjack production. TIleY need 
a mechrUlism which will mllomalical1y nip the flapjacks "on the fly" as they tr,wel 
through the gritkl1e on a continuously moving conveyor. This mechanism must track the 
constalll velocity of the conveyor. pick up a pancake, flip it over and place it bilCk onto the 
conveyor. , 
Many varieties and shapes of computer video monitors oow exist. 1bcir long-term use 
leads to eyestrain and body fati gue. TIM!re is a need for an adjusl.1ble stand which will 
hold the video monitor and the scpamte keyboard at any position the user deems 
comfortable. ll1C computer's central processor unit (CPU) can be remotely located. This 
device should be freestanding to allow use with a comfortable chair, couch. or lounge of 
the user's choice. It .. hould not require the user to assume the COI1\'entional "scated m a 
desk" posture to usc the computer. It muS! be stable in all positions and safely support the 
equipment's weight. 

Most small boot tmilcrs must be SU OOM!I"gI,:d in the water to launch or retrieve the boot. 
This greatly reduces the life of the trailer. especially in salt water. A need exists for a 
trailer that will remain on dry land while it launches or retrieves the boot. No part of the 
trailer should get wet. User safety is of greatcst concern. as is protection of the boot from 
dmllage. 

ll1C "Save Ihe Skeet'" found:lIi on ha.~ requested a more humane skeetluuncher be 
de~igned. While they have not yet succccdcd in passing legislation to prevent the 
wholesale sl3ughlcr of these lillie devils. they are concerned about the inhulllMC a.~pt..'C1S 
of the large ucceicr,lIions illljlarl!,:d to Ihe skeel as it is launched into the sky for the 
~ponsman to shoot it down. The need is for a skeet launcher that will smoothly accelerate 
the clay pigeon onto il~ dcsll\."t] mljcclOf)'. 

lbe coin openlted "kid bouncer" machines found outside supennarkets typically provide a 
very unimagin:ltive rocking motion to tiM! occupant. There is a need for a superior 
"'bouncer" ""hieh will ghe more interesting motions while remaining safe for small 
children. 

Uorseback riding is a very expensive hobby or spor1. 1nere is a need for It horseback 
riding ~imul ator to train prospective riders sans the expensive horse. This device should 
provide similar motions 10 the occupant as she ..... oukl feel in the saddle under various gaits 
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such as a walk, canter. or gallop. A more advanced version might COlllain jumping 
motions as well. User safety is most imponant. 

P3-12 1bc nalion is on a fitness craze. Many exercise machine:. have been devised. 1'htte is 
still room for improvement to these devices. They are typically designed for the young, 
strong athlete. There is also a need for an ergonomically optimum exercise machine for 
the older person who needs gentler exercise. 

P3-13 A paraplegic patient needs a device to get himselffrorn his wheelchair into the Jacuzzi 
with no assistance. He has good upper body and ann strength. Safety is paramount 

P3- 14 The anny has requested a mechanical walking device to tcst anny boots for durnbility. It 
should mimic a person's walking motion wKi provide rorce.~ similar to an average 
soldier's fOOl.. 

P3-15 NASA wants a zero-G machine for aslronaUl training. It must cany one person and 
provide a negative I-G accelerntion for a~ long as possible. 

P3- 16 The Amusement Machine Co. Inc. wants a ponable "whip" ride which will give two 01' 

four passengers a thrilling 001 safe ride, and which can be trniled behind a pickup truck 
from one location to another. 

P3-17 1be Air Force has requested a pilot tmining simulalor which will give potential pilols 
exposure to G forces similar to !hose lhey will experience in dogfight maneuvers. 

P3- IB Cheers needs a better "mechanical bulJ" simulator for their "yuppie" bar in Boston. II 
must give a thrilling "bucking bronco" ride but be safe. 

P3-19 Despite the improvements in handicap access. many curbs block ,>,-hoekhai", from public 
places, Design an attachment for a conventional wheelchair which will allow it to get up 
over a curb. 

P3-20 A carpenter needs a dumping allachment to fit in her pid;up truck so she can dump 
building materials. She can't afford to buy a dump truck. 

P3-2l 1bc carpelller in Project P3-20 wants an inexpensive lifl gale designed 10 fit her fuJi-sized 
pickup lruck. in order 10 tift and lower heavy cargo to the truck bcd. 

P3-22 The carpenter in Project P3-20 is very demanding (and lazy), She also WWlts a device to 
lift sheel rock and blueboard imo place on ceilings or walls to hold it while she nails it on. 

P3-23 Click and Clack, the tappet brothers, need a better 1ran.~missiOf1 jack for their Good News 
Gamge. This device should position a tmnsmission under a car (on a li ft) ,md allow it 10 

be maneuvered into plnce safely and quickly. 

P3-24 A parnplegic who was an avid golfer before his injury, wilms II mechWlism to allow him 10 
stand lip in his wheelchair in order to once again play golf. It muSI not interfere with 
nonnal wheelchair use. though it could be removed from the chair when he is not golfing. 

P3-25 A wheelchair lift is oeeded to raise the wheelchair wKi PCf'M)11 3 ft from the garage noor \(I 
the level of the firsl floor of the house. Safety, re liability. and cost are of majorconcem. 

P3-26 A paraplegic needs a mechanism that call be installed on II full-size 3-door pickup truck 
that willlifl the wheelchair into the area behind the dri\'er's seat. This person has 
excellent upper body strength and, with the aid of specially installed handles on the truck, 
can get into the cab from the chair. The truck CWI be modified as necessary to accommo
date Ihis task. For example, allachment points can be added to its stnK'ture and the bad: 
seat of the lruck can be removed if necessary. 
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P3-27 There is demand for a beller Baby TrUlupon Ot'l'iu. Many such device<i are on the 
market. Some are called carriages. some strollers. Some are convenible 10 muhiple uses. 
Our marketing survey dma SO far seems 10 indicale mal the cUSIOlncrs wanl ponabili ly 
(i.e., foldability), light weight, one-handed operation. and large wheels. Some of these 
features are present in existing device<i. We need a better design that more completely 
meets the needs of the customer. 1bc device must be stable. effective. and safe for the 
baby and the operator. Full joints are preferred to half joints and simplicity is the mark of 
good design. A linkage solution with manual input is desired. 

P3·28 A boat owner has rcqUC!>IOO Ihat we design a lift mechanism 10 automatically move a 
lQOO...lb, IS-ft boat from II cradic 00 land to the water. A seawall protects the owner's 
yard. and the boat cradle sits above the seawall. The tidal variation is 4 ft and the seawall 
is 3 ft above the high tide marl;:. Your mechanism will be attached to land and move the 
boat from its stored position onthc cmdle to the water and return ilto the crudle. l1lC 
device must be s:tfe and easy to use and not overly expensive. 

P3-29 The landfills are full! We're aOOutto be up to our cars in trash! The world needs a beller 
trJSh compactor. It should be simple. irlCxpensive. quiet, compact. and SOIfe. It crnl either 
be manually powered or motorized. but manual operation is preferred to keep the COSt 
down. 1lle device must be stable, effcctive. and safe for the operator. 

P3-30 A small contractor rlCCds (\ mini-dumpstcr allachrncnt for his pickup truck. He has made 
severallT3.'ih containers which are 4 ft x 4 ft x 3.5 ft high. The empty container weighs 
ISO lb. !-Ie needs a mechanism which he can attach 10 his fleet of standard, full·sill: 
pickup trucks (Chevrolet, Ford, or Dodge). This mechanism should be able to pick up the 
full rra.sh conlainer from the ground. lift it o"er the closed tailgate of the truck. dump its 
contents into the truck bed, and then return it empty 10 the ground. He would like 11()( to 
tip his truck over in the process. The mechanism should store permanently on the truck in 
such a manner as to allOY! the nonnal use of tile pickup truck at all other limes. You may 
specify any means of allachnlCnt of your mechanism 10 the container and to the lJUCk. 

PJ-.31 As a feast cl.1Y approoc:hes, the task of insening the leaves in the dining room Illble 
presenlS ilself. Typically. the lllble leaves are stored in some fOl};oIterl local ion, and when 
found have to be carried to the table ruKi manually placed in it. Wouldn't it be beller if the 
leaves (leaO were stored within the table ilself and were autontatically insened into place 
when the table was opened? The only constraints imposed on the problem are that the 
device mu.~t be simple to use, preferably using the action of opening the table·halves as 
the actualing motion. Th.at is. as you pull the table open, the stored leaf should be carried 
by the mechanism of your design into its proper place ill order to extend the dining 
surface. Thus, a linkage solution with manulli input is desired and full joints are preferred 
to half joints, though either may be usc..-d. 

P3-32 Small s.,ilbo:us often arc not "sclfbailing." meaning that they accumulate minw!Lter and 
can sink at the mooring if not manually bailed (emptied of water) after a minSlOnll. These 
boats usually do nO!. have a power source such as II ballery aboard. Design a mechanism 
that ernl be quickly attached to, detached from. and stored in a 2O-fOOl-long daysailer. wKi 
that will usc wave action (boat rocking) as the inptttto a bilge pump to automatically kccp 
the boat dry and afloat when left at a mooring. 

P3-33 A machine uses SC'o'entl 200 kg SCfVOIllOlors that bolt underneath the machine's bedplatt, 
which is 0.75 m above the floor. The machine frome has a 400 mm square front opening 
through which the 1I10tor can be inserted. It must be extended 0.5 m horizontally to its 
installed location. Design a mechanism to tr.mspon the motor from lhe stockrooll1lo the 
machine, instn it under the machine and mise it 200 mm inlO position. Your mechanism 
also should be capable of removing a motor from the machine. 

161 
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POSITION ANALYSIS 
Theory is the distilled essence of practice 
RA NKI NE 

4.0 INTRODUCTION 

Chapter4 

Once a tentative mechanism des ign has been synthesized . it mUSllhcn be analyzed. A 
princip'3i goal o f kinematic analysis is to dctcnnine the accclcmlions of all the moving , 
par1S in the assembly. Dynamic rorees are proportional 10 acceleration. from Newton's 
second law. We need to know the dynamic forces in order to calculate Ihe stresses in the 
components. The design engineer must ensure that the proposed mechanism or machine 
will not fai l underilS operating conditions. Thus thestrcsscs in the materials must be kept 
well below allowable levels. To calculale the stresses. we need to know the Sialic and 
dynamic forces on the parts. To calculate the dynamic forces. we need to know the ac· 
celerations. In order to calcu late the accelerations, wc must first find the positions of 
all the links or elements in the mechanism for each incremcnt of input motion. and then 
di fferenti ate the position equations versus time to find \'elocities, and then differentiate 
again to obtain the expressions for acceleration. Forexampte, in a si mple Grashof four
bar linkage. we would probabl y want to cnlcutate the posit ions, velocit ies, and accelera
tions of the output links (coupler nnd rocker) for perhnps every two degrees (180 posi
tions) of input crank position for o ne revolution o f the crank . 

This can be done by any of seveml methods. We could use a gra phica l approach 
to delennine the position. velocity. and acceleration o f the output links for all 180 posi
lions of interest. or we could deri ve the general eq uations of motion for lilly position. 
differentiate for velocity and acceleration . and then solve these analytical expressions 
for our 180 (or more) crank locations, A computer will make this lauer task much more 
palatable. lfwe choose to use the graphical approach to analysis. we wi ll have to do an 
independent graphical solution for each of the positions of interest. None of the infor
mation obtained graphically for the fi rst position will be applicable to the second posi. 
tion or 10 any others. In contrast. once the analytical solut ion is derived for a particular 
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mechanism. it can be quickly solved (with a computer) for all positions. If you want 
infonnation for more than 180 positions. it only means you will have to wait longer for 
the computer to generate those data. The derived equations are the same. So. have an
other cup of coffee while the computer crunches the numbers! In this chapter. we will 
present and derive analytic:ll solutions 10 the position analysis problem for various pla
nar mechanisms. We will :llso di seuss graphical solutions which are useful for checking 
your analytical results. In Chapters 6 and 7 we will do the same for velocity and accel
eration analysis of planar mechanisms. 

It is interesting to note that graph icul position analysis of linkages is a truly tri vial 
exercise. while the algebraic approach to position analysis is much more complicuted. 
If you can draw the linkage to seale. you have then solved the position analysis problem 
graphically. It only remain>; to lIleal>urc the link angles on the scale drawing to protrac
tor accuracy. But. the converse is true for veloci ty and especially for accelemtion anal
ysis. Analytical solutions for thcse arc less complicated to derive than is the analytical 
position solution . However. graphical velocity and acceleration nnalysis becomes qui te 
complex and diflicult. Moreovcr. the graphical vectordingrnms must be redone de 1101'() 

(meaning literally /rollll1ell') for each of the linkage positions of interest. This is II very 
ted ious exercise and was the on ly pmctical method avai lable in the days B.C. (Be/ore 
Complller). not so long ago. The proliferation of inexpensive microcomputers in recent 
years has truly revolutionizcd the practice of engincering. As a graduate engineer. you 
wi ll never be far from a computer of sufficient power to solve this type of problem and 
may even have one in your pocket. Thus. in thi s text we will emphasize analytical solu
tions which are easily solved wi th a microcomputer. The computer programs provided 
with this text use the same analytical tcchniques as derived in the text. 

, 
ENGINEERS WANTED 

Compllter Skills 
!110m/awry 

Apply Within 

• 
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• NOIe Ihal D two-argument 
arclangeru fUllCIioo must 
be used 10 obtain angles in 
all four quadrarus. The 

Single argumem arctangent 
function found in most 

calculators and computer 
programming longuages 
rcmms ungle V1Lluc~ ill oll ly 

lite first and founh 
quadrams. You can 
calculate your own two
argumcm arcl31lgcm 
fUrlCllOO very easily by 
tcsting tnc sign of Inc .r 
component of the: 
arguments and. if .f is 

minus. ad<hng /I: rad,ans 01' 

180" 10 the resuil obtumcd 
from the available single

:ti1Iurnem Irctangent 
ful1C1iOfl, 

For example (in Fonl1ll1): 

I-1JNCT10N Atan2( lI. y ) 
IF x <> OTIIEN Q. y / 1. 
Temp ,. ATAN(Q) 

lFx<OTHEN 
Amn2 .. Temp + 3.141 59 

ELSE 

AI1lO2 '" Temp 
ENO IF 
RETURN 
END 

The above code assumes 

thallhc language used has 
a bullt-m smgle-Dl'J!umCnl 
arctangent fUllClIOfl called 
ATAN(x) which I'l: lums an 

angle bC',v.'e('n t 1f/2 
radi:Ul§ "'hen gIven a 
signed argument repreSC'nl 
mg the value of the lungenl 
of lhal angk. 

DESIGN Of MACHINERY CHAPTER .. 

4.1 COORD1NATE SYSTEMS 

Coordinate systems and reference frames exist for the convenience of the engineer who 
defines them. In the next chapters we will provide our systems with multiple coordi
mile systems as needed. to aid in understanding and solving the problem. We will de
note one of these as the global or ahsolute coordinate system. and the OIhers will be In
col coordinate systems within the global framework. The global system is often tak~ 
to be attached to Mother Eanh_ though it could as we ll be anached to another ground 
plane such as the frame ofan automobile. Ifour goal is to analyze the mot ion ofa wind
shield wiper blade. we may not care to include the gross motion of the automobile in the 
analysis. In that case a global coordinate system (GCS---denoted as X.Y) anached to the 
cnr would be useful. and we cou ld consider it 10 be an absolule coordinate system. Even 
if we use the eanh as an absol ute reference frame. we must realize that it is not station
ary either. and as such is not very useful as a reference f mille for a space probe. Though 
we wi ll spenk of absolute positions. velocit ies. and accelerations. keep in mind that ulti
m'ltely. until we discover some stationary point in the uni verse. all motions are really 
relative. The ternl inertial reference framc is used to denote a sy.~lem which itselfhos 
110 accelerarjon. All angles in this text will be measured :lccording to the righr-halld rille. 
Thnt is. counten:lockwise anglcs. angular velocities. and angular accelemlionSlIrt pos
jrjl'e ill sign. 

Local coordinate systems are typically attached to a link at some point of interes!. 
This might be a pin joint, a center of gravity. or a line of cenlers of a link. These local 
coordinate systems may be either rotating or nonrotating as we desire. If we want to 
measure the angle of a link as it rotates in the global system. we probably will want to 
attach ~ local nonrotating coordinate system (LNCS-denoted as:c. y) to some point on 
the link (say a pin joint). This nonrotating system will move with its origin on the link 
but remains always parallel to the global system. If we want to measure some parame
ters within a link. independent of its rotation. then we will wnntto construct a local r0-

tating coordinate system (LRCS---denoted as x'. y') along some line on the link. This 
system will both move and rotate with the link in the global system. Most often we will 
need to have both types of local coordinate systems (LNCS and LRCS) on our moving 
links to do a complete analysis. Obviously we must define the angles and/or positions 
of these moving. local coordinate systems in the global system at all positions of interest. 

4.2 POSITION AND DISPLACEMENT 

Position 

The position of a point in the plane can be defined by the use of a position vector as 
shown in Figure 4-1. The choice of reference axes is :Irbitrary and is selected to suit the 
observer. Figure 4- 1 a shows a point in the plane defined in a global coordinate system 
and Figure 4-lb shows the same point defi ned in a local coordinate system with its ori
gi n coincident with the global system A two-dimensional vector has two attributes. 
which can be expressed in either polar or cartesiall coordinates. The pola r form pro
vides the magnitude and the angle of the vector. The cartesia n form provides theX and 
Y components of the vector. Each foml is directly convenible into the other by:" 
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Y I 
A 

Polar fonn: 

R \ IR' I @~ 
Ry \ • Canesian fonn: 

R'y, RI' -'------jL __ -'--i-_ _ 

X 

R, 

(0) Global coordinate system XV 

FIGURE 4- 1 

Y 

Ry 

(b) local coordlnale system xy 

A position vector In the plane· expressed In both glObal and local coordinates 

the PYlhagorean theorem: 

and trigonometry: 

Equations 4.03 are shown in global coordinates but could as well be expressed in local 
coord inates. 

Coordinate Transformation 

It is often necessary 10 transfonn the coordinates of a poin! defined in one system to co
ordi nates in another. If the system's origins are coi ncident as shown in Figure 4-lb and 
the required lransfoml:"ltion is a rotntion, it can be expressed in tenns of the origi nal co
ordinates and the signed angle B between the coordinale systems, If the position ofpoin! 
A in Figure 4-lb is expressed in the local xy system as Rx' Ry' and it is desired to trans· 
fonn its coordinates to Rx, Ry in the global XY system, the equations are: 

Displacement 

Rx ::: R,coso- R,.sino 

Rr :::R.rsino +RycosO 
(4.Ob) 

Displacement of a point is the change in its position and can be defined as rhe siraighi' 
line diSlllllce betweenlhe initial andfillal posilion of a point which has mm·ed in IIle ref
erellCf' frame. Note that displacement is not necessarily the same as the path length 
which the point may have traveled to get from its initial to final position. Figure 4-2a (p. 
166) shows a point in two positions, A and 8. The curved line depicts the path along 
which the point traveled. The position vector R8A defines the displacement of the point 

Polar fonn: 

IR' I @~ 
Cnnesian fonn: 

R.r, Ry 
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PosItIop difference and relative position 

B with respect to poin! A. Figure 4-2b defines thi s si tuation more rigorously and with 
respect to a reference frame XY . The notat ion R will be used to denote a position 
veclor. The vectors RA and R8 define. respectively. the absolute posi tions of points 
A and B with respect to this global XY reference fmme. The vector RnA denotes the 
difference in position. or the tli.~placemen1. between A and B. This can be expressed 
as the positioll (Jifferellce ('(fllarioll: 

(4.l a) 

This expression is read: The POSilioll (JfB lI'i,II respect 10 A is equal 10 ,iJl' (absolllte) 
I'Osilioll of B miflllS Ihe (absolllle ) POSilioll of A, where ahsollile means with respect [0 
the origin of the glohal reference frame. This expression could also be written as: 

(4. th) 

with the second subscript 0 denoting the origin of the XY reference fr:llne. When a posi
tion vector is rooted at the origin of the reference frame, it is customary to omit the sec
ond subscript. It is understood. in its absence, to be the origin. Also. a vector referred 10 
the origin. such as RA • is often called an absolute vector. This means that it is taken wilh 
respect to a reference frame which is assumed to be stationary, e.g. fhe ground. It is 
imponant to realize, however. that the ground is usually also in motion in some larg~r 
frame of reference. Figure 4-2c shows a graphical sol ution to equation 4.1. 
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In our example of Figure 4-2. we have tacill y assumed so far Ihallhis poim. which 
is firsllocaled al A and later at B. is. in faci. Ihe same panicle, moving within the refer
ence fmme. II cou ld be. for example. one aUiomobile moving along Ihe road from A to 
B, With that as!.umption. it is conventional to refer to Ihe veclor RBA as a position dif
rerence, There is, however. another situation which leads 10 the same diagram and equa
tion but needs a different name, Assume now that points A and B in Figure 4-2b repre
sent not the same panicle 001 two independent particles moving in the same reference 
frame, as perhaps two automobiles traveling on the same road. The vectorequations4. 1 
and the diagram in Figure 4-2b sti ll are valid. but we now refer 10 RSA as a relative po
sition. or apparent pos ition . We will use the relative position term here. A more for
mal way to distinguish between these IWO cases is as follows: 

C,\ SE I: Olle body ill two SllcC('ssil'c posiriolls => positioll differellce 

CASt: 2: Two bodies silllll{r(//lI'oll:'IIy ill separate IJositiolls => relative positioll 

This may seem a rather fine point 10 dist ingu ish. but the di stinction will prove use
ful. and the reasons for it more cleilr. when we analyze velocities and accelerations. es
peciall y when we encoumer(CASE 2 lype) situations in which the two bodies occupy the 
same position at the same time bUi hnve different motions. 

4.3 TRANSLATION, ROTATION , AND COMPLEX MOTION 

So far we have been dealing with a panicle. or poinl. in plane motion. II is more inter
esting 10 consider the motion of a rigid body. or link. Figure 4-3a (p. 168) shows a link 
AB denoted by a position vector RBA. An axis system has been sct up at the root of the 
vector, at point A. for convenience. 

Translation 

Figure 4-3b shows link AO moved 10 a new position A 'B 'by translation through the dis

placement AA 'or BO' which are equal. i,e .. R"." "" RB'8' 

A delinition or translation is: 

All points 0" Ihe body JUlI'e Ihe slime disf,facemem. 

As a result the link retains its angular orientation. Note that the translation need not be 
along a straight path, The curved lines from A to A 'and B to 8' are the curvilinclIr Irans
lation path of the link. 11lere is no rotation of the link if these paths are parallel. If the 
path happens to be st raight. then it will be the specia l case of rectilinear Ir:lIlslalion. 
and the path and the displacement will be the same. 

Rotation 

Figure 4-3c shows Ihe same link AB moved from its original position at Ihe origin by 
rotation through an angle. Point A remains at the origin, but 8 moves through the posi

tion difference vector Rs's "" Rs '" - RB", 

A delinition or rotalion is: 

--=::::"--'67 
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Curvilinear Irnnshllion Jmth 

(b) 

8 ' 

a HA 

x 

(d) 

Tronslatlon, rotation. ond complex motion 

Differem points in the Ixxly IIndergo different l/isplaccmenls (Jnd thlls there is a displace
IIItfll difference between any ,wo paims chosen. 

The link now changes its angular orientation in the reference frame. and all points have 
different displacements. 

Complex Motion 

The general case of complex molion is the sum of the tr'.lllsilliion and rotation compo
nenlS. Figure4-3d shows the same link moved through both a translation and a rotation. 
Note thaI the order in which these two components are added is immaterial. The result
ing complex displ3cement will be the same whether you first rOlale and then translate or 
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vice versa. This is because the two factors are independent. The total complex d isplace
ment of point B is defi ned by the following expression: 

TOlal dispfaCt!mem '" Iranslmion compollt'm + rolalion componem 

R B·B", R B'B+ R B"B· 

The new absolute position of point B referred to the origin at A is: 

Rg"" '" R",,, + RB.", 

(4.1c) 

(4. ld) 

Note that the above two fonnulas are merely applications of the position difference 
equation 4. la (p. 167). See also Section 2.2 (p. 25) for definitions and discussion of 
rotation, translmion. and complex motioll. These motion slates can be expressed as the 
followi ng theorems. 

Theorems 

Euler's theorem: 

The general displacelllellt of a rigid body with Ol/l' point fired i.'i a rotation abollt .'iome (ui.'i. 

This applies 10 pure rotation as defi ned above and in Section 2.2 (p. 25). Chasles 
(1793- 1880) prov ided a corotJaI:y to Euler 's theorem now known as: 

Chasles' theorcm: [61· 

Any displacemem of a rigid !xxly is equil'Olellf to fhe SIIIII of a translation of allY olle point 
011 that body alld a ro((ltion of fhe !xxly about all axis through that point. 

This describes complex motion as defined above and in Section 2.2 (p. 25). Note that 
equation 4.lc is an expression of Chasles ' theorem. 

4.4 GRAPHICAL POSITION ANALYSIS OF LINKAGES 

For any one-DOF linkage. such as a fourbar, only one parameter is needed to complete
ly define the positions of ailihe links. The parameter usuatJy chosen is the angle of the 
input link. This is shown as ~ in Figure 4-4 (p. 170). We want to fi nd 93 and ~. The 
link lengths are known. Note that we will consistently number the ground link as I and 
the driver li nk as 2 in these examples. 

The graphical analysis of th is problem is tri vial and can be done using only high
school geometry. If we draw the linkage carefully to scale with rule, compass, and pro
tractor in a particular position (given 92). then it is only necessary to measure the angles 
of links 3 and 4 wi th the protractor. Note that all link angles are measured from a pos i
tive X axis. In Figure 4-4. a 10("(11 x)' axis system. pamllelto the global xr system, has 
been created at point A to measure 93. The accumcy of this gmphical solution will be 
limited by our care and drafting ability and by the crudity of the protractor used. Never
theless, a very rapid approxi mate solution can be found for anyone position. 

Figure 4-5 (p. 170) shows the construction of the gmphical position solution. The 
four link lengths a, b, c, (I and the angle 92 of the input link are given. First. the ground 
link (I) and the input link (2) are drawn to a convenient scale such that they intersect at 
the origin 02 of the global XY coordinate system with link 2 placed at the input angle 92' 
Link I is drawn along theX Mis for convenience. The compass is selto the scaled length 

• CeccareUj!1J points OU I 

Ihat Chaslcs theorem 
(Paris, J 830) was put forth 
earl ier (Naples. 1763) by 
MouUaJ but the lauer's 
wort. was ~ppMCnlly 

unknown Of ignored in the 
rest of Europe. and the 
theorem became associ~tcd 
with Chutes' name. 
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Measurement of angles In the fourbor linkage 

aflink 3, and an arc arthal mdius swung aboullhc end of link 2 (point A), Then the com
pass is set to the scaled length of link 4. and a second nrc swung about Ihe end of link I 
(point 04). These Iwo arcs will have two intersections at Band B' Ihal define the two 
solutions 10 the position problem for a fourbar linkage which can be assembled in two 
configurations. called c ircuits. labeled open and crossed in Figure 4-5. Circuits in link
ages will be discussed in a laler section. 

The angles of links 3 and 4 can be measured wilh a protractor. One circuit has an
gles 03 and 94. the other OJ' and 84' . A graphical solUlion is only valid for the panicular 
value of inpul angle used. For each addi tiona l posilion ana lysis we musl complelely 
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FIGURE 4-5 B' 

Grophlcal position solution to the open ond crossed configuratIOns of the fOlJlbar Inkoge 
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redraw the linkage. This can become burdensome if we need a complete analysis at ev
ery 1- or 2-degree increment of92. In thaI case we will be beuer off to derive an analyt
ical solution for 93 and 94 which can be solved by computer. 

4.5 ALGEBRAIC POSITION ANALYSIS OF LINKAGES 

The same procedure that was used in Figure 4-5 to solve geometrically for the intersec
tions Band B' and angles of links 3 and 4 can be encoded into an algebmic algorithm. 
The coordinates of point A arc found from 

As ::acos 92 

A)' ::asin92 
(4.2a) 

The coordinates of point B are found using the equations of circles about A and 04. 

/)2 ::{Ox _ Ax)2 +(B)'_ Ay)2 

c2 =(Bs - d)2 +8; 

which provide a pair of simultaneous equations in Bs and By. 

Subtracting equation 4.2c from 4.2b gives an expression for Bx. 

(4.2b) 

(4.2c) 

(4.2d) 

Substituting equation 4.2d into 4.2c gives a quadratic equation in By which has two 
solutions corresponding to those in Figure 4-5. 

8 2+ S-.:..rL.-ll _c2 ::0 
[ 

, B )' 
., As-d 

(4.2e) 

This can be solved with the familiar expression for the rOOIS of a quadratic equation, 

where : 

- Q±h' -4PR 
8 = --"-"-':;';,--'-" , 2P 

" p= )' 2 +1 
(A, -d) 

14.2Q 

Note that the solutions to this equation set can be real or imaginary. If the laller. il 
indicates Ihat the links cannot connect at the given input angle or at all . Once the two 
values of By are found (if real), they can be substi tuted into equation 4.2d 10 find thei r 
corresponding.r components. The link angles for Ihis position can then be found from 

...-,="..,. •. 17 
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94 = tan-Ill) 
8 -d .' 

(4.2g) 

A two-argument arctangent function must be used 10 solve equations 4.2g since the an
gles can be in any quadrant. Equations 4.2 can be encoded in any computer language or 
equation solver, and the value of82 varied over the linkage's usable range 10 fin,d all cor
responding values of the other two link angles. 

Vector Loop Representation of linkages 

An alternate approach 10 linkage position analysis creates a vector loop (or loops) around 
the linkage as first proposed by Raven,I91 This approach offers some advantages in the 
synthesis of linkages which will be addressed in Chapler 5. The links are represented as 
position vectors. Figure 4-6 shows the same fourbar linkage as in Figure 4-4 (p. 170). 
but the links are now drawn as position vectors that fonn a vector loop. This loop closes 
on itself making the sum of the vectors around the loop zero. The lengths of the veclOrs 
are the link lengths. which are known. The current linkage position is defined by the in· 
put angle 82 as it is a one·DOF mechanism. We want to solve for the unknown angles 
83 and 84, To do so we need a convenient nOlalion 10 represent the vectors. 

Co",plex Numbers as Vectors 

There are mnny ways to represent vectors. They may be.Aiefined in polar coordinates. 
by their magnirude and lIl/gle. or in cartesian coord inates as,r andy components. These 
fonns are of course easily conver1 ible from one 10 Ihe other using equations 4.0a. The 
position vectors in Figure 4·6 can be represented as any of these expressions: 

I Y 

8 

Position veclor loop fOf a fourbor linkage 
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Polar form 

R@L9 

"iO 

Canesian form 
. . 

reos91+rsin9j 

reos9+ jrsin9 

(4.3a) 

(4.3b) 

Equation 4.3a uses unit veclors to represent the x and y vector component direc
tions in the canes ian fonn. Figure 4-7 shows the unit vector notation for a position vec
tor. Equation 4.3b uses complex number nolation wherein the X direction component 
is called the real portion and the Y direction component is called the imaginary portion. 
This unfor1unate tenn imaginary comes about because of the use of the notalionj to rep
resent the square root of minus one. which of course cannot be eval uated numerically. 
However, this imaginary number is used in a complex number as an operator. 1101 as a 
mlue. Figure 4-8a (p. 174) shows the complex plane in which the real axis represents 
the X-directed component of the vector in the plane. and the imaginary axis represents 
the Y-directed component of the same vector. So. any tenn in a complex number which 
has noj operator is an x component. and aj indicates a y component. 

Note in Figure 4-8b that each multiplication of the vector RA by the operator j re
sults in a counterclockwise rOflltioll of the veclOr through 90 degrees. The vector 
R8 = j RA is directed along the positive imaginary or j axis. The vector Rc= j2 RA is di
rected along the negative real axis bccausej2= - I and thus Rc= - RA. In similar fash
ion, RD = P R A = - )R A and this component is directed along the negali\'e j axis. I 

One advantage of using this complex number notalion to represem plaour vectors 
comes from the Eu ler identity : 

f! ±j&= eos9±jsin9 (4.4a) 

Any two-dimensional vector can be represented by the compact polar notation on 
the left side of equal ion 4.4a. There is no easier function to d ifferentiate or integrate. 
since it is ils own derivative: 

, , 
RsineJ 

j 
R. 

deJ& . j& 
--= Je 

,If) 

A 

-L-~ __ -" __ -L-r__ X 

FtGURE 4 -7 

, 
Reose i 

Unit vector notation for position vectors 

Polar form: 

Canesian form: 
, , 

Rease i . Rsin9j 

(4.4b) 
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Polar fann: R e j9 

Cartesian (oml: Reose + jRsin {I 
Imaginary 

Imaginary j 

j B RS =jR 
A 

jRsin 9 
\+9 A 

, - 0-----

""- Real 

R, 

\ • • 
o 

Real 

ReosS 
D , 

(0) Campls)( number r9pl'esenlotion of 0 position vector (b) Vector (otatlons In the complex plane 

fiGURE 4 -8 

Complex number representation of vectors In the plane 

We wi ll use this complex number notation for vectors to develop and derive the 
equal ions for posilion. velocity. lind 3cceleration of linkages. 

The Vector Loop Equation for a Fourbar linkage 

The directions of [he position vectors in Figure 4-6 are chosen so as to define their an
gles where we desire them 10 be measured. By definition, Iheal/glt! ala I'eclar is always 
mem,:/Ired at its rOOI, 1101 at ;t~· head. We would like angle 94 to be measured althe fixed 
pivot 04. so veclor ~ is arr.mged to have its root at that point. We would like to mea
sure angle 8] at the point where links 2 and 3 join. so vector R] is rooted there. Asimilar 
logic dictates the arrangement of vectors R I and R2. Note thatlhe X (real) axis is taken 
for convenience along link I and the origin of the global coordinate system is taken al 
point 02. the rool of the input link vector. R2. These choices of vector directions and 
senses. as indicated by their arrowheads. lead to this vector loop equation: 

(4.53) 

An alternale nolation for these posit ion vectors is to use the labels of the points at 
the vector lips and roots (j1l1/WI ortler) as subscripts. The second subscript is conven
tionally omitted if it is the origin of the global coordinate system (point OU: 

(4.5b) 

Next, we substitute the complex number notation for each position veclor. To sim
plify the notal ion and minimize the use of subscripts. we will denote the scalar lengths 
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oflhe four links as a. b. c. and d. These are so labeled in Figure 4-6 (p. 172). The equa
lion then becomes: 

(4.5c) 

These arc three forms ofthc samc vector equ:ltion. and as such can be solved for two 
unknowns. There nrc four variables in this equat ion. namely the four link angles. The 
link lengths are all constant in this particular linkage. Also. the value of the angle of link 
I is fixed (at zero) since this is the ground link. The i"depe"dem I'ariable is 02 which 
we will conlrol with a motor or other driver device. That leaves the angles of link 3 and 
4to be found. We need algebraic expressions which define 0] and 6a as functions only 
of the constant link lengmsand the one input angle.~. lllcseexpressions will beofthe fonn: 

9J = f{(I. b.I·. d. 92} 

94 =s{a./),f',(J, 92} 
(4.5d) 

To solve the polar foml. vector equat ion 4.5c. we must substitute the Eule/" 
eqllim/ems (eq uation 4.4a, p. 173) for the eJ6 temlS. and then separate the resulting 
cartesian form vector equation illlo two scalar equations which can be solved 
simultaneously for OJ and 04. Substituting equation 4.4a into equation 4.5c: 

(4.50) 

This equation can now be scparated into its real and imaginary parts and each set to zero. 

real pan (x componem): 

acos92 +bcos93 -"cos94 -dcos 9 j =0 

but: 91 =0. so : 

imaginary part (y componelll): 

jusin92 + jbsin9) - jcsin94 - jdsin9, =0 

but: 91 =0. and thei s divide OUl, so: 

(lsin92 +hsin83 -t'sin 94 =0 

(4.00) 

(4.6b) 

The scalar equations 4.6a and 4.6b Clm now be solved simultaneously for OJ and 04 . 

To solve Ihis set of two sim ultaneous trigonometric equations is straightforward bU1te
dious. Some substitution of trigonometric identities will simplify the expressions. The 
first step is to rewrite equ(lIions 4.6:1 and 4.6b so as to isolate one of the two unknowns 
on the left side. We will isolate OJ and solve for O.j in this example. 

heos9) = -ueos92 +ccos8" +d 

bsin93 =-usin92 +csin9" 

Now squllrc both sides of equations 4.6c and 4.6d and add them: 

(4.61:) 

(4.6d) 

b2(sin 2 03 + cos2 93) = (-(Isin 92 + csin94)2 + (-llcos92 +!"COS04 + d)2 (4.7a) 
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Note that the quantity in parentheses on the left side is equal to I. eliminating 93 
from the equation . leaving only B4 which can now be solved for. 

b2 = (-asinS2 +csinS4)2 + (-acosS2 +ccosS4 +d)2 [4.1b) 

The right side of this expression must now be expanded and tenns collected. 

b2 '" 0 2 +c'l +d'l _ 2odcos92 +2cdcos94 -2ac(sinS2 sinS .. +cos92 cos S .. ) (4.1c) 

To further simplify this expression. the conslants K" K2. and K3 are defined in 
tenns of the constant link lengths in equation 4 .7c: 

(4.8a) 

and: 

(4.8b) 

If we substitute the idemity cos(92 - 9 .. )"'cos92 cos94 +sin92 sin9 ... we get the 
(onn known as Freudenstein's equation. 

(4.8c) 

In order to reduce equation 4.8b to a more lrnctable fonn for solution. it will be use
ful to substitute the hlll/llngle idelltiries which will convert the sin B4 and cos E4 temlS to 
tan as temlS: 

2'~(~) 
sin9 -= 2. • (9 )' 1+lan2 

; 

(4.9) 

This resulls in the following simplified fonn. where the link lengths and known in
put value (B2) tenns have been collected as constants A. B. and C. 

where : A = COSSl - KI - K2 COSS2 + K3 

B = -2sin92 

c= KI -(K2 + l)cos92 + K3 

Note thllt equation 4.IOa is quadrlltic in fonn. and the solution is: 

[ -B±~B'- 4Ac l 
94 1.2 '" 2arclan 2A 

(4.108.) 

(4. lOb) 
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Equation 4. IOb has two solutions. obtained from the ± conditions on the radical. 
These two solutions. as with any quadratic equation. may be of three types: real alld 
eq,ml. real alltl ullellual. complex cOlljuWIf(-'. If the discriminant under the radical is neg
ative. then the solution is complex conjugate, which simply means that the link lengths 
chosen are not capable of connection for the chosen value of the input ungle 92. Thi s 
can occur either when the link lengths arc completely incapable of connection in any 
position or. in a non-Grashof linkage. whcn the input angle is beyond a toggle limit po
sition. There is then no real solution for that value of input angle 92. Excepting this sit
uation.the solution will usually be real and unequal. meaning there are two values 0[94 
corresponding to anyone value of 92' These are referred to as the crossed and open 
configunltions of the linkage and also as the two circuits of the linkage. In the foumar 
linkage. the minus solution gives 94 for the open configuration and the positive solution 
gives 94 for thc crossed configuration. 

Figure 4-5 (p. 170) shows both crossed and open solutions for a Grashofcrank-rock
er linkage. The temlS crossed and open are based on the assumption that the input link 
2. for which 92 is defined. is pluced in the first quadrant (i.e .. 0 < 92 < Tt/2). A Grnshof 
linkage is then delined as crossed if the two links adjacent to the shortest link cross one 
another. and as opcn if they do not cross one another in thi s position. Note thutthe con
figuration of the linkage. either crossed or open. is solely dependent upon the way that 
the links are assembled. You cannot predict. based on link lengths alone. which Of the 
solutions will be the desired one. In other words, you can obtain either solution with the 
same linknge by simply taking apart the pin which connects links 3 and 4 in Figure 4-5. 
and moving those links to the only other positions aI which the pin will again connect 
them. In so doing, you will have switched from one position solution. or circuit. to the 
other. 

The solution for angle 93 is essemially similur to thaI for 94. Retuming to eq uations 
4.6. we can rearrunge them to isolate 94 on the left side. 

ccos94 : (!COSe2 +bcos 9j -d (4.6e) 

csin 94 : (nine! + bsine) (4.61) 

Squuring and adding these equations will eliminate 9". The resulting equation can be 
solved for 93 as was done above for 0", yielding this expression: 

K, cos9) + K4 cose2 + Ks ;cos9! cose ) +sine2 sine) 

The constant KI is the same as dclincd in equation 4.gb. K4 and Ks are: 

This also reduces to a quadrutic form : 

where: D:cos92 -K, + K4 cos92 + K~ 

£ :-2sin92 

F : K, +(K4 - 1)cos e2 + Ks 

(4. lla) 

(4. llb) 

(4.t2) 
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and the solution is: 

• 2 
(

_E±J£2 -40F) 
3 = lITClan 

1.2 20 
(4.13) 

As with the angle 94. this also has twO solutions, correspond ing to the crossed and 
open circuits of the linkage. as shown in Figure 4-5 (p. 170). 

4.6 THE FOURBAR SLIDER-CRANK POSITION SOLUTION 

The same vector loop approach as used for the pure pin-jointed fou rbar can be applied to 
a linkage containi ng sliders. Figure 4-9 shows an offset fourbar slider-cmnk linkage. in· 
version # I. The lenn offset means that the slider axis exte"detl (Ioes 1I0t pass through 
the crank pil'ol. This is the general case. (TIle nonoffset slider-crJnk linkages shown in 
Figure 2- 13 (p. 47) are the special cases.) This linkage could be represented by only three 
posi tion vectors. R2. R), and Rs' but one of them (Rs) will be a vector of varyi ng magni
tude and angle. It wi lt be easier to use four vectors, R I. R2, R3, and ~ with R J arr.mged 
parallel to the ax is of sliding and R, perpendicu lar. In effect lhe pair of vectors R t nod 
R.s are orthogonal components of the position vector Rs from the origin to the slider. 

It simplifies the analysis to arrange one coord inate axis pamltelto the axis of slid
ing. The variable-length, constant--direction vector R I then represents the slider position 
with magnitude d. The vector R4 is orthogonal to R t and defines the constant magni
tude offset of the linkage. Note that for the special-case, nonoffset version. the vector 
R.s will be zero and R J = Rs. The vectors R2 and R) complete the vector loop. The cou
pler's lposition vector R3 is placed with its rOOI at the slider which then defines its angle 
93 at point B. Th is part icular arr.mgement of position vectors leads to a vector loop equa. 
tion similar to the pin-jointed fourbar example: 

y ·3 Y 

8 

~ x 
/ ., / 

/ 

A 
/ 

h 
/ 

/ ., 
/ 

/ ., , 
/ 

/ 
/ •• / 

d 
~ X ., 

Position vector loop for a fourbar sllder-cfank linkage 
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(4.1 401) 

Compare equation 4.14a to equation 4.5a (p. 174) and note that the only di fference 
is the sign of R3' This is due solely to the somewhat arbitrary choice of the sense of the 
position vector R3 in each case. The angle 93 must always be measured at the root of 
vector R3. and in this example it will be convenienl lo have thai angle 93at the joint la
beled B. Once these arbitrary choices are made it is crucial that the resulting algebraic 
signs be carefull y observed in the equations. or the results will be completely erroneous. 
Letting the vector magnitudes (link lengths) be represented by a, b. c, d as shown. we 
can substi tute the complex number equivalents for the position vectors. 

Substi tute the Euler equivalents: 

a(eos92 + j sin B2 ) - b{ eos9) + jsinB3) 

-c(eosB4 + jsinB4 )-d(eosB I + jsinB I) =0 

Separate the real and imaginary components: 

real pan (x component): -

(leosB2 -heosB] -CCOS B4 -deosBI = 0 

but : BI =O.so: 

imaginary pan (y component): 

jasinB2 - jbsin9 ) - jcsin94 - jdsin91 =0 

bUI : 91 = O. and the j.~ divide ou!. so: 

(lsin92 -bsin9) -csin94 = 0 

(4.14b) 

(4.14c) 

(4. 15a) 

(4. 15b) 

We wan! [0 sol ve equations 4.15 simultaneously for the two unknowns. link length 
d and link angle 93' The independen! variable is crank angle 92• Link lengths a and b. 
the offset c, and angle 94 are known. But note that since we set up the coordinate system 
to be parallel and perpendicular to the axis of the slider block, the angle 91 is zero and 94 
is 90°. Equation 4.15bcan be solved for 93 and the result substituted into equation 4.15a 
to solve for d. The solution is: 

• . (aSin92 -cl 
J = aresm , b 

(4. 16a) 

d = (lcos9 2 -beose ) (4. I 6b) 

Note that there are again two valid solutions corresponding 10 the two circuits of the 
linkage. The arcsine fu nction is multivalued. Its evaluation will give a value between 
±900 represent ing only one circuit of the linkage. The value of d is dependent on the 
calculated value of 93. The value o f 93 for the second circuit of the linkage can be found 
from: 

c::==~zo 
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. ( (l sin9., -c) 
93~ =arcslO - b" +n (4. 17) 

4.7 AN INVERTED SLIDER-CRANK POSITION SOLUTION 

Figure 4-103· shows inversion #3 of the common fombar slider-cmnk lin kage in which 
the sliding joi nt is between links 3 and 4 at point B. This is shown as an orrset slider
crank mechanism. The slider block has pure rotation wilh ils centerofTset from the slide 
axis. (Figure 2- 13c. p. 47. shows the nonoffset version of this linkage in which the vec
tor R4 is zero.) 

The global coordinate system is again taken with its origin at input crank pivol 02 
and the posi tive X axis along link I, the ground link. A local ax is system has been placed 
at point 8 in order to defi ne 93_ Note lhm there is a fi xed angle y within link 4 which 
de lines the slol ;Ulgle with respect to Iha! link. 

In Figure 4-1 0b the links have been represented as posilion veclors having senses 
consistenl wilh the coordinate syslems Ihal were chosen for convenience in defining the 
link angles. This panicular arrangemem ofposilion vectors leads 10 Ihe same veclor loop 
equation as the previous slider-crank example. Equations 4.14 and 4.15 (p. 179) apply 
to this inversion as well. Note that the absolute position of point B is defined by vector 
R 8 which varies in both magnitude and din..'Ction as the linkage moves. We choose to 
represent R 8 as the vector difference R 2 - R ) in order 10 use Ihe actual links as the posi
tion vectors in the loop equation. 

A,II slider linkages will have at least one link whose effective length between joints 
will vary as Ihe linkage moves. In this example Ihe length of link 3 between points A 

4 

4---.. e, 

x 

(0) 

Inversion 13 Of the slider--cronk foolbellinkage 
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and B, designated as b. will change as it passes Ihrough the sl ider block on link 4. Thus 
the value of b will be one of the variables to be solved for in this inversion. Another 
variable will be 94. the angle of link 4. Note however, that we also have an unknown in 
eJ , the angle of link 3. This is a total of three unknowns. Equations 4. 15 (p. 179) can 
only be solved for two unknowns. Thus we require another equation to solve the sys
tem. There is a fixed relationship between angles 93 and 94, shown as y in Figure 4-10. 
which gives the equation: 

(4.18) 

where the + sign is used for the open and the - sign for the crossed configuration. 

Repeating equations 4. 15 and renumbering them for the reader's convenience: 

acosEl2 -beosEl) -ceose" - d = 0 

asin92 -bsin9) -nin9" = 0 

(4. 19a) 

(4. 19b) 

These have only two unknowns and can be solved simultaneously for e4 and b. 
Equation 4.19b can be solved for link length b and substituted into equation 4.19a. 

b= asin92 -csinEl4 

sin9) 

asin9~ -csinEl" 9 • d 0 : cos 3-ceos ,,- := 
smEl3 

(4.2Oa) 

(4.20b) 

Subslitute equation 4. 18 and afler some algebraic manipulation. equalion 4.20 can 
be reduced to: 

where : 

p = asin92 siny +{acos92 -d)eosy 

Q = -asin92 cosy+{acos92 -d)siny 

R=-csiny 

(4.2 1) 

NOle that Ihe faclor'S P. Q. R are conslant for any inpul value of92' To solve this for 
94• il is convenient 10 SUbslilule Ihe tangem half angle idemities (equation 4.9, p.1 76) for 
the sin e4 and cos 94 tenns. This will result in a quadratic equation in Ian (94/2) which 
can be solved for Ihe two values of 94. 

(4.21a) 

This reduces to: 

===::J,e .. 
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lei: 

S=R-Q: T:: 2P; U::Q+ R 

Ihen : 

(4.220) 

and Ihe solUlion is: 

.'" '" 2urclan(:-~T~±,-"T~'~-:4~s~u'-1 
,- 25 

(4.22c) 

As was Ihe case wi lh Ihe previous examples, Ihis also has a crossed lind an open 
sol ution represemed by the plus and minus signs on Ihe radical. NOlc Ihal we must also 
calculate the values of link lenglh b for each 94 by using equ:lIion 4.20a (p. 181). The 
coupler angle 93 is found from equation 4.18 (p. 18 1). 

4.8 LINKAGES OF MORE THAN FOUR BARS 

With some exceptions: the same approach as shown here for the fourbar linkage can be 
used for allY number of links in a closed-loop con figuration. More complicated linkag
es may hnve multiple loops which will lead to more equations 10 be solved simultaneous
ly and Imay req uire an iterative solution. Altematively, Wampler (IOJ presents nne ...... 
general , non ilermive method for the analysis of planar mechanisms containing any num
ber of rigid links connected by rotational nnd/or translational joints. 

The Geared Fivebar linkage 

Another example, which can be reduced to two equations in two unknowns. is the geared 
fivebar linkage. which was introduced in Seclion 2. 13 (p. 54) and is shown in Figure 
4-11 a and program FI VEBAR di sk Iile F04- 11 .5br. The vector loop for this linknge is 
shown in Figure 4- 11 b. It obviously has one more position veclor than Ihe fourbar. Its 
veclor loop equation is: 

(4.2]11) 

Note that the vector senses are again chosen to suilthe analyst's desires to have lhe 
vector angles defined at a convenient end of the respective link. Equation 4.23b subsli
IUles the complex polar notation for the position vectors in eq uation 4·23a, using fl, b, C. 

d.f 1O represent the scalar lengths of the links as shown in Figure 4-11 . 

(4.2JbJ 

Note also that this vector loop equation has three unknown variables in it, namely 
the nngles of links 3, 4, and 5. (The angle of link 2 is the input, or independent. variable. 
and link I is fixed with constant angle). Since a two-dimensional vector equation can 
only be solved for two unknowns. we wil1 need another equation to solve this system. 
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FIGURE 4·11 

The geared fivebar lInkage and Its vector loop 

Because this is a geared fivebar linkage. there exists a relationship between the two 
geared links. here links 2 and 5. Two factors detemline how link 5 behaves with respect 
to link 2, namely. the gear ratio A and the phase angle $. The relationship is: 

(4.23c) 

This allows us to express 95 in tenns of 92 in equation 4.23b and reduce the un· 
knowns to two by substitut ing equation 4.23c into equation 4.23b. 

(4.24a) 

Note that the gear ratio A is the ratio of the diameters of the gears connecting the 
two links (A =diG2/ diGs). and the phase angle $ is the inirial angle of link 5 with respect 
to link 2. When link 2 is at zero degrees. link 5 is atlhe phase angle $. Equation 4.23c 
defines the relationship between 92 and 85. Both A and $ are design parameters selected 
by the design engineer along with the link lengths. With these parameters defined, the 
only unknowns left in equation 4.24 are 93 and 94. 

The behavior of the geared fivebar linkage can be modified by changing the link 
lengths. the gear ratio. or the phase angle. The phase angle can be changed simply by 
lifti ng the gears out of engagement. rotating one gear with respect to the other. and reen· 
gaging them. Since links 2 and 5 are rigidly attached to gears 2 and 5, respectively, their 
relative angular rotations will be changed also. It is this fact that results in different po
sitions of links 3 and 4 with any change in phase angle. The coupler curve's shapes will 
also change with variation in any of these parameters as can be seen in Figure 3-23 
(p. 122) and in Appendix E. 
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The procedure for solution of Illis vector loop equalion is the same as that used for 
the fourbar linkage: 

Substitute the Euler equivalent (equation 4.4a. p. 173) into each tem in the vector 
loop equation 4.24a (p. 183). 

0(00592 + jsin92) +b{cos9J + jsin 9J ) - c{cos94 + jsin 94) 

-dfCos(}J}2 + 41)+ jsin(1.92 + .)J-/(cos9, + jsinG.) =' 0 (4.24b) 

2 Separate the real and imaginary parts of the cartesian foml of the vector loop equa
tion. 

aoos92 +bcos9] -ccos94 -dcos(>..92 +41)- feos9, = 0 

asin92 +bsin93 -csin94 - dsin(A91 +41)- IsinO . = 0 

(4.24c) 

(4.24<1) 

3 Rearrange 10 isolate one unknown (either 9) or 94) in each scalar equation. Note that 
9, is zero. 

bcos93 =-oc0592 +ccos9" +dCos().92 +,)+ f 
bsin93 = -asin92 +c5in 94 + dSin(1.92 +.) 

4 Square both equations and add them to eliminnte one unknown. say 93. 

b2 :: 2cfdcos(A.92 + 4') - acos9z + /lcos94 

+ 2cfdsin(A92 + 4')- asin921sin 94 

+ a2 +c2 +d2 + /2 -2al00592 

- 2tl(acos92 - l)cos(A92 +4') 
- 2ad5in92 5in(A92 +~) 

(4.24<) 

(4.241) 

(4.24g) 

5 Substitute the tangent half-angle identities (equation 4.9, p. 176) for the sine and C~ 
sine terms and manipulate the resulting equntion in the same way as was done for 
the fourbar linkage in order to solve for 94 . 

A = 2c{dcos(A92 + 41)- acos92 + IJ 

B = 2cfdsin(A92 +4' )-asin 921 
C = a2 _b1 +c1 +d2 + 12 -2alcas 92 

- 2d(acos92 - l)cos(A92 +4') 
- 2adsin 82 sin(A92 + 41) 

D=C-A: £=28: F=A+C 

• -2 [-E±JE2
- 4DF ) 

41.2 - arctan 2D (4.24h) 
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6 Repeat steps 3 to 5 for the other unknown angle 9). 

G = 2h[a cos 92 - d cos(J,.92 +~)- fJ 
II ::: 2~osin9! -dsin(J,.92 +,)1 
K ::: 0 2 +h2 _C2 +(/2 + f2 -2(lfcos a 2 

- 2d(ocosa2 - f)COS(A9z +, ) 

- 2adsin 92 sin(A92 + ¢I) 
L = K -G: M :::2 11; N:::G+K 

(4.24i) 

Note thatlhese derivation Sleps are essentially identical to those for the pin-jointed 
fourbar linkage once 92 is substituted for 95 using equation 4.23c (p. 183). 

Sixbar linkages 

W \rr's SIX8 \R is essentially two foumar linkages in series, as shown in Figure4-12a. 
and can be analyzed as such. Two vector loops are drawn as shown in Figure 4- 12b. 
These vector loop equations can be solved in succession with the results of the firslioop 
applied as input to the second loop. Note that there is a constant angular relationship 
between vectors R4 and R5 within link 4. The solution for the fourbar linkage (equa
tions 4.10 and 4.13, pp. 176 and 178. respectively) is simply applied twice in this case. 
Depending on the in version of the Watts linkage being analyzed. there may be two four
link loops or one four-link and one five-link loop. (See Figure 2-14. p. 48.) In either 

y y 

>\---/'- - X ~-----,J-- X 

0, 0, 
(0) (b) 

FIGURE 4 - 12 

Watt's slxbar linkage and vectOf loop 



D 

• See rOOUIOIe on p. 182. 

DESIGN OF MACHINERY CHAPTER 4 

y y 

~~---7+\-----f--- x 

6 

(0) (b) 

FIGURE 4 - 13 

Stephenson's slxbar linkoge and vector loop 

case, if the four- link loop is analyzed fi rst, there will not be more than two unknown link 
angles to be found at one lime. 

STEPU E:"iSO/l. 'S SIXUAR is a more compl icated mechanism 10 analyze. Two vec
tor loops can be drawn, but depending on Ihe inversion being analyzed, either one or both 
loops will have five links· and thus three unknown angles as shown in Figure 4- 13a and 
b. HO'fever, the twO loops will have at least one nonground link in common and so a 
solution can be found. In the other cases an iterative solution such as a Newlon-Raph
son method (see Section 4.13, p. 192) must be used to find the roots of the equations. 
Program SIXBAR is limited to the inversions which allow a closed-form solut ion. one of 
which is shown in Figure 4-13. Program SIXBAR does not do the iterat ive solution. 

4.9 POSITION OF ANY POINT ON A LINKAGE 

Once the angles of all the links are found, it is simple and straightforward 10 define and 
calculate the position of any point on any link for any input position o f the linkage. 
Figure 4- 14 shows a fourbar linkage whose coupler. link 3, is enlarged to contain a cou
pler point p, The crank and rocker have also been en larged to show points S and U which 
might represent the centers of gravity of those links. We want 10 develop algebraic ex
pressions for the positions of these (or any) points on the links. 

To find the position of poi nt S, draw a position vector from the fi xed pivot 02 to 
point S. This vector R S02 makes an ang le~ with the vector RA02' This angle Sz is com· 
plele ly de fined by the geometry of link 2 and is constant. The position vector for point S 
is then: 

(4.25) 

The posi tion of point U on link 4 is found in the same way, usi ng the angle 04 which 
is a constant angular offset within the link. The ex pression is: 
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y 
p 

PosItIons 01 points on fhe links 

(4.26) 

The position of point P on link 3 can be found from the addition of two position 
veclors R" and Rp". RA is already defined from our analysis of the link angles in equa
tion 4.5 (p. 174). R pA is the relative position of point P with respect to point A. R pA is 
defined in the same wuy as RS or Ru. using the imem(lilink offset angle S3 and the po
sition anglc of link 3, 93. 

(4.27a) 

(4.27b) 

Compare equation 4.27 with equation 4.1 (p. 166). Equation 4.27 is the position differ
ence equation. 

4.10 TRANSMISSION ANGLES 

The transmission angle was defined in Seclion 3.3 (p. 9 1) for a fourbar linkage. That 
definition is repeated here for your convenience. 

The transmission angle ~ is shown in Figure 3-3a (p. 92) and is defined as Ihe anglc IH-
tK'un I/IC ol/lpl/llil1k (/lid Ihe COl//,ler. It is usually taken as the absolute value of Ihe acute angle 
of lhe pair of angles at the intersection of the two links and varies continuously from some mini
mum 10 some maximum value as Ihe linkage goes through ils range ormolion. It is a measure of 
the quality of force trJnsmission at the joint." 

We will ex.pand th3t definition here to represent the angle between any two links in 
a linkage. as a linkage can have many transmission angles. The angle between any oul
put link and the coupler which drives il is 3 transmission angle. Now that we have devel-
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• The ullrtSmission angle 
has limited applicatioo. II 
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si lUatioos in " 'hich the 
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oped the analytic expressions for the angles of all the links in a mechanism, i l is easy to 
define the transmission angle algebraically. It is merely the difference between the an· 
gles of the two joined links through wh ich we wish 10 pass some force or velocity. For 
our fourbar linkage example it will be the difference between 9) and 94. By convemioQ 
we take the absolute value of the difference and force iliO be an acute angle. 

;f 

a/raIlS =193 -94 j 
• 

a/roIlS> "2 (4.28) 

This compUiaiion can be done for any join! in a linkage by using the appropriate link 
angles. 

Extreme Values of the Transmission Angle 

For a Grashof crank-rocker fou rbar linkage the minimum value of the transmission an
gie will occur when the crank is coHnear with the ground link as shown in Figure 4-15. 
The values of the transmission angle in these positions are easily calculated from the law 
of cosines since the linkage is then in a triangular configura lion. The sides of the two trio 
angles are link 3. link 4, and either the sum ordifTerenceoflinks I and 2. Depending on 
the linkage geometry. the minimum value of the transmission angle ~min will occur either 
when links I and 2 are colinearalld ol·erlapping as shown in Figure4- 15a or when links 
I and 2 are colillear and nOllol'erlappillg as shown in Figure 4-15b. Using notalion con
sistent wi th Section 4.5 (p. 171) and Figure 4-7 (p. 173) we will iabcl the links: 

(I = link 2: b = link 3: c '" link4; d= link 1 

Fdr the overlapping case (Figure 4-153) the cosine law gives 

III =1] =arcc , " H' -(d-al' 1 
'be 

(4.29a) 

, ,-
" ' ( , 

I u \ _______ _ 

, ( A \ 
O2 / 
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0, 
( 

0, / , 
~-_d--__l ' 1<0=---- d ----I 

(0) Overlapped (b) Extended 

FIGURE 4- 15 

The minimum transmission ong~ In the Groshol crank-rocker fourbar linkage occurs In one of twa positions 
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and for the extended case, the cosine law gives 

(4.29b) 

The minimum transmission angle Jlmitl in a Grashof crank· rocker linkage is then the 
smaller of III and 1l2' 

For a G rashordouble-rocker linkage the transmission angle can vary from 0 to 90 
degrees because the coupler can make a full revolution with respect to the other links. 
For a non-Grashor triple-rocker linkage the transmission angle wil l be zero degrees in 
the toggle positions which occur when the output rocker c and the coupler b are colinear 
as shown in Figure 4·16a. In the other toggle positions when input rocker a and coupler 
b are colinear (Figure 4- 16b). the transmission angle can be calculated from the cosine 
law as: 

when v:O. 

_ ,(a+b)2+c2_ d2] 
/1 - arcc ..J) 

2~la+b 
(4.30) 

This is not the smallest value that the transmission angle Jl can have in a triple-rocker. 
as that will obviously be zero. Of course, when analyzing any linkage. the transmis
sion angles can easily be computed and plolted for all positions usi ng equat ion 4 _28_ 
Programs FOURBAR, FtVEBAR. and SIXBAR do this. The student should investigate the 
vanation in transmission angle for the example linkages in those programs. Disk file 
F04-15.4br can be opened in program FOURBAR to observe that linkage in motion. 

, , 

(a) Toggle posjtlons for links b and c (b) Toggle positions for hnks a and b 

FIGURE 4 - 16 

Non-GraShof triple-rocker linkages In toggle 

____ ,1. •• 
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4.11 TOGGLE POSITIONS 

The input link angles which correspond to the toggle positions (stationary configura
tions) of the non-G rashof triple- rocker can be calculated by the following method, 
using trigonometry. Figure 4- 17 shows a non-Crashof fourbar linkage in a general posi
tion . A construct ion line II has been drawn between points A and 04. This divides the 
quadrilatemlloop into two triangles, 02A04 and AB04. Equation 4.3 1 uses the cosine 
law to express the transmission angle}.l. in tenns of link lengths and the input link angle &.! . 

also: 

so: 

and: 

(4.31) 

To find The maximum and min imum values of input angle 92. we can differentiate 
equation 4.3 1. fonn the derivative of 92 with respect to ll. and set it equal to zero. 

dfJ2 _ be sin 11 _ 0 - ---- -
dll lui sinfJ2 

(4.32) 

The link lengths 1I. h. c, d are never zero, so this ex pression can on ly be zero when 
sin II is zero. This wi ll be true when angle J.l in Figure 4-17 is either zero or 180". This 
is consistent with thedefinition of toggle given in Section 3.3 (p. 90). Ifll is zero or 180c 

then cos II wi ll be ±I. Substituting these two values for cos J.l into equation 4.31 will 

B 
/, 

A 

, 

"-
9

2 
\ '-'" ~ 

_.L ___ ~ .• 

" 
FIGURE 4 - 17 

Finding the cronk angle corresponding to the toggle positions 
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give a solution for the value of 92 between zero and 1800 which corresponds to the tog
gle position of a triple-rocker linkage when driven from one rocker. 

or : 

(4.33) 

and: 

One of these i cases wil l produce an argument for the arccosine Function which lies 
between i l . The toggle angle which is in the fi rst or second quadrant can be found FrOIll 
this value. The other toggle angle will then be the negative of the one found, due to the 
mirror symmetry of the two toggle positions about the ground link as shown in Figure 
4-1 6 (p. 189). Program FOURBAR computes the values of these toggle angles for any 
non-Grashof linkage. 

4.12 CIRCUITS AND BRANCHES IN LlNKAGES 

In Section 4.5 (p. 171) it was noted that the fourbar linkage position problem has tWO 
sol utions which corre~pond to the two circuits of the linkage. This section will explore 
the topics of circuits and bnlllches in linkages in more detail. 

Chase and Minhl 21 define a circuit in a linkage as "all possible oriemalions oflhe 
/illks Ihal call be re(l/i:ed 11';1/10111 discollllecling allY of Ille joillls" and a branch as "0 
comil1l1ollS series of IJO.filiolls of Ille mec/ulIIism ol/a cirellil belll'el!I//II'O statiol/or)' COII
figllruriol/s . ... The stationary cOllfig /lr(lliOlls llil'ille a eirc/lit imo a :,,'er;es ofbrtlllches." 
A linkage may have one or more circuits each of which may COnlain one or more branch
es. The number of circuits corresponds to the number of solutions possi ble from the 
position equations for the linkage. 

Circuit defects are fatal to linkage operation. but branch deFects are not. A 
mechanislllthat must change circuits to move from one desired position to the other 
(referred to as a circuit defect) is not useful as it cannot do so without disassembly 
and re<lsscmbly. A mec hanism that changes branch when moving from one circuit 
to another (referred to as a brunch defecl) mayor may not be usable depending on 
the designer's intent. 

The tailgate linkage shown in Figure 3-2 (p. 91) is an example of a linkage with 
a deliberate branch defect in its range of motion (aclUally at the limit of its range of 
motion). The toggle position (stationary configuration) that it reaches with the tail
gate fully open serves to hold it open. But the user can move it out of this stationary 
configuration by rotating one of the links out of toggle. Folding chairs and tables 
often use a similar scheme as do fo ld-down sems in automobiles and slat ion wagons 
(shooting brakes). 

19 1 

TABLE 4 - 1 
Circuits &: Branches 
In !tie Fourtxlf Unkoge 

Fourbar Number 8/onc:h 
lH;~ 01 .,... 
TV'- Circuits Circuit 

Nan-G",",," 
"-rocker 

Grosho( 

2 

2 

2 

_ 2 2 

rocker 

Grosho( 
rocker- 2 '1 ,,,"" 
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Another example of a common linkage with a branch defect is the slider-crank 
linkage (crankshaft. con necti ng rod. piston) used in every pislOn engine and shown 
in Figure 13-3 (p. 641). Thi s linkage has two toggle positions (top and bottom dead 
center) giving it two branches within one revoluti on of its crank. It work s neverthe
less because it is carried through these stationary configurations b)' the angular mo
mentum of the rotating c rank and its Huached n )'wheet. One penulty is thllt the en
gine must be spun to start it in order to build suffic ient momentum to carry it through 
these toggle positions. 

The Watt sixbar linkage can have four circuits. and the Stephenson sixbar can have 
either fourer six circuits depending on which link is driving. Eightbar linkages can have 
as many as 16 or 18 circuits, not all of which may be real. however.l21 

The number of circuits and branches in the fou rbar linkage depends on its Grashof 
condition Ilnd the inversion used. A non-Grashof.triple-rocker fourbar linkage has onl), 
one circuit but has two bmnches. All Grushof fourbar linkages have two circui ts. but the 
number of brunches pe r circu it differs wi th the inversion. The crunk-rocker and double
crank have only one branch withi n each circuit. The double-rocker and rocker-crank 
have two branches within each circuit. Table 4-1 (p. 19 1) summarizes these relation
ships.!21 

Any solution for the position of a linkage must take into account the numberofpos
sible c ircuits that it contains. Aclosed-fonn solution. if available. will contain allthecir
cuits. An iterative sol ution such as is described in the next section will only yield the 
position data for one circuit, and it may not be the one you expect. 

4.13 ' NEWTON-RAPHSON SOLUTION METHOD 

The solution methods for position analysis shown so far in this chaptcr are all of "closed 
fonn." meaning that they provide the solution with a direcl. noniterative Ilpproach" In 
some situations. particularly with multiloop mechanisms. a closed-fonn solution may nO( 
be auainable. Then an altemative approach is needed. and Ihe Ncwton-Raphson method 
(sometimes just called Newton's method) provides one that can solve sets of simulta
neous nonlinear equations. Any iterative solution method requires that one or more guess 
values be provided 10 start the computation. It then uses the guess values loobtai n a new 
sol ution that may be closer to the correct one. This process is repeatcd until it converges 
to <I solution close enough to the correct one for prllctical purposes. However, there is 
no guarantee that lin iterative method will converge !It all. It ma), di verge. taking succes· 
sive solut ions funher from the correct one. especially if the initial guess is nOI sufficient
ly close 10 the real solulion. 

Though we will need 10 use the multidimensional (Newton- Raphson version) of 
Newton's method for these linkage problems. it is easier to undersland how the algori thm 
works by first discussing the olle-di mensional Newton's mcthod for finding the roots of 
a single nonlinellr fu nction in one independent variable. Then we will discuss the multi
dimensional Newton-Raphson method. 
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FIGURE 4 - 18 

Newton-Rophson melhod of solution fOl rools of nonlinear functions 

One-Dimensional Root-Finding (Newton's Method) 

A nonlinear function may have multiple rooiS. where a rool is defined as the intersection 
of the function with any straight line. Typically the zero axis of Ihe independenl vari
able is the slrnighlline for which we desire the rools. Take. for example. a cubic polyno
mial which will have Ihree roots. with either one or alllhree being real. 

y = f(x) =_x3 _2.\'2 +50.1'+60 (4.34) 

There is II closed-form solution for the roolS of a cubic func lion- which allows us 10 

calculate in advance that the roots of this particular cubic are all real and are x = -7.562, 
- 1.177. and 6.740. 

Figure 4-18 shows this function plolted over a range of x. In Figure4--1 8a. an initial 
guess value of XI = 1.8 is chosen. Newlon's algorithm evaluates the function for this 
guess value, finding YI. The value of Yt is compared to a user-selected tolerance (say 
0.001) 10 see if il is close enough 10 zero to call XI the root. If not. then the slope (m) of 
the funct ion at X I , YI is calcu lated e ither by using an analytic expression for the deriva
tive of the function or by doing a numerical differentiation (less dcsintble). The equa
lion of Ihe tangent line is then evaluated to find its intercept at X2 which is used as a new 
guess value. The above process is repeated, findingY2; testing it against the user select
ed tolerance; and, if it is too large, calculating another tangenlline whose x intercept is 
used as a new guess val ue. This process is repeated until the val ue of the function Yi at 
the latestxj is close enough to zero to satisfy the user. 

The Newton's algorithm described above can be expressed algebraically (in 
pseudocode) as shown in equation 4.35 (p. 194). The function for which the roots are 
sought isf(x), and its derivative is{ (x). The slope m of Ihe tangent line is equallo{(x) 
allhe current point x; Yi. 

• Viele's melhod from"Dc 
Emendalione" by Fmncois 
Vielc (1615) as dcSC'ribcd 
in referencc [41. 

a 
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step I 

step 2 

step 3 

step 4 

Step 5 

step 6 

Yi '" f(Xj) 

IF Yi S lO/cmflCt TIIEN STOP 

1I!1I!!l/'(Xi) 

y 
x,,+t = x; - ,,: 

)'1+1 = f(XI+I) 

IF YI+I StoiemllctTHEN STOP 

1;=)'/+1 GOTO step I (4.35) 

If the ini tial guess value is dose 10 a root. this algorithm will converge rapidly to the 
solution. However. it is quite sensit ive to the initial guess value. Figure 4- 18b (p. 193) 
shows the result ofa slight change in the initial guess from x t = 1.8 tOXt = 2.5. With this 
slightly different guess il converges to another root. Note also that if we choose an ini
tial guess of x\ = 3.579 which corresponds to a local maximum of this fu nct ion. the tan· 
gent line will be horizontal and will not intersect the.1" axis at all. 1lle method fails in 
this situation. Can you suggest a value of Xt that would cause it to converge to the 1"0()( 

at..r= 6.74? 

So this method has its drawbacks. It may fa il to cOllverge, It may behave chaotically." 
It is sensitive to the guess value. It also is incapable of distinguishing between multiple 
circuits in a linkage. The c ircuit solution il finds is dependent on the initial guess. It reo 
quires that the function be differentiable, and the derivative as well as the function must 
be evaluated at every step. Nevertheless, it is the method of choice for functions whose 
derivatives can be effici entl y evaluated and which are continuous in the region of the 
root. Furthennore. it is about the only choice for systems of nonlinear equations . 

Multidimensional Roof-Finding (Newton-Raphson Method) 

The one-dimensional Newton's method is easily extended 10 multiple. simultaneous. 
nonlinear equation sets and is then called the Newton-Raphson method. First. let's gen· 
eralize the expression developed for the one-dimensional case in step 4 of equation 4.35. 
Refer also to Figure 4·18 (p. 193). 

0' 

bUI: Yi = I(x;) m=['(x;) 

substituting: ['(.f;)· L\.,' = - /(x;) (4.36) 

Here a Ax lenn is introduced which will approach zero as the solution converges. The 
6x lenn rather than ),; will be tested against a selected tolerance in this case. Note that 
th is fonn of lhe equation avoids the d iv ision operation wh ich is acceptable in a scalar 
equation but impossible with a matrix equal ion. 

A multidimensional problem will have a sct of equation~ of the form 



POSITION ANALYSIS 

· . = 8 
[

fo(X' .x, .. " ..... x.)] 
12(.1'1,.1'2 .. f3'"'' X,,) 

· . · . 
[,,(xI ,X2 'X3' .... . t,,) 

where the SCI of equat ions constitutes a vector, here called B. 

Partial derivatives are required to obtain the slope lenns 

df, 3!L 3!L 
aXI dX, ax" 

= A 

df. df. df. 
ilx1 aX2 ilx" 

which foml the Jocobi(lfl lIlotrix of the system. here called A. 

The error temlS are also a vector. here called X. 

[

a" ] a', 
. = X 

a'. 

(4.37) 

(4.38) 

(4.39) 

Equation 4.36 then becomes a matri x equation for the multidimensional casc. 

AX =-8 (4.40) 

Equation 4.40 can be solved for X either by matrix inversion or by Gaussian e limina
tion. The values of the elements of A and B arc calculable for any assumed (guess) val
ues of the variables. A criterion for convergence can be taken as the sum of the error vec
tor X at each iteration where the sum approaches zero 31 a root. 

leI'S SCt up this Newton-Raphson solution for the fourbar linkage. 

Newlon-Raphson Solution tor the Fourbar Linkage 

The vector loop equation of the fourbar linkage. separated into its real (equation 4.00, 
p.175) and imaginary (equation 4.6b) parts provides the set o f functions that de fine the 
two unknown link angles 83 and 8 ... The link lengths. a. b. c, d. and the input angle 8z are 
given. 

II =acos02 +bcos03 -ccos04 -d =0 

h =asin92 +bsin03-csin94 =0 
(4.4la) 

(4.4 1b) 

-==== ' •• 

I 
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The error vector is: 

(4.42) 

The partial derivatives are: 

(4.43) 

This mmrix is known as the Jacobian of the system, and, in addition to its usefulness in 
this solution method. il also te lls something about the solvability of the system. The 
system of equations for position. velocity. and accelerat ion (in all of which the Jacobian 
appears) can only be solved if the value of the dctcnninant of the Jacobian is nonzero. 

Substituting equat ions 4.41 b (p. 195), 4.42. and 4.43 imo equation 4.40 (p. 195) 
gives: 

[
-bSin93 CSin64][O.']""J(lCOS92 +bcos93 -ceose .. -d] (4.44) 
bcos9) -coos a,! 69" 1 asin92 +hsin93 -csin94 

To solve this mnlri x. equnlion. guess val ues will have to be provided for 9) and 94 and 
the tWO equations then solved simultaneously for 6.9) and .694. For a larger system of 
equations, a matrix. reduction algorithm wi ll nccd to be used. For this simplc system in 
two unknowns, thc two equations can be solved by combination and rcduction. The test 
described above which compares the sum of the values of d93 and 694 to a se lected tol
erance must be applied aftcr each iteration to dctennine if a root has been found . 

Equation Solvers 

Some commercially avai lable equation solver software packages include the ability 10 
do a Newton-Raphson iterati ve solution on sets of nonlinear simultaneous equlltions. 
TKSofl'e? and Marl/coat are examples. TKSollw automatically invokes its Newton
Raphson solver when it cannot directly solvc the presenled equation scI. provided that 
enough guess values have been supplied for the unknowns. These equation solver toots 
are quite convcnie nt in that the user need o nl y supply the equations for the system in 
"raw" fonn such as equation 4.41a (p. \95). It is not necessary to arrange them into the 
Newton-Raphson algorithm as shown in the previous section. Lacking such a commer· 
cial equat ion solver. you will have to write your own computer code 10 program the s0-

lution as described above. Reference (51 is a useful aid in this regard. The CD-ROM 
incl uded with this text contains example TKSO/I'er fil es for the solution of this fourbar 
position problem as well as others. 
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4.15 PROBLEMS 

4.\ A position vector is defined as having II length equal to your height in inches (or 
centimeters). The tangent o( liS angle is dcfined as your wcight in pounds (or 
kilograms) divided by your age in years. Calculate the dala for Ihis veclor and: 

II. Draw the position vector 10 scale on canesian axes. 
b. Write an expression for lhe posi tion vector o~ing unil vector notalion. 
c. Write an expression (or the position veclOr using complex number notation, in both 

polar and cartesian fonns. 

4-2 A panicle is traveling along an arc of 6.5·in radius. The arc ccntcr is :It the origin of a 
coordinale system. When the part icle is lit position A. its posit ion vector mnkes a 45° 
:U1gle with the X axis. At posit ion Il. its vector makes a 75° angle with the X axis. 
Draw Ihis system to some convenient scale and: 

a. Write an expression for the particle's position vector in position A using complex 
number natalion, in bolh polar and canesian fonns. 

b. Wrile an expression for the part icle's position veclor in position B using complex 
number notation. in bolh polar and cartesian (onns. 

c. Write a veclor equalion for lhe position difference between points 8 and A. Sub· 
stitute the complex number nOlalion for Ihe vectors in Ihis equation and solve for 
Ihe posi lion di fference numerically. 

d. Check the resu lt of part c wi lh a graphical method. 

4-3 Repeat problem 4-2 considering points A and 8 to represent separate panicles. and 
find Ihei r re lative posi tion. 

0::==--,.7 
TABLE P4-0 
Topic/ Problem Matrix 

4.2 PO$IIIon god 

DltpIocem.nt 

4-53.4-57 

4.5 Algebrok: PO$IIIon 
AnoIyIlI 01 lJnkaoes 

4-1. 4-2.4-3. 4-4.4-5 
Gl"opNcoI F~ ... -""""" 4-7.4-8. 4-18d. 4-24. 
4-48.4-58 

4.6 fourbor SIIdef-Clonk -'"'aI""'" ,., 
"""""" 4-10.4-I&.4- 18f, 
4-18h. 4-20 

4.7 Inverted Sider· c _ _ -'"''''''"''' 4-11 

"""""" 4-12.4-48 

4.8 Unkoges 01 More 
than FOUf Bora 

GrophlcOl GFSM 

4-16 
AnoIyIIcoi GfBM 
4-17 

""'" 4-34.4-36. 4-37. 4-]9, 
4-40. 4-42, 4-49. 4-51 
ElghIOO< 
4-43. 4-45 

4.9 PosItIon 01 Any Polnt on'" lInkoge 
4-19.4-22.4-23.4-46 

4.10 TIOI'IIITIIssion Anglel 

4-]3,4-14,4-ISb, 
4-ISc. 4-~. 4-JS. 4-41. 
4-44,4-47.4-50.4-54 

4.11 Toggle PoIIIIoN 

4-15,4-I8a,4-ISg. 
4-21.4-25.4-26. 
4-27.4-28. 4-29. 4-30, 
4-52.4-S5.4-56 

4.13 Newlon·Rophson 
Solution Method 

4-31.4-32,4-33 
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* All problem figures are 
provided as PDF files. and 
some are also provided as 
animated Working Model 
files; all are on Ihe CD-
ROM. PDF filenames are 
Ihe same as lhe figure 
number. Run the file 
A,,;mllljOlI!i.hlmllO access 

and run Ihe animations. 

• Answel'$ in Appendi~ F. 
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· 3, 
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.. /~~ 
\ '/ 4 boo Crossed 

FIGURE P4 - 1 t 

Problems 4-610 4,-7, General configuration and terminology for Ihe fourbar linkage 

4-4 Repe;lt Problem 4-2 (p. 197) with [he panicle's path defined as being along the line 
y=-2x+lO. 

4-5 Repe.n Problem 4-3 (p. 197) with the path of the particle defined as being along the 
curvey= - 2r2 - 2r+ 10. 

04-6 The link lengths and the value of 92 for some fou rb:l r linkages arc defined in Table 
P4-1. nle linkage configuration ;lnd tenninology are-shown in Figure P4--I. For the 
rows ass igned, draw the linkage 10 scale and graphically find all possible solutions 
(both open and crossed) for angles 93 and 94 _ Determine the Gmshof condition. 

TABLE P4-1 Data for Problems 4-6, 4- 7 and 4· 13 to 4 - 15 

'ow Unk I l ink 2 Unk 3 Unk 4 " a 6 2 7 9 30 

b 7 9 3 8 85 
c 3 1O 6 8 45 

d 8 5 7 6 25 

e 8 5 8 6 75 
f 5 8 8 9 15 

9 6 8 8 9 25 

h 20 1O 1O 1O 50 
I 4 5 2 5 80 
j 20 10 5 10 33 
k 4 6 10 7 88 

9 7 10 7 60 
m 9 7 " 8 50 

n 9 7 " 6 120 

• 
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y 

A 

FIGURE P4 - 2 

'3 

Offset 

Slider position d 

y 

B 

x 

Problems 4-9 to 4-10 Open connguratlon and terminology for a fourbar sllder-crank linkage 

°t4_7 Repeat Problem 4-6 except solve by the vector loop method. 

4-8 Expand equation 4.7b and prove that it reduces to equation 4.7c (p. 176). 

-4-9 The link lengths and the value of 92 and offset for some fourbar slider-crank linkages 
are defined in Table P4-2. The linkage configuration and tenninology are shown in 
Figure P4-2. Por the rows assigned. draw the linkage to scale and graphically find all 
possible solutions (both open and crossed) for angle OJ and slider position d. 

°t4_IO Repeat Problem 4-9 except solve by the vector loop method. 

0 4- 11 The link lengths and the value of 92 and.., for some inverted fourbar slider-crank 
linkages are defined in Table P4-3 (p. 2(0). The linkage configuration and terminolo
gy are shown in Figure P4-3 (p. 2(0). For the rows a.~signed. draw the linkage to 
scate and graphically find both open and crossed solutions for angles 9) and 94 and 
vector RB. 

°t4_12 Repeat Problem 4-11 except solve by the vector loop method. 

TABLE P4-2 Data for Problems 4-9 to 4 - 10 

'ow Unk 2 link 3 Ollsel " 
0 IA 4 I 45 

b 2 6 -3 '" C 3 8 2 -J() 

d 3.5 10 I 120 

• 5 20 -5 225 
f 3 13 0 100 

9 7 25 10 330 

• Answers in Appendix F. 

t These problems are 
suiled to solut ion using 
MUlhClld. MIlI/ab. or 
TKSQII·er equation solver 
programs. In most cases. 
your solution can be 
checked with progl1lm 
FoURBAR. SLlD~. or 
SIXBAR. 
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• Answers in Appcooix F. 

t 1lIe5c problems are 
suiled 10 solulion using 
MUlhcad. Mal/ab. 01" 

TKSo/"~r equalion solver 
programs. In mosl cases. 
your solulion can be 
clleckcd wilh plogram 
FOUR8 ... 1t. SLIDER. or 
SIX8 ... R. 
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y ·3 ., 
x 

A 

x 
0, 

FIGURE P4-3 

Problems 4-11 to 4-12 Terminology fOf Inv9fSlon #3 of the fourbor slider-cronk linkage 

°t4_13 Find the transmission angles of the linkages in the assigned rows in Table P4- 1 (p. 

198). 

°t4-14 Find the minimum and maximum values of the tnlllsmission angle for atl the Grashof 
cmnk-rocker linkages in Table P4-1 (p. 198). 

· t 4_1 S. Find the input angles corresponding to the toggle positions of the non-Grnshof 
linkages in Table P4-1 (p. 198). (For this problem. ignore the valucs of92 given in 
the table.) 

°4- 16 The link lengths. gear ratio (A.). phase Wigle (,). and the value Or92 for some geared 
fivebar linkages are defined in Table P4-4. The linkage configuration and tcnninolo
BY are shown in Figure P4-4. For the rows assigned. draw the linkage 10 scale and 
graphically find all possible solutions for angles 93 and 94. 

·'4_17 Repeal Problem 4-16 except solve by the vector loop method. 

TABLE P4-3 Dolo IOf Problems 4 - 11 to 4 - 12 

Row Unk I Unk 2 Unk 4 T " 0 6 2 , Q() 30 

b 7 9 3 75 95 

c 3 10 6 45 45 

d 6 5 3 60 25 

e 6 , 2 30 75 

f 5 6 6 Q() 150 
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4 

y 

" 

" Gear ratio ).= ±-

" 
Phase angle ¢I = 9 5 - ;1..9 2 

x 

FIGURE P4 -4 

Probiems 4·16 to 4-17 Open conflgurallon and termlnologv for the geared flvebar linkage 

4-18 Figure P4-5 (p. 202) shows the mechanisms for the following problems each of 
which refers to the pan of the figure having the same letter. Reference al l calculated 
angles to the global XY axes. 

a. The angle between the X and A' axes is 25°, Find the angular displacement of link 
4 when link 2 rOiates clockwise from the position shown (+37°) to horizontal (0"). 
How does the transmission angle vary and what is its minimum between those two 
posit ions? Find the toggle positions of Ibis linkage in teMs of the angle of link 2. 

b. Find and plOithe angular position of links 3 and 4 and the trnnsmission lingle as a 
function of the angle of link 2 as it rotates through one revolution. 

TABLE P4-4 Data for Problems 4 - 16 to 4 - 17 

.ow Unk 1 Unk 2 Unk 3 Unk4 Unk 5 , • " 0 6 I 7 9 4 2 30 '" " 6 5 7 8 4 -2.5 '" 30 

c 3 5 7 8 4 -<>.5 0 45 

d 4 5 7 8 4 -I 120 75 

• 5 9 \I 8 8 3.2 -&l -39 

f 10 2 7 5 3 1.5 30 120 

Q 15 7 9 \I 4 2.5 -90 75 

h 12 8 7 9 4 -2.5 '" 55 

9 7 8 9 4 -<I 120 100 
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Y, A 

LI=174 

L2= 116 

L):::: 108 

~= 110 

' x 

L1:: 162 L2:4O 
L4 = 122 L3"" 96 
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Y 

L,p:70 

L5 '" 70 
4;70 

(0) Fourbar linkage (b) Fourbar linkage (e) Radlol compr9$$Of 

L]:::: 150 L2=30 
LJ: 1501.4 :30 

Y 

O2 

-

Cd} Walking-beam ConVeyOf 

L ] '" 87 

L2 =49 

L3 '" 100 
L4",,153 
1.5= 100 
~= 153 

x 
~ 

(g) Drum broke mechanism 

FIGURE P4·5 

A J 

0, /-

02 0 ,,=L3: Lj=l60 

08°4=1.6=1.7=120 
°lA=02C =20 

°4 8 =°40 =20 
0 4 £=04G = 30 
°sF=Osfl=30 ,. 

6 

8 

G 

7 

8 I 

11 

(e) Bellcrank mechanism (f) ONset slider ClanK 

4 

4.5 Eyp. 
(f'I) SymmetriCal mechanism 

I all dimensions in mm I 

L1 = 45.8 

L2 = 19.8 

L3= 19.4 
L.p:38.3 
L5"= 13.3 
L7'" 13.3 

L8'" 19.8 

4= 19.4 

Mechanisms for Problem 4-16 AcJopled Mm P. H. Hill and W. p. Rule. (1960). Mechanisms. Anotys/s and DesIgn. w1tfl Pf1(mIssJon 
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c. Find and plol lhe po~ilion of anyone piston as a function of the anglc of crank 2 as 
it rotatcs through one revolution. Once one piston·s motion is defined. find the 
mrnion~ of the OI:her two pistons and their phase relationship to the first piston. 

d. Find Ihe total angular displacemenl of link 3 and the 10lal slroke of Ihe box as link 
2 makes a complete revolution. 

c. Detcnllinc thc rmio of !lngular displacement between links 8 and 2 as a function of 
angular displacement of input crank 2. Plot the tr.lOsmission angle al point 8 for 
one revolution of crank 2. Comment on Ihe behavior of this linkage. Can it make 
a full revolution as shown'? 

f. Find and plot the displacement of pislOn 4 and the angular displacement of link 3 
as a function of the angular dispilicemeni of crank 2. 

g. Find and plot the angu lnrdisplacernent of link 6 versus the IInglc of input link 2 as 
it is rot:lled from the position shown (+30°) to a vcnical posit ion (+90°). Find the 
toggle positions of this linkage in lemlS of the angle of link 2. 

h. Find link 4·5 m:uimum displacement venically downward from the posi tion 
shown. What will the angle of input link 2 be at that position'? 

t4_ J 9 For one revolUlion of driving link 2 of the walking-beam indexing and piCk-and-place 
mechanism in Figure P4-6. find the horizontal stroke of link 3 for the ponion of their 
m()(ion where its tips are above the lOp of the platen. Express the stroke as a 
percentage of the crank length OlB. What ponion of a revolution of link 2 docs this 
siroke correspond to'? Also find the lotal angular displacement of link 6 over one 
revolution of link 2. The ven ical distance from 02 to the lOp of the platen is 64 ~l1m. 
The venic;11 dislHnce from 02 to the lOp left comer Q of the left-most pusher finger is 
73 mm. The horizontal distance from point A to Q is 95 mill. 

t4_20 Figure P4-7 shows a power hacksaw, used to Cllt metaL Link 5 pivots at 0 5 and ils 
weight forces Ihe sawblade against the workpiece while the linkage moves the blade 
(link 4) back and ronh on link 5 10 cot the pan. It is an offset slider-cmnk mecha
nism. The dimensions are shown in the figure. For one revolu tion of driving link 2 

020~ :: 108 

02A '" 40 
L)", 108 

L .. 40 

0 20 6 :::200 
0 28::: 32 

Ls:: 260 

OoC:: 96 

aU dimenSion:'~;"~"~'m:"" ... ..J~:~~t:::::: 
c 

6 

t l1Ic:se problems an: 
sui ted to solution using 
Mmhrucl, Mw/ub , or 
TKSoI • .,., equalion solver 
progl'3ms. In most cases. 
yoor solution CIUl be 
checked with pI"Ognlll 

FOURD AR. SUDER. or 
St.,(8AR. 

Section A-A 

Problem 4-19 Walking-beam IndeK9r with plck-ond-ploce mechanism Adapted from P. H Hili ond W. P. Rule. (/900). 
Mechanisms: Anotys/s and Design. \VIttl perm/s.sJon 
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, L2 :75 rum 

' jr;;;;;;;;;;;;;;;;;;~;;;;;;;;~~.J:~=~i~.e.L~3"" 170 mm 

Vh/udt 3 2 
, 

~ ~ 

workpiece 

FIGURE P4 · 7 

Problem 4-20 Power hacksaw AcJaplea from P. H. HIM and W. P Rule (1960). M6Chon/sms; AtlcJIV$Is and 0e$Ign, wt", pem~ 

p 

0 , 

FIGURE P4 -8 

Problem 4-21 

-
8 

0,~~~7'f' AP "" 3.06 
L! "" 1.0 31" \ // 

L1 = 2.06 ~"~~;:::.:. ::===:i:====:::::.~.~ ........ /.'~ .~ .. -..... - -
fiGURE P4 -9 

Problem 4-22 Straight-lIne walking-beam elghtbor transport mechonlsm 

FIGURE P4 · 10 

Problem 4-23 

L~ = 2.06 

_310 

LI = 2.22 
0 , 

" '- -. 
/J 

p 

0, 
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of the hacksaw mechanism on the cUlling stroke. find and plot the horizontal stroke of 
the saw blade as a function of the angle of link 2. 

· ' 4_21 For the linkage in Figure N-8. find its limit (toggle) positions in terms of the angle of 
link OlA referenced to the line of centers 0 20 4 when driven from link 02A. Then 
calculate and plOlthe xy coordinates of coupler point P between those limits. 
referenced to the line o f centers 0 204. 

' 4-22 For the walking beam mechanism of Figure P4-9. calculate and plot the x and y 
components of the position of the coupler point P for one complete revolution of the 
crank 0;0. Hint: Calculate them first with respect to the ground link 0204 and then 
transform them into the global XY coordinate system (i.e .• horizontal and venical in 
the figure). Scale the figure for any additional information needed. 

· ' 4_23 For the linkage in Figure P4-IO. calcu late and plot the angular displacement of links 3 
and 4 and the path coordimlles of point P with respect to the angle of Ihe input crank 
O~ for one revolution. 

t4_24 For the linkage in Figure P4-11. calcu late and plotlhe angular displacement of links 3 
and 4 with respect to the Wigle or the input crank O~ for one revolution. 

· ' 4-25 For the linkage in Figure P4-l2. find its limit (toggle) posi tions in terms orlhe angle 
of link 02A referenced 10 the line of centers 0204 when driven from link 02A. Then 
ealculille and plOlthe angular displacement of links 3 and 4 and the p;lth coordinates 
of point P with res~t to the angle of tnc input crank 02A over its possible range of 
motion referenced to tnc line of centers 0 20 4. 

· t4-26 For the linkage in Figure P4-13 (p. 206). find its limit (toggle) positions in (emu of 
the angle of link 0:0 referenced to the line of cenlers O:zO" when driven from link 
O~ . Then calculate and plOl the angular displacement of links 3 and 4 and the path 
coordinates ofpoinl P between those limits. with respect to the angle of the input 
crank O~ over its possible range of mOl ion referenced to the line of centers 0 20". 

t4_27 For the linkage in Figure P4- 13 (p. 2(6). find its limit (toggle) positions in terms of 
the angle of link 041 referenced to the line of centers 0 402 when driven from link 
0,,8. Then calculate and plot Ihe angular displacement of links 2 and 3 and the path 

fiGURE P4 - 12 

Problem 4·25 

, , 

/ 

I L~ '" 0 .785 , , 
, , , 

--- - --

AP = 1.09 
, , , 

p 

LI = 0.544 

Wi,l -- coupler 
8.375" 

fiGURE P4 - 11 

Problem 4-24 

• AIIli ... ·en in Appendix F. 

1 These problems life 

suited 10 5OIulion using 
MUlhcud. Mullub, or 
TKSo/I·t'r equalion solver 
programs. In most CISC!. 
your solulion can be 
checked wilh program 
FOOIl8 .... R. SUOElI.. or 
SIXSAR. 

a 
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"~9m 

O.6m 

FIGURE P4· 14 

Problem 4·28 

• Ani ... ·Crli In Appendjll F. 

t ~ problems an: 
suited to 5OImion using 
MUllrrud. Marlab. or 
TKSol"~r equllhoo iiOJver 
programs. In mOSt cases, 
the soJmiOIl can be 
checked with progmm 
FOUIUIAR, SUDIlR. or 
SIXBAR. 

0, 

FIGURE P4 · 13 

Problems 4-2610 4-27 
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, , , 
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8 

AP,: 1.33 

coordinates of point P between those limits. with respect to the angle of the input 
crank D,.B over its possible range of motion referenced 10 the line of centers 0 4°2_ 

t4·28 For 1he rocker-crank linkage in Figure P4· 14. find the maximum angular displace
ment possible for the treadle link (to which force F is applied). Delenninc the toggle 
positions. How does this work? Explain why the grinding wheel is able to fully 
l1)(ate despi te the presence of IOgglt positions when driven from the treadle. How 
would you get it started if it was in a toggle position? 

For the linkage in Figure P4-IS, find its limit (toggle) positions in tcnns of the angle 
of link 02A referenced to the line of centers 020" when driven from link 0:0. Then 
calculllle and plot the angular displacement of links 3 and 4 and the Jmth coordinates 
of point P between Ihose limits, with respect to the angle of the input crank 0:0 over 
ils possible range of motion referenced to the line of centers 020". 

-t4_30 For the linkage in Figure P4-1 5, find its limit (toggle) positions in tenns of the angle 
of link 0,.8 referenced to the line of centers 0,,02 when driven from link 0,.8. Then 
calculate and plot the angular displacement of links 2 and 3 and the path coordinates 

FIGURE P4 - 15 

Problems 4·29 fo 4·30 

/ 
AP '" 0.97 I 

0, 

, 

, , 

- _ _ \ L4 '" 0.85 
L , '" 0.68 - -
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of point P between those limits. with respcct to the angle of the input crank 0 48 over 
its possible range o f motion referenced to the line o f centers 0402. 

Ot4_31 Write a computer program (ot U<oC an equatioo solver such as Malhcad. Mat/ab. or 
TKSohrr) to find the roots of)' = 9x2 + 5Ox· 40. Hint: Plot the funct ion to detennine 
good guess vnlues. 

t 4_32 Write a computer program (or use an equation solver such as Mat/wad. Mat/lib. or 
TKSo/l"tr) to find the roots of)' = -.r1. 4.1,2 + BOx - 40. Hint : 1)lotthe funct ion to 
detemline good guess values, 

t 4·33 Figure 4·18 (p. 193) plots the cubic function from equmion 4.34, Write a computer 
program (or use an equation ~olver such as M(I{hc(ld, Mm/ah. or TKSO/I'I?r to solve 
the matrix equatiOll) to invc:otigme the behavior of the Newton-Raphson algorithm as 
the initial guess value is varied from x = 1.8 to 2.5 in steps of 0. 1. Dctcnnine the 
guess value at ..... hich the convergence switcl\('~ roots, Expl:.in this TOOt-switching 
phenomenon based on your o~rvations from this exereise. 

t4·}4 Write a computer program or use an equation solver such as M(lf/w(ld, M(lflab, or 
TKSofl'er to calculate and plOithe angular position of link 4 and the poSition of slider 
6 in Figure 3-33 (p. 142) as 11 funct ion of the angle of input link 2. 

t 4_35 Wri te a computer program or use an equation ..c)lver such as M(I(Jicad, MOI/(ih. or 
TKSo!l'l'r to calculate and plOithe transmission angles at points Band C of the 
linkage in Figure 3-33 (p. 142) as a funct ion of the :mglc of input link 2. ' 

t4.36 Create II model of the linkage shown in Figure 3-33 (p. 142) in lVorkillg Model, 

t4·37 Write a computer program or use an equation solver such as Mat/lcad, MtII/(Ih. or 
TKSoil'er to calculate and plot the angular posit ion of link 6 in Figure 3·34 (p. 143) 
as a function of the angle of input link 2. 

' 4-38 Write II computer program or use an equation solver such as Mtllhc(Id, MtII/lIiJ. or 
TKSoll'l'r to calculate and plot the transmission angles at points 8, C. and 0 of the 
linkage in Figure 3·34 (p, 143) as a function of the angle of input link 2. 

t4_39 Create a model of the linkllge shown in Figure 3·34 (p. 143) in lVorking M(}(lei. 

t4-40 Write a computer program or use an equation solver such as MMhcad, Malla/}, or 
TKSoII'er to calculate and plot the angular posi tion of link 6 in Figure 3-35 (p. 143) 
as a function of the angle of input link 2. 

t4-41 Write a computer progr.tm or use an equation solver such as Marhcad. MOllah. or 
TKSo/I'er to calculate and plot the transmission angles at points 11. C. and 0 of the 
linkage in Figure 3·35 (p. 143) as a function of the angle of input link 2 

4-42 Create a model of the linkage shown in Figure 3·35 (p. 143) in Workblg Model. 

'4-43 Write a computer progmm or use an equation solver such as Malhcad. Mallo/}. or 
TKSo/I'er to calculate and plot the angular posi tion of link 8 in Figure 3-36 (p. 144) 
as a function of tile angle of input link 2. 

t4-44 Write II computer progr.trn or use an equation solver such as MaI/tcm/. Mal/ah. or 
TKSoII'er loca1culate and plot the transmission angles at points 8 , C. D. E. and F of 
the linkage in Figure 3·36 (p. 144) as a function of the angle of input link 2 

'4-45 Create a model of the linkllge shown in Figure 3·36 (p. 144) in Working Model. 

"""'-:=_.207 

• Ans\\'crs in Appendi.\ F, 

t NOie thatlhese can be 
long problems to solve and 
may be morc appropriate 
for a project assignment 
than an overnight problem, 
In most tast's. the solutiOll 
tan be ehed;ed with 
program FooRBAR. 

SLlO[ R, or SIXBAR. 

I 



t Note that these can be 
long problems 10 solve and 
may be more appropriate 
for a projec;t 8S$ignment 
lhan an ovemigl\t problem. 
In most cases. the solution 
can be cllecked willi 

program FouR8AR. 

SUDER. or SIX8AR. 
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t4-46 Write a compuler program or use an equation solver such as MOfhcad. Marlab. or 
TKSoll'~rto calculate and plot the path of point P in Figure 3·37a (p. 144) as a 
function of the angle of input link 2. Also plot the variation (error) in the path of 
point P versus that of point A. i.e .. how close to a perfect circle is point P"s palh. 

t447 Write a computer program or use an equation solver such as Matheud. Murlab. or 
TKSo/l'u to calculate and plotthc transmission angles at point 8 of the linkage in 
Figure 3-37a (p. 144) as a function of the angle of input link 2 

t4-48 Create a model oflhe linkage shown in Figure 3-37a (p. 144) in Workillg Model. 

t 4-49 Write a computer program or use an equation solver such as Mathead. Mullab. or 
TKSolI'er 10 calculate and plot the path of point P in Figure 3-37b (p. 144) as a 
function of the angle of input link 2. 

t 4-50 Write a compUler progrJm or use an equation solver such as Mathead. Marlab. or 
TKSo/I'er to calculate :md plot the transmission angles at points 8. C. and D of the 
linkage in Figure 3·37b (p. 144) as a function of the angle of input link 2 

t4_5 1 Create a model of the linkage shown in Figure 3-37b (p. 144) in Working Modd. 

4-52 For the linkage in Figure P4·16. what are the angles that link 2 makes with the 
positive X-axis when links 2 and 3 are in toggle positions? 

4·53 The coordinates of the point P t on link 4 in Figure P4- 16 are (114.68, 33. 19) with 
respect to the .f)' coordinate system when link 2 is in the position shown. When link 2 
is in anOfher position the coordinates of P2 with respect to the:ry system are (100.41. 
43.78). Calculate the coordinates of Pt and P2 in the XY system for the two posifions 
of link 2. What is the sal ient feature of the coordinates of Pt and P2 in the XY 
system? 
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Problems 4-52 to 4·54 An 011 field pump - dimensions In Inches 
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Problems 4-55 to 4-57 All olrcrott overhead bin mechanism - dimensions In Inches 

t4_54 Write a compuler progrnm or use nn equation solver such as Mar/lcad. Mat/(Ib, 6r 
TKSolI't'r to calculate and plot the angular posit ion of link 4 with respect to the XY 
coordinate frome and the tl'llnsmission angle at point B of the linkage in Figure N-16 
as a function of the angle of link 2 wi th respect to the XY frame. 

4-55 For the linkage in Figure P4-17. calculate the maximum CW rotation of link 2 from 
the position shown, which is ;\1 _260 with respect to the local ... )' coordinate system. 
What angles do link 3 and link 4 rotate through for that excursion of link 21 

t4_56 Write a computer program or usc an equation solver such as Maillet/d. Mat/ab. or 
TKSof,'u to calculate and piC)( the position of the coupler point P of the linkage in 
Figure P4-17 with respect to the XY coordinate system as a function of the angle of 
link 2 with respect to Ihe XY system. The position of the coupler poim P on link 3 
with respect to point A is: p '" 15.00.03'" 0", 

4-57 For the linkage in Figure N - 17. calculate the coordinates orthe point P in the XY 
coordinate system if its coordinates in the .1')' syslem are (12.816. 10.234). 

t4_58 The elliptical tmmnlel in Figure N-18lllust be driven by rotating link 3 in a full 
circle. Derive lmalytical expressions for the positions of points A, 8. and a point C on 
link 3 midway between A and 8 as a function of 9) and the length AB of link 3. Use a 
vector loop equation. (Him: Place the glob:lI origin off the mechanism. preferably 
below and to the left and use Ii lotal of 5 vectors.) Code your solution in an equllIion 
solver such as Matllcad. Mat/ab. or TKSoll"t'r to calculate and plot the path of point C 
for one revolu tion of link 3. 

0:::::= __ :209 

ftGURE P4 - 18 

Effiptlcollrommel -
Problem 4-58 

t Note that these can be 
long problems to solve and 
may be more appropriate 
for a project assignment 
than an overnight problem. 
In most cases. the solution 
can be checked .... ith 
program FouRBAR. 

SLIDER. or StXIIAR. 
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ANALYTICAL LINKAGE 
SYNTH S 
Imagin lion is mort> impoll(J}1Uh{U/ Allow/edge 
ALBERT EINSTEIN 

5.0 , INTRODUCTION 

With the fundamental s of position analysis established, we can now use these techniques 
to synthesize linkages for specified OUlput posit ions llOlIlylically. The synthesis tech
niques presented in Chapter 3 were strictly graphical and somewhat intuitive. The ana
lytical synthesis procedure is algebraic rather than graphical and is less intuitive. How
ever, ils algebraic nature makes it quite suitable for computerization . These analytical 
synthesis methods were originated by Sandorlll and further developed by his students. 
Erdman,l2J Kaufman PJ and Loerch el aJ.[4.5] 

5.1 TYPES OF KINEMATIC SYNTHESIS 

Erdman and Sandorl61 define three types of kinematic synthesis. function , path. and 
motion generation. which were discussed in Section 3.2 (p. 88). Brief definitions are 
repeated here for your convenience. 

FU'\CTIO' G t. ~~.Kt\T tO' is defined as the corre/miol/ 0/ aI/ iI/put /ul/ctioll "";Ih 
{III output/ullction;n a mec/ialli.fm. Typically, a double-rocke r or crank-rocker is the 
result, wi th pure rotation input and pure roWlion output. A slider-crank linkage Cllll be n 
function generator as well . driven from either end, i.e .. rOltltion in and tmnslation out or 
vice versa. 

1't\TH Gt. 'U( \TIO' is defined as Ille comro/ o/ll point ill Ihe plant' such Ihm 
il/ollows some I)rescribed plIlh. This is typically accomplished with a fourbarcrank
rocker or double-rocker. wherein a point on the coupler traces the desired output 
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path. No allempt is made in path generation to control the orientation of the link which 
contains the point of interest. The coupler cUlVe is made to pass through a set of desired 
output points. However. it is common for the timing of the arrival of the coupler point at 
particular locat ions along the path to bedefined. This case iscalledpotllgellcratioll with 
prescril}(!(J timillg and is analogous to function genermion in that a particular output func
tion is specified. 

MOTtO,\, Gt;'ER \TlO' is defined as tile cofllrol of a line ill the lJlalle sllch Ill(It it 
assllmes some seqllenrial sel of prescribed positions. Here orientation of the link con
taining the line is important. This is typically accomplished with a fourbarcrank-rocker 
or double-rocker. wherein a point on the coupler traces the desired output path and the 
linkage also controls the angular orientation of the coupler link containing the output line 
of interest. 

5.2 PRECISION POINTS 

The poi",s. or POSiliolls. IJrescriiJed for l'/IcCt!ssil'e locmiolls of the Olllplll (coupler or 
rocker) lillk ill the plane are generally referred to as precision points or prt"Cision posi
tions. The number of precision points which can be synthesized is limited by the num
ber of equations available for solution. The fourbar linkage can be synthesized by 
closed-form methods for up to five precision points for motion or path generat ion with 
prescribed timing (coupler output) and up to seven points for function generat ion (rock
er output). Synthesis for twO or three precision points is relatively slmightforward, and 
each of these cases can be reduced to a system of linear simultaneous equations easily 
solved on a calculator. The four or more position synthesis problems involve the solu
tion of non linear. simultaneous equation systems. and so are more complicated to solve. 
requiring a computer. 

Note that these analytical synthesis procedures provide a sol ution which will be able 
to"be at" the specified precision points, but no guarantee is provided regarding the link
age's behavior between those precision points. It is possible that the resulting linkage 
will be incapable of moving from one precision point to another due to the presence of a 
toggle position or other constrnint. This situation is actually no difTerentthan that of the 
gmphical synthesis cases in Chapter 3. wherein there was also the possibility of a toggle 
position between design points. In fact. these analytical synthesis methods are JUSt an 
alternate way to solve the same multi position synthesis problems. One should still build 
a simple cardboard model of the synthesized linkage to obselVe its behavior and check 
for the presence of problems. even if the synthesis was perfonned by an esoteric analyt
ical method. 

5.3 TWO-POSITION MOTION GENERATION BY ANALYTICAL 
SYNTHESIS 

Figure 5-1 (p. 2 12) shows a fourbar linkage in one position with a coupler point located 
at a first precision position Pl' It also indicates a second precision position (point P2) to 
be achieved by the rotation of the input rocker, link 2. through an as yet unspecified an
gie ~2' Note also that the angle of the coupler link 3 at each of the precision positions is 
defined by the angles of the position vectors Zt and Z2. The angle $ corresponds to the 
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angle 0] of link 3 in its fi rst position. This ang le is unknown at the stan of Ihe symhesis 
and will be found . The angle 0.2 represents the angular change of link 3 from position 
one to position two. This angle is defi ned in the problem statement. 

It is important to realize that the linkage as shown in the figure is schematic. Its 
dimensions are unknown al the outset lind are 10 be found by this synthesis technique. 
Thus, for example, the length of the position veclor Z I as shown is not indicative of the 
fi nal length o f that edge of l ink 3. nor are [he lengths (W. Z, U, \I ) or angles (9. 4', 0", '¥) 
of any of the links as shown prediclive of the final result . 
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The problem slatemenl is: 

Design a fourbar linkage which will move a line on its coupler link such that a point 
P on that line will be fi rst at PI and later at P2 and will also rotate the line through an 
angle 0.2 between those twO precision positions. Find the lengths and angles of the four 
links and the coupler link dimensionsAIP I and 8tPt as shown in Figure 5·1. 

The t wo-posilion analytica lmolion synthesis procedure is as follows: 

Define the two desired precision positions in the plane with respect to an arbitrarily 
chosen global coordinate system XY usi ng posi tion vectors R Land R2 as shown in 
Figure 5-1 a. The change in angle (X2 of vector Z is the rotation required of the coupler 
link . Note that the position difference vector P21 defines the displacement of the output 
motion of point P and is defined as: 

(5.1) 

The dyad W tZ t defi nes the le ft half of the linkage. The dyad UIS] defines the right 
half of the linkage. Note that ZI and S t are both embedded in the rigid coupler (link 3). 
and both of these vectors wil l undergo the same rotation through angle (l2 from position 
I to position 2. The pin-to--pin length and angle of link 3 (vector V I) is defined in tenns 
of vectors ZI and 5 1. 

V1= ZI-SI lS.2a) 

The ground link I is also definable in tenns of Ihe two dyads. 

GI= WI+ VI -UI (S.2b) 

Thus if we can define the two dyads W t. Z I. and UI. SI . we will have defi ned a link
age that meets the problem specifications. 

We wi ll first solve for the left side of the linkage (vectors W I and ZI ) and later use 
the same procedure to solve for the right side (vectors UI and 5 1). To solve for WI and 
Z t we need only write a vector loop equation around the loop which includes both posi~ 
tions PI and P2 for the left-side dyad. We will go clockwise around the loop, starting 
wilhW2· 

W2 + Z2 - P21 - Z I - WI =0 (5.3) 

Now substitute the complex number equivalents for the vectors. 

lI'ei(&+~2) + :ei{.+n2) - P21ei62 - :e~ - Wf'J& = 0 (S.4) 

The sums of angles in the exponents can be rewritten as products of tenns. 

(S.5a) 

Simplifyi ng and rearranging: 

"'eJ&( eiP1 - 1)+ ze~(t!jnl -I) = P2le/lil (5.5b) 

Note thaI the lengths of vectors WI and W2 are the same magnitude w because they 
represent the same rigid link in two differenl positions. The same can be said about vec
tors Z I and ~ whose common magnitude is z. 

213 
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Equations 5.5 (p. 213) are vector equations. each of which contains two scalar equa· 
tions and so can be solved for two unknowns. The two scalar equations can be revealed 
by substiluling Euler's identity (equation 4.4a. p. 173) and separating the real and imago 
inary terms as was done in Section 4.5 (p. 171 ). 

real part : 

I wcoSe KCOO P2 -I) -I wsin elsi ll j3,2 

+ I ;cos¢l XCOS(l2 -I) - 1;sill¢l]sm(l2 = P21 cos52 (5.641 

imaginary part (with complex opermor j divided out): 

I K'sineKcoSP2 -1)+ I wco~eJsin P2 

+ [;sinQ XCOS(l2 -I) + [;cos¢ljsina2 = P21 sin 52 (5.6b) 

There are eight variables in these two equations: w. 9. P2. z. cjl. (X2, P21' lind 02' We 
can only solve for two. Three of the eight are defined in the problem statement. namel) 
0:2. P21. and~. Of the remaining five. 11'. e. ~2. =. cjl, we are forced to choose three as 
''free choices" (assumed values) in order to solve for the other two. 

One strategy is to assume values for the three angles. 9, ~2. ¢I. on the premise thai 
we may want to specify the orientation e. fIIof the two link vectors W t and Z t 10 suit 
packaging constraints. and also specify the angular excursion P2 of link 2 to suit some 
dri ving constraint. This choice also has the advantage of leading to a set of equations 
which arc linear in the unknowns and are thus easy to solve. For this solution, theequa· 
tions can be simplified by sett ing the ;Issumcd and speci fi ed terms to be equal 10 some 
const ~tnt s. 

In equation 5.6:1. let: 

A = cOSe(COSP2 - 1)- sin 9sinP2 

8 = cos~cos (). 2 - 1)-slI1q1sin(l2 

C = Pl1 co~52 

and in equation 5.6b let: 

then: 

D = sin e( cos ~2 -1)+cos9sill Pl 

E = sin ~(COS().2 - I)+cos¢lsin 1).2 

F = Pll sin52 

Aw+8::C 

011"+1:.';=1-' 

and solving simultaneously. 

CE- IJF 
w= 

AE BD 

(5.1a) 

(5.7b) 

(5.7c) 

(5.7d) 

• 



ANALYTICAL LINKAGE SYNTHESIS 

A second strategy is to assume a length z and angle $ for vector Z I and the angular 
excursion ~2 of link 2 and then solve for the vector W I. This is a commonly used ap· 
proach. Note that the terms in square brackets in each of equations 5.6 are respectively 
the x and y components of the vectors W I and Z I. 

WI =wsin9: , 
Substiluling in equation 5.6. 

WI, (eosllz - I)- IV., sin Ilz 

21 .. = ;cos$ 

21 =:sin41 , 

+ ZI, (eosa2 -1) - Z. , sinal = P2. COSli2 

WI, (eosllz - 1)+ WI, sin ~2 
+ ZI, (COS ll z - I) ... ZI .. sina2 = 1'21 sin li2 

(5.8a) 

(5.8b) 

Zirand 2 1)' are known from equation 5.8a with: lind q, assumed as freechoiees. To 
further simplify the expression. combine other known terms as: 

8 ::sinllz: 

D=sinIl2: E=P2Icoslil: 

e = casal-1 

F = P21 sina2 

substituting, 

and the solut ion is: 

A(-eZI + DZI ... E) + 8(-eZI - DZ. + F) 
IV= .. , , .. 

I. - 2A 

A(-eZI -DZI +F)+ 8(eZI -OZI -E) 
W = l' ' 1 

I, -2A 

(5.&) 

(5.8d) 

(5.Be) 

Either of these strategies results in the de finition of a left dyad W t Z I and its pivot 
localions which will provide the mOlion generation specified. 

We must repeallhc process for the right-hand dyad. UIS I. Figure 5·2 (p. 2 17) high· 
lighls the two posilions UIS I and U2S2 of the right dyad. Vector UI is initially at angle 
a and moves through angle 12 from posilion I to 2. VectorSI is ini tially al angle '1'. NOie 
that the rotation ofveclOr S from 51 10 Sz is through the same angle (X2 as veclor Z. since 
Ihey are in the same link. A vector loop equation similar to equation 5.3 (p. 213) can be 
wriuen for this dyad. 

(5.9a) 

• 
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Rewrite in complex variable fonn and collect terms. 

(5.9b) 

When this is expanded and the proper angles substituted. the x and y component 
equalions become: 

real part: 

IICOSO(COSY2 - I) -Ilsin o sin'h 

+ scos \jI(cosa2 - 1) -ssin \jlsina2 '" Pl. cos62 (5. 10a) 

imaginary part (with complex operator j divided OUl): 

lI~ino(COSY2 - I) + IIcosasin Y2 

+ ssin \jI(cosaz -I) + scos \jI s in a2 := pz. sin 0, (5. lOb) 

Compare equations 5.10 10 equations 5.6 (p. 2 13). 

The same first strategy can be applied to equations 5.10 as was used for equations 
5.6to solve for the magnitudes of vectors U and S, assuming values for angles a , ""and 
12. The quantities P2I'~' and u2 are defined from the problem statement as before. 

In equation 5. 103 let: 

A =COSo(cosy, - 1)-51nosinY2 

B = cos \jI( cosa2 - 1) -sin \jI sina, 

C=PZ.COS02 

and in equation 5. 1 Ob let: 

then: 

0= sina(cosy, -l)+cososinyz 

£ = sin ",(cosa2 - 1)+ cos .., sina2 

F = Pz. sinoz 

AII+Bs =C 

DII+Es=F 

and solving simultaneously, 

CE-BF AF-CD 
u= . 

AE BD' 
,= 

AE-BD 

(5.1 h) 

(5.lIb) 

(S.l le) 

(S. lId) 

If the second strategy is used. assuming angle 12 and the magnitude and direction of 
vector S I (which wi ll define link 3), the result will be: 

VI .. = /lCOSO: 

V. = /l sino: , 
Substitute in equation 5.10: 

5,. :;SCOS,¥ 

5, = ssin,¥ , (5.12a) 
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Ulx (COS 12 - 1)-UI , sin 12 

+SJ~ (cosaz - I) -51, sina2 = P21 COS02 
(5. 12b) 

U1, (cos12 - I)+UI~ sinyz 

+ 51, (cosaz - 1)+51, sina2 = PZIsino2 
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leI: A=COSY2-\: 

D= sinCt2: 

Substitute in equation 5. 12h. 

and the solution is: 

B=sinY2: 

E=P2ICOS02: 

C= COSQ. 2 - I 

F = I'2I sin o2 

A(-CSJ -os] +F)+B(CSJ -DS) -E) u- ' A ~ 1 
11 - -2A 

(S.12c) 

(5.1211) 

(5.12C') 

Note thallhere are infinities of possible solutions to this problem because we may 
choose any SCI of values for the three free choices of variables in this two-position case. 
Technically there is an infinity of solut ions for each free choice. Three choices then give 
infin ity cubed solutions! But since infinity is defined as a number larger Ihan the largest 
number you can think of, infinity cubed is not any more impressively large than just plain 
infinity. While not strictly correct mathematically. we will. for simplicity. refer to all of 
these cases as having "an infinity of solutions." regardless of the power to which infinity 
may btf raised as a result of the derivation. There are plenty of sol utions to pick from. at 
any rate. Un/orlllllarely. 1I0t all will work. Some will have circu it . branch. or order 
(CBO) defects such as toggle positions between the precision points. Others will have 
poor transmission angles or poor pivot locations or overlarge links. Design judgment is 
sti ll most important in selecting the assumed values for your free choices. Despite theiT 
name you must pay for those "free choices" later. Make a model! 

5.4 COMPARISON OF ANALYTICAL AND GRAPHICAL TWO
POSITION SYNTHESIS 

Note that in the graphical solution to this two-posit ion synthesis problem (in Example 
3-3. p. 95 and Figure 3-6. p. 97). we also had to make three/ree choices to solve the 
problem. The identical two-position synthesis problem from Figure 3-6 is repro
duced in Figure 5-3 (p. 220). The appro:lch taken in Example 3-3 used the twO points 
A and 8 as the attachments for the moving pivots. Figure 5-3a shows lhe graphical 
construction used to find the fixed pivots 02 and 0 4. For the analytical solution we 
will use those points A and 8 as the joints of the two dyads WZ and US. These dyads 
meet at point P. which is the precision point. The relative posit ion vector P21 defines the 
displacement or the precision point. 

Note that in the graphical solution , we implicitly defined the left dyad vector Z by 
locating attachment points A and B on link 3 as shown in Figure 5-3a. This defined the 
two variables. z and $. We also implicitly chose the value of HI by select ing an arbitrary 
location for pivot 02 on the perpendicular bisector. When that third choice was made, 
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Ihe remaining two unknowns, angles P2 and 9, were solved for graphically 011 the same 
lime, because the geometric construction was in fact a graphical "compUltllion" for the 
solution of the two simultaneous equations 5.8 (p. 215). 

The graphical and analytical methods rcpresenttwo alternate solutions to the same 
problem. All of these problems can be solved both analytically and graphically. One 
method can prov ide a good check for the other. We will now solve this problem 
analytically and correlme the results with the graphical solution from Chapler 3. 

an'XAMPL' 5·1 

Two-Position Analytical Motion Synthesis. 

Problem: 

Solullon: 

Design a fourbar linkage to move the link APB shown from position A,P,Bt to 

AzPz·Bz· 

(see Figure 5-3. p. 220) 

Draw the link APB in its two desired positions, A,P,B, and A2P28 Z. to scale in the plane as 
shown. 

! Measure or calculate the values of the magnitude and angle of vector P 21. namely. P21 and 
~. In this example they are: 

P2'::: 2.4 16: 

] Measure or calculate the value of the change in angle, 0.2. of vector Z from posit ion I to 
posit ion 2. In Ihis example it is: 

-l The three valucs in steps 2 and 3 are the only ones defined in the problem statemem . We 
must assume three additional "free choices" to solve the problem. Method two (see equa
tions 5.8. p. 2 15) chooses the length 1 and angle ~of vector Z and ~2' the change in angle of 
vector W. In order to obtain the same solution as the graphical method produced in Figure 
5-3a (from the infinities of solutions available), we wi ll choose those values consistent with 
the graphical solution. 

:::: 1.298: 

5 Substitute these six values in equmions 5.8 and obtain: 

1\': 2.467 

6 Compare these to the graphical solution: 

w:::: 2.48 

which is a reasonable match given the graphical accuracy. This veclor W t is link 2 of the 
fourbar. 

7 Repcllllhc procedure for the link-4 side of the linkage. The free choices will now be: 

I 
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Iflhe equations to be solved are linearly independent, then we can fi nd the inver.c 
of matrix A and multiply it by matrix C to fi nd n. The inverse of a matrix is defined as 
thai matri ll wh ich when multiplied by Ihe original malri ll yields the identity mllIrix. The 
identity ma trix is a square matrix with ones on the main diagonal and zeros everywhere 
e lse. The in verse of a matrix is denOled by adding a superscript of negative one to the 
symbol for the original matrix. 

o 0] 
1 0 

o I 

(5. 15 

Not all mUlrices will possess an inverse. The detenninanl of the matrix must be 
nonzero for an inverse to ex ist. The class o f problems dealt with here will yield matlica 
which have inverses provided that all data are correctly calculated for input to the matrix 
and represent a real physical system. The calculation of the tenns of the inverse for I 
malrix is a compl icated numerical process which requires a computer or preprogrammed 
pocket calculator to inver1 any matrill of significant size. A Gauss-Jordan-elimination 
numerical method is usually used 10 find an inverse. For our simple example in equa
tion 5. 13 (p. 22 1) the inverse o f matrix A is found to be: 

(5.161 

If the inverse of matrix A can be found , we can solve equation 5. 13 forthe unknowns B 
by multiplying both sides of the equation by the inverse of A. NOle Ihat unlike scalar 
mult iplication, matrix multiplication is not commutative; i.e .. A .It U is not equal to 8 x 
A. We will premulliply each side of the equation by the inverse. 

but : 
IAr' XIAlxI81:IAr' X Ie[ 

IAr' XIAI:III 

1"1:IAr ' xle[ 

(5.171 

The product of A and its inverse on the le ft side of the equation is equal [0 the iden· 
tily matri ll I. Multiplying by the identity matrix is equ ivalent. in scalar lenns. to multi
plying by one. so it has no effect on the result. Thus the unknowns can be found by pre
multiplying the inverse of the coeffi cient matri x A times the matrix o f constant terms C. 

This method o f solution works no mailer how many equations are present as long as 
the inverse of A can be found and enough computer memory and/or time is available to 
do the computation. Note lIlat it is not acmall y necessary to find the inverse of matri ll A 
10 solve the sel of equations . The Gauss-Jordan algori thm which finds Ihe inverse can 
also be used 10 directly solve for the unknowns U by assembling the A and C matrices 
into an a ugmented matrix of n ro ws and n + I columns. The added column is the C 
vector. This approach requires fewer calculations. so it is faster and more accurate. The 
augmented lll:Ltrix for Ihis example is: 
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[-~ -: : -~l 
3 I -I 2 

(5. ISa) 

The Gauss-Jordan algorithm manipulates this augmented matrix until it is in the 
fonn shown below. in which the le ft . square portion has been reduced to the identity 
matrix and the rightmost column contains the values of the column vector of unknowns. 
Ln this case the results are x, = I. Xl = 2. and x) = 3 which are Ihe correct solution to the 
original equations 5. 13 (p. 221). 

(5. lgb) 

The program MATRIX, supplied wi th this lext. solves these problems with this 
Gauss-l ord.1Il e limination method and operates on the augmemed matrix without actual
ly finding the inverse of A in explicit fonll. See Appendix A for instructions on running 
progmm MATRIX. For a review of matrix algebra see reference l7J. 

5.6 THREE-POSITION MOTION GENERATION BY ANALYTICAL 
SYNTHESIS 

The same approach of defining two dyads. one at each end of the fourbar linkage. as used 
for two-position motion symhesis can be ex tended to Ihree. four. and five posi tions 
in the plane. The three-pos ition motion synthesis problem wil l now be addressed. 
Figure 5·4 (p. 224) shows n fourbar linkage in one general position with a coupler point 
located at ilS first precision position Pt . Second and third precision positions (points Pz 
and PJ) are also shown. These are to be achieved by the rotation of the input rocker. link 
2. through as yet unspecified angles P2 and P3. Nole also thai the angles of the coupler 
link 3 at each oflhe precision positions are defined by the angles of the position vectors 
Z I. Z-:J.. and ZJ. The linkage shown in the figure is schematic. Its dimensions are un
known al Ihe outset and are to be found by this synthesis technique. Thus. for example. lhe 
length of the JX}Sition vector Zt as shown is nO{ indicative of the final length of thai edge of 
link 3 nor ure the lengths or angles of any of the links shown predictive of the final result. 

The problem statcmcnt is: 

Design a fourbar I inkage which wi ll move a line on ils coupler link such thlll a poinl 
P on thaI line will be first at PI. later al P2. and still later al P3. and al so will rotale the 
line through an angle (12 between the first two precision posit ions and through an angle 
ClJ betwecn the fi rst and third precision positions. Find the lengths and angles of the four 
links and the coupler link dimensions A] P J and B I P I as shown in Figure 5-4. 

The three-position anul) lical mol ion s) nlhesis procedure is as follows: 

For conveniencc. we will place the g lobal coordinate system XY at the fi rst preci
sion point PI. We defi ne the Olher twO desired precision positions in the plane with reo 
spect to th is global system as shown in Figure 5-4. The position difference vectors P2t. 
drawn from P I to Pl. and I'J]. drawn from P t to PJ. have angles &:z and BJ, respect ively. 

3 
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FIGURE 5 -4 

Three-posltloo analytical synltlesls 
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1 
"

G, 

The position differe nce vectors P21 and P31 define the displacemcnls of the output mo
.ion of point P from point 1 to 2 and from I to 3, respeclivcly. 

The dyad W I Z, defines the left half oflhe linkage. The dyad U, 5, defines the right 
half of the linkage. Vectors Z, and 5 , are both embedded in the rigid coupler (li nk 3), 
and both will undergo the same rotations. through angle (X2 from position I to posilion 2 
and through angle (X3 from position 1 10 position 3. The pin-to-pin length and angle of 
link 3 (vector V,) is defined in (enns of vectors Z, and S , as in equat ion 5.2a (p. 213). 
The ground link is defined by equation 5.2b as before. 
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As we did in the two-position case_ we will first solve for the left side of lhe linkage 
(vectors W t and Zt ) and later use the same procedure to solve for the right side (vectors 
Ut and SI)' To solve for WI and Z t we need to now write two vector loop equations. 
one around the loop which includes positions P t and P2 and the second one around the 
loop which includes positions PI and P3 (see Figure 54). We wi ll go clockwise around 
the first loop for mOl ion from position [ to 2. staning with W2. and then write the sec
ond loop equation for motion from position I to 3 starting with W 3. 

W2 + Z2 - P21 - Z , - W, =0 

WJ + ZJ - PJ1 - Z,- W1 =0 

Substituting the complex number equivalents for the vectors. 

l\·ej(6·~1) + :t"J(.+(l2) _ P21t"J6l _ :t"~ _ wt"fo = 0 

h't"j(6+~1) + Zt"j(.+ClJ) - IJJlei63 - :e~ - wej6 = 0 

Rewriting the sums of angles in the exponents as products o f temlS. 

we.i6 eiP2-+ :e~eiUl _ P21,J62 _ :eJt - h'e.i6 = 0 

h'eJfleiPl + :eJtt'iU) _ P3Iei6) - u lt - 1\".i6 = 0 

Simplifying and rearranging: 

wefo (e.ill2 - I)+ :e"'('ja.~ - 1)=P2Iei02 

l\.e.i6( ,j~3 _ I) + :f!~(eju3 _ \) = P3le.ill3 

(5.19) 

(5.20) 

(5.2 1 a) , 

(S.21 b) 

The magnitude w of vectors W t. W2. and W3 is the same in all three positions be
cause it represents the same line in a rigid link. The same can be said about vectors Z,. 
~. and Z3 whose common magnitude is:. 

Equations 5.21 are a set of two vector equations. each of which contains two scalar 
equations. This sct offour equations can be solved for four unknowns. The scalarequa
tions can be revealed by substi tut ing Euler's identity (equation 4.4a. p. 173) and separat
ing the real and imagi nary lenns as was done in the two-position example above. 

real part: 

wcose( COS ~2 - 1)- "'sin 9sin ~2 

+:cOSQ(cosCt2 - I}- :sin 41sinCt2 = P21 COSS2 (5.22a) 

wcose(COS~J -1)- wsin9sinPl 

+:cos~cosa3 - 1)-:sin$sina3 = P)I cosS) (5.22b) 

imaginary pan (with complex operator j di vided o ut): 

22S 

I 
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II'Si n 9{cos~2 - I) + II' cosesin ~z 

+ zSin ${cOSD.2 - 1)+zcos!jIs inD.2 = P21 sinoz 

II' sinB(cos~3 - I) + ",cosBsin 1)3 

+ :sin $(COSD.) - 1)+ Z cos!jIsinD. ) = P3 I sin oJ 

(5.22c) 

(5.2211t 

There are Iweln variables in these four equations 5.22: w. e, ~2' Pl. I, 41. Cl2. QJ. 
P21.P)I. 8:2. and 0). We can sol\'e ror only rour. Six of them are defined in the problem 
statemenl, namely (X2. (X), P'2t,P)I'~' and 0). Of the remaining six. w, e. P2. p).:, Q, I<1"t 
must choose two as rr~ choices (assumed val ues) in order to solve for the other four. 
One strategy is 10 assume values for the two angles. Ih and p), on the premise thaI we 
may want to specify the angular cxcursionsof link 2 to suit somc driving constraint. 
(This choice also has the benefil of lcading 10 a sel of linear equations for simultaneOlh 
solution.) 

This leaves the magnilUdes and angles of veclors W and Z to be found (w, e, zo, 'l. 
To simpli fy the sol ution , we can substitute the following relalionships looblain thexand 
y components of the two unknown vectors W and Z. rnlher than their polar coordinates. 

"'a..- = ",cos9; 

WI =lI'sin9; , 
Zt. = :cOSf 

ZI =zsin ljl , 
Substituting equations 5.23 into 5.22 we obtain: 

WI. (cos~) - 1)- WI, sin~3 

+ ZI. (cosal - I)-ZI, sin a) = Pll COSOl 

WI , (cos ~!- I)+WI. sin~2 

+ ll , (cosa2 - I) +ZI..- sinaz = PZt sino! 

WI , (COS~3 - I) + WI. sin!)) 

+ ZI, (cosaJ - I)+ZI, sin a) = p)] sino) 

(513) 

(5.24a) 

(5.24b) 

(5.24c) 

(5. 24<11 

These are four equations in the four unknowns Wh , WI )" ZIx' and Zly' By seuing 
the coefficieniS which cOnlain the assumed and specified terms equal to some constams. 
we can simplify the notation and obtain the following solutions. 

A=cosJ)Z- I: 8 =5inI)2: C=cOS D.z- 1 

D=sina 2: £=f'2]cOS02: F:=cos~)- I 
(5.25) 

G :sin!)): H = COSD.l - I: K =sina) 

L : P)I COSOj: M =P2I sin 02: N=PllsinOJ 
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Substituting equations 5.25 in 5.24 to simplify: 

AWl - BWI +CZI -DZI ::I E . , . , 
FlVI - GWI + HZI -KZI :L 

• 1 • 1 

This system can be put into standard matrix fonn: 

(", .. ) 
(5.26b) 

(5.26c) 

(5.26d) 

(5.27) 

This is of the general foml of equation 5.13c (p. 221). The vector of unknowns 8 
can be solved for by premultiplying the inverse of the coefficient matrix A by the con
stant vector C or by forming the augmented matrix as in equation 5.18 (p. 223). For any 
numerical problem, the inverse of a 4 x 4 matrix can be found with many pocket caJcu
lalOrs. The computer progmm MATRIX. supplied with this text. will also solve the aug
mented matrix equation. 

Equations 5.25 and 5.26 solve the three-position synthesis problem for the left-hand 
side of the linkage using any pair of assumed values for ~2 and Pl . We must repeat the 
above process for the righi-hand side of the linkage to find vectors U and S. Figure 5-4 
(p. 224) also shows the three positions of the US dyad. and the angles 0 , Y2, ~, \V, (X2. 
and (X3. which define those vector rotations for all three positions. The solution deriva
tion for the right-side dyad. US. is identical to thllt just done for the left dyad WZ. The 
angles and vector labels are the only difference. The vector loop equations are: 

U2 + S2 - P21 -SI-U1-=O 

UJ +S) - 1'31 -S1 - UI =0 

Substituting. simplifying. and rearranging. 

ue j O( ej 'f2 -1)+ sej'tl (e j Q.l - \) ::: P21ej61 

lfejo(ei'fl_ I)+sej'tl(e j Ql - I) = PJle j6 ] 

(5.28) 

(5.29) 

The solUlion requires that two free choices be made. We will assume values for the 
angles Y2 and Y3. Note that (X2 and (X3 are the same as for dyad WZ. We will , in effect. 
solve for angles 0 and \V by finding thex and ycomponents of the vectors U and S. The 
solution is: 

7 
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A:: cosY2 - I; 

D= sina2; 

G=sinY3; 

L = PJl COsS3; 
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B=sinY2; 

E=P21COS S2; 

11 = cosa) -I; 

M = P21 sinS2; 

C=cosa2 - 1 

F=cosYJ - 1 

K = sina3 

N = P31 sinS3 

(5.30) 

(5.318) 

(5.3Ib) 

(5.3Ie) 

(5.3ld) 

Equations 5.31 can be solved using the approach of equations 5.27 (p. 227) and 5.18 
(p. 223). by changing W to U and Z to S and using the definitions of the constants given 
in equation 5.30 in equation 5.27. 

It should be apparent that there are infinities of solutions to this three-position syn
thesis problem as well . An inappropriate selection of the two free choices could lead to 
a solution which has circuit, branch. or order problems in moving among all specified 
positions. Thus we must check the function of the solution synthesized by this or any 
other method. A simple model is the quickest check_ 

5.7 COMPARISON OF ANALYTICAL AND GRAPHICAL THREE
POSITION SYNTHESIS 

Figure 5-5 shows the same three-position synthesis problem as was done graphically in 
Example 3-6 (p. 101). Compare this figure to Figure 3-9 (p. 102). The labeling has been 
changed to be consistent with the notation in this chapter. The points PI, Pz. and p) COT

respond to the three points labeled 0 in the earlier figure. Points At. AZ, and A) corre· 
spond to points E; pointsBt, B2, and B) correspond to points F. The old lineAP becomes 
the present Z vector. Point P is the coupler point which will go through the specified 
precision points. Pt. Pz, and Pl. Points A and B are the attachment points fOT the rockers 
(links 2 and 4. respectively) on the coupler (link 3). We wish to solve for the coordinates 
of vectors W. Z. U, and S. which define not only the lengths of those links but also the 
locations of the fixed pivots Oz and 04 in the plane and the lengths of links 3 and I. 
Link I is defined as vector G in Figure 5-4 (p. 224) and can be found from equat ion 
5.2b (p. 213). Link 3 is vector V found from equation 5.2a (p. 213) . 

Four free choices must be made to constrain the problem to a panicular solution out 
of the infinities of solutions available. In this case the values of link angles ~z. ~3 ' 'f2. 
and 13 have been chosen to be the same values as those which were found in the graph
ical solution to Example 3·6 (p. 10 I) in order to obtain the same solution as a check and 
comparison. Recall that in doing the graphical three-position synthesis solution to this 
same problem we in fact also had to make four free choices. These were the x.y coordi
nates of the moving pivot locations £ and F in Figure 3-9 (p. 102) which correspond in 
concept to our four free choices of link angles here. 
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j Y 

3 s, 

" \ 

Defined Variables 

P" 2.798 

b, _3 1.190 

I' l l • 3.919 

0, = - 16.34" 

a, = - 45.0" 

0, 9.30 

Assumed Variables 

~, • 342.3° 

~, • 324.80 

" • 30.90 

0, 

" BO.6'" 

To be found: VectOrli \\ I Z I S I L I 

FIGURE 5·5 

Data needed far three-position analytical synthesis 



I 

DESIGN OF MACHINERY CHAPTER 5 

Example 3-5 (p. 99) also shows a graphical solution to this same problem resulting 
from the free choice of the x.y coordinates of points C and D on the coupler for the mov
ing pivots (see Figure 3-8, p. 100 and Example 3-5, p. 99). We found some problem\ 
with toggle positions in that solution and redid it using points E and F as moving pivOl~ 
in Example 3-6 (p. 10\) and Figure 3-9 (p. 102). In e ffect the graphical three-posi tion 
symhesis solution presented in Chapter 3 is directly analogous to the analytical solution 
presemed here. For this anal ytical appro,tch we choose to select the link angles ~2.~]' 
Y2. and Y3 mther than the moving pivot locations E and F in order to force the resulting 
equations to be linear in the unknowns. The graphical solution done in the earlier exam
pies is actually a solution of simultaneous nonlinear equations. 

b XAMPLE 5-2 

Three-Position AnalytIcal Motion Synthesis. 

Problem: Design a fourbar linkage to move the link APB shown from positionAtPtBI!o 
A2P2B2 and then to position A3P383' 

Solufion: (see Figure 5-5. p. 229) 

Draw the link APB in its Ihree desired posilions. A lP 18 I. t\ 2P 28 2. and A )P ) BJ 10 scale in the 
pl:me as shown in the figure . 

2 The three posi tions are then defined with respect to a global origin positioned althe first pre
cision point P I' The given data arc the magnitudes and angles of the position difference VI!("
toJiS between precision points; 

P21 = 2.798 P3[ = 3.9[9 

3 The angle changes of the coupler between precision points are; 

4 The free choices assumed for Ihe link angles are: 

112 = 342.3" 113 = 324.8" 

These defined variables and Ihe free choices are also lisled on Ihe figure. 

5 Once the free choices of link angles are made. Ihe terms for [he malrices of equation 5.27 (p. 
227) can be defined by solving equation 5.25 (p. 226) for Ihe first dyad of the linkage and 
equation 5.30 (p. 228) for the second dyad o f the linkage. For this example [hey evaluate [0: 

First dyad ( WZ); 

A =-0.0473 B :-0.3040 

E '" 2.3936 F=-O.1 829 

K = 0.16 16 1.. = 3.7607 

C=-O.2929 

G = -0.5764 

M=- - I.4490 

f) = -0.7071 

H =-O.OI31 

N=-1.1026 
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Sccond dyad (US): 

A=-O.1419 

E = 2.3936 

K"'0.1616 

8=0.5135 

F=-O.8367 

L = 3.7607 

C::-O.2929 

G = 0.9866 

M"' - I.4490 

D "'-0.7071 

H ", -O.0131 

N: - 1.1026 

6 Progmm MATRIX is used to solve this matrix equation once with the values from equation 
5.25 (p. 226) insened to get the coordinatcs of vectors W and Z. and 3 second time wi th val
ues from equation 5.31 (po 228) in the matrix to get the coordinates of vtttors U and S. The 
calculated coordinates of the link vectors from equations 5.25 to 5.3 1 are: 

WI" :: 0.055 IV, =6.832 Z ... =1.179 

Link 2 '" "' = 6.832 

U ... ", - 2.628 Uy = - 1.825 5 ... =-0.109 

Link4 = u=3.2 

7 Equation 5.2a (p. 21 3) is used 10 find link 3. 

Link 3 = I ' '" 1.399 

V ... =Z ... - S ... ", 1.179 - (-0.109): 1.288 

Vy = Z,- S, :: 0.940 - 1.487 = - 0.547 

8 TIle ground link is found from equmion 5.2b (p. 213) 

a ... ", IV ... + V ... - V ... = 0.055 + 1.288 - (- 2.628) = 3.97 1 

a, '" IVy + V, - U, = 6.832 -0.547 - (-1.825) = 8.110 

Link 1 : g = 9.03 

Z, ,,,O.940 

5y= 1.487 

9 The appropriate vCClor components are added together to get the locations of fixed pivots O2 
and 0 4 with respect to the global origin at precis ion point Pt. See Figures 5-4 (p. 224) and 
5-5 (p. 229). 

02.1" = - Z ... - IV .. : - 1 .179 - 0.055 = - 1.234 

O2,= - Z,- IV, :: - 0.940- 6.832: - 7.772 

0 4 • :-S .. - V .. : -(-0.109) - (- 2.628) = 2.737 

04y=-Sy- V, :: - 1.487 - (- 1.825) = 0.338 

Table 5-1 (p. 232) shows the linkage paramelers as synthesized by this mClhod. 
These agree with lhe solution found in Example 3-6 (p. 101) within ils graphical accuracy. 
Open the files E05-02a.mlr and E05-02b.mtr inJo program MATRIX 10 compute these resulls. 
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TABLE 5-1 Results of Analytical Synthesis for Example 5 -2 

Unk Number Analytlcal Solution Graphical Sotutlon 

(length calculated, In) (length Irom Fig. 3·9, p . 102, In) 

1 9.03 8.9 

2 6.83 6.7 

3 1.40 1., , 3.20 3.2 

Coupler Pt. =- 1.5\@61.31degrees 1.5 @ 61 degrees 

Open/Crossed =- CROSSED CROSSED 

Start Alpha2 =- o rad/sec2 

Start Omega2 =- 1 rod/sec 

Start Theta2::: 29 degrees 

Flnol Theta2 :- 11 degrees 

Delta Theto2 ::: -9 degrees 

This problem can also be solved with program FOURBAR usi ng the same method as 
derived in Section 5.6 (p. 223). Though the derivation was done in tenns of the polar 
coordinates of the position difference vectors P21 and P31. il was considered more con· 
venient to supply the cartesian coordi nates of these vectors 10 program FOURBAR. (It is 
gerlerally more accurate to measure x,y coordinates from a sketch of lhe desired positions 
than to measure angles with a protractor.) Thus the pJogram requesls Ihe rectangular 
coordinates of P21 and P31. For this example they are: 

P21.r "'" 2.394 P21y = - I .449 P31x =- 3.761 P31y = - 1.1 03 

The angles!X2 and!X3 must be measured from the diagram and suppl ied, in degrees. 
These six items constitute the set of "givens." Note that these data a re a ll relalh'e itl
forma/ion rela ting the second and third positions to the first. No infonnation about 
their absolute locations is needed. The global refe rence system can be taken to be any
where in the plane. We took it to be at the first precision point position P I for conve· 
nience. The free choices ~ and /33 for the first dyad and 'f2 . 'f3 for the second dyad musl 
also be input to program FOUR BAR as they also were to program MATRIX. 

Program FOURBAR then solves the matrix equation 5.27 (p. 227) once with the val· 
ues from equation 5.25 (p. 226) inserted to £et the coordinates of vectors W and Z. and 
a second time with values from equation 5.3 1 (p. 228) in the malrix to get the coordi
nates of vectors U and S. Equalions 5.2 (p. 213) are then solved to fi nd links 1 and 3, 
and the appropriate vector components are added to£ether to get the locations of fi xed 
pivots O2 and 0 4 . The link lengths are relUmed to the main part of program FOURBAR 
so that other linkage parameters can be calculated and the linkage animated. 

Note Ihat there are two ways to assemble any fourbar linkage, open and crossed (see 
Figure 4-8. p.1 74). and this analytical synthesis technique gives no information on which 
mode of assembly is necessary to £etthe desired solution. Thus you may have to try both 
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modes of assembly in program FOURBAR to find the correct one after dctemlining the 
proper link lengths with this method. Note also that program FOURBAR always draws 
the linkage with the fixed link horizontal. Thus the animation of the solution is oriented 
differently than in Figure 5-5 (p. 229). 

The finished link:lge is the same as the one in Figure 3·9c (p. (02) that shows a driv
erdyad added to move links 2. 3. and 4 through Ihe three precision points. You may open 
the file E05-02.4br in program FOURBAR to see the motions of the analytically synthe
sized fourbar solution. The link.age will move through the three positions defined in the 
problem statement. The file F03-09c.6br may also be read into program StXBAR 10 see 
the full motion of the finished sixbar linkage. 

5.8 SYNTHESIS FOR A SPECIFIED FIXED PIVOT LOCATION · 

In Example 3-8 (p. 105) we used graphical synthesis techniques and inversion to create 
a fourbar linkage for three-position motion generation with spec ified fixed pivot 
locations. This is a commonly encountered problem as the available locations for fi xed 
pivots in most machines are quite limited. Loerch el aJ..!41 show how we can use these 
analylical synthesis techniques to find a linkage with speci fied fi xed pivots and three 
output positions for motion generation. In effect we will now lake as our four free 
choices the x and y coordinates of the two fixed pivots instead of Ihe angles of the links. 
This approach will lead to a sel of nonlinear equat ions containing transcendental 
functions of the unknown angles. 

Figure 5-6 (p. 234) shows the WZ dyad in three positions. Because we want to re
late the fixed pivots of vectors Wand U to our precision points. we will place the origin 
of our global axis system al precision point Pt. A position vector R J can then be drawn 
from the root ofveClor WI to the global origin al Ph R2 10 P2. and R) to P3' The vector 
- RI defines the location of the fixed pivol in the plane with respecllo the global origin 
at Pl. 

We will subsequent ly have to repeat thi s procedure for three positions of vec tor 
U allhe right end of Ihe linkage as we did with the three-position solUlion in Section 5.7 
(p.228). The procedure is presented here in detai l only for the left end of the link
age (vectors W. Z). It is left to Ihe reader to substitute U for Wand S for Z in equa
tions 5.32 10 generate the solu ti on for the right side. 

We can write the vector loop equation for each prec ision position: 

W1+ ZI. R , 

W2 + Z2 ", R2 
WJ+ ZJ", R] 

Subslitute the complex number equivalents for the vectors Wi and Z;: 

wefo + :elt '" Rl 

weJ(9+t!1) +:,J(t+Ul) = R2 

wej(9+f\)) +:eJ(t+Ul) = R3 

(5.32a) 

(5.32b) 

• Synredr. a commercial 
software package Ihal 
solves Inc: lhree-posilion 
anaJylica! synlhc:sis 
problem wilh spc:cificDlion 
of filed pivots in an 
inleraclivc: fashion i5 
available: from S)'MKh 
Inc .• 63SA Divisadc:ro 51 .• 
San Francisco. CA 941 t 7 
415-276- 1746 
www.symech.com 
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5, 

5, jY 

s, 

A1 

0, 
FIGURE 5 · 6 

Three-positlon synthesis 01 a linkage with specilled nxed plvollocollOns 

Expand: 

Nole Ihal: 

11'~j8 +U'" '" R, 

I1't .i8 tiP! + :eit rjo! '" Rl 

we.i8eillJ + :"it"iaJ '" RJ 

x 

", 
4 

(5.32c) 
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and : 

z _ ;~it 

W + Z _ R I 

We llll + z.t. jul _ R 2 

W~jll) + ZeJ<J. ) - R) 

(5.32d) 

(S.32e) 

Previously. we chose P2 and P3 and solved for the vectors Wand Z. Now we wish 
to. in effect. specify the x. y components of the fixed pivot 02 (-Rlx. - R1y ) as our two 
free choices. This leaves 132 and 133 to be solved for. These angles are contained in tran
scendental expressions in the equations. Note thaI. if we assumed values for 132 and 13) 
as before. there could only be a solution for W and Z if the detemlinant of the augmeOl
ed matrix of coeffi cients of equations 5.32e were equ;\l to zero. 

R, 
e /lll e;o.: R, - 0 (5.33a) 
eill ) eiuJ R3 

Expand this dctenninant about the first column which contains the present un
knowns pz and P3: 

To simpli fy. let: 

then: 

A - R l eft' 2 - R 21')Q) 

lJ_RI~)tl3 _ R 3 

C_ R2 _ R 1e;Ul 

(5.33b) 

(S.33c) 

(S.33d) 

Equation 5.33d expresses the summation of veclOrs around a closed loop. Angles 
pz and P3 are contained within transcendental expressions making their solution cum
bersome. The procedure is similar to that used for the analysis of the fourbar linkage in 
Section 4.5 (p. 171). SubstitUie the complex number equivalents for all vectors in equa
tion 5.33<1. Expand using the Euler identity (equation 4.4a. p. 173). Separate real and 
imaginary tenns to get two simultaneous equat ions in the two unknowns 132 and 13). 
Square these expressions and add them to eliminate one unknown. Simplify the result
ing mess and substitute the tangent half angle identities to get rid of the mixture of sines 
and cosines. It will ultimately reduce to a quadratic equation in the tangent of half the 
angle sought. here Pl. 132 can then be found by back substituting 13) in the original equa
tions. The resullS arc:-

(S.34a) 

• .15 

• Nme that a twO

argument arclangellt 
function must be used to 
obIa.in the proper quadrants 
for angles fJz and /J). Also. 
the minus sign~ in 
numenilOf and denomina1or 
of the equlltioo for P2 look 
like the), could be 
canceled. but should not 

be. 1M)' ale needed 10 

de1ermine lhe correcl 
quadr.mt of P2 in the two
argument arctangent 
funct ion. 

• 
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where: 

and: 
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K!=A2A4+ AJAo 
K2 = AJ A4 +ASA6 

K _ A~ - Ai -AJ - AJ - AJ 
,- 2 

AI= _C)2_C,,2; 

A)=-C"C6 -C)C,: 

As =C"C,-C1C6: 

A2 =C3C6 -C"C, 

A" = C2C3 +C1C" 

Ao=CICJ-C2C~ 

C1 = R) cos(a2 + ~J)- R2 cos(aJ + ~2) 

C2 = R) ~i [j (a2 + ~3)- Hz sin(a3 + ~2) 

C J = RI cos(a) + ~I ) - R) cosl;) 

C" = - HI sin(a) +t;1) + R) sin !;) 

Cs "" RI cos(a2 +l;d- H2 COS!;2 

C6 =-HI sin(a2 +1;a)+ R2 sin!;z 

(S.34b) 

(S.J4C"1 

(S.34d1 

The len variables in these equations are: (X2. (Xl . P2. Pl' ~l' ~2.1;3. RI. R2. and R). 
The constants C I to C6 are defined in terms of the e ight known variables. RI. R2. R3· ~l' 
1;2. and ~3 (which are the magnitudes and angles o f position veclOrs R I' R2. and R]) and 
the angles (Xl and 0-3 thaI define the change in llllgic of the coupler. See Figure 5·6 (p. 234) 
for depictions of Ihese variables. , 

Note in equation 5.343 (p. 235) that there are two solutions for each angle GustlU 
there were to the position analysis of the fourbar linkage in Section 4.5 and Figure 4-5. 
pp. 170- 17 1). One solution in this case will be a tri vial one wherein flz = Uz and 113 = « 3. 
The nontrivial solution is the one desired. 

This procedure is then repeated. solving equations 5.34 for the right-hand end of the 
linkage using the desired location of fixed pivot 0 4 to calcul3le Ihe necessary angles Y2 
and Y3 for link 4. 

We have now reduced Ihe problem 10 Ihat of three-position synthesis without spec
ified pivots as described in Section 5.6 (p. 223) and Example 5-2 (p. 230). In effect we 
have found the particular values of Pz. P3. Y2. and Y3 which correspond to the solution 
that uses the desired fixed pivols . The remain ing task is 10 solve for the values of 1V,r. 

Wy. Zx. Zy using equations 5.25 through 5.3 1 (pp. 226-228). 

~EXAMPlE 5·3 

Three-Position Analytical Synthesis with Specified Axed Pivots. 

Problem: 

Solullon: 

Design a rourbar tinkage to move the line AP shown from position A l P . IOAt'l 
and thcn to position A JP ) using fillcd pi vots O2 and 0 4 in Ihe locations .!opecified. 

(sec Figure 5-7) 
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y 

(D) Input dolo 

0.288 

- 1.712 -----------< 
y 

(b) Synthesized linkage 

FIGU~E 5· 7 

Three-position synthesis example fOf specified fixed pivots 

Draw lhe link AP in ils Ihreedesired posilions,A1PI,A2P2, andA)PJ to scale in the plane as 
shown in Figure 5·7. The three positions are defined wi th respecllO a global origin posi. 
tioned !It the first precision point P I' The given data are specified in parts 2 to 4 below. 

2 The position difference 'lectors between p~ision points are: 

P2b =-O·244 P31y ;; 0.029 

237 

0.033 

x 
0, 
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3 The angle changes of the coupler bet ..... een precision points are: 

Ct) = -22.19" 

4 The assumed free choices are the desired fixed pivot locations. 

Olx",,-J.712 02y::: 0.033 04.~::: 0.288 

.5 Solve equations 5.34 (p. 236) twice, once using the 02 pivO!location coordinates and again 
using the 0 4 pivot location coordinntes. 

For pi vO! 02: 

C, =-0.205 C2 :: 0.3390 C):: 0.4028 

C4 =0.6731 C~::0.2041 C6 :: 0.3490 

A, =-0.6 1.52 A2:: 0.0032 A):::-O.3 171 

A4:::-O·0017 AS =-0.0032 A6:-O·3108 

K , :0.0986 K2",0.0015 K3 = 0.0907 

1be values found for the link angles to match this choice of filled pivot location O2 are: 

~2::: 11.960 ~)::: 23.96° 

For pivot 0 4 : 

C, ::-0.3144 C2 :: -0.0231 C) "" 0.5508 

C4 = -0.0822 Cs ::: 0.2431 C6=-0.0443 

A, "" -0.3102 A2 .. -0.0044 A3=-O·1376 

A4 = 0.0131 A~:E 0.Q0.44 A6",-O·1751 

K , =0.0240 K2 '" -0.0026 K) = 0.0232 

The values found for the link angles '0 match this choice of filled pivotlocntion 0 4 are: 

12 = 2.78° 

6 At th is stage, the problem has been reduced to the same one as in the previous section: i.e .. 
fi nd the linkage given the free choices of the itbove angles ~2' ~). "f2. 13. using equations 5.25 
through 5.31 (pp. 226 - 228). The data needed for the remaining calculations are those given 
in steps 2. 3, and 5 of th is eumple. namely: 

for dyad I: 

., OJ bJ 

for dyad 2: 

., ., 8' 8J 

See Ellample 5-2 (p. 230) and Section 5.6 (p. 223) for the procedure . A mntri ll solving 
calculator. MlIfll cad. TKSolI·cr. MlIIlah. progrnlll MATRIX. or program FOURBAR will solve 
this and compute the coordinates of the link vectors: 
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W~= O.866 

U .. =-O.253 U, :::0.973 

2x = 0.846 

5~= -0.035 

21 = -0.533 

5,=-1.006 

7 TIlt link lengths are computed a.~ wa~ dooe in Example 5-2 (p. 230) and are shown in Table 5-2. 

This example can be opened in program FOUR8AR from the file E05'{)3.4br and animated. 

5.9 CENTER-POINT AND CIRCLE-POINT CIRCLES 

It would bequite convenient if we could rind Ihe loci of all possible solutions 10 Ihe Ihree
position synthesis problcm. as we would then have an overview of the potcntiallocations 
of the ends of the vectors W. Z. V. and S. Locrchl5J shows Ihal by holding onc of the 
free choices {say P2) at an arbitrary value. and thcn solving equations 5.25 and 5.26 while 
ilerating the other free choice (p) through all possible values from 0 to 2n. a circlc will 
be genemted. Thi .. circle is the locus of :111 possible locations of the root of vector W 
(for the particular value OfP2 used). The root of the vector W is the location of the rixed 
pivot or £'emu 02. Thus. this circle is called a ctllUr-point circle. The vector N in 
Figure 5-8 (p. 240) defines pQints on the ct'lIIer-poiflt circle with respect to the global 
coordinate systcm which is placed at precision point P t for convenience. , 

If the same thing is done for vector Z, holding al constant at some arbitrary value 
and iterating a] from 0 to 21t. another circle will be generated. This circle is the locus of 
all possible locations oflhc root of vector Z for the chosen value of a2. Because the rool 
of veclor Z is joined to the tip of veclor Wand W's tip describes II circle about pivot 02 
in Ihe finished linkage. this locus is ell lied the circle-poillt circle. Vector (-Z) defines 
points on the circle-poilll circle with respcctto the global coordinate system. 

Thex,y components of vectors Wand Z arc defined by equations 5.25 and 5,26 (pp. 
226 - 227). Negating Ihex.)' components of Z wi ll give the coordinates of points on the 
circle-point circle for any assumed value of 112 as angle a 3 is ileT:lled from 0 to 21t. The 
x.)' components of N ::: - Z - W define points on the 02 center-point c ircle for any as
sumed value of P2 11S P3 is iterated Ihrough 0 to 21t. Vector W is calculllled using angles 
P2 and p]. and vector Z using an!lles III and a ]. both from equations 5.25 and 5.26. 

For the right-hand dyad. there will also be separate center-point circles and circle
point circles. The x.)' components of M ::: -S - U define points on Ihe 04 center-point 
ci rcle for any assumed value ofY2 as Y) is itermed through 0 to 21t. (See Figure 5-8, 
p. 240 and also Figure 5-4. p. 224.) Negating the .1',Y components of S will give the co
ordinates of points on the circle-point circle for any assumed value of a2 as a ] is iterat
ed through 0 to 2n. Vector U is calculated using angles 12 and y). and vector S using 
angles a 2 and a ) . both from equations 5.30 and 5.31 (p. 228). 

Note that Ihere is still an infinity of solutions because we arc choosi ng Ihe val ue of 
one angle arbitrarily. Thus there will be an innnile number of sets of celller-poim and 
circle-poillt circles. A computer progmm can be of help in choosing a linkage design 
which has pivots in convenient local ions. Program FOURBAR, provided with this lext. 
will calculate the solutions to the analytical synthesis equations derived in this section. 
for user-selected values of all the free choices needcd for three-position synthesis. both 

239 

TABLE 5-2 
Exomple 5-3 Ilesults 

Unk 1 .. 2.00 In 

Unk2 -1.00In 

Unk 3 .. 1.00 In 

Unk 4 - 1.01 in 

Coupler pt. =1 .0 In 
@-60.73° 

CIrculi _ Open 

Start Theta2 = 300 

Finol Thela2 '" 54" 
Detta Thela2 '" 12" • 
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jY 

Rootof U --~ 
FIGURE 5 -8 

Definition of vectors to define center-point and CirCle-point circles 

with and without specification of fixed pivot locations_ The computer programs FOUR
BAR, FlVEBAR, and SIx8AR and their use are discussed in detail in Appendix A. 

Figure 5-9 shows the circle-point and center-point circles for the Chebyschev 
straight line linkage for choices of ~2 = 26°, a2 = 97.41 0, U3 = 158. 18°for the left dyad 
and '12 = 36°, u2 = 97.4 1°, u 3 = 158.18° for the right dyad. in this example the two larger 
circles are the center-point circles which define the loci of possible fixed pivot locations 02 
and 04. The smaller two circles define the loci of possible moving pivot locations /2) and 
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Circle-point circle 
for moving pivot H 

Center-point circle 
for fixed pivot 02 

FIGURE 5 -9 

B 

--------

- ,,,"-_ Circle-point circle 
\ for moving pivot A , , , , 

A 

Center-point circle 
for fixed pivOi 04 

Circle-point and cent8f-poInt circles and a linkage thol reaches the precision points 

'34- Note that the coordinate system has its origin at the reference precision point. in this 
case Pl. from which we measured all parameters used in the analysis. These cireles de
fine the pivot loci of all possible linkages which will reach the three precision points Pl. 
P2. and P3 that were specified for panicular choices of angles 1l2. 12. and 0.2. An exam
ple linkage is drawn on the diagram to illustrate one possible solution. 

5.10 FOUR- AND FIVE-POSITION ANALYTICAL SYNTHESIS 

The same techniques derived above for two- and three-position synthesis can be extend
ed to four and five positions by writing more vector loop equations, one for each preci
sion point. To faci li tate [his we will now put the vector loop equfll ions in a more general 
fonn. applicable to any number of precision positions. Figure 5-4 (p. 224) will still serve 
to illustrate the notation for the general solution. The angles 0.2. (X). 1l2. 1l3. 12. and 13 
will now be designated as (Xt. Ill;. and 1". k = 2 to II. where k represents the precision po
sition and II = 2. 3, 4. or 5 represents Ihe 10lal number of positions to be solved for. The 
vector loop genel'nl equation sct thcn becomcs: 

k=2 1011 (5.35a) 

Which. after substituling the complex number fonns and simplifying becomes: 

k:::2 tOil (5.35b) 

• 
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This can be put in a more compact fann by substituting vector nOHulan for those 
terms 10 which it applies, let: 

(5,35c) 

then: 

(5.35d) 

Equation 5.35d is called the slandardform equation by Erdman and Sandor,16) By 
substituting the values of at. Pt. and Ok. in equation 5.35d for all the precision positions 
desired, the requisite set of simultaneous equations can be written for the left dyad of the 
linkage. The standard form equation applies to the right-hand dyad US as well. with 
appropriate changes to variable names as required. 

U('jPl_I)+ S(l')Ql _ I) ", p~lt'jal. k::::2ton (S.35e) 

The number of resulting equations. variables. and free choices for each value of II is 
shown in Table 5-3 (after Erdman and Sandor), They provide solutions for the four- and 
five-position problems in reference (6). The ci rcle-point and center-point circles of the 
three-posit ion problem become cubic curves, called Burmester cu r ves, in the four
position problem. Erdman et al. 's commercially available computer program LINCAGesl8! 
solves the four-position problem in an interactive way, allowing the user to select cen
ter and circle pivot locat ions on their Burmester curve loci, which arc drawn on the 
graphics screen of the computer. 

5.11 ANALYTICAL SYNTHESIS OF A PATH GENERATOR WITH 
PRESCRIBED TIMING 

The approach derived above for motion generation synthesis is also applicable to the case 
of path generation with prescribed liming. In path generation, the precision points~ 
to be reached, bUlthe angle of a line on the coupler is not of concern. Instead. the timing 
al which the coupler reaches the precision point is specified in temlS of input rocker an
gie ~2' In the three-position mOl ion generation problem we specified the angles ((2 and 
(X3 of vector Z in order to control the angle of the coupler. Here we instead want to spec
ify angles P2 and P3 of the input rocker, 10 define the timing. Before, the free choices 
were P2 and ~3' Now they will be ((2 and (X3' In e ither case, all four angles are cither 
specified or assumed as free choices and the solution is identical. Figure 5-4 (p. 224) 
and equations 5.25. 5.26. 5.30. and 5.3 1 (pp. 226 - 228) apply to this case as well. This 
case can be clttcndcd to as many as five precision points as shown in Table 5-3. 

5.12 ANALYTICAL SYNTHESIS OF A FOURBAR FUNCTION 
GENERATOR 

A similar process to that used for the synthesis of path generation with prescribed timing 
can be applied to the problem of function generation . In this case we do not care about 
motion of the coupler at all. In a fourbar function generator. the coupler eltiSls only to 
couple the inpUl link to the output link. Figure 5-10 (p. 244) shows a fourbar linkage in 
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TABLE 5·3 Number of Variables and Free Choices for Analytical Precision 
Point Motion and Timed Path Synthesis.(7) 

No. of No. of No. of No. of No. of No. of 
PoslHons Scalar Scalar Prescribed Free Available 

(") Variables Equations Variables Choices Solulions 

2 8 2 3 3 ~3 

3 12 4 6 2 ~ 

4 16 6 9 ~I 

5 20 8 12 0 Anita 

three positions . Note that the coupler. link 3. is mere ly a line from point A to point P. 
Point P can be thought of as a coupler point which happens to coincide with the pin joint 
between links 3 and 4. As such it will have simple arc motion. pivoting aoout 0 4• rather than. 
for example, the higher-order path motion of the coupler point P, in Figure 5-4 (p. 224). 

Our funclion generator uses link 2 as rhe inpur link ami take ... the Ollfpllf from link 
4. The "function" generated is the relalionship bel ween the angles of link 2 and link 
4 for the specified three-posi tion positions. Ph Pl. and P3. These are located in the 'Plane 
with respecl lo an arbitrary global coordinate system by position vectors R t, R2. and R3' 
The function is: 

k= 1.2, ... ,I1: 11$7 (5.36) 

This is not a continuous function . The relationship holds only for the discrele 
points <k> speci fi ed. 

To synthesize the lengths of the links needed to satisfy equation 5.36, we will wri te 
vector loop equations around the linkage in pairs of posi tions. as was done for the previ
ous examples. However, we now wish to include bOlh link 2 and link 4 in the loop. since 
link 4 is the output. See Figure 5· 10 (p. 244). 

rearranging: 

but, 

substituting: 

W2 + Z2 - V2 + UI - Zl- WJ = 0 

W) + Z) - U3 + U,-Z I - WI = 0 

W2 + Z2- ZI - WI = U2- UI 

W3 + Z]-Z I - WI = Ul - Ul 

P21 "" U2 - VI 

P31 = V3- UI 

W2+ Z2- ZI- WJ= P21 

W3+ Z)- ZI- WI = P31 

(5.37a) 

(5.37b) 

(S.37c) 

(S.37d) 
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jY 

~--,- x 

~-- OJ 

4 

U, 

-
fiGURE 5·10 

Anotytlcol synthesis of a fourbor function generator 

Wt'J(O+ill) + u J(t+al ) _ ze i . _ we.iO = P21ej li1 

lI'ei(o+lllJ + :eJ(t+Cl3) _ :eJ+ _lI'i'fo '" PJleif>J 

(5.37e) 

Note that cqull tions 5.37d and 5.37e are identical to equations 5.19 and 5.20 (p. 225) 
derived for the three-position motion generation case and can also be put into Erdman's 
slondardJorm\61 of equation 5.35 (p. 242) for the II-position case. The twelve variables 
in equation 5.37e are me .same as those in equation 5.20 (p. 225): w, B. 132. Pl. =. $. a2. 
a3.P21· 1'31. ~. and 53_ 

For the three-position funclion generation case the solution procedure then can be 
the same as th:1I described by equations 5.20 through 5.27 (pp. 225 - 227) for the motion 
synthesis problem. In other words, the solUlion equations are the same for all three types 
of kinemlltic synthesis,jill/ctioll gelleratioll, motiOIl gl'llel"Gtion, ilnd palh generatioll with 
prescribed timing. This is why Erdman lind Sandor called equution 5.35 the ~·talldard 

form equation . To develop the data for Ihe func lion generation solution, e;(pand equa
lion 5.37b (p. 243): 
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(5.37f) 

There are also (welve variables in equation 5.37f: w. e, z, $, a2, a3, P2. P3, II, 0", Y2, 
and 13. We can solve for any four. Four angles, P2, P3, 'fl, and 13 are specified from the 
function to be generated in equation 5.36 (p. 243). This leaves four free choices. In the 
function generation problem il is often convenient to define the length of the output rock
er, II, and ils initial angle 0 10 suit the package constraints. Thus, selecting the compo
nents II and 0 of vector U I can provide two convenient free choices of the four requ ired. 

With II. o. Y2. and 13 known. U2 and U3 can be found. Vectors P21 and P31 can then 
be found from equation 5.37c. Six of the unknowns in equation 5.37e are then defined, 
namely. P2' P3, P21. 1'31. 0:2, and 8]. Of the remaining six (w, e, I, $, ~, (3), we must 
assume values for two more as free choices in order to solve for the remaining four. We 
will assume values (free choices) for the twO angles, a2 and a] (as was done for path 
generation with prescri bed timing) and solve equations 5.37e for the components of W 
and Z (w, e,!, $). We have now reduced the problem to that of Section 5.6 (p. 223) and 
Example 5-2 (p. 230). See equat ions 5.20 through 5.27 for the solution (pp. 225-227). -Having chosen vector Ut (/I, 0) as a free choice in this case, we only have to solve 
for one dyad, WZ. Though we arbitrarily choose the length of vector U I , the resUlting 
func tion generator linkage can be scaled up or down to suit packaging constraints with
out affecting the input/output relation defined in equation 5.36. because it is a function 
of angles only. This fac t is not true for the motion or path generation cases, as scaling 
them will change the absolute coordinates of the path or motion output precision points 
which were specified in the problem statement. 

Table 5-4 shows the relationships between number of positions, variables. free 
choices, and solutions for the func tion generation case. Note that up to seven angular 
output positions can be solved for with this method. 

TABLE 5-4 Number of Variables and Free Choices lor Funclion Generation 
Synthesis. (7) 

No. of No. of No. of No. of No, of No. of 
Positions Scolor Scalar Prescribed F,oe Avolloble 

(,) Variables Equations Variables ChOIces Solutions 

2 8 2 5 ~, 

3 12 4 4 4 ~4 

4 16 6 7 3 ~3 

5 20 8 10 2 ~2 

6 24 10 13 ~l 

7 28 12 16 0 F!nlte 
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5.13 OTHER LINKAGE SYNTHESIS METHODS 

Many ot her techniques for the synthesis of linkages to provide a prescribed motion have 
been created or discovered in recent years. Most of Ihese approaches arc somcwhal in
volved and many nrc mathematically complicated. Only a few allow a closed-fonn so
IUlion; most require an iterative numerical solution. Most address the pmh synthesis 
problem with or without concern for prescribed timing. As Erdman and Sandor point 
out, the path, mol ion. and funclion gener,lIion problems are closely rclaled.l6l 

Space does not pennit a complete exposition of even one of these approaches in this 
text. We choose instead 10 present brief synopses of a number of synthesis methods 
along with complete references to their full descriptions in the engineering and scientif
ic literature. The re:ldcr interested in a detailed account of any method listed may con
sult the referenced papers which can be obtained through any university library or large 
public library. Also, some of the authors of these methods may make copies of their com
puter code available to interested parties. 

Table 5-5 summarizes some of the existing fourbar linkage synthesis methods and 
for each one lists the method type. the maximum number of positions synthesized. the 
approach. special features. and a bibliographic reference (see the end of this chapter for 
thecomplele reference). The list in Table 5-5 is not exhaustive; other methods than Ihese 
also exist. 

The lis ted methods aredivided into three typ;:s labeled pn.'Cis ion. eq ual ion , and op
timized (first column of Table 5-5). By precision (from precision point) is meant a 
melhod. such as the ones described in previous sections of this chapter, thilt attempts to 
find a,solution thai wi11 pass exact ly through the desired (precision) paims but may devi
ate from the desired path between these points. Precision point methods are limited to 
m:lIching a number of points equal to the number of independently udjustable par.lme
ters that define the mechanism. For a fourbar linkage. this is nine: (Higher-order link
ages with more links and joints will have a larger number of possible precision points.) 

For up to 5 precision points in the fourbar linkage. the equations can be solved in 
closed fonn without iteration. (The four-point solUlion is used as a tool to solve for 5 
positions in closed fonn. but for 6 points or more the nonlinear equations are difficult to 
handle.) For 6 to 9 precision points an iterative method is needed 10 solve .he equation 
set. nlere can be problems of none on vergence. or convergence to ... ingular or imaginary 
solutions, when iterat ing nonlinear equations. Rcgardless or.he numbcr of points solved 
for. the solution found may be unusable due to circu it. brunch, or order (CBC) defects. A 
circuit defect means .hat .he linkage must be disnssembled :md reussembled to reach 
some posi tions. and a branch defect means that a toggle position is encoumcred betwecn 
successive positions (see Section 4.12. p. 191). An order defect means that the points 
are all reachable on the same br.lnch but are encoumered in the wrong order. 

The type labeled equation in Table 5-5 refers 10 methods that solve the tricircular. 
trinodal sextic coupler curve to find a linkage Ih:1I will generate an entire coupler curve 
that closely approximates a set of desired points on the curve. 

The type labeled optimized in Tuble 5-5 rcfcl1i \0 an ilcmlive optimization procedure that 
attempts to minirni7.c an objective function that can be defined in many ways. such as the 
least-squares deviation between the calculated and desired coupler point positions. for 
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TABLE 5-5 Some Methods for the Analytic Synthesis of Unkages 

Type Max Pos. Approach Special features Blbllographv References 

Prec""" 4 loop equatlOn5- Uneor equations Freudensteln (1959) 1,2.4.5,6.8,10 
closed form extendable to Sondor (1959) 

five positions Erdman (1981) 

Preci>lon 5 loop equations- Uses dlsplocemenl Suh (1967) 11 
Newton Raphson matrix 

Prec_ 5 loop equations- SpecIfied fixed pivots. Morgon (199() 14, 15. 16, 17 
contlnua11on specified moving pivots Subblon 099l) 

Precblon 7 Closed form 5 pt.- Extendable 10 TyIOska (1994) 19, 20 
1I61ot1ve to 7 pt. WoH I sIxbor 

Prec""" 9 loop equations- Exhous1lve solution Morgon (1987) 12, 13. 18 
Newton-Raphson Wampler (1992) 

Equation 10 Coupler curve eqn. iterative solutlon Blechschmldt (1986) 21 

Equation 15 Coupler curve eqn. Builds on Blechschmldt Ananthosuresh (1993) 22 

Optlmlzed N loop equations- Specified fixed pivots. fox (l966) 24 
least sq,!!?res control force and torque 

OpllmOed N loop equations- Path or function Yous.sef (1975) 25 
various criteria oene<atlon < 

Opflmlzed N leost squares on Prescribed 1i'nIng, NoIe(1971) 9 
Uneor equations rapid convergence 

Opflmlzed N SelectiVe PleclSlon Relaxes Plecision Kromer (1975) 26.27 
synthesis (SPS) requirements 

Optimized N SPS + fuzzy logic Extends Kromer's SPS Krlsnnamurthl (1993) 2B 

Opflmlzed N Quasi-precision pas. Builds on Kromer Mirth (1994) 29 

Opflmlzed 30<4 loop equations and Klnemallcs and dynamic Conte (1975) 30.31 . 32 
dynamic criteria forces and torques Kakatslos (1987) 

Optimized N Loop equations- Avoids blanch problems, Angeles (1988) 33 
least squares rapid convergence 

Opflmlzed N Energy method fEA apPiooch Aviles (1994) 34 

Opflmized N Genetic algorithm Whole curve synthesis fang (1994) 35 

Opflmized N Fourier descriptors Whole curve synthesis Ullah(I996} 36. 37 

Optimized N Neural network Whole curve synlt1esls Vaslilo (1998) 38 

Opflmlzed 2. 3. or4 loop equations- Automallc generation Bowab (1997) 39 
various criteria CSC defect free 

Optimized N ApPiOXimote-- All soIutians--oo Initial Uu (1999) 40 
conflnuotlon guess required 

example. The calculated points are found by solving a set of equations that define the 

behavior of the linkage geometry. using assumed initial values for the linkage pardme-

ters. A set of inequality constraints that limit the range of varia tion of parameters such 

as link length ratios. Grashof condition. or transmission angle may also be incl uded in 
the calculation. New values of linkage param eters are generated w ith each iterat ion step 

according to the panicu lar optim ization schem e used. The closest achievable lit between 
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the calculated solUlion points and the desired points is sought, defined as minimization 
of the chosen objective function. None of Ihe desired poinls will be exactly malched by 
these methods, but for most engineering tasks this is an acceptable result. 

Optimization methods allow larger numbers of points to be specified than do the 
precision methods, limited only by available computer time and numerical roundoff er
ror. Table 5-5 shows a variety of optimization schemes ranging from the mundane (least 
squares) to the esoteric (fuzzy logic, genetic algori thms). All require a computer-pro
grammed solulion. Mosl can be run on current desktop computers in reasonably shon 
times. Each different oplim ization approach has advantages and disadvantages in respect 
to convergence, accuracy, reliability, complexity, speed, and computational burden. 
Convergence often depends on a good choice of initial assumpt ions (guess values) for 
the linkage parameters. Some methods. if they converge at all, do so to a local minimum 
(only one of many possible solutions), and il may not be the best one for Ihe task. 

Precision Point Methods 

Table 5-5 shows several precision point synthesis methods. Some of these are based on 
original work by Freudenstein and Sandor.lJOI Sandor [II and Erdman 121. (6) developed 
this approach into the "standard fonn" which is described in detail in this chapter. This 
method yields closed-fonn solutions for 2, 3, and 4 precision positions and is extendable 
to 5 positions. It suffers from the possible circuit, branch, and order (CBO) defects com
mon to all precision point methods. 

The method ofSuh and Radcliffe [I II is simi lar to that of Freudenstein and others III, 
(2J. 16J. 1101 but leads to a set of simultaneous nonlinear equations which are solved for up 
10 5 pbsitions using the Newton-Raphson numerical method (see Section 4.13, p. 192). 
This approach adds to the usual CBO problems the possibilities of nonconvergence, or 
convergence to singular or imaginary solutions. 

Recent developmenls in the mathematical theory of polynom ials have created new 
methods of solution called continua tion methods (a[so called homotopy methods) 
which do not suffer from the same convergence problems as other methods and can also 
determ ine all the solut ions of the equations starting from any set of assumed val
ues. ft21.113l Continuation methods are a geneml solution to this class ofprob[em and 
are rel iable and fast enough 10 allow multiple designs to be investigated in a reasonable 
time (Iypically measured in CPU hours on a powerful computer). 

Several researchers have developed solUlions for the 5- to 9-precision point prob
lem using this technique. Morgan and Wampler [141 solved the fourbar linkage 5-point 
problem with specified fi xed pivots completely and fou nd a maximum of 36 real solu
tions. Subbian and Flugrad 1151 used specified moving pivots for the 5-point problem, 
extended the 5-point melhod to sixbar linkages,[1 61 and also synthesized eighlbar and 
geared fivebar mechanisms for 6 and 7 precision points using continuation methods. [17) 

Only the continuation method has yet been able to completely solve the fourbar link
age 9-precision-point problem and yield all its possible solutions. Wampler, Morgan. and 
Sommese (181 used a combination of analytical equalion reduction and numerical con
tinuation methods to exhaustively compute all possible nondegenenlle. generic solutions 
to the 9-point prob[em.· They proved that there is a max imum of 4326 distinct, nonde
generate linkages (occurring in 1442 sets of cogn3le triples) that will potentially solve a 
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generic 9-precision-point fourba r problem. Their method does not eliminate physically 
impossible (complex link) linkages or those with CBO defects. These still have to be 
removed by examination of the various solutions. They also solved four examples and 
found the maximum number of linkages with real link lengths that generated these par
ticular 9-point paths to be, respectively, 2 1. 45, 64, and 120 cognate triples. Computa
tion times ranged from 6910 321 CPU minutes on an IBM 3090 for these four examples. 

Tylaska and Kazerounian [(9).1201 look a different approoch and devised a method 
Ihat synthesizes a fourbar linkage for up 10 7 precision points and also synthesized a Wan 
1 sixbar linkage for up 10 six body guidance (motion specification) positions with con
trol over locat ions of some ground Bnd movi ng pi vots. ll1eir melhod yields the entire 
sel of solutions for any set of design data and is an improvement over iterative methods 
that are sensitive 10 initial guesses. It is less computationally intensive than the continu
ation methods. 

Couple, Curve Equation Methods 

Blechschmidt and Vicker 121J and Ananthasuresh and KOla [221 used the algebraic cou
pler curve equation rather than a vcctor loop approach to calculate the coupler point path. 
The equation of the coupler curve is a tricircu lar, trinodal sextic of 15 lenns. Nolle [23] 
stales thai: 

The COl/pier curl'(! equa/ioll itself is I'ery complex lind as jar as is k"ol<'11 i" Ihe sllldy of /IIe
challics (or jor 1IIlIImOller elsewhere) 110 otller malhematical resIllt has been fotmd hal·ing 
algebraic characleriSlics mOlchillg I/Iose oj Ille coupler cun'e. 

Its solution is quite involved and requires iteration. Blechschmidt and Vicker's ap
proach (21) chose coordinates for 10 points on the desired curve. Ananthasuresh and Kota 
used 15 points with some trial and error required in their se lection. The advantage of 
these coupler curve equation approaches is that they define the entire curve which can 
be ploned and exam ined for suitability and defects prior to calculating the link dimen
sions. which requires significant addi tional computing time. 

Optimization Methods 

The methods listed as optimized in Table 5-5 (p. 247) are a diverse group and some have 
little in common except the goal of find ing a linkage that wilt generate a desired path. 
All allow a theoretica lly unlimited number of design points to be specified, but making 
N too large will increase the computation time and may not improve the result. One in
herent limitation of optimization methods is that they may converge to a local minimum 
near the starting conditions. The result may not be as good as other minima located else
where in the N-space of the variables. Finding the global optimum is possible but more 
difficult and time consuming. 

Perhaps Ihe earliest appl ication ( 1966) of optimization techniques to thi s fourbar 
linkage path synthesis problcm is that of Fox and Willmen (24) in which they minimized 
the area between the desired and calculated curves subjcct to a number of equality and 
inequality constrnints. They contro lled link lengths to be posit ive and less than some 
maximum, controlled for Gr.lshof condition. limited forces and torques, and restricted 
the locations of thc fi xed pivots . They used Powell's method 10 fi nd the minimum of the 
objective function. 

• 

• 
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Youssef e t at..l25) used sum of squares. sum of absolute values, or area error cri teria 
to minimize the objective function. They accommodated path and function generation 
for single-loop ( fourbar) or multiloop linkages with both pin and slider joints. They 
allowed constraints to be imposed on the allowable ranges of link lengths and angles. an} 
of which also may be he ld constant during Ihe iteration. An example of an optimization 
done with this method for 19 evenly spaced points around a desired fourbar coupler path 
is shown in Figure 5_11.1251 Another example of thi s method is the IO-bar crank-slider 
linkage in Figure 5-12 [251 which also shows the desired and actual coupler curve gener
ated by point P for 24 points corresponding to equal increments of input crank angle. 

Nolle and Hunt [9J derived analytical expressions that lead to a set of ten linear si
multaneous nonhomogeneous equations whose solution gives values for all the indepen
dent variables. They used a least squares approach to the optimization and also allowed 
specified timing of the input crank to each position on the coupler. Because their equa
tions are linear. convergence is rapid requiring only about one second per iteration. 

Kramer and Sandor [261. [271 described a variant on the precision point technique 
which they call selective precision synthesis (S PS). II relaxes Ihe requirement that the 
curve pass exactly through the precision points by defining "accuracy neighborhoodsM 

around each point. The size of these tolerance zones can be different for each point, and 
more than nine points can be used. They point out that exact correspondence to a set of 
points is often not necessary in engineering applications and even if achieved theoreti· 
cally would be compromised by manufacturing tolerances. 

The SPS approach is suitable to any linkage constructible from dyads or triads and 
so can accommodate six bar and geared fivebar linkages as well as fourbars. Fourhar 
functi9n, motion. or path generation (with prescribed timing) can all be synthesized, us
ing the standard form approach which considers all three forms equivalent in terms of 
equalion formulation. Spatial mechanisms can also be accommodated. The solutions 
are stable and less sensitive to small changes in the data than precision point methods. 
Krishnamurthi et al..l281 extended lhe SPS approach by using fuzzy set theory which 
gives a mechanism path as close to the speci fied points as is possible for a given stan 
point: but it is sensitive to start point select ion and may find local optima rather than 
global. 

Mirth [291 provided a variation on Kramer's SPS technique called quasi-precision 
position synthesis which uses three precision positions and N quasi positions which are 
defined as tolerance zones. This approach retains the computational advantages of the 
Burmester (precision point) approach while also allowing the specification of a larger 
number of points to improve and refine the design. 

Conte et al.. [301 and Kakatsios and Tricamo [311. [321 described methods to salisry 8 

small number of precision points and simultaneously optimize the linkage's dynamic 
characteristics. The link lengths are controlled to reasonable size, the Grashof condition 
constrained, and the inpul torque, dynHmic bearing and rCHclion forces. and shaking 
moments simultaneously minimized. 

Many of the optimization melhods listed above use some form of inequality con· 
straints to limil the allowable values of design parametcrs such as link lengths and trans· 
mission angles. These constraints often cause problems that Jead to nonconvergence, or 
to CBO defects. Angeles el aI., [331 described an unconstrained nonlinear least-square· 
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method that avoids these problems. Continuation methods are employed, and good con
vergence is claimed with no branch defects. 

Avi les et al .. 1341 proposed a novel approach to the linkage synthesis problem that 
uses the e lastic energy that would be stored in the links if they were allowed to defonn 
elastically such thut the coupler point reaches the desired location. The Objective func
tion is defined as the minimum energy condit ion in the set of defomlcd links which of 
course will occur when the ir rigid body positions most closely approach the desired path. 
This is essentially a finite element method approach Ihat considers each link to be a bar 
element. Newton's method is used for the iteration and, in this case, converges to a min
imum even when the initial guess is far from a solution. 

Fang !lSI described an unusual approach to linkage synthesis us ing genetic algo
ri thms. Genetic algorithms emulate the way that living organisms adapt to nature. Ini
tially, a population of random "organisms" are generated that represent the system to be 
optim ized. This takes Ihe fonn of a bi t string. analogous to a cell 's chromosomes, which 
is called thc first generation. Two operations are perfonned on a given poputalion. called 
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crossover and mutation. Crossover combines part of the "genetic code" of a " father" or· 
ganism with part of the code of a "mother" organism. Mutation changes values of the 
genetic code at random points in the bit string. An objective function is created that ex· 
presses the "fitness" of the organism for the desired task. Each successive generation is 
produced by selecting the organisms that best fit the task. The population "evolves~ 
through generations unlil a temlinalion criterion is met based on the objective function. 

Some advantages orlhis approach arc that it searches from population 10 population 
rather than point to point. and this makes it less likely 10 be trapped at local optima. The 
population also preserves a number of valid solutions rather than converging 10 only one. 
The disadvamages are long computation times due to the large number of objeclive func
tion eval uations required. Nevertheless it is Olore efficient than random walk or exhaus
live search algorithms. All other optimization approaches listed here deal only with di
mensional synthesis. but genetic algorithms can also deal with type synthesis . 

Ullah and Kota 1361.1311 separated the linkage synthesis problem inlo two sleps. The 
first step seeks an acceptable malch for the shape of the desired curve without regard to 
the size. oriental ion, or location of the curve in space. Once a curve of suitable shape 
and its associated linkage are found , the resu lt can be translated. rotated. and scaled as 
desired. Th is approach simplifies the optimization task compared to the algori thms that 
seek a structural optimization that includes size, o rienlalion. and localion of the coupler 
curve all at once in the objective function. Fourier descriptors are used to characterize 
the shape of the curve as is done in many pattern matching applications such as for auto-
mated robotic assembly tasks. A stochastic global optimization algori thm is used which 
avoids unwanted convergence to suboptimal local minima. 

V~siliu and Yannou USI also foc us solely on the shape o f the desired path, approxi
mating it with five terms of a Fo urier series. They use an artificiallieurailletwork ap
proach 10 synthesize a linkage to generate the approx imate curve shape. A neural net
work is a graph of illpur neurons that represent the shape o f the path and omput neurons 
that represent the dimensional parameters of the linkage. The network is "taught-- to 
properl y relate the output to the input with various algorithms. Learn ing time was 30 
hours for 14 000 iterations for their example, so this method is computer intensive. The 
malching of their resulting linkage curve shape to the desired curve is less accurate than 
that o f the method shown in Figures 5-11 and 5-12 (pp. 250 • 25 1). 

Bawab et at. 1391 described an approach that will aUlOmalically (within the software 
program) synthesize a fourbar linkage for two, three. or four positions using Burmester 
theory and eliminate all sol utions having e BO de fects. Limits on link length rat ios and 
transmi ssion angle are specified and the objective funct ion is based on these criteria with 
weighting fac tors appl ied. Regions in the plane within which the fi xed or moving pivots 
must be located may also be specified. 

Liu and Yang 1401 proposed a method for find ing all solutions to the approximate 
synthesis problem for function generation. rigid body guidance, and path generation with 
timing, using a combination of continuation methods and opt imization. Their approach 
does not requ ire an initial guess. and all possible solutions can bcobtained with relative
ly short computational times. 
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5.15 PROBLEMS' 

NOIe t/wt al/three-positioll sJlllhe Jis !Jrob/ellls be/ow /lwy be done /lsillg alllllltix SOMII,~ cal
c/lI(/(OI; equotioll sollw suc/l (IS MathClld, Mat/ab, orTKSo/l'er.progl"(/lI/ Mat/'LI', or proXl'lI1II 
FouRSAR. Two-position sJlllhesis IJrob/ems can/~ done 11';,11 a [olir-/llllcI;OIl calmlalor . 

5- I Redo Problem 3-3 (p. 147) using the analytical methods of this chapter. 

5-2 Redo Problem 3-4 (I'. 147) using the analytical methods oflhis chapter. 

5-3 Redo Problem 3-5 (I'. 147) using the analytical methods of this chapter. 

5-4 Redo Problem 3-6 (p. 147) using the an:llyticalmethoos of this chapter. 

,., 
,·6 

'·7 

See Project P3-8 (I'. 159). Define three positions of the boat and analy tically 
synthesize a linkage to move through them. 

See Project P3-31 (I'. 161). Define three position~ of the dumpMer and armlytically 
synthesize a linkage to moye through them. The fixed pivots must be loc(ltcd on the 
existing truck. 

See Project P3-7 (I'. 159). lkfine three po~itions o f the computer monitor and 
analytically symhesize a linkage to move through them. The fixed pivot!> must be 
located on the floor or wall. 

• Design a linkage to carry the body in Figure P5-1 (1'.256) through the two positions 
PI and P2 at the ang le~ shown in the fi gure. Usc :tn:llytical synthesb without regard 
for the fixed piyots shown. I-lint: Try Ihe free choice values :: 1.075. q,= 204.4°. ~2 
'" _27°: s: 1.24. \II = 74° . Y2= -400. 

t5_9 Design a linkage to carry the body in Figure P5-1 (p. 256) through the IWO positions 
Pl and p) al the angles shown in the figure. Use analy tical synthcsis wilhout regard 
for the fixed piv(){s shown. I-lint: Firsltry a rough graphical solut ioo to create 
rea listic values for free choices. 

t5_ 10 Design a linkage to carry the body in Figure 1)5-1 (p. 256) through the three positions PI. 
Pz. and p) at Ihc angles shown in lhe figure. Use analytical synthc.\is without regard for 
the fixed piH)1.S Mlown. Il int: Try the free choice valUe!> ~2 = 30". ~.,: 60": Y2= -10", YJ: 
25°. 

5-11 Design a linkage 10 carry the body in Figure P5-1 (p. 256) through the Ihree positions 
PI' P2. Wld P3 fit the angles shown in the figure. Use analYlical:.ynthesis and design 
it for Ihe fixed piVOb ~hown . 

'5_ 12 Design a linkage EO carry the body in Figure P5-2 (I'. 257) through the IwO positions 
PI and P2 allhe IIngle~ shown in ,he figure. Use analytical synthesis wi thoul regard 
for the fixed pivot!> shown. Hint: Try the free choice values: = 2. ¢I '" 150'" ~2: 
30°:$:3. \II= -5O".Y2=4O". 

t5_ 13 Design a linkage 10 carry thc body in Figure P5-2 (p. 257) through the IWO posi tions 
P2 and p) at the :lI1gles shown in the figure. Use analytical synthe~is witholiE regard 
for the fixed pi vOb shown. Hint: Fir..t try a rough graphical solu,ion to create 
real istic values for free choices. 

t 5_ 14 Design a linkage to carry the body in Figure P5-2 (po 257) through the three posilions 
PI, Pz. and p) at the angles ~hown in Ihe figure. Usc analytical synthesis without 
regard for the fixed pIVots shown. 
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TABLE P5-0 
Topic/ Ploblem Mabhe 

S.3 TWo-PosItIon MotIon ...... -
5·1,5-2.5·8.5-9. 
5-12.5-13.5-16. 
5-17,5·21. 5-22. 
5-23 

5.6 ThrN-Position 
MotIon Genelotlon 

5-3,5-10.5-14.5-18, 
5·24.5-25. 5·27. 
5·28.5·31,5-32. 
5-34.5-37.5-38. 
5-39,5-41.5-42. 
5-44.5-45 

5.& Synthesis 101 A 
Specified Filled PIvot Loc_ 
5-4.5-5,5-6.5-7. 
5-11.5·15.5-19, 
5·26,5·29.5·30 . 
5-33.5-35,5·36. 
5-40.5-43.5-46 

5.9 Cenle,-PoIn! ond 
Circle-PoInt Circles 

5·20.5-47,5-48. 
5-49.5-50 

* All problem ligures are 
pro~l(lcd as PDF liles, and 
some lire also provided lIS 
animalCd Working Model 
liIes: aU arc on the CD· 
ROM . PDF filenames are 
the same as the figure 
number. Run the rile 
IIIl/marians.hlm/lo access 
and run the animali()ll'j. 

• Answers in Appendi, F. 

t lnc!;e problems an: 
sili ted to solulion using 
Mmilcud. or TKSa/l'rr 
tqulI1ion solver programs. 
In most Case'S. yoof 
5OJution can be checked 
\\.-ith program FooR8AR. 



• Answcl'5 in AppendLIl F. 

, 1llese problems Ire 

suiled 10 solution using 
MUlhcad. or TKSoI.·tr 
equation solver programs. 
In most cases. your 
solution can be checked 
with program FouRBAR. 
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FIGURE P5-1 

Dato lor Problems 5-8 to 5-11 

·t5. 15 Design a linkage to carry the body in Figure P5-2 tJ1rough the three positions Pt . P2. 
and p ) at the angles shown in the figure . Use analytical synthesis and design it for the 
fixed pivots shown. 

t 5_16 Design a linkage to carry the body in Figure P5-3 (p. 258) through the twO positions 
Pt and P2 at the angles shown in the figure . Use analytical synthesis without regard 
for the fixed piY{){s shown. 

t5_ 17 Design a linkage to carry the body in Figure P5-3 (p. 258) through the two positions 
P2 and p) at the angles shown in the figure . Use analytical synthesis without regard 
for the fixed piyots shown. 

t5- 18 Design a linkage to carry the body in Figure P5-3 (p. 258) through the three positions 
Pt. P2. and p) at the angles shown in the figure. Use analytical synthesis without 
regard for the fixed piY{){s shown. 

·t5- 19 Design II linkage to Cllrry the body in Figure P5-3 (p. 258) through the three positions 
PI. P2. and p) at the angles shown in the figure. Use analytical synthesis and design 
it for the fixed piyots shown. 

t5-20 Write a program to generate and plot the circle-point and center-point circles for 
Problem 5- 19 using an equation solyer or any programming language. 

t 5-2l Design a fourbar linkage to carry the box in Figure P5-4 (p. 259) from position 1 to 2 
without regard for the fixed piyots locations shown. Use points A and 8 for your 
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Doto for Problems 5-12 '0 5-15 

IIttachment poinK Detennine the range of the transmission angle. 1l1e fixed pivots 
should be on the base. 

' 5_22 Design II fourbar linkage to cany the box in Figure PS4 (p. 259) from posi tion 110 3 
without regard for the fi xed pivots shown. Use points A and 8 for your IIIlachment 
points. Detemlinc the range of the transmission angle. 1be fixed pivots should be on the -. 

t S-23 Design II fourbar linkage to cany the box in Figure PS4 (p. 2S9) from posi tion 2 to 3 
without regllrd for the fi xed pivots shown. Use points A and 8 for your atl!lchment 
points. Dctennine the range of the tmnsmission lUlgle. The fixed pivots should be on the 
~-.se. 

' 5_24 Design a fourbar linkage to cany the box in Figure P54 (p. 259) through the three 
posi tions shown in their numbered order without regard for the fixed pivols shown. 
Detennine the range of the transmission angle. Use any poims on the objecl as your 
attachment points. The fixed pivots should be on the base. 

' S-25 Design a fourbar linkage to cany Ihe box in Figure P54 (p. 259) through the three 
positions shown in their numbered order without regard (or the fixed pivots shown. 
Use points A lind B (or your attachment poinls. Determine the range of the cransmis
sion angle. Add II driver dyad wi th a crank 10 control the motion of your fourbar so 
that it cannot move beyond posit ions one und three. 
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• Answers ,n App.:ndix F. 

, These problems arc: 
suited 10 wllltiOll using 

MOIhcad. Of TKSo/,·" 
equatiOll solver progl'llnls. 
In most cases. your 
solu tion can be checked 
with progrJm FOUR8AR. 
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t These problems are 
$UIIOO 10 .wIUlion using 
Marhcud. or TKSoll't~ 
equation solver progmms. 
In mOSt cases. your 
solut ion can bel checked 
with program FOURBAR. 
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Data f9r Problems 5-16 to 5-20 

°tS·26 Design a fourbar linkage \0 carry the box in Figure P5-4 through the three posi tions 
shown in Iheir numbered order using the fix ed pivots shown. Detennine the mnge of 
the tmnsmission angle. Add a driver dyad wilh a crank 10 controllhc motion of your 
fourbar so thai il cannot move beyond positions one and three. 

tS-27 Design a foorbar linkage 10 carry the objecl in Figure P5-5 (p. 260) through lhe three 
positions shown in their numbered order without regard for the fixed pivots shown. 
Usc any points on the object as attachment points. The fixed pivots shou ld be on the 
base. Dclennine the range of the transmission angle. 

t5-28 Design a fourb:!r linkage to carry the object in Figure P5-5 (p. 260) through the three 
positions shown in their numbered order without regard for the fixed piyots shown. 
Use points A and 8 for your attachment points. Detennine the range of the transmis
sion angle. 

t5_29 Design a fourbar linkage to carry the object in Figure P5-5 (p. 260) through the three 
positions shown in their numbered order us ing the fixed pivots shown. Detennine the 
range of the transmission angle. 

t5-JO To the linkage solution from Problem 5-29. add a driver dyad with a emnk to control 
the motion of your fourbar so that it cannot move beyond poSitions one and three. 

t5-3 [ Design II fourbar linkage to carry the object in Figure P5-6 (p. 26 1) through the three 
positions shown in their numbered order without regard for the fix ed pivots shown. 
Use points A and B for your attachment points. Determine the range of the transmis-
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Dolo for Pl'oblems 5-2110 5-26 

sion angle. Add a driver dyad with a crank to control the motion of your fou rbar so 
that it cannot move beyond positions one and three. 

tS·32 Design a fourbar linkage to carry the object in Figure P5·6 (p. 261) th rough the three 
posi tions shown in their numbered order wi thout regard for the fixed pivolS shown. 
Use any points on the objecl as allachment points. The fixed pivots should be on the 
base. Determine the range of the transmission angle. Add a driver dyad wi th a crank 
to control the lTlOIion of your fourbar so that it cannot move beyond positions one and 
three. 

· t S_33 Design a fourbar linkage to carry the objecl in Figure PS·6 (p. 261) through the three 
posi tions shown in their numbered order using the fixed pivots shown. Determine the 
range of the transmission angle. Add a driver dyad with a cmnk 10 control the mOl ion 
of your fourbar so that it cannot move beyond posi tions one arnl three. 

+S-34 Design a fourbar linkage to carry the bolt in Figure PS-7 (p. 262) from posit ions I to 
2 to 3 wi thout regard to the fixed pivots shown. The bolt is fed into the gripper in the 
: direction (into the. paper). The gripper grabs the bolt, and your linkage moves it to 
position 3 to be inserted in to the hole. A second degree of freedom within the gripper 
assembly (not shown) pushes the. boh in to the hole. Extend the gripper assembly as 
necessary to include the moving pivots. The fixed pivots should be on the base. 
Hint: Try guess values of ~2 .. 71)0, ~J = 14{)O. "f2::: -So. Y3 '" -49°, 

• Ans ..... ers in Appendix F. 

t These problems are 

suited 10 solution usinS 
Mmhcud. Of" TKSoJ.·~" 

equation solver proSTams. 
In ffiOlol cases, your 

solution can be checked 
wi th prosram Fo\1RIIAR. 
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t These problems are 
~ui lcd to solution using 
Mlllhmil. or TK$o/""r 
equation solver programs. 
In mOSI cases. your 

soluliOll can be cltcckcd 
w ilh program FOURSAR. 

DESIGN OF MACHINERY CHAPTER 5 

y 
all dimensions in mm 

1080--1 421 

~84 _ 740 

, 

27 

60 

1400 ., 
.• ~ 

I 120 
j .: 

29[ I j o· 

I 
182 

[5{)([ 

2900 

FIGURE P5 -5 

Doto for Problems 5-27 to 5-30 

otS_35 Design a fou rbar linkage to carry the bolt in Figure £5-7 (p. 262) from positions I to 
2 [03 using the fi xed pivOI localions shown. Extend the gripper assembly as 
ne<:C5S3r)' to include the moving piVOLS. See Problem 5-34 for more information. 

5-36 To the linkage solution from Problem 5-35, add a driver dyad with a crank to control 
the mot ion of your fourbar SO thai il cannot move beyond positions one and three. 

5-37 Figure P5-8 (p. 262) shows an off- loading mechanism for paper rolls. The V-link is 
rotated through 900 by an air-driven fourba r slider crank linkage. Design a pin
jointed fo urbar linkage to replace Ihe existing off- loading station and penonn 
essentially the same function. Choose three posi tions of the roll including it.s twO end 
posi tions and synthesize a subst itule mechanism. Use a link similar to Ihe existing V
link as one of your links. Add a d river dyad to limi t its motion to the range desired. 

tS-38 Design a fourbar linkage to carry the object in Figure P5-9 (p. 263) through the three 
posit ions shown in thei r numbered order wi thout regard for Ihe fixed pivots shown. 
Use points C and D for your attachment poinls. Determine the range of the tnUlsmis
sion angle. Add a driver dyad wi lh a crank to controllhe motion of your fourbar so 
Ihal it cannot move beyond posi tions one and three. 

tS-39 Design a foUrbar linkage to carry the object in Figure PS-9 (p. 263) through the three 
posi tions shown in thei r numbered order without regard for the fixed pivots shown. 
Use any points on the object as attachment points. Determine Ihe range of the 
II'lIJlsmissiOJl angle. Add a driver dyad wi th a crank to control the motion of your 
fou rbar so that it cannot move beyond posi tions one and three. 
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Dota for Problems 5-31 to 5-33 

15-40 Design a fourbar linkage to carry the object in Figure P5-9 (p. 263) through the three 
positions shown in their numbered order using the fixed pivots shown. Detennine the 
range of the transmission angle. Add a driver dyad with a crank to control the motion 
of your fourbar so that it cannot move beyond positions one and three. 

15-41 Repeat Problem 5-38 using the data shown in Figure P5-1O (p. 263) instead. 

15-42 Repeat Problem 5-39 using the data shown in Figure P5-10 (p. 263) instead. 

15-43 Repeat Problem 5-40 using the data shown in Figure P5-10 (p. 263) instead. 

15-44 Repeat Problem 5-38 using the data shown in Figure P5- 11 (p. 264) instead. 

t5-45 Repeat Problem 5-39 using the data shown in Figure P5-1 1 (p. 264) instead. 

t5-46 Repeat Problem 5-40 using the data shown in Figure P5-11 (p. 264) instead. 

t5-47 Write a program to generate and plot the circle-point and cencer-point circles for 
Problem 5-40 using an equation solver or any programming language. 

15-48 Repeat Problem 5-47 using the data from Problem 5-43 instead. 

15-49 Repeat Problem 5-47 using the data from Problem 5-46 instead. 

t These problems are 
suited to solution using 
MOlhcod, 01" TKSo/"er 
equation sol~er programs. 
In mosl cases, your 
solution can be check.ed 
wit ll program FOURBAR. 
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Data for Pfoblems 5-34 to 5-36 

tS-50 In Example 5-2 (p. 230) the precision points and rOlalion angles arc specified while 
the input and output rotation angles ~ and y arc free choices. Using lhe choices given 
for ~2 lind '12- determine the rad ii and cenler coordinates of the center-point circles for 

;~;:7. .. ;; ... !:j' :;~ ••...•• trT-, .... ··>-! ,,·.·.:!.+'; '··V···.·,' ·i·~··~·· .. ~··. , .... ;.:::~ .-

<od off- loading station ai r cylinder fork lift truck 

FIGURE P5-8 

Ploblem &37 
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Doto tex problems 5-41 to 5-43 ond 5-48 
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6.0 INTRODUCTION' 

Chapter 6 

, 

Once a position analysis is done, the next step is to detennine the velocities of atllinks 
and points of interest in the mechanism. We need \0 know the velocities in OUT mecha
nism or machine, both to calculate the stored kinetic energy from mV2/2. and also as a 
step on the way to the delemlina(ion of the link's accelerations which are needed for the 
dynamic force calculations. Many methods and approaches ex ist to find velocities in 
mechanisms. We will examine only a few of these methods here. We will first develop 
manual graphical methods, which are o ften useful as a check on the more complete and 
accurate analytical solution. We will also investigate the properties orthe instant center 
of velocity which can shed much light on a mechanism's velocity behavior with vel)' little 
effort. Finally, we will derive the analytical solution for the fourbar and inverted slider
cr.mk as examples of the general vector loop equation solution to velocity analysis prob
lems. From these calculations we will be able to establish some indices of merit to judge 
our designs while they are st ill on the drawing board (or in the computer). 

6.1 DEFINITION OF VELOCITY 

Velocity is defined as the rate 0/ change o/position lI"ith respect to lime. Position (R) is 
a vector quanti ty and so is velocity. Velocity can be angular or linear. Angular veloc
ity will be denoted as ro and lincar velocity as V. 

dB 
fi)""-: 

<II 
v=dR 

dl 
(6.1) 

Figure 6-1 (p. 266) shows a link PA in pure rotation, pivoted at point A in the xy 
plane. Its position is defined by the position vector RpA • We are interested in the 

265 
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FIGURE 6-1 

A link In pure rotation 

velocity of point P when the link is subjected to an angular velocity w. If we represent 
the position veClor R pA as a complex number in polar ronn. 

R 1',4 ::::: M i8 (6.21 

where p is the scalar length of the veclor. We can easily differenliate il to obtain: 

V 
dR PA , jeda .j6 

1',,""--"'1')(' -=pOOle 
dl dl 

(6.3) 

Compare the right side of equation 6.3 to the right side of equation 6.2. Note that as 
a result o f the d ifferentiation. the veloci ty expression has been multiplied by the (con
stant) complex operator j. This causes a rotat ion of Ihis-velocity vector through 90 de· 
grees with respect to the original position veClOr. (See also Figure 4-8b, p. 174.) This 
9O-degree rolation is positive. or counterclockwise. However. the velocity cltpression is 
also multiplied by w. which may be e ither positive or negative. As a result. the velocity 
vector will be rotated 90 degrees from the angle e of the position vector in a direction 
dictated by the sign of w. This is just mathematical verification of what you already 
knew. namely that I'elocity is a/ways in a direction perpelldicular to the radills of rota· 
tioll and is wI/gent 10 the 1)0111 of motio" as shown in Figure 6-1. 

Substituti ng the Euler identity (equation 4.4n. p. 173) into equation 6.3 gives us the 
real and imaginary (or x and y) components of the velocity vector. 

VPA = pwj(cos9+ jsin9)= pw(-sin9+ jcose) (6.4) 

Note that the sine and cosine temlS have swapped posi tions betwecn the real and 
imaginary temIS. due to multiplying by the) coefficient. This is evidence of the 90 de
gree rotation of the velocity vector versus the position vector. The fonner x component 
has become the y component. and the fomler y component has become a minus.r com· 
ponent. Study Figure 4-8b (p. 174) to review why this is so. 

The velocity V PA in Figure 6- 1 can be referred to as an absolute velocity since it is 
referenced toA. which is the origin of the global coordinate axes in that system. As such. 
we could havc referred to it as V p. with the absence of the second subscript implying 
reference 10 the global coordinate system. Figure 6-2a shows a different and slightly 
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more complicated system in which the pivot A is no longer stationary. It has a khown 
linear velocity VA as part of the translating carriage. link 3. If ro is unchanged, the veloc
ity of point P versus A will be the same as before. but V PA can no longer be considered 
an absolute velocity. It is now a velocity difference and must carry the second subscript 
as V PA. Theabsolute velocity V P must now be found from the \'elocity difference eq ua
lion whose graphical solution is shown in Figure 6-2b: 

(6.53) 

rearranging: 

(6.5b) 

Note the similarity of equal ion 6.5 to the position difference equation 4. I (p. 166). 

Figure &-3 (p. 268) shows two independent bodies P and A. which could be two au
tomobiles, moving in the same plane. If their independent ve locities V p and V A. are 
known. their relath'e velocity V PA can be found from equation 6.5 arranged a1gebmically as: 

V PA, = VP-VA, (6.6) 

The graphical solution to this equation is shown in Figure 6-3b. Note that it is sim
ilar to Figure &-2b except for a d ifferent vector being the resultant. 

As we did for position analysis. we give these two cases different names despi te the 
fact that the same equation applies. Repeating the definition from Section 4.3 (p. 167). 
modified to refer to velocity: 

C .. \SE I : Two poims ill the same body => velocity difference 

CASE 2: Two poims ill differem bodies => relative velocity 

We will fi nd use for this semantic distinction both when we analyze linkage veloci ties 
and the velocity of slip later in this chapler. 

26 
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Relative velocity 

6.2 GRAPHICAL VELOCITY ANALYSIS 

Before programmable calculators and computers became universally available to engi
neers, graphical methods were the only practical way to solve these velocity analysis 
problyffiS. With some practice and with proper tools such as a drafting machine or CAD 
package, one can fairly rapidly solve for the velocities of panicular points in a mecha
nism for anyone input position by drawing vector diagrnms. However, it is a tedious 
process if velocities for many positions of the mechan ism are to be found. because each 
new position requires a completely new sel of vector diagrams be drawn. Very little of 
the work done to solve for the velocities at position I carries over to position 2. etc. 
Nevertheless. this method still has more than historical value as it can provide a quick 
check on the results from a computer program solution. Such a check needs only be done 
for a few positions to prove the validity of the program. Also. graphical solutions pro
vide the beginning student some visual feedback on the solution which can help develop 
an unders t:mding of the underlying principles. It is principally for this Jast reason that 
graphical solutions are included in this text even in this "age of the computer:' 

To solve any velocity analysis problem graphically, we need only two equations. 6.5 
and 6.7 (which is merely the scalar fonn of equation 6.3): 

(6.7) 

Note that the scalar equation 6.7 defines only the magnitude (v) of the velocity or 
any point on a body which is in pure rotation. In II graphical CASE I analysis, the direc· 
tion o f the vector due to the rotation component must be understood from equation 6.3 
10 be perpendicular 10 the radius of rotation. Thus. if the center of rotation is known, tilt 
direction of the velocity component due to thai rotation is known and its sense will be 
consistent with the angular velocity Ol of the body. 
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Graphical sok.JtIon for velocities In a pln.;olnted linkage 

Figure 6-4 shows a fourbar linkage in a particu lar position. We wish to solve for the 
angular velocities of links 3 and 4 (w), (4) and the linear velocities of points A, B, and C 
(VA' VB, V C). Point C represents any general point of interes!. Perhaps C is a coupler 
point. The solution method is valid for any point on any link. To solve this problem we 
need to know the lengths of all the lillb, the anglllar positions of all tile links. and the 
installfaneolls inpm I'elociry of any Ollt! dril'ing /ink or driving point. Assuming we have 
designed this linkage. we will know or can measure the link lengths. We must also first 
do a complete position analysis to find the link angles 63 and 64 given the input link's 
position 62. This can be done by any of the methods in Chapter 4. In general we must 
solve these problems in stages. first for link positions. then for velocities, and finally for 
accelerations. For the following example, we will assume thai a complete position anal
ysis has been done and that the input is to link 2 with known 62 and W2 for thi s one 
"freeze Frame" position of the moving linkage. 
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!In'XAMPl' 6- ' 

Graphical Velocity Analysis for One Position of Unkoge. 

Problem: 

SolulJon: (see Figure 6-4. p. 269) 

Start at the end of the linkage about which you have the most infonmllion. Calculate thoe 
magniTUde of the veloci ty of point A using scalar equation 6.7 (p. 268). 

1'" = (A02}ro2 (a) 

2 Draw the velocity vector VA with its length e<lual to its magni tude I'A at some convenient scale 
with its root at point A and its direction perpendicular to the radiusA02' Its sense is the same 
as th;1I of 0)2 (IS shown in Figure 6-4a. 

3 Move next [0 a point about which you have some infonll3tion. Note that [he direction ofthoe 
velocity of point B is predic table since it is pivoting in pure rotation about point 0 4, Draw 
the construc tion line pp through point B perpendicular to 1104 • to represent the direction of 
V 8 as shown in Figure 6-4a. 

4 Write the velocity difference vector e<lumion 6.5 (p. 267) for point B versus point A. 

(b) 

\Ve will use point A liS the reference point to find V 8 because A is in the same link as 8 and 
we have already solved for VA' Any two-dimensional vector equation can be solved for [1100 

unknowns. Each term has two parameters, namely magnitude and direction. There are then 
potentially six unknowns in this equation, ( WO per term. We must know four of them to soh'c 
it. We know both magnitude and direction of V A and Ihe direction of VB' We need to knollo 
one more parameter. 

5 The [erm VeA represents the velocity of B with respect toA. Jfwe assume thatlhe link BA is 
rig id. then there can be no component of V SA which is directed along the line BA. because 
point B cannot move toward or :lway frolll point A wi thout shrinking or stretching the rigid 
link! Therefore. the direction of V nA must be perpendicular to the line BA. Draw conStruc
tion line qq through point B and perpendicular to BA [ 0 represent the direc tion of VBA. J) 

shown in Figure 6-4a. 

6 Now the vector equation can be solved graphically by drawing a vector diagram as shown in 
Figure 6-4b. Either dra(ting tools or a CAD package is necessary for this step. First drallt 
velocity vector V A carefully 10 some scale. maintaining its direction. (It is drawn twice size 
in Ihe figure.) The equation in step 4 says 10 add V BA to V A' so draw a line parJ.lIel to line qq 
:lcross the tip of V", The resultant. or left side of the equat ion. must close the vector dia· 
gram. from the lail of the first vector drawn (V A) to the tip of the last. so draw a line parallel 
to pp across the tai l of VA' The in tersection of these lines parallel 10 PP and qq defines the 
lengths of VB and V BA- The senses o f the vectors are determined from reference to theequa
tion. V A was:lddcd to VnA, so they must be arranged tip totai!. V n is the resultant. so it must 
be from the tail of the first to the lip of the las!. The resultant vectors are shown in Figure 
6-4b and d. 
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7 The angular vclocities of links 3 and 4 can be culcul:ucd from equation 6.7 (p. 268): 

:md (e) 

Note th:lt the veloci ty difference tenn V BA represents the rotation:ll component of velocity 
of link 3 due to (1)3' This must be true if point B cannot move toward or :lway from point A. 

1l1e only velocity difference they can have. one to the other. is due to rotution of the line con
necting them. You m:ly think of point 8 on the line BA rotating "bout point A as a center. or 
point A on the line AU TOtming about U as:l center. The rota tional velocity w of any body is 
a "free vector" which has no particular point of application to the body. It exists evcrywhere 
on the body. 

8 Finally we can solve for Ve. again using equation 6.5 (p. 267). We selcct any point in link 3 
for which 'AC know thc absolute velocity to use as the reference. such as point A. 

(d) 

In this case. we can c:llculate the magnitude of VeA from equation 6.7 as we have already 
found (1)3' 

I (e) 

Since both V A and V eA :Ire known. the veclOrdiagram can be directly drawn as shown in 
Figure 6·4c (p. 269). Ve is the resuhant which closes Ihe vector diagram. Figure 6-4d shows 
the calculated vclocity vectors on the linkage diagram. Note that the velocity difference 
vector VeA is perpendicular to line CA (along line rT) for the same reasons as discussed in 
step 7 above. 

The above example contains some interesting and significant principles which de· 
serve funher emphasis. Equation 6.5a is repeated here for di scussion. 

(6.5a) 

This equat ion represents the allsolute velocity of some general point P referenced to the 
origin of the global coordinate system. The right side defines it as the sum o f the abso· 
lute velocity of some other reference point A in the same system and the veloci ty differ· 
ence (orrel:ltive veloci ty) or point P versus point A. Thisequation could also be written: 

\'e/Of:ily '" If(lils/mioll compo' lI'lII + Ivt(l/iOIl com/wllem 

These are the same (Wo components of mot ion defined by Chasles' theorem. and 
introduced rordisplacemcnt in Section 4.3 (p. 169). Chasles' theorem holds ror velocity 
as well. These two components of motion. transilltion and rotation. are independent of 
one another. If either is zero in " panicularexample. the complex motion will reduce to 
one of the special cases of pure tran~lation or pure rotation. When both are present. the 
lotal velocity is merely their vector sum. 

Let us review what was done in Example 6·1 in order to extraCt the general strategy 
for solution of this class of problem. We staned at the input side o r the mechanism. as 
Il1lll is where the driving angular velocity is defined. We first looked for a point (A) for 
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which the motion was pure rotation so that one of the tenns in equation 6.5 (p. 267) 
wou ld be zero. (We could as easily have looked for a point in pure trnnsllltion to boot
strap the solution.) We then solved for the absolute veloci ty of that point (V It) using 
equations 6.5 and 6.7 (pp. 267-268). (Stepl· I antI 2) 

We then used the point (A) just solved for as a reference point to define the trnnslll
tion component in equation 6.5 written for a new point (B). Note that we needed to 
choose a second point (B) which was in the same rigid body as the reference point (A) 
which we had already solved and about which we could predict some aspect of the new 
point"s (B's) velocity. In this example. we knew the direction of the velocity V 8. In 
general this condition will be satisfied by any point on a link which is jointed to ground 
(as is link 4). In this example, we could nOI have solved for point C until we solved for 
B, because point C is on a floating link for which point we do not yet know the velocity 
direclion. (Steps 3 alld 4) 

To solve Ihe equation for Ihe second point (B), we also needed to recognize Ihalthe 
rotation component of velocity is directed perpendicular 10 the line connecting the two 
points in the link (8 and A in the example). You will always know Ihe direction of the 
rotation component in equation 6.5 ifit represents a velocity difference (CASE I) sit
ua tion . Iflhe rowlioll compollent rellltes tll'O IJOiflls ill the same rigid body,lhelllhal 
\'elocity differellce component is alll'ays l)e'lJendiclllar to the lille connecling those fWD 
points (see Figure 6-2, p. 267). This will be true regardless of Ihe tWO points selected. 
But. this is nollme ill a CASE 2 sill/alion (see Figure 6-3, p. 268). (Slel)S 5 and 6) 

Once we found thc absolute velocilY (V B) of a second point on the same link (CASE 
I) we could solve for the angular velocity of that link. (Note that poi nts A and 8 are 
both Qn link 3 and the velocity of point 04 is zero.) Once the angular velocities of all the 
links were known, we cou ld solve for the linear velocity of any point (such as C) in any 
link using equation 6.5. To do so, we had to understand theconcepl of angular velocity 
as a free vector, meaning that il ex ists everywhere on Ihe link at any given instanl. II 
has no panicular center. It has all ilifillity of potclltial celllers. The link simply has an 
al/gll/ar w!locity, jusl as does a frisbee thrown and spun across Ihe lawn. 

All points on afrisbee, if spinning while flying, obey equation 6.5. Left to its own 
devices, the frisbee wiIJ spin about its center of gravity (CG) , which is close to the center 
of its circular shape. But if you are an expert frisbee player (and have TIlther pointed fin
gers), you can imagine catching that fl ying frisbee between your two index fingers in 
some off-centcr location (nOl at the CG), such that the fri sbee continues to spin about 
your fingertips. In this somewhat farfetched example of championship fri sbee play. you 
will have taken the translation component o f the frisbee's motion to zero, but its inde
pendent rotation component will still be present. Moreover. it will now be spinning about 
a different center (your fingers) than it was in flight (its CG). Thus this free vector of 
angu lar velocity (00) is happy to attach itself to any point on the body. The body still has 
the same 00, regardless of the assumed center of rota tion. It is this property that allows 
us to solve equation 6.5 for literally any point on a rigid txxJy in complex motion refer
e nced (0 any other point on that body. (Sleps 7 alld 8) 
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6.3 INSTANT CENTERS OF VELOCITY 

Thedefinition of an inslanl cen ler of veloci ty isa point. commOf/ 10 fwO bodies;n plane 
mOlion. which l)oilll haslhe .wme if/stontal/eoll ... velocity ill eacll bo(/y. Instant centers 
are sometimes also called centros or poles. Sinee it takes two bodies or links to ere,lIe 
an instant center (lC). we can easily predict the quantilY of instam cenlers to expect from 
any collection o f links. The combination formu la for n things taken r OIl a time is: 

1/(11 - 1)(11- 2)·· '(1/ - r + I) c= 

" 
For our case,. = 2 and it reduces to: 

c= 1/(11- 1) 
2 

(6.83) 

(6.8b) 

From equation 6.8b we can see thaI a fourbar linkage has 6 instanl centers, a six bar 
has 15, and an eightbar has 28. 

Figure 6-5 (p, 275) shows a fourbar linkage in an arbi trary position. It also shows a 
linear graph· which is useful for keeping track of which ICs have been found. This par
ticular graph can be created by drawing a circle on which we mark oIT as many points as 
there arc links in our assembly. We will then draw II line between the dots represehting 
the link pairs each time we find an inslant center. The resulting lincar graph is the set of 
lines connecting the dots. It does not include the circle which was used only 10 place the 
dots. This graph is actually a geometric solution to equalion 6.8b. since connecting all 
the points in pairs gives all the possible combinations of points taken two at a time. 

Some ICs can be found by inspection. using on ly the definition of the instant center. 
Note in Figure 6-5a that the four pin joints each satisfy the definition. They clearly must 
have the same veloci ty in both links at all times. These have been labeled 11.2. h3. i],4. 
and ' 1,4. The order of the subscripts is immaterial. Instant center/l.1 is the same as / 1.2' 
These pin-joint fCs Ilre sometimes called "pennanent" instant centers as they remain in 
the same location for all posit ions of the linkage. In general. instant centers will move to 
new locat ions as the linkage changes position. thus the adjective iIlSWIII. In this fou rbar 
example there are two more ICs to be found. It will help to use the Aronhold-Kennedy 
theorem.t also called Kelltledy's rule, to locate them. 

Kennedy's rule: 

Ally Ihree IxHlie.\· ill pltllle motiol/lI"illlla\'e exaCily II/ree instal/I cel/ ters. (1l1d II,ey K'iIIlie 
on tile same straigllt lille. 

The firsl pan of this rute is just a restatement of equation 6.8b for /I = 3. It is the 
second clause in this ru le that is most useful. Note that this rule does nol require that the 
Ihree bodies be connected in any way. We can use this rule. in conjunction with thc lin
ear graph, to find the remaini ng ICs which arc not obvious from inspection. Figure 6.5 b 
shows the construct ion necessary to find instant cenler 11.3. Figure 6-5c shows the con
struction necessary to find inslant center IV •. The following example describes the pro
cedure in delail. 
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• NOIe IhDlthis gr(Jph is 001 
a plOl of points OIl an x. y 
coordm:lle system. Ratllcr 
il is 11 1i/ll~(Jr gr(Jph from the 
fascinating b .... ll1ch of 
mathematics called gr(Jph 
{h~ory. whICh is itself a 
bnmch of lopology. LillCar 
grnphs are ort en used 10 

depict imem:lati Olishi ps 
belween various phenome
na. 'They have many 
apptications in kinematics 
especially as a way to 
classi fy link.ages and to 
find isomer~. 

t Disco~eml independent
ly by Aronhotd in 
Germany. In 1872. and by 
Kennedy in England. m 
1886. It tends 10 be 
anributed to Kennedy in 
the English-speaking world 
and 10 Aronhold In Inc 
German-speaking worLd. 
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$n'XAMPlE 6-2 

Finding All Instant Centers for a Fourbor linkage. 

Problem: Given II fourbar linkage in one posi tion. find allIes by gTllphical methods. 

SoIuffon: (see Figure 6-5) 

Draw a c ircle with all links numbered around the circumference as shown in Figure 6-Sa. 

2 Locate as many ICs as possible by inspection. All pin joints will be pennanem ICs, Con. 
nect the link numbers on the c ircle to creute a linear graph and record those les found. as 
shown in Figure 6-5a. 

3 Identify a link combin:llion on the linear gl"'Jph for which the Ie h:ls not been found, and drnl'l 
a dotted tine connecting those two link numbers. Identi fy two triangles on the gmph which 
each contain the dotted line and whose other two sides are solid lines representing ICs al· 
ready found . On the graph in Figure 6-5b, link numbers I and 3 have been connected with. 
dOl:ted line. This line forms one lri3ngle with sides 13. 34. 14 and another with sides 13.23. 
12. These triangles define trios of fCs which obey Kennedy's rule. Thus fCs 13,34. and \4 
must lie on the same straight line. Also fCs 13.23 and 12 will ile on a different straight 
li ne. 

4 On the linkage diagram draw a line through the IWO known ICs which foml a Irio with tilt 
unknown IC. Repeat for the other trio. In Figure 6·5b. a line has been drawn through 1].2 
and 12.3 and eK tended. 11.3 must lieon Ihis line. Another line has been dl".twn Ihrough 11.4 

~nd 1).4 and eKtended to intersect the first line. By Kennedy's rule. instant center 11,3 must 
also lie on this line, so their intersection is ' t ,3' _ 

5 Connect link numbers 2 and 4 wi th a dOlled line on the linear graph as shown in Figure 6-5c. 
This line fomls one triangle with sides 24, 23, 34 and another with sides 24, 12, 14. These 
sides represent trios of ICs which obey Kennedy's role. Thus ICs 24. 23. and 34 musllieon 
the same straight line. Also les 24. 12. and 141ie on a different strnight line. 

6 On the linkage diagram drnw a line through the two known ICs which fonn a trio with the 
unknown IC. Repeat for the other trio. In Figure 6-5c. a line has been drawn through /t.1 
and '1.4 and extended. 12,4 must lie on Ihis line. Another line has been drawn through hJ 
and 1).4 and extended to intersect Ihe first line. By Kennedy's rule, instant center 12,4 must 
also lie on this line. so their intersection is 12.4' 

7 If there ..... ere more links. this procedure would be repeated until all/Cs were found. 

The presence of slider joints makes find ing the instant centers a lillie more subtle as 
is shown in the next example. Figure 6-63 (p. 276) shows a fo urbar s lider-crank link
age. Note that there are only three pin joints in this linkage. A ll pin joints are perma
I/em il/stam centers. But the joint between links I and 4 is a rec tilinear, s lid ing full joint. 
A s liding joint is kinematically equivalent to:1n infinitely long link , "pivoted"' at infini· 
ty. Figurc 6-6b shows a nearly equivalent pin-jointed version of the s lider·c rank in which 
link 4 is a very long rocker. Point 8 now swings through a shallow IIrc Which is nearly a 
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FIGURE 6 -5 

LocaNng Instanl centers In the pin-jointed linkage 

straight line. It is clear in Figure 6-6b (p. 276) that. in this linkage. 11 .4 is at pivot 0 4• 

Now imagine increasing the length of this long. link 4 rocker even more. In the limit. 
link 4 approaches infini te length. the pivot 0 4 approaches infinity along the line which 
was origi nally the long rocker. and the arc motion of point B approaches a straight line. 
Thus. a slider joinr will hare ils iI/stant eel/ter at infinity alol/g a lille perpelldicular 10 
tile direClioll of sliding as shown in Figure 6-6a. 

11.4 
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4 

Rocker pivol 04 

(b) Cronk-locker linkage 

FIGURE 6 -6 

A rectilinear sliders Instant center Is at Infinity 

~EXAMPlE 6-3 
I 

Finding AI! Instont Centers for a Slider-Crank Linkage_ 

Problem: Given a slider-crank linkage in one posi tion, find all fes by graphical methods. 

Solution: (see Figure 6-7) 

Draw a circle with all links numbered around the circumference as shown in Figure 6-7a. 

2 Locateall/Cs possible by inspection. All pinjoinls will be pennanenl/Cs. The slider joint's 
instant center will be 3t infinity along a line perpendicular to the ax is of sliding. Connect the 
link numbers on the circle to create a linear grnph and record those ICs found. as shown in 
Figure 6-7a. 

3 Identify a link combinat ion on the linear graph for which the IC has not been fou nd, and draw 
a dotted line connecting those two link number.;. Idemify two triangles on the graph which 
each contain the dOlled line and whose other two sides are solid lines representing ICs al
ready found. [n the graph on Figure 6-7b, link numbers I and 3 have been connected with I 
dOlled line. This line fonns one triangle with sides 13,34, 14 and another with sides 13,23. 
12 . These sides represent trios of ICl' which obey Kennedy's rule. Thus ICs 13,34. and 14 
must lie on the same straight line. Also ICs 13, 23. and 12 lie on a different strJight line. 

4 On the linkage diagram draw a line through the two known ICs which fonn a trio with the 
unknown Ie. Repeat for the other trio. In Figure 6-7b, a line has been drawn from II.}. 
through h3 and extended. 11.3 must lie on this line. Another line has been drawn from 11,4 



VELOCITY ANALYSIS 

y 

3 

x 

( a ) 3 

y 

, 

~ ' - ' I. l 

4~2 
/' 

, \ 
/ 

\ 

3 

\ 
3 / 1,.4 -f~c-------c---------~-'~ X 

Y / 
(e) 3 

(0 ) 

\ 
I .., j1f,,------;----\---- x 

\ 

FIGURE 6 -1 

locating Instant centers In the Sllder-crank linkage 

(at infinity) through 13,4 and extended to intersect the first line. By Kennedy's rule. instant 
center I t.J must also lie on this line, so their intersection is 11,3' 

5 Connect link numbers 2 and 4 with a dOlled line on the graph as shown in Figure 6-7c. This 
line fomls or~ triangle with sides 24. 23, 34 and another with sides 24, 12. 14. These sides 
also represent trios of ICs which obey Kennedy's rule. Thus ICs 24, 23. and 34 must lie on 
the same straight line. Also ICs 24. 12, and 14 lie on a different straight line. 
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6 On the linkage diagram dr:lw il line through the two known le!i which fonn a trio with the 
unknown Ie. Repent for the other trio. In Figure 6-7(' (p. 278). a line has been drawn from 
11.2 [0 inlersec! 11.4. ilnd extended. Note that Ihe only way 10 "imerscc!" 11.4 al infinity is [0 
draw a line parallel 10 the line 13.4 11.4 since all par.tllcllincs imcrsccl at infinity. Instant 
ccmer 12.4 must lie on this parallel line. Another line has been drawn through 12.3 and 1) ,4 

and extended to intersect the first line. Hy Kennedy's rule. instant cemer '2.4 must also lie 
on this line. so their intersection is lV-

7 If there were more links, this procedure would be repeated until allIes were found. 

The procedure in this sl ider example is identical to that used in the pin-jointed fourbar. 
except that il is complicated by the presence of instant centers located at inlinity. 

In Section 2.9 and Figure 2-IOc (p. 43) we showed that a cam-follower mechanism 
is really a fourbar linkage in d isguise. As such it will also possess instant celllers. The 
presence of the half joint in this. or any linkage. makes the location of the instant centers 
a liule more complicated. We have to recognize that the instant center between any two 
links will be along a line that is perpendicular to the relm;I'!' I'e/oeity vector between the 
links at the hal f joint. as shown in the followi ng example. Figure 6-8 shows the same 
cam-follower mechanism as in Figure 2-IOc (p. 43). The effective links 2, 3. and 4 are 
also shown. 

~EXAMPlE 6-4 

Finding All Instant Centers for a Cam-Follower Mechanism. , 
Problem: Given a cam and follower in one position, fin<!.JII/Cs by grJphicnl methods. 

Solution: (see Figure 6-S) 

Draw a circle with all links numbered around Ihe circumference as ~hown in Figure 6-Sb. In 
this case there are only three links and thus only three ICs to be fou nd as shown byeljuation 
6.S. Note that the Jinks are numbered 1.2. and 4. The missing link 3 is the variable-length 
effective coupler. 

1 Locate all/Cs possible by inspection. All pin joints will be pcnmment ICs. The two fixed 
pivots 11.2 and 11.4 are the only pin joints here. Connect the link numbers on the circle 10 
creale a linear gmph and record those ICs found. as shown in Figure 6-8b. The only link 
combination on Ihe linear graph for which the IC has nOI been fou nd is 12.4' so draw a doned 
line conneCTing Those two link numbers. 

3 Kennedy's rule says tharallthrce ICs mllst lie on the same strJighl line; thus the remaining 
inSTa nt center 12.4 must lie on the line 11.2/1.4 extended. Unfonli llately in Th is example, we 
h;lVC 100 few links to lind a second line on which '2,4 mUST lie. 

4 On the linkage diagram drawn line through the two known ICs which rOnl} Ii trio with Ihe 
unknown Ie. In Figure 6-Sc. a line has been drawn frOIll 11.2 through 11.4 and extended. This 
is. of course, link I. By Kennedy's rule. h4 must lie on Ihis line. 
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Effective link 3 

Effective link 2 
Effective link 4 

(b) The linkage graph (e) The Insfanlaneous/y equivalent 'effective linkage' 

Half joint 

Common tangent 
(axis of slip) 

Common normal 
(axis of transmission) 

(0) The cam and follower (d) FInding 12A Without using the effective linkage 

FIGURE 6 -3 

Locoting Instant centers In the cam·folowef mechanism 

5 Looking at Figure 6-8c which shows the effective links of the equivalent fourbar linkage for 
this position. we can extend effective link 3 unt il it intersects link I extended. JUSt as in the 
"pure" fourbar linkage. instant center 2,4 lies on the intersection of link~ I and 3 extended 
(see Example 6·2. p. 274). 

6 Figure 6-8d shows that it is not necessary to construct the effective fourbaf linkage to find 
12.4- Note that the common ta ngenl to links 2 and 4 at their contact point (the half joint) has 
been dr:Jwn. This line is also called tnc axis or s lip because it is the line along which all rel
ative (slip) velocity will occur between the two links. Thus the velocity of link 4 versus 2, 
V 42. is directed along the axis of slip. Instant center 12,4 must therefore lie along a line per
pendicular 10 the common langent. called the common normal. Note thatlhis line is the 
same a.~ the effective link 3 line in Figure 6-8c. 
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6.4 VELOCITY ANALYSIS WITH INSTANT CENTERS 

Once the ICs have been found, they can be used to do a very rapid graphical velocity 
analysis of the linkage. Note that, depending on the particular position of the linkage 
being analyzed. some of the ICs may be very far removed from the links. For example. 
if links 2 and 4 are nearly parallel, their extended lines will intersect at a point far away 
and not be practically available for velocity analysis. Figure 6-9 shows the same link· 
age as Figure 6·5 (p. 275) with 11,3 located and labeled. From the definition of the in· 
stant center. both links sharing the instant center will have identical velocity al that point. 
Instant center It.3 involves the coupler (link 3) which is in complex motion, and the 
ground link I, which is stationary. All points on link I have zero velocity in the global 
coordinate system. which is embedded in link 1. Therefore, / l.3 must have zero velocity 
al this instant, If 11•3 has zero velocity,then it can be considered to be an instantaneous 
"fixed pivot" about which link 3 is in pure rotation with respect to link I. A momenl 
laler. It.3 wi ll move to a new location and link 3 will be "pivOling" aboul a new instant 
center. 

The velocity of point A is shown on Figure 6-9. The magnitude of V A can be com
puted from equation 6.7 (p. 268), Its direction and sense can be determined by inspec
tion as was done in Example 6-1 (p. 270). Note thaI point A is also instant center /2.3' It 
has the same velocity as part of link 2 and as part of link 3. Since link 3 is effectively 
pivoting about / 1.3 at this instant. the angular velocity {O3 can be found by rearranging 
equation 6.7: 

(6.90) 

Once 1-1'3 is known. the magnitude of VB can also be found from equation 6.7: 

I'B =(B1u103 (6.9b) 

Once VB is known, 1-1'4 can also be found from equation 6.7: 

(6.9<) 

Finally, the magnitude of Vc (or Ihe velocity of any other point on the coupler) can be 
found from equation 6.7: 

(6.9d) 

Note that equations 6.7 and 6.9 provide only the scala r magnitude oflhese veloc
ity vectors. We have to determine their direction from the information in the scale dia
gram (Figure 6-9). Since we know the location of /t .3. which is an instantaneous "fixed" 
pivot for link 3, all of that link's absolute velocity vectors for this instant will be per
pendicular to their radii from It ..} to the point in question. V 8 and Vccan be seen to 
be perpendicular to their radii from 't .3' Note that VB is also perpendicular 10 the radius 
from 04 because B is also pivoting about that point as part of link 4. 

A rapid graphical solution to equations 6.9 is shown in the figure. Arcs centered al 
'1.3 are swung from points B and C to intersect line AlI.3' The magnitudes of velocities 
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FIGURE 6 -9 

VelOcity analysis using Instant centers 

V B' and VC' are found from the vectors drawn perpendicular to that line at the intersec
lions of the arcs and line Al I.3. The lengths of the vectors are defined by the line from 
the tip of V II to the inslant center /1 .3' These vectors can then be sl id along Iheirarcs back 
to points Band C. maintaining Iheir tangency to the arcs. 

Thus, we have in only a few steps found all ihe same veloci ties that were found in 
the more tedious method of Example 6-1 (p. 270). The instant center method is a quick 
graphical method to analyze velocities. but it will only work jfthe instant centers are in 
reachable locations for the particular linkage position analyzed. However, the graphical 
method using the velocity difference equation shown in Example 6-1 will always work. 
regardless of linkage position. 

Angular Velocity Ratio 

The angular velocity ratio mv is defined as tile output angular velocity divided by the 
inplIf angular I'e/ocity. For a fourbar mechanism this is expressed as: 

(6.10) 

We can derive this ratio for any linkage by construct ing a pair of effective links as 
shown in Figure 6-lOa (p. 283). The definition of effective link pairs is two lines, I1IU

tually parallel. drawf/ Ihrougll tile fixed pil'ols and intersecting the coupler extended. 
These are shown as 02A' and 048' in Figure6-IOa. Note that there is an infinity ofpos
sible effective link pairs. They must be parallel to one another but may make any angle 
with link 3. In the figure they are shown perpendicular to link 3 for convenience in the 
derivation to follow. The angle between links 2 and 3 is shown as v. The transmission 

• 

• 
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• This limit:ll ioo on 

transmissioo angle is ooly 
critical if the outPUt load is 
applied \0 a link that is 
pivOIcd to ground (i.e .• to 

link" in the case of D 

fourbar linkage). Irthe 
load is .ppli~ to. floating 
hnk (e.g .. a coupler), then 

other measures of the 
quality of forte tr&nsmis
sioo than the IT3Ilsmis~ion 
angle are more appropriate. 
as discussed in Chapler 11. 
S~lion 11 .12, p. 592, 
wllere lhe joim force index 
OFJ) is defiBed. 
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angle between links 3 and 4 is~. We will now derive an expression for the angular ve
locity ratio using these effective links, the actual link lenglhs. and angles v and Jl. 

From geometry: 

(6. lI a) 

From equation 6.7 

(6. li b) 

The component of velocity VA' lies along Ihe link AB. Just as with a two-force memo 
ber in which a force applied at onc end transmits only its component Il1nt lies along the 
link to the other e nd . this velocity component can be transmilted along the link to point 
O. This is sometimes called the principle o(lra nsm issibility. We can then equate these 
components at eit her e nd of the link. 

The n: 

rearranging; 

and substituting: 

~;; OzA' 
Wz 0,,8' 

(6. lI c) 

(6. lId) 

(6. 1 Ie) 

(6.11 f) -Note in equat ion 6.l lfthat as angle v goes through zero, the angular velocity ratio 
will be zero regardless of the values of U>:z or the link lengths. and thus Ul4 will be zero. 
When angle v is zero, links 2 and 3 will be colinear and thus be in their toggle positions. 
We learned in Section 3.3 (p. 90) that the limiting positions of link 4 are defined by these 
toggle conditions. We should expect that the velocity of link 4 will be zero when it has 
come to the end of its travel. An even more interesting situation obtains if we allow an· 
gle Illo go 10 zero. Equation 6 . llf shows Ihat 0)4 will go to infinity when Il = O. regard
less of the values of (02 or the link lengths. We clearly cannot allow 1110 reach zero. In 
fact, we learned in Section 3.3 that we should keep th is transmission angle Il above about 
40 degrees 10 maintain good quality of motion and force transmission: 

Figure ~IOb shows the same linkage as in Figure 6-IOa, buttheelTecti ve links have 
now been drawn so that they are not only parallel but are colinear, and thus lie on top of 
one another. Both iOlersectthe extended coupler at the same poiOl. which is instant cen
teT 12.4' So. A' and B' of Figure &- IOa are now coincident at h4. This allows us to wri te 
an equation for Ihe angular velocity ralio in tenus of the distances from the fi xed piv
ots to instant center 12•4. 

(6. llg) 

Thus. the instant ceOler h4 can be used to detenn ine the angu llir velocity ralio. 
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FIGURE 6-10 

Effective links and the angular vek>clty raflo 

Mechanical Advantage 

x 

0, 

Effeclive link 4 

4 

x 

0, 

The power P in a mechanical system can be defined as the dot or scalar produci of lhe 
force vector F and Ihe velocily veclor V at any point: 

(6.12a) 

For a rOlating system, power P becomes the product of torque T and angular velocity (0 

which, in two dimensions, have the same (z) di rection: 

p :: Too (6. 12b) 
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The power nows through a passive system and: 

P,n :: P "", + losses 

Mechanical effi ciency can be defined as: 

(6. 12c) 

(6. 12d) 

Linkage systems can be very efficient if they are well made with low friction bear
ings on al l pivots. Losses are onen less than 10%. For simplicity in the following analy
sis we wi ll assume that the losses are zero (i.e .. a conservative system). Thcn. leuing Tilt 

and Olin represent input torque and angular velocity, and T 0111 and OlQljt represent output 
torque and angular velocity. then: 

and : P"", "" P,n 
T "",ru(NOl = 1inru.n 

T lNl ruin --;--
T;n W_ 

(6.12e) 

(6.12f) 

Note that the lo rque ratio (mT = Tout (fin) is the inverse ofthc angular velocity ratio. 

Mechanical advantage (iliA) can be defined as: 

F 
III .... ",.:..£l!!... 

F" 
(6. 13a) 

Assuming that the input and output forces are applied at some radii rin and fOIlI. perpen
dicular to their respective force veclOrs. 

(6.l3b) 

substituting equations 6. 13b in 6.13a gives an ex pression in tenns of torque. 

(6. I 3c) 

Substituting equation 6.12f in 6.13c g ives 

III A:: -!!!... --.!!!.... ( ",. X" 1 
W OWI ("", 

(6. I 3d) 

and substituting equation 6.11 f (p. 282) gives 
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T 0 111 = F 1>111 r (j ill 

v - >O 

FIGURE 6 - 11 

'Rock-crusher' toggle mechanism 

(6.13e) 

See Figure 6-11 and compare equation 6.13e 10 equation 6.11 f (p. 282) and ils dis
cussion under angular velocity ratio (p. 281). Equation 6. 13e shows that for any choice 
of Tin and r 011/' the mechanical advantage responds to changes in angles V and Il in oppo
site fashion to that of the angular velocity ratio. If the transmission angle Il goes to zero 
(which we don't want it to do), the mechanical advantage also goes to zero regardless of 
the amount of input force or torque applied. But, when angle v goes to zero (which it 
can and does, twice per cycle in a Grashof linkage), the mechanical advantage becomes 
infinite! This is the principle of a rock-crusher mechanism as shown in Figure 6-11. A 
quite moderate force applied to link 2 can generate a huge force on link 4 to crush the 
rock. Of course, we cannot expect to achieve the theoretical output of infinite force or 
torque magnitude. as the strengths of the links and joints will limit the maximum forces 
and torques obtainable. Another common example of a linkage which takes advantage 
of this theoretically infinite mechanical adv:mtage at the toggle position is a ViseGrip lock
ing pliers (see Figure P6-21, p. 320). 

These two ratios. a ngu lar velocity ratio and mechanical advantage. provide use
fu l. dimensionless indices of merit by which we can judge the relative quality of vari
ous linkage designs which may be proposed as solutions. 

Using Instant Centers in linkage Design 

In addition 10 providing aquick numerical velocity analysis. inslant center analysis more 
importantly gives the designer a remarkable overview of the linkage 's global behavior. 
It is quite difficult to mentally visualize the complex motion of a "noating" coupler link 
even in a simple fourbar linkage, unless you bu ild a model or run a computer simulation. 
Because this complex coupler motion in fact reduces to an instantaneous pure rotation 
about the instant center 11,3, fi nd ing that center allows the designer to visualize the mo
tion of the coupler as a pure rotation. One can literal ly see the motion and the di rections 
of velocities of any points of interest by relating them to the instant center. It is only nec
essary to draw the linkage ill a few positions of interest. showing the instant center loca
tions for each position. 

2.5 

I 
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Figure 6-12 shows a praclical example of how Ih is visual. qualilative analysis tcch
nique could be applied to the design of an automobile rear suspension sySlcm. Mosl all· 
tomobile suspension mechanisms arc either fourb:!r linkages or fourbar slider-cranks, 
with the wheel assembly carried on the coupler (as was also shown in Figure 3· 19, 
p. I J 8). Figure6-12a shows a rear suspension design from a domestic caror 1970's vin
tage which was later redesigned because of a disturbing tendency 10 "bump steer," Le., 
tum the rear axle when hilling a bump Oil one side of the car. The fi gure is a view look
ing from the ccnter of the car outward. showing the fourbar linkage which comrols the 
up and down motion of one side of the rear axle and one wheel. Links 2 and 4 are pivot
ed to the frame of the car which is link I. The wheel and axle assembly is rigidly at
tached to the coupler, link 3. Thus the wheel assembly has complex motion in the verti
cal plane. Ideally, one would like the wheel to move up and down in a slraight vertical 
line when hill ing a bump. Figure 6-12b shows the motion of the wheel and the new in
stant center (11.3) location for the situation when one wheel has hit a bump. The velocily 
vector for the center of the wheel in each posit ion is drawn perpendicular to its radius 

(0) 

(0) 

FIGURE 6 - 12 

-Bump steer" due to shift In Instant center location 
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from f l.3. You can see Ihal the wheel center has a significanl horizomal component of 
mOlion as it moves up over the bump. This horizo",al component causes the wheel cen
ter on thm side of the c:lr to move forward while il moves upward. thus turning the axle 
(about a venieal axis) nnd sleering the cnr with the rear wheels in Ihe same way thai you 
steer a lOy wagon. Viewing the path of the instant center over some range of motion 
gives n clear pictureoflhe behavior of the coupler link. The UJldesi rable behnviorofthis 
suspens ion linkage system cou ld have been predicted from this simple instant center 
analysis before ever building the mechanism. 

Anothcr practical example of the e ffeClive use of instant ccmers in linkage dcsign is 
shown in Figure 6- 13. which is an optical adjusting mechanism uscd to posi tion a mirror 
and allow a small amount of rotational adjustmcm. I I I A more detai led accoum of this 
design case study 121 is provided in Chapter 16. The designer. K. Towfigh, recognized 
that f l.) at poim E is an instantaneous "fixed pivol" and will allow very small pure rota
tions about that point wi th very small translational error. He then designed a one-piece, 
plastic fourbar linkage whose "pin joints" are thil1 webs of plastic which flex to allow 
slighl rotllt ion. This is tenned a compliant linkage: one that uses elastic deformations 
of the links as hinges instead of pin joints. He then placed the mirror on the coupler at 
f 1.3. Even the fixed link I is the same piece as the "movable links" and has a small set 
screw to provide the adjustment . A simple and elegant design. 

6.5 CENTRODES 

Figure 6- 14 (p. 288) illustrates Ihe fact Ihal the successive positions of an instant center 
(or centro) fonn a path of their own. Thi~' pmh, or 10CII.'i, of/he if/slal/f cel1ler is called 
the cent rode. Since there are two links needed 10 create an instant center, there will be 
two centrodes associated with anyone instanl cenler. These are fonned by projecling 
the path of the inslant center first on one link and then on the olher. Figure 6- 14a shows 
the locus of instant center It ,) as projeclcd onto link I. Because link I is stationary. or 
fixed. Ihis is called the nxed cenlrode. By temporarily invening the mechanism and 

". 

/ 

• 

fiGURE 6 -1 3 

An optical adjustment compliant linkage Reproduced from reference (2) wilt! pefml$$lon 

• See also Seclion 2.15 
(p. 57) for mon: info"lIa
lion on complial1l 
mech:l(lisms. 
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(b) The moVing cenlrode 

3 

Moving Centnxle 

Fixed cenlrOOc: 

(d) Roilihe moving centrode ogoinst the 
fixed centrode to produce the same 
coupler motion as the originollinkage 

Open-Ioop fixed and moving centrodes (Of polodes) of a fourbar linkage 
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fi xing link 3 as Ihe ground link, as shown in Figure 6-14b, we can move link 1 as the 
coupler and project the locus of ' 1.3 onto link 3. In the original linkage. link 3 was the 
mov ing coupler. so this is called the moving cenlrode. Figure 6- 14c shows the original 
linkage with both fixed and moving centrodes superposed. 

Thedefinition orlhe inslanl cenler says Ihal both links have the same velocity allhal 
point. at thai instant. Link I has l cro vclocity evcrywhere. as does the fixed centrode. 
So. as the linkagc moves. the moving centrode must roll against the fi xed centrode 
without slipping. If you cut the fixed and moving centrodes out of metal. as shown 
in Figurc 6- J4d. and roll the moving centrode (which is link 3) against the fi xed cen
trode (which is link I). Ihe complex motion of link 3 wi ll be identical to that of thc orig
inallinkage. All of ,he coupler Cl/rws of points 011 link 3 1I'i11lulI'e the same path shapes 
as ill the origillal /illkage. We now have. in effect. a " linkless" fourbar linkage. really 
one composed of two bodies which have these centrode shapes rolling against one an
other. Links 2 and 4 have been eliminated. Note that the example shown in Figure 6-14 
is a non-Grashof fourbar. The lengths of its cenlrodcs are limited by the double-rocker 
toggle positions. 

All instant centers of a linkage will have centrodes" Lf the links are directly con
nected by a joint. such as '2,3. ' 3.4. '1 .2. and ' 1.4, their fi xed and moving centrodes will 
degene ..... lle to a point at that lOCation on each link. The most interesting centrodes are 
those involving links not directly connected 10 one another such as '1 .3 and h4., lrwe 
look at the double-crank linkage in Figure 6-15a (p. 290) in which links 2 and 4 both re
volve full y. we see that the centrodes of 11.3 form closed curves. The mot jon of link 3 
with respect to link J could be duplicated by causing these two centrodes to roll against 
one anotherwilhoul slipping. Note that there are two loops to the moving centrode. Both 
must roll on the single-loop fixed centrode to complete Ihe motion of the equivalent dou
ble-crank linkage. 

We have so far dealt largely with the instant center ' 1.3' instnnt center 12.4 involves 
two links which are each in pure rolation and not directly connecled to one another. If 
we use a special-case Grashoflinkage with the links crossed (sometimes called an anti
parallelogram linkage). the centrodes of h 4 become ellipses as shown in Figure 6- JSb. 
To guarantee no slip. it will probably be necessary to pUl meshing teeth on each centrode. 
We then will have II pair of elliptical. noncircular gears. or gearset, which gives the 
same ou/pm motioll as 'he original dOl/ble-crank lillkage and will have the same \'Oria
tiolls ill the angular velocity ratio and mechanical alil'Qntage as the linkage had. Thus 
we can see that gearsets are (lIsa just fOllrbar linkages in disguise. Noncircular gears 
fi nd much use in machinery. such us priming presses, where rollers must be speeded and 
slowed with some pattern during each cycle or revolution. More complicated shapes of 
noncirculargears are analogous to cams and followers in that the equivalem fourbar link
age must have variable-length links. Circular gears are just a special case ofnoncircu
lar gears which give a constant angular velocily ratio and are widely used in all ma
chines. Gears and gearsets will be dealt with in more detail in Chapter 10. 

In general. cemrodes of crank-rockers and double- or triple-rockers will be open 
curves with asymptotes. Centrodcs of double-crank linkages will be closed curves. Pro
gram FOURBAR will calculate and draw the fi xed and moving centrodes for any linkage 
input to it. Open the fil es F06-14.4br. F06- 15a.4br. and F06-15b.4br into program FOUR
BAR to see the cemrodes of these linkages drawn as the linkages rotate. 

2 •• 

• SillCC inSllIll1 cemers afl: 
called polfS as ..... ell as 
umros. umrodes are 
sometimes also called 
pqlodu. We will use Ille 
Cl"1I1ro Dnd atJIrolil' 

I\OIncnclalure inlhis lext 
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Fixed Cenlrode 

I! .. 1 

.r Moving Centrode 

Cenlrode 112 

(0) Closed-loop centrodes of 11.3 (b) Ellipsoidal centrodes of i2A 
for a special-case Grasnof 
anti-parallelogram linkage 

for a Groshof double--crank linkage 

fiGURE 6 - 15 -
Closed-loop fixed and moving centrodes 

A "Linkless" Linkage 

A common example of a mechanism made of centrodes is shown in Figure 6-16a. You 
have probably rocked in a 80S/Oil or Hitchcock rocki ng chair and experienced the sooth
ing motions that it deli vers to your body. You may have a lso rocked in a platform rocker 
as shown in Figure 6-J6b and noticed that its motion did not feel as soothing. 

11,ere are good kinematic reasons for the difference. The platfoml rocker has a fixed 
pin joint between the seat and the base (fl oor). Thus all parlS of your body are in pure 
rOlalion along concentric arcs. You are in effect riding on the rocker of a linkage. 

The Boston rocker has a shaped (curved) base, or "runners," which rolls against the 
floor. These runners are usually lIot circular arcs. They have a higher-order curve con
tour. They are, in fact, moving centrodes. The floor is the fixed ccnlrodc. When one 
is rolled against the other, the chair and its occupant experience coupler curve motion. 
Every part of your body travels along a different sixth-order coupler curve which pro
vides smooth accelerations and velocities and feels beuer than the cruder second-order 
(circular) motion of the platfoml rocker. Our ancestors. who carved these rocking chairs. 
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probnbly had never heard of fourbar linkages and ecntrodes, but they knew intuitively 
how to create comfonable mOl ions. 

CUSpS 

Another example of a centrode which you probably use frequcmly is the path of the li re 
on your car or bicycle. As your tire ro lls against the road without slipping, the road be
comes a fixed centrodc and the c ircumference of lhe lire is Ihe moving centrode. The 
tire is, in e ffecl , the coupler of a linkless fourbar linkage. A ll points on the contaci sur
face of the tire move along cycloidal coupler curves and pass through a cusp of zero 
velocity when Ihey reach the fixed centrode althe road surface as shown in Figure 6- 17a 
(p. 292). All OIher points on the tire and wheel assembly tnlVel nlong coupler c urves 
which do nOi have cusps. This last faci is a clue to a means to ide ntify coupler poims 
which will hnve c usps in Iheir coupler curve. If a cOllpler point is chosen to be Oil the 
mOl'ing celllrode (II one extreme of its POll! mOTion (i.e., at Ollt' of tllC posifions 0/ 1, .3), 
Ihell it will have (I CI/.~p ill it,f col/plel' t lln'f'. Figure 6- 17b shows a coupler curve of such 
a point, dmwn with program FOURHAR . The right end of the coupler path touches the 
moving centrode and as a result has a cusp althal point . So, if you desire a cusp in your 
coupler motion, many are availnble. Simply choose a coupler point on Ihe mov ing cen
trode o f link 3. Open the fi le 'f06-17b.4br in progrnm FOURBAR to animate that linkage 
with its coupler curve orcemrodes. Note in Figure 6- 14 (p. 288) that choosing :my loca
tion of instant center 1,.3 on the coupler as Ihe coupler point will provide a cusp at that 
point. 

6.6 VELOCITY OF SLIP 

When there is a sliding joint between IWO links and neither one is the ground link . the 
velocilY analysis is more complicated. Figure 6- 18 (p. 293) shows an inversion of the 
fourbar slider-crnnk mechanism in which the sliding joint is floating, i.e .. not grounded. 
To solve for the velocity at the sliding joint A. we have to recognize that there is more 
than one point A at that joint . There is a point A as pan of link 2 (A2)' a point A as part of 
link 3 (A)). and a point A as part or link 4 (A4). This is a CASE 2 situation in which we 
have at least two points belonging to different links but occupying Ihe same location at a 
given inSlanl. Thus. the relative velocity equal ion 6.6 (p. 267) will apply. We can usu
ally solve for the velocilY of at least one of these points directly from the known input 
infomlation using equation 6.7 (p. 268). It and equation 6.6 are all that are needed 10 

solve for every thing else. III th is example link 2 is thedrivcr. nnd 92 and 00:z are given for 
Ihe " freeze frame" position shown. We wish 10 solve for ffi4,the angular velocity of link 
4. and also for the velocity of slip althe joinl labeled A. 

In Figure 6- 18 the axis or slip is shown 10 be tangent 10 the slider motion and is the 
line along which all sliding occurs between links 3 and 4. The axis or transmission is 
defined to be perpendicular to the axis of slip and pass through the slider joint at A. This 
a.r:is of Iransmission is Ihe only line olollg II'hich we callirallslllit mOlioll or force across 
Ihe slider joim, exupi for friction. We will assume friction to be negligible in this ex
ample. Any force or velocity vector applied to point A can be resolved into IWO compo
nents along these two axes which provide a translating and I'olaling.local coordinale 
syslem for analysis at the joint. The component along the axis of transmission will do 

Coupler 
motion 

centrode 

(0) Boston rocker 

A~ 

motion 

Pivot ~.", •• "",Si 

Spring 

(b) Platform rocker 
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Moving centrode 

CD Cusp Fixed centrode '8 ' " -$- " , ' , , , 
No slip 

(0) Cycloldol motion of a ckculor. moving centrQde roning on a straight. fixed cenlrOde 

FIGURE 6 - 17 
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(b) Coupler curve cusps exist only on the moving centrode 

useful work allhcjoint. But. the component along the ax is of slip does no work. except 
iriction work. 

h XAMPLE6-S 

Graphical Velocity Analysis at a Sliding Joint. 

Problem: 

Solution: ( . ..ce Figure 6- 18) 

SIan at the end of the linkage for which you have the most infontlmion. Calculate the mag
nitude of the veloci ty of point A as pari or link 2 (Au using scalar equation 6.7 (p. 268). 
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, 

J 

, 
6 

7 

" 

(0) 

Drnw the lIeloci ty lIector V A2 with its length equllito its m3gnitude vA2 at some convenient 
scale and with its root 31 point A and its direct ion perpendicular to the rndius A02' Its sense 
is the same 3S th3t of ~ as is shown in Figure 6- 18. 

Draw the uxis of slip and axis of transmission through point A. 

Project V"2 onto the axis of slip and ont(l the axis of trnnsmission to create the components 
V"bl, and V""MOr V A2 on the axes of slip and transmission. respectillely. Note that the 
trans::'ission component is shared by all true lIe loci ty vectors at this point. as it is the only 
component which can transmit across the joint. 

Note th3llink 3 is pin-jointed to link 2. so VA) - V"2' 

Note thllt the direction of the lIe locity o f point V A4 is predictable since all points on link 4 
ure pilloting in pure rotation 3bout point 04. Draw the line PP through point A and perpen
dicular to the effective link 4. A04' Line PI' is the direction of velocity V"4' 

Construct tnc true magnitude of lIelocity lIector V"4 by extending the proje<:tion of the tra ns
mission componenl V""IIS Wltil it intersects line pp. 

Proje<:t V"4 onto the axis of slip to create the s lip componenl V A4Jlip . 

• Write the re lalille velocity vector equation 6.6 (p. 267) for the slip components of point A2 

versus point A4. 

Axis of 
transmission 

FIGURE 6 - 18 
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Axis of slip 

Velocity of slip and velocity of transmISsIon (note that the applied (l) Is negative os shown) 
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(b) 

10 The angular velocities of links 3 and 4 are identical because they share the slider joint Md 
must rotate together. They can be calculated from equation 6.7 (p. 268): 

(e) 

Instant cenler analysis can also be used to solve slid ing joint velocity problems 
gfilphically. 

,l:neXAMPLE6-6 

Graphical Velocity Analysis of a Cam and Follower. 

Problem: Given 92, ~. find 0)3_ by graphical methods. 

Solution: (see Figure 6-19) 

Construct [he effective radius of the cam R2 fjfUllhc inSI:mlaneous point of contact wilh [he 

follower for [his poSition (point A in the figure). Its length is dis tance 02A. Calculate the 
magni tude of the velocity of point A as pari of link 2 (A2) using scalar equation 6.7 (p. 268). 

(0) 
, 

2 Draw the velocity vector V,h wilh its length equal to its magnitude I'th lU some convenient 
scale and with its root at point A and its direction perpcndlt:ular 10 Ihe rildius 02A. Its sense 
is Ihe same as Ihat of ~ as is shown in Figure 6-19. 

3 Conslruct the ax is of slip (common tangent to cam and follower) and its nonna!. the axis of 
transmission, as shown in Figure 6-19. 

4 Project V,,~ onto the axis oftransrnission to creme the component Vlr/ms- Note that lhe trans
mission component is shared by all true velocity vectors at this point, as it is the only com
ponent which can transmit across the joint. 

5 Project V"2 onto the allis ofsJip \0 CTe,lte the slill WlIlponent V"'lsI'I!" 

6 Note that the direction of the velocity of point V AJ is predictable since ;111 points on link 3 
are pivoting in pure rotation about point 03' Construct the effective radius of the follower 
R) ~ffat the instantaneous point of contact with the follower for this position (point A in the 
fi gure). Its length is distance 0:0, 

7 Construct a line in the di rection of V"3 perpendicular to R3tff' Construct the true magnitlKie 
of velocity vector V"3 by extending the projection of the trJnsmission component V lrllltS until it 
intersects the line of V "3' 

8 Project V"3 onto the axis of slip to create the slip cOluponenl V "351,1" 
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Graphical velocity analySIS Of a com and fOllower 

Axis of transmission 

'~" .... 

.... ~ ..... . 
.... ~.~. 

V,/,p, __ = VA' - VA' . • . "ip .,,/11' 

9 The total slip velocity at A is the vector difference between the two slip components. Write 
the relative velocity \'eclorequation 6.6 (p. 267) for the slip components of point A) versus point 
A,. 

v, "'v. -V. 
J 'PJ2 " J.I'I' "2.1", 

(bl 

10 The angular velocity of link 3 can be calculated from cqu:lIion 6.7: 

(el 

1lle above examples show how mechanisms with sliding or half joinls can be solved 
graphically for velocities at one position. In the nexi section. we will develop the gener
al solution using algebraic equations to solve similar problems. 

6.7 ANALYTICAL SOLUTIONS FOR VELOCITY ANALYSIS 

The Fourbar Pin-Jointed Linkage 

The position equations for the fourbar pin-joinled linkage were derived in Seclion 4.5 
(p. 174). TIle linkage was shown in Figure 4-6 (p. 172) and is shown again in Figure 
6-20 (p. 297) on which we also show an input angular velocily O>j: applied to link 2. This 
(02 can be a time-varying input velocity. The veClor loop equation is shown in equations 
4.5a and 4.5c. repeated here for your convenience. 

2. 
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(4.5a) 

As before. we substitute the complex number notation for the vectors. denoting their 
scalar lengths as o. b, c, d as shown in Figure 6·20a. 

(4.5<) 

To get an expression for velocity, differentiate equation 4.5c with respect to lime. 

BUI. 

and: 

. " d02 . ~,tl6) . j8 de, Joe/V +)beJV -Jce 4_.0 
tit til tit 

de 
~-w· tit - 3· 

(6. 14a) 

(6. 14b) 

(6. 14c) 

Note thai the 9] lenn has dropped out because that angle is a constant. and thus ils 
derivative is zero. Note also that equat ion 6. 14 is. in facl, the relative velocity or veloc
ity difTcnmce eq uation . 

where: 

VA =jaw2ei92 

VB,., ::jbwJt!JJJ 

V 8 '" jC0l4efo. -

(6. 15a) 

(6. ISb) 

Please compare equalions 6.1510 equations 6.3, 6.5, and 6.6 (pp. 266 and 267). This 
equmion is solved graphically in the vector diagram of Figure 6-20b. 

We now need to solve equation 6. 14 for 003 and 004. knowing the input velocity CO:2. 
the link lengths. and all link angles. Thus the position analysis derived in Section 4.5 
(p. 174) must be done first to determine the link angles berore this velocity analysis can 
be completed. We wish to solve equation 6.14 to get expressions in this rorm: 

(6.16) 

The strntegy or soJUlion will be the same as was done for the position analysis. First. 
substilUie the Euler identity from equation 4.4a (p. 173) in each term of equation 6.14c: 

jaw2(cos 92 + jsin82)+ jbW3(cos93 + jsin93) 

-jcw4 (cos94 + jsin94 )=O 

Multiply through by the operator j: 

(/ W2(jcos92 + / sin92)+bw3(jCos93 + / sin9J ) 

-cw4 (icos 94 + j2 sin64)= 0 

(6. 17a) 

(6. 17b) 
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FIGURE 6 -20 

Position vector lOop tor 0 tootbor linkage showing velocity vectors tor a negottve (cw) (I>;! 

The cosine tenns have become the imaginary. or y-directed tenns. and because/ = - I. 
the sine tenns have becomc real or x-directed. 

OUl2 (-sin62 + jcos02)+bwJ(-sin03 + jcosOJ) 

-cUI,,(- sin04 + jcos O,,) =O (6.17c) 

We can now separate this vector equation into its two components by collecting all 
real and all imaginary tenns separmely: 

real part (x component): 

(6. 17d) 

imaginary part (y component): 

0002 cos02 + bOO3 cosO) -CW4 COS04 = 0 (6. 17e) 

Note that the j's have cancelled in equation 6.17c. We can solve these two equa
tions. 6. 17d and 6. 17e, simultaneously by d irect subslitut ion to get: 

(6. ISa) 

(6.ISb) 

Once we have solved for 003 and 004, we can then solve for the linear veloci ties by 
substituting the Euler identity into equations 6. [5, 
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VA = jU(t)2(cos92 + j5in92) = DWz( -sinal + jcos81) 

VIM = jbOOJ(cos93 + jsin 93) = bW3( -sin 9) + jeose)) 

V8 = jcw4(cos94 + jsin9,d = ('{l)4(-sin94 + jcos94 ) 

(6.19a) 

(6.19b) 

(6. 19c) 

where the real and imaginary terms are the x and y components. respectively. Equations 
6.18 and 6.19 provide a complete solution for the angular velocities of the links and the 
linear velocilies of the joims in the pin*jointed fourbar linkage. Note Ihal there are also 
two solutions to this velocity problem. corresponding to the open and crossed branches 
of the linkage. They are found by the substitution of the open or crossed bmnch values 
are) and 84 obtained from equations 4.10 (p. 176) and 4.13 (p. 178) into equalions 6.18 
and 6.19 (p. 297). Figure 6-20a (p. 297) shows the open branch. 

The Fourbar Slider-Crank 

The position equations for the fourbar offset slidcr-crank linkage (inversion # I) were de
rived in Seclion 4.6(p. 178). The linkage was shown in Figure 4-9 (p. 178) and is shown 
again in Figure 6-2 1a on which we also show an input angular velocity OJ;! applied to link 
2. This OJ;!. can be a time-varying input velocity. The vector loop equation 4.14 is re
peated here for your convenience. 

(4.14a) 

(4.l4b) 

Differentiate equation 4.14b with respect to timc noting that 0, h, c, at, and 94 are 
constant but the length of link d varies with time in this inversion. 

(6.203) 

The teml d dot is the linear velocity of the slider block. Equation 6.20a is the veloc
ity difference equation 6.5 (p. 267) and can be written in that foml. 

or: 

but: (6.20b) 

then: 

Equation 6.20 is identical in ronn to equations 6.5 and 6.15a (p. 296). Note thai be
cause we arranged the position vector R) in Figures 4-9 (po 178) and 6-2 1 with its root at 
point B, directed from B to A. ilS derivatjve represents the velocity difference of point A 
with respect to point B. the oppositc of Ihat in the previous fourbar example. Compare 
this also to equation 6.15b noting that its vector R) is directed from A to B. Figure 6-21 b 
shows the vector diagram of the graphical Solulion to equation 6.20b. 
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FIGURE 6-21 

PosItIon vectOf lOop lor 0 lourbor sIidef-cronk linkage Showing velocity vectors lor 0 negative (cw) lI>:2 

Substitute the Euler equivalent, equation 4.4a (p. 173). in equation 6.20a. 

jaw2(COSOl + jsin(2)- jhwj(cosOJ + jsinOj)-d =0 

si mplify. 

uW2(-sin02 + jcos(2) - h0l3(-sin eJ + jcoseJ) - ti = 0 

and sep:lrate into real and imaginary components. 

real part (x component): 

- a0l2 sin02 +bwJsinOJ -d '" 0 

imaginary pan (y component): 

(6.21 a) 

(6.2Ib) 

(6.2 Ie) 

u(02cos02 -bOlJCOSOJ =0 (6.2Id) 

These are two simultaneous equations in the two unknowns, d dot and (0). Equa
tion 6.21d can be solved for 00) and substituted into 6.2 1c to find ddot. 

a cosO~ 
(OJ = --_. (ih (6.22a) 

b coseJ • 

d = -aw2 sin O2 + bOlJ sin 03 (6.22b) 

The absolute velocity of point A and the velocity difference of point A versus point 
B are found from equation 6.20: 

V It = UOJ2{ -sin9l + j COS02) 

VAll =bwJ(-sin93 + jcosOJ) 

V8" =-V"8 

(6.23a) 

(6.23b) 

(6.23c) 
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The Fourbar Inverted Slider-Crank 

The position equat ions for the fourbar invened slider-crank linkage were derived in Sec
tion 4.7 (p. 180). The linkage was shown in Figure 4- 10 (p. 180) and is shown again in 
Figure 6-22 on which we also show an input angu lar velocity ffi2 applied to link 2. This 
ro:z can vary with lime. The vector ]oopcquations 4. 14 shown o n p. 298 are valid for this 
linkage as well. 

All slider linkages will have alleasl onc link whose effective length between joints 
varies as the linkage moves. In this inversion the lenglh of link 3 between points A and 
B, designated as h, will change as it passes through the slider block on link 4. To gel an 
cltpression for velocity. d ifferentiate equation 4 .14b with respect to lime noting lhal o. c. 
d, and 9 , are constant and h varies with time. 

(6.24) 

llle value o f db/dt will be one of the variables to be solved for in this case and is the 
h dot tenn in the equation. Another variable will be 0)4' the angular velocily of link 4. 
Note. however. that we also have an unknown in 0)3' the angular velocity of link 3. This 
is a lotal of three unknowns. Equation 6.24 can only be sol ved for two unknowns. Thus 
we require another equation to solve the system. There is a fixed relat ionship between 
angles 93 and 94, shown as "'( in Figure 6·22 and de fined in equation 4.18, repeated here: 

63 ",, 6 ~ ±y 

Differentiate it with respect to time to obtain : 

WJ '" W4 

We wish 10 solve equation 6.24 to get ex pressions il}.. lhis fonn: 

db . ( ) -""b=g a.b.c.d.62.63.64 ,w2 
d, 

(4.)8) 

(6.25) 

(6.26) 

Substitution of the Euler identity (equation 4.4a. p. 173) into equation 6.24 yields: 

ja W2(Cos G2 + jsinG2)- j1,wJ(cos63 + jsinGJ ) 

-b(cos93 + jsin9)) - jcw4(cos9~ + jsin(4 )",O 

Multiply by the operator j and substitute 0)4 for W:l from equation 6.25: 

aWl (-sin 92 + jcos92)- bW4 (-sin GJ + jcos6J ) 

-b(cos9) + jsin9))-cw4(-sin94 + jcos94)=O 

(6.27a) 

(6.27b) 

We can now separate this vector equation into its two components by collecting al l 
real and all imag inary tenns separately: 

real pan (x component): 

(6.28a) 



VELOCITY ANALYSIS 

y 9, 

y 

8 ?~;~;:':j-==-:l-=--:aX i S of Slip 

VB, 
x 

b 

'- hdof 
C 

, 
R, ro, 

R, 
d 

X 

0, 0, 

fiGURE 6· 22 

V&Ioctty analySIs a l lnverslon #3 of the slidef-cronk fourbor linkage 

imaginary part (y component): 

a0)2 cos02 - hoo4 cosO) - bsinO) -coo" cosO" :: 0 (6.28b) 

Collect temlS and rearrange equalions 6.28 to isolate one unknown on the left side. 

bC0503 = -00)2 sin 92 + 004 (bsin03 +csin6,,) 

bsin 9) :: aWl c0592 - 0)4(bcoS03 + ccos9,,) 

(6.29a) 

(6.29b) 

Either equation can be solved for b dot and the result substituted in the other. 
ing equation 6.293: 

Solv-

b= -0002 sin02 +w,,(bsin9) +csin04) 

cosO) 

Substitute in equalion 6.29b and simplify: 

1I0)2 cos(92 - 9J ) 
ro, : 

b+ CCos(04 -93) 

(6.300) 

(6.3Ob) 

Equation 6.30a provides the velocity of slip at point B. Equation 6.30b gives the 
angular velocity of link 4. Note that we can substitute -1 =0" -0) from equation 4. 18 
(for an open linkage) into equation 6.3Ob to further simplify it. Note that cos(-y) = cos(y). 

aWl COS(02 -0) ) 
w" :: 

b+cCOS1 
(6.30<) 

The velocity of slip from equation 6.30a is always directed along the axis of slip as 
shown in Figure 6-22. There is also a component orthogonal to the axis of slip called the 
velocity of transmission. This lies along the axis of lransmission which is the only line 
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along which any useful work can be transmitted across the slidingjoinl. All energy as
sociated with motion along the slip axis is converted to heat and losl. 

The absolute linear velocity of point A is found from equation 6.233 (p. 299), We 
can find the absolute velocity of point B on link 4 since (04 is now known. From equa
lion 6. ISb (p. 296): 

V 8. '" jCIJl4"i9· '" CW4 (-sin 9" + jcos94 ) (6.3 Ia) 

The velocity oftmnsmission is the componcm of V"" normal to the ax is of slip. The ab
solute velocity of point B on link 3 is found from equation 6.5 (p. 267) as 

V B) "" V B. +V8lf : Vs• + V s/'P).I (6.31b) 

6.8 VELOCITY ANALYSIS OF THE GEARED FIVEBAR LINKAGE 

The position loop equation for the geared fivcba r mechanism was derived in Section 4.8 
(p. 182) and is repeated here. See Figure P6-4 (p. 308) for notation. 

Ut IJ2 +btIJl_ctIJ• -dtje} -ftIJI =0 

Differenliale this with respect to time 10 gel an ex pression for velocity. 

uWzjti62 +bW3jtJJl-cW4jt,;e· -dwsjtfo, =0 

Subst itute the Euler equivalents: 

(lw2j(cos92 + jsin92)+bwJj(cos93 + jsin9)) 

-cw4j(cos94 + jsin 9,,) - dwsj(cos9 jsin9s) =0 

(4.23b) 

(6.32a) 

{6.32b) 

Note that the angle 9s is defined in temlS of 92• the gear ralio A. and the phase angle $. 

9s = A92 +$ (4.23c) 

Differentiate with respeclto time: 

(6.32c) 

Si nce a complete position analysis must be done before a velocity analysis. we will 
assume Ihut the values of 9s and OOs have been found and will leave these equations in 
lenns of Os and OOs. 

Separat ing the real and imaginary tenns in equation 6.32b: 

(6.32d) 

(6.32c) 

The only t WO unknowns are OOJ and 004. Either equation 6.32d or 6.32e can be solved 
for onc unknown and Ihe resuil substituted in the other. The solut ion for 003 is: 

25in94 (IW2 sin(92 - 94) + dw~ 51n(94 - 9s) 
W3 =-

co~9) - 294 )- cos93 
(6.33a) 
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The angular velocity 00-1 can be found from equation 6.32d using 003' 

(6.33b) 

Wi th all link angles and angul ar ve locities known. the linear veloci ties of the pi n 
joints can be found from: 

VA =aoo2(-sin92 + jcose:!) 

V B" = bWl(-sin9j + joos9J ) 

Vc "" dws(-sin9s + jcos9s) 

VB "" V ,,+ V HA 

6.9 VELOCITY OF ANY POINT ON A LINKAGE 

(6.33c) 

(6.33d) 

(6.33c) 

(6.33f) 

Once the angular velocities of all the links :Ire found it is easy to define and calculate the 
velocity of {lilY poilll on allY link for :my input posit ion of the linkage. Figure 6-23 
(p. 304) shows the fourbar linkage with its coupler. link 3. enlarged to contain a coupler 
point P. The crank and rockerhave also oc-en enlarged to show points Sand U which 
might represent the centers of gravity of those links. We want to develop algebrai,c ex
pressions for the velocities of these (or any) points on the links. 

To find the velocity of point S. draw the position vector from the fixed piv~ 02 to point 
S. This vector. RS02 makes an angle ~ with the vector R"'02' The angle O:z is completely 
defined by the geometry of link 2 and is constant. The position vector for point S is then: 

R S02 "" Rs = l'tJ(62 +~2) ::: J'lcos{92 +52) + jsin(92 +52)] 

Differentiate this position vector to find the velocity of that point. 

(4.25) 

Vs ::: jStJ(9 2 +6! )W2 ::: SW2[ -sin(92 + 52)+ jcos(92 +52)1 (6.34) 

The position of point U on link 4 is found in the same way. using the angle &-1 which 
is a constant angular offset within the link. The ex pression is: 

RU0
4 
=/U.j(9.+6~) =1~cos(94 +5 . .,+ jsin(94 +54 )] 

Differentiate this posit ion vector to find the velocity of that point. 

(4.26) 

Vu ::: j lll')(94 +6~ )004 "" ,,004 [-sin(94 + 04 )+ jcos(9" + 54 )1 (6.35) 

The velocity of point P on link 3 can be found from the addition of two velocity vectors. 
such as V" and V PA. V" is already defincd from ouranalysisofthe link velocities. V PA is the 
velocity difference of point P with respect to point A. Point A is chosen as the reference point 
because angle 93 is defined in a LNCS and angle ~ is defined in a LRCS whose origins are 
both atA. Position vector RPA is defined in the same way as RSor Ru using the intemal link 
offset angle SJ and the angle of link 3. 93. This was done in equation 4.27 (repeated here), 

R I'A :: "eJ(9J +Ii)) "" p(cos(9) + 03) + jsin(9) + 5) ] (4.27a) 

(4.27b) 

303 
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FIndlng the velocities of points on the Wnks 

Differentiate equations 4.27 (p. 303) to find the velocity of point P. 

(6.300) 

(6.36b) 

Please compare equation 6.36 with equat ions 6.5 (p. 267) and 6. 15 (p. 296). It is. 
again. the velocity difference equation. 

Note that if. for example, you wished 10 derive an equation for the velocity of a cou
pler point P on the slider-crank linkage as set up in Figure 6-21 (p. 299). or the inverted 
slider-crank of Figure 6-22 (p. 301). both of which have the vector for link 3 defined with 
its root at point B rather than at point A, you might want to use point 8 as the reference 
poinl rather thnn point A. making equation 6,36b become: 

(6.36c) 

Angle 93 would then be. defined in a LNCS at point B. and 5) in a LRCS at poinl B. 
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6.11 PROBLEMS 

6-1 Use the relative velocity equation:md solve gruphically or analytically. 

a. A ship is steaming due north at 20 knots (nautical miles per hour). A submarine is 
laying in wait 1(2 mile due west of the ship. The sub fires a torpedo on a course of 
85 dcgrees. The torpedo trJvels at a constant speed of 30 knots. Will it strike the 
ship? If noI. by how lIlany nautical miles will it miss? 

b. A plane is flying due south at 500 mph at 35.000 fl altitude. straight :md level. A 
second plane is initially 40 miles due east of the first plane. also at 35.000 feel al· 
titude. flying straight and level and traveling at 550 mph. Determine the compass 
angle:tl which the second pl:ane would be on a collision course with the first. How 
long will it take for the second plane 10 catch the first? 

6-2 A point is al a 6.5 in radius on a body in pure fO(llIion with (I)'" lOOra<Vsec. 1ne rotation 
center is at the origin of a coordinate sYSlem. When the point is al position A. ilS position 
vector makes a 45° angle wi th the X axis. At position 8. ilS position vector makes a 75° 
angle wilh the X mtis. Draw Ihis systcm to some convenient scale ruld: 

11. Write an expression for the particle's velocily vector in position A us ing complex 
number notation. in both polar and cartesian forms. 

b. Write an expression for the pru1icle's veloci ty vector in position 8 using complex 
number nOlation. -ff'i'bolh polar and cartesian fomlS. 

c. Write a vector equation for the velocity difference between points 8 and A, Sub· 
st itute Ihe complex number notation for Ihe vectors in Ihis elluation and solve for 
the position difference numerically. 

d. Check the result of part e with a grnphieal method. 

6-3 Repeat problem 6-2 considering points A and 8 to be on separate bodies rotating about the 
origin with (D',\' of-50 (A) and +75 rnd/sec (8). Find their relmive velocity. 

.6-4 A general fourbar linkage configur.l1ion and its noun ion are shown in Figure f>6..1. 111e 
link lengths. coupler point location. wKi the values of 92 and w<: for the same fourbar 
linkages as used for positionlUlalysis in Chapter 4 are redefined in Table f'6..1 (p.306). 
which is the same asTable P"·I (p. 198). For/lit' roI\1s)ussigIlM. draw the linkage to 

p 

4 

9, ,-
w, 

-+~~----------~~---L_X 

FIGURE P6·1 

Configuration and terminology for the pln-talnted fourbar linkage of Problems 6-4 to 6-5 
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TABLE P6·0 port 1 
Topic/ Problem Matrix 

6.1 Oefinitlol"l of Velocity 

&1.6-2.&3 

6..2 Gfophicol Velocity ......... 
PIn-jonled fot.riXI" 
6-17 .. 6-24. 6-28. 
6-36. &39. 6--84a. 
6-87a. 6-94 
Fourt>or SIcIer-Cronk 
&16a.. &32. 6-431 

Othe<_ 
6-18a.6-981 _eo_ 
6-10 
51",,,, 
6-7Oa.. & 73a. 6-700.. 
6-99 

"O'''boo 
6-1031 

6.3 Inslonl Cenlers of 
V_tty 

6-12.&13.&14. 
6-IS.6-68.&n. 
6-7S.&78.6-83, 
6-86.6-88.6JT1. &t02 

6 .• Velocity Anotysls 
wlltllllStanl Cent ... 

6-4.6-16b.&17b. 
6-18b. 6-2S. &29. 
6-33. 640. &Th 
& 73b. 6-76b. 6-84b. 
6-87h. 6--92. 6-95. 
6-100 

Moe"""''' 
"""""oge 
&21 .. 6-2tb. 6-22a.. 
&22b.&S8 

6.5 Centrodes 

6-23.6-63.6-69. 6-89 

6.6 Velocity 01 SlIp 

6-6. 6-8. 6-19. 6-20. 
6-61. 6-64. 6-65. 6-66, 
6-91 

'May be solved using 
either the \'elocily 
difTemv:e 0( instanI 

""'" -"" 
"""'" 

• Allswcl1l ill Appendi~ F. 
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TABLE P6-0 part 2 
Topic / Problem Matrix 

6.1 Anotytic SoIutions 'Of 
Velocity Analysis 

~90 
Pn-Jonled Fourbor 
6-26.6-27.6-30.6-31. 
6-37.6-38,6-41,6-42. 
6-48.6-62 
Fourbaf SIder-Cronk 
6-7,6-34,6-35,6-44, 
6-45.6-52.6-60 
Fourbor Inverted 
SIIdef.cronk 
M 
S.b,,, 
6-7<k:.6-11.6-13c. 
6-74. 6-76c, 6-n. 
6-93.6-10] 
Elghtbor 

~79 

Macho~a1 

Advantage 
6-55a. 6-55b,6--57a. 
6-57b. 6-59.1. 6-59b, .. , 

U Velocity Analysis 0( 

Geared F1vebof 

~II 

6.9 Velocity of Any PoInt 
on A unkoge 

6-5,6-I6c.6-17r:, 
6-]&.646,6-47. 
6-49,6-50,6-51, 6-53. 
6-54.6-56.~.6-81. 
6-82.6-84<:,6-85. 
6-8k6-96 

• Answers in Appendix F. 

t These problems are 
suiu:d 10 solution usillg 

MUlhmd. Malloll. or 
TKSol\'er equalioo solver 
progr.uns. 
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TABLE P6-1 Data for Problems 6-4 to 6-5 

Row Unk I Unk 2 Unk 3 Unk 4 8, 00, Rpo " 
0 6 2 7 9 30 10 6 30 

b 7 9 3 8 85 -12 9 25 

c 3 10 6 8 45 -15 10 80 
d 8 5 7 6 25 " 5 45 

• 8 5 8 6 75 -00 9 300 
f 5 8 8 9 15 -45 10 120 
9 6 8 8 9 25 100 , 300 
h 20 10 10 10 50 -<>5 6 20 
I , 5 2 5 80 25 9 80 
I 20 10 5 10 33 25 1 0 
k , 6 10 7 88 -'" 10 330 

9 7 10 7 60 -90 5 180 
m 9 7 " 8 50 75 10 90 
n 9 7 " 6 120 15 15 60 

scale and find Ihe veloci ties of the pin joints A and B :Uld of instant centers I lJ and hA 
using a graphical method. Then cnlculate WJ and w.t and find the velocity of JX)int P. 

. t6-5 Repeat Problem 6-4 using an analytical method. Draw the linkage to scale and label it 
before selling up the equations. 

·6-6 The general linkage configuration and temlinology for an offset fourbar slider-crmk 
linkage are shown in Figure 1'6-2. The link lengths and the values or92 and <0:2 are 
defined in Table 1'6-2. For/he routs) assigned. dmw the linkage to scale and find the 
velocities of the pin joints A and B and the velocity of.§!ip at the sliding joint using a 
graphical method. 

.'6-7 Repeat Problem 6-6 using an analytical method. Draw the linkage to scale and label it 
before sening up the equations. 

9, 
y 

x 

A 

Offset 

Link 2 

x 
0, Slider JX)sit ion (/ 

FIGURE P6 -2 

Configuration and termlnologv fOf Problems 6-6 to 6-7 
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TABLE P6-2 Data for Problems 6-6 to 6- 7 

'ow Unk 2 Unk 3 Ollsel " "" a I., , 1 45 10 
b 2 6 -J 60 -12 
c 3 8 2 -JO -15 
d 3.5 10 120 24 

e 5 20 -5 225 -50 
f 3 13 0 100 -<l5 
Q 7 25 10 330 100 

*6-8 lbe general linkage configuration and tenninology for an inverted fourbar slider-crank 
linkage are shown in Figure 1'6-3. The link lengths and the values of 9:2. <Oz. and y are 
dcfmed in Table 1'6-3. For the row(s) assigned. draw the linkage 10 scale and find the 
velocit ies of points A and B and veloci ty of slip at the slidingjoinl using a graphical 
method. 

y 

A 

0, 

FIGURE P6 - 3 

-
·3 

, 

/ 
/ 

/ R. 

ConfiguroNon and terminology to( Problems ~ to 6-9 

TABLE P6-3 Data for Problems 6-8 to 6-9 

'ow Unk 1 Unk 2 Unk4 

a 6 2 , 
b 7 9 3 

c 3 10 6 

d 8 5 3 
e 8 , 2 

5 8 8 

x 

x 
0, 

, ., w, 
90 30 10 

75 8S -15 

'5 '5 24 

60 25 -50 

30 75 -<lS 

90 lSO 100 

3D7 

i All problem figures are 
provided as PDF files. and 
some are also provided as 
animated Working Model 
files: all are OIl the CD-
ROM. PDF filenames are 
the same as lhe figure 
number. Run the file 
Animations.hlm/IO access 
and run the animations. 

• Answers in Appendix F. 
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• Answen in Appendjx F. 

f 'These problems aft 
sui , .. -d to solution using 
M(lI/tC(I(i, MOI/ab. Of 

TKSQ!"tr equ91ion solver 
programs. 

DESIGN OF MACHINEIlY CHAPTER 6 

y 

p 8 

" Gear ratio }.. = ±-'. 
Phase angle ~:. 9 5 - ),9 2 

y 

lI>'~-'-x 

/'JIt\---'----+-,"?J'I:-'---t-'--- X 

FIGURE P6 · 4 

Configuration and terminology for PJobIems 6-10 to 6-11 

· ' 6-9 Repeal Problem 6-8 (p. 307) using an analyt ical method. Draw the linkage 10 scale and 
label il before selling up the equations. , 

*6- 10 The gcrlCml linkage oonfiguroltion and Icnninology for a gcared fivebar linkage arc shown 
in Figure 1'6-4. The link lengths. ge:lf rJlio (J..). phase:'ii'lg[e ($). and [he values or92 and 
u>z are defined in Table 1'6-4. For Ihl! ro"(s) assiglled, drnw the linkage 10 scale and find 
wJ and ~ using a gmphical method. 

· ' 6- 11 Repeal Problem 6-10 using an analytical method. Draw the linkage 10 scale and label i1 
before selling up the equations. 

6-12 Find all [he instant centers of the linkages shown in FlguR: 1'6-5. 

TABLE P6-4 Data for Problem$ 6- 10 10 6· 11 

'ow Link 1 Unk 2 Unk 3 Unk 4 Link 5 , • w, a, 
a 6 1 7 • , 2 30 10 60 

b 6 5 7 8 , -2.5 60 - 12 30 

c 3 5 7 8 , -<J.5 • -15 45 

d • 5 7 • • -1 120 2' 75 

e 5 • 11 • • 3.2 -<;() -<;() -3. ,. 2 7 5 3 1.5 30 -45 120 
g 15 7 9 11 • 2.5 -90 100 75 
h 12 8 7 • , -2.5 60 -<>5 55 

I • 7 • • • -4 120 25 100 
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6- 13 Find all the installt cen1crs oflhe linkages shown in Figure P6-6 (p. 310). 

6-14 Find all the inS!lil1t centers of the linkages shown in Figure P6-7 (p. 31 I). 

6-15 Find al l the instant centers of the linkages shown in Figure P6-8 (p. 312). 

'6-16 The linkage in Figure P6-5a has 02'" '" 0.8, AB '" 1.93, AC '" 1.33, and offset'" 0.38 in. 
1be crank anglc in the posi tion shown is 34.30 and angle BAC '" 38.6". Find <OJ. VA. VB' 
and V c for the posi tion shown for OO:! = 15 radlsec in the direction shown. 

, 
'" 

a. Using the velocity di fference graphical method. 
b. Using the inStanl center graphical method. 

tc. Using an analytical method. 

c 
A 

0 , 4 

-
(a) 

C , 
A 3 B ", 0, 

~ • 
Assume rolling contact 

(e) 

, 

3 

Assume roll-slide contact 

(e) 

2 

Assume rolling contact 

(0) 

B 

4 

Assume rolling contact 

(d) 

c 

3 

V ,I 2 

(') 

Velocity analysis and Instant center problems. Problems 6-12 and 6- 16 to 6-20 

• Answers in Appendill F. 

t ~se problems are 
suiled 10 5Olulioo using 
MathcDd, Mat/ab, or 
TKSo/I'u equation .solYer 
programs. 

• 
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t These problems arc 
5uiletl 10 so lut ion using 
MII/hrad. Mllllilh. or 
TKSo/I'uequalion solver 
programs. 

DESIGN OF MACHINERY CHAPTER 6 

6-- 17 The linkage in Figure P6-5c (p. 3(9) has 112'" = 0.75. AB:: 1.5, and AC:: 1.2 in. The 
effective crunk angle in the posi tion shown is 77" and angle BAC:: 300. Find WJ. 004_ VA' 
V /I. and V c for Ihc posil ion shown for ~:: 15 r.KVsec in direction shown. 

a, Using the velocily difference grJphical method. 
b. Using Ihe instant center gr.tphical method. 

te. Using an analYlical method. (I line: Create an effective linkage for the posi tion 
shown and analyze as a pin-jointed fourbar.) 

6-18 The linkage in Figure P6-5f{p. 3(9) has AB :: 1.8 andAC = 1.44 in. The angle of AB in 
lhe posilion shown is 128° and angle BAC = 41)0, The slider al B is III an ang)e of 59". 
Find (I}). VA' V 8. and V c for the position shown for VA = 10 in/sec in the direction shown. 

a. Using the velocity difference graphical method. 
b. Us ing the instam cemer gruphical method. 

tc. Using an nnalytical method. 

&- 19 1lle Clllll-follower in Figure P6-5d (p. 3(9) has 0;0 = 0.853 in. Find V 4. VtmlU' and V J/op 
for [he position shown with W:!:: 20 rod/sec in the di rection shown. 

6--20 The cam-follower in Figure P6-5e (p. 3(9) has O~ = 0.980 in mid 0)1\:: 1.344 ill. Fiod 
003' V trtJlU' (llid V slip for the posit ion shown for W:2 = 10 rndI!>eC illthc direction shown. 

6-21 The link3ge in Figure P6-6b hasL[ :: 6 1.9. ~ = 15. L) =45.8. 4 = 18.1. L:s =23. 1 mm. 
92 is 68.3D in the .ry coord.in31e system. which is at _233° in the XY COOfdin:lIe sySicm. 
The X componenl of Ooze is 59.2 mm. For the position shown. find the veloci ty ralio 
I' /v/V,u IU1d the mech31lic31 adya1ll3ge from link 2 10 link 6. 

ll. Using the velocity diffcTClice graphical method. 
b. Using the install! center graphical method. 

-
Y, J J 6 

" C 
; 

", 5 

0 , • 
4 

(b) ill . , 
Y 0, 

5 4 

4 

Problems 6-13. 6-21 , and 6-22 
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6-22 Repeat Problem 6-21 for the mechanism in Figure P6-6d. which has the dimensions: 
1J2'" 15. L) :::40.9. L$ =44.7 mOl. 92 is 24.2° in the XY coordinate system. 

t6-23 Generate and draw the filo:ed and moving centrodes of links I and 3 for the linkage in 
Figure 1>6-18. 

6-24 The linkage in Figure P6-8a (p. 312) has link I ut - 25° and 02f\ at 37" in the global XY 
coordinate system. Find roo! VA. :Uld VB in the global cooruin:lle system for the position 
shown if 0l2:: 15 racVsec CWo Use the velocity difference graphical method. (Print the 
figure from ilS PDF file on the CD· ROM and draw on it.) 

6-25 The linkage in Figure P6-Sa (p. 312) has link I at _25° and 02f\ at 37" in the global XY 
coordinate system. Find Ol.i VA' and VB in the global coordinate system for the position 
shown if 012 '" 15 radI<s« CWo Use the instant center graphical method. (Print the figure 
from its PDF file on the CD·ROM and draw on it.) 

2 
4 

2 
o 0 

(a) (b) 

(dJ (e) 

4 

o 3 4 o 

(0) (h) 

fiGURE P6 · 7 

\ , 
\ , 

311 

, These problems ~ 
suited 10 solution usin, 
Mall/cud. Mat/ab. or 
TKSo/\'er equation solver 
programs. 

4 

(e) 

(/) 

(I) 

Problems 0.14 and 6-23. From R. T. HInIde. Problems In KInematics. Prentlce-Holl. fnQ/9wood CNffs. NJ, 1954 



2 

y 

Ll = 174 

L2: 116 

L3 = J08 
i4. :: 110 

x 

(0) Fourbor IInkoge 

L,-150 Lz.=30 
L]"" 150 t..:: 30 

y 

-b,,, 

3 

(d} Wolking-beam conveyor 

L1 =87 
L.,: 49 
L3'- 100 
L4=153 
Ls= 100 
4,=153 

DESIGN OF MACHINERY CHAPTER 6 

LI::: 162 L2=40 
4= 122 L)=96 

(b) Fourbar linkage 

0104:: L3 = Lj '" 160 
0,04=4, = Lp" 120 
O:l;A=02C =20 
0 4 B:: 04D = 20 
04£=04G ",30 
OSF",OgH=30 

6 

(e) Bellcronk mechanISm 

G 

7 

y 

LS =70 

1.0:70 

(e) Radial compressor 

'I'.l Offset slider cronk 

LI =45.8 
L.,: \9.8 

Ll"" 19.4 
L4:a 38.3 
Lp: 13.3 

L7'" 13.3 
Lg = 19.8 
4= 19.4 

(g) Drum brake mechanism (h) SymmetrICal mechanism 

FIGU RE P6- 8 
I all dimensions in mm I 

Problems 0.15 and 6-24 to 6-45 Adopted from P. H. HII ClOd W. P. f?uI&. (I~. Mechan/$m$: AnoIysI$ ond DesJgn. wfftl permIs$IOfl 
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t6-26 The linkage in Figure f'6.8a has link 2ut 62° in the local x'y' coordin3te system. Find W4. 

VA' and VB in the local coordinate system for the position shown ifo.>z = 15 rad/scc 011. 
Use an analytical method. 

t6-27 For the linkage in Figure 1>6-8:1. write 11 computer program or usc an equation solver to 
find and plOi (04. V A. and V B in the IOClll coordinate system for the maximum range of 
motion thlltthis linkage allows if W:2 '" 15 radlsec 011. 

6-28 The linkage in Figure f'6.8b has link I at _36° and link 2 8t 57° in the global XY coordi
nate system. Find t:ll,j. VA. and V B in the global coordirmtesystem for the position shown 
if O>z '" 20 radI.sec cav. Use the velocity difference graphical method. (Print the figure 
from ilS PDF file on the CD-ROM and drnw on it.) 

6-29 The linkage in Figure f'6.8b has link I at _36° and link 2 a1 5P in the global XY coordi
nate system. Find t:ll,j. VA' and VB in the global coordinate system for the position shown 
if tI>:! '" 20 rdeVsec CCW. Use the instant center graphical method. (Print the figure from 
its PDF filc 00 the CD-ROM anddruw on it.) 

t6-30 The linkage in Figure 1>6-8b has link I lit _36° and link 2 at 57° in the glOOl1 XY coordi
nute system. Find t:ll,j. V A' llnd V B in the global coordirulte system for the posi tion shown 
if W:2 '" 20 r.Jdlsec CCw. Use an lUlalytical method. 

t6-31 The linkage in Figure P6-8b has link I at _36° in the global XY coordin:lte system. Write 
:I computer program or use an equation solver to find and plot (04. V A' and V 8 in the local 
coordinate system for the maximum range of motioo th:u this linkage allows if tI>:! ! 20 
rad/sec CCW. 

6-32 The offset slidcr-crank linkage in Figure P6-8fhas link 2 3t 5 1° in the global XY coordi
nate system. Find V A and V 8 in the global coordinate system for the posit ion shown if fil;l 
'" 25 radlsec Cw. Use the velocity difference graphical method. (Print the figure from its 
PDF fi le on the CD-ROM lmd draw 011 il.) 

6-33 The offset slider-cmnk linkage in Figure P6-8f has link 2 at 5 1° in the global XY coordi
rmte system. Find V A and VB in the global coordinate system for the position shown if 0>.2 
"" 25 rud/sec CWo Use the instant center graphical method. (Print the fi gure from its PDF 
file on the CD-ROM and drnw on it .) 

' 6-34 The offset slider.crnnk linkage in Figure P6-8f has link 2 at 5 1° in the global XY coonIi
nate system. Find V A and V 8 in the global coordinate system for the posi tion shown if W:2 
K 25 rad/scc CWo Use an analytical method. 

t6-35 For the offset slider-crank linkage in Figure 1>6-8f. write a computer program or use an 
equation solver to find and plOi V A and V 8 ill the global coordinate system for the 
maximum range of motion that th is linkage :tllows if 0>.2 '" 25 mdlscc CWo 

6-36 The linkage in Figure P6-Sd has link 2 III 58° in the global XY coordinate system. Find 
VA' V 8. and V btu in the global coordinate system for the position shown if 0>.2 '" 30 radlsec 
011. Use the veloci ty difference graphical method. (Make a copy of the figure from its 
PDF file on the CD-ROM and drJW on it.) 

t6-37 The linkage in Figure P6-Sd has link 2 at 58° in the global XY coordinate system. Find 
V A' V H. and V btu in the global coordinate system for the position shown if 0>.2 '" 30 rad/sec 
011. Use an analytical method. 

16-38 For the linkage in Figure I>6-Sd. write 11 computer program or use an equ:ll ion solver to 
find and plot VA' V B' and V btu in the global coordinate system for the maximum TlUlge of 
motion th:lI this linkage allows if Ul2 '" 30 md/sec Cw. 

31J 

t llIese problems are 
~ui led !O solunon uSlIlg 
Murhcud. Murlah, ur 
TKSoll'er equation ~Iye r 

programs. 
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• Answers in Appendilt F. 

f These problems are 
suited 10 solution using 
M(IIhcml, MOllab. or 
TKSo!l'u equation solver 
programs. 

DESIGN OF MACHINERY CHAPTER 6 

6-39 The linkage in Figure P6-8g (p. 312) has the local .r, axis at _119° and O~ at 29° illlhe 
global XY coordinate system. Find 004_ VA. and VB in the global coordinate system for the 
position shown if 6'2 = 15 rad/sec CWo Use the velocity difference graphical method. 
(Make a copy of the figure from its PDF file on the CD-ROM and draw 011 il.) 

6-40 The linkage in Figure P6-8g (p. 312) has (he local xy axis 31 _119° and 02A al 29" in the 
global XY coordinate system. Find (1)4- VA' and VB in the global coordinate system for the 
posit ion shown if Wz = 15 rad/sec CWo Use the inSt3m center gmphical method. (Make a 
copy of lhe figure from its PDF file on the CD·ROM ruK! draw on it.) 

t6-41 The linkage in Figure P6-8g (p. 312) has the local xy axis at _ 119° and Or' at 29° in the 
global XY coordinate system. Find (I}-\. VA' and V n in the global coordinate system for the 
position shown if ~ '" 15 rad/sec CWo Use an analytical method. 

t6-42 The linkage in Figure P6-8g (p. 312) has the [ocal xy axis at - II go in the global XY 
coordinate system. Write a computer program or use an equation solver to find and plot 
00-\. VA. and V B in the local coordinate system for the maximum range of motiOfl that this 
linkage allows ir~ '" 15 radlsecCW. 

6-43 The 3-cylinder radial compressor in Figure P6-8c (p. 312) has its cylinders equispaced at 
120". Find the pistOfl velocities V 6. V7• V g with the crank at _530 using a gr.\phicaJ 
method if~ '" 15 rad/sec Cw. (Make a copy of the figure from its PDF file on !he CD
ROM and draw on it.) 

t6-44 The 3-cylinder radial compressor in Figure P6-8c (p. 312) has its cylinders equispaced at 
[20". Find the piston velocities V 6. V7. Vg with the crank at _530 using an analytical 
method if ~ '" 15 rad/sec CWo 

t6-45 The 3-cylinder radial compressor in Figure P6-8c (p. 312) ha.~ its cylindeJ":'i equispaced at 
120". Write a program or use an equation solver to find and p[ot the piston velocities V 6-
V7• Vg forone revolutiOfl of the crank if ~ '" 15 radlsccCW. -6-46 Figure P6-9 shows a linkage in one posi tion. Find the instantaneous velocities of points A. 
B. and P if link 02"1 is rotating CW at 40 rad/sec. 

at6-47 Figure P6-IO shows a linkage and its coupler curve. Write a computer progr-.un or use an 
equation solver to calculate and plot the magnitude and direction of the velocity of the 
coupier point P at 2° increments of crank angle for ~ = 100 rpm. Qeck your result with 
program R)URBAR. 

·t6-48 Figure P6-11 shows a linkage Ihal oper-.lIes at 500 crank rpm. Write a computer program 
or use an equation solver to calculate and plot the magnitude and direction of the velocity 
of point B at 2° increments of crank angle. Cl\e(;k your result with program FOUR BAR. 

*t6-49 Figure P6- 12 shows a linkage and ils coupler curve. Write a conlpulcr program or use an 
equation solver to calculate and plot the magnitude and direction of the velocity of the 
coupler point P at 20 increments of crank angle for Ol! = 20 rpm over the maximum range 
of motion possible. -Qcck your result with program FoURBAR . 

t6-50 Figure P6-13 (p. 316) shows a linkage and its coupler curve. Write a computer program 
or use an equation solver to calculate and plot the magnitude and direction of the velocity 
of the coupler point Pat 2° increments of crank angle for ~ '" 80 rpm over the maximum 
range of motion possible. Qcck your result wi th program FOURBAR. 

°t6-5 I Figure P6-14 (p. 316) shows a linkage and ilS coupler curve. Write a computer program 
or use an equation solver to calculate and plot the magnitude and direction of the velocity 
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/J 

p 
-31" 

A ,.L::-::':-",:, _]_ 
AI' = 3.06 

L t = 2.22 
0 , 0, 

FIGURE P6 · 1 0 

Pro~em 6-47 A foU/bor IInkoge with a dooble straight-line coupler curve 

of the coupler point I' aI 2" incrementS of crunk angle for WJ. = 80 rpm over the maximum 
range of m(){ion possible. Check your result with program FOURBAR. 

t*6-52 Figure P6-15 (p. 317) shows a power hacksaw, used 10 cut metal. Link 5 pivOIS aI as and 
its weight forces the sawblade against the workpiece while the linkage moves the blade 
(link 4) back and forth OIl'link 5 to cut the part. It is an offset slider-crank mechanism 
with the dimensions shown in the figure. Draw an cquivalentlinkage diagram; then 
calculate and plot the veloci ty of the sawblade with respect to the piece being cut o~er one 
revolution of the cmnk at 50 rpm. 

116-53 Figure 1'6- 16 (p. 317) shows a walking-beanl indexing and pick-and-place mechanism 
which can be analyzed as tWO fourbar linkages driven by a common cnlllk. The link 
lengths are given in the figure. Angle CO(/:. = 75". 0206 is aI 205". The phase angle 
between the tWO cr:mkpins on gear 2 is 120". The pnxluct cylinders being pushed have 
6O-mm dianleters. 11le point of contact between the left vertical finger and the leftmost 
cylinder in the posilion shown is 58 mm at 80" versus the left end of the parallelogmm's 
coupler (point D). Calculate and plot the absolute velocities of points E and P and the 
relat ive veloci ty between points £ and P for one revolution of gear 2. 

------ , 
, , , , , AP = 1.09 

p 

, A , , 
I L2 = 0.785 L~ = 0.950 

I_I = 0.544 
, 

0, 

FIGURE P6 - 12 

Problem 6-49 

p 

0, 

FIGURE P6 · 9 

Problem 6-46 

A 
coupler 
8.375" 

'5 

reed 

crank B 0 
, 2" 

O2 "'. rocker 
"",,-7.187" 

ground 
9.625" 
@-43" 

'" 
FIGURE P6 - ll 
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Problem 6-48 Loom 
ioybor drive 

t These probtems I!Te 

suited 10 solution using 
MIJ/hcad. Mat/ab. or 
TKSQ/I"u equation solver 
programs. 

* These problems are 
suited to solution using the 
W(!r.bng Modl'l program. 
which is on the attached 

CD-ROM. 

I 
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t 'These problems are 
suited to solution using 
MCllhcCld. MClIIClb. or 
TKSoII't'r equation solvcr 
prognlms. 

* 'These problcms are 
suited to wlution using the 
Working Modrl prognlm. 
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FIGU~E P6 - 13 

Problem 6-50 

, , , , , , ' 

/' 

1-, =2.22 " 
0,'= .... -~------·7- " AI' = 1.33 

, 

\ 
, 

~ - - --

8 

, , 

0, 

H6-54 Figure P6-17 (p. 318) shows a paper roll off-loading mechanism driven by WI ai r cylinder. 
In the position shown.A02 '" 1. 1 m til 178° and 0.,4 is 0.3 m at 226°, 0 204 =0.93 m at 
163°, The V-links are rigidly allached to 04"\. The air cylinder is rcllactoo at a constant 

velocity of 0.2 m/sec. Dmwa kinematic diagram afme mechanism, write the necessary 
equations. and calculate and pl()( the angular velocity of tile paper roll and the linear 
velocity of its center as it rotates through CX)" CCW from the position shown. 

116-55 Figure 1'6-18 (p. 31B) shows a powdcrcompaction mechanism. 

a. Calculate ils mechanical advantage for the position shown. 
b. Calculate and plot its mechanic;I ' advamage as a funcl ion of Ihe angle of link AC 

liS it rotates from 15 [0 60°, 

t6-5f. Figure 1'6-19 (p. 319) shows a walking beam mechanism. Calculate and plOi the velocity 
V {HU for one revolution of tlte input cr:ulk 2 roIating at JOO rpm. 

t6-57 Figure P6-20 (p. 3 19) shows a crimping tool. 

a. Calculate its mechanical advantage for the position shown. 
b. Calculate and plot its mechanical advantage as a function o f the angle of link AB 

as it rotates from 60 to 45°. 

t6-58 Figure P6-2 1 (p. 320) shows a locking pliel1l. Calcuime ilS mechanical OOYWllage for the 
posi tion shown. Scale the diagram for any needed dimensions. 

AP =<O.97 / 

0, 

, , 

/' 
, , 

L t =< 1.82 
0, 

which is on the anached !F~IG~U~.~E~P:; •• -~1~4:.. _________________________ _ 

CD·ROM. Problem 6-51 
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, L2 :75 mm 
4 

"" L3:170mm 

V hlade 3 5 
2 

~ -
"', 020S 

FIGURE P6 · 15 

Problem 6-52 Power hacksaw AcJopted from P. H. Hill ond W. P Rule. (1960). M9ChonIsms: Analysis and Design. wI1tl permission 

t6-59 Figure 1>6-22 (p. 320) shows a fourbar toggle clamp used to hold a workpiece in place by 
clamping it at D. 02A _70. 02C: 138.AB "" 35. 04) '" 34. 04) "" S2. and 0 204= 48 
mm. At the position shown. link 2 is at 104°. The linkage toggles when link 2 reaches 9Cf. , 
a. Calculate its mechanical advantage for the position shown. 
b. Calculate and plot its mechanical advantage as a funct ion of the angle of link AB 

as link 2 rotates from 12010 9<Y'. 

tt6-60 Figure 1>6-23 (p. 321) shows a surface grinder. The workpiece is oscillated under the 
spinning 9O-mm-diameter grinding wheel by Ihe slider-crank linkage which has a 22-mm 
crank. a 157·mm connecting rod. and a 4().mm offset. The crank turns at 120 rpm. and 

0 20 4 : lOS 

02A '" 40 
L3 = lOS 
L4",4Q 

0 20 6 ", 200 

0 28", 32 

LS=260 

06 C : 96 

all dimensions i n~m:m: ... ".)~:::t:::::: 

FIGURE P6- 16 

2 

0, 

t These problems an: 

suited to solution using 
MOIhcac/. Mal/ab. or 
TKSo/I'u equation solver 
programs. 

* 'These problems an: 
suited to solution using the 
Working Mood program. 
which is on the allached 
CD-ROM. 

Problem 6-53 Walking-beam Indexer with plck-and-place mechanism AcJopted from P. H. Hill and W. P. Rule. (1960). 
MechorJsm$: AnoIysi5 and DesIgn. wI1tl perm/s$/on 
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paper r"', 
rolling i ... -

machine! '\ .... ! ... 

~~. 

FIGURE P6 · 17 

Problem 6-54 

A8 m 105@44" 

AC = 30J @- 44" 

OJ) = 172 

All lengths in mm 

y 

FIGURE P6· 18 

... j ...•• , .. 

! , 
... ! ..... j 

rod (3) 

c 

...... 
! 

off- loading sln1ion 

..... J. .. . 
i ...... , .... 

. .... .l.. .. 
! .. ... , ... . 

o.x! ... . 
; 4···· .. ·· 
! 

x 

air cylinder (2) 
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Problem 6-55 Hom P. H. ~ and W. P. RUe. (I~). Mechon/SmS: AnotysIs ond 0esifTI. \OA1t) petmIssJon 
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1011/ __ 

5 

all length~ in inches 
FIGURE P6 - 19 

Problem 6-56 straight-line walking-beam elghlbar Iransport mechanism 

the grinding wheel 31 3450 rpm. Calculate and plolthe vc10cily of the grinding wheel 
contact point relative to the workpiece OVCf one revolution of the crunk. 

6-61 Figure 1>6-24 (I" 321) shows :m inverted slider-cmnk mcchani~m. Link 2 is 2.5 in I.IOS_ 
The distIDlce O<ji\ is 4.1 in rum 0 204 is 3.9 in. Find CllJ.. (OJ. 004. V 114' VtrOlu' and V sil" for 
the posi tion ~hown with VA2 = 20 in/sec in Ihe direction shown. 

· t6-62 Figure 1'6-25 (p. 322) shows a drug link mechanism with dimensions. Write Ihe necesSliry 

equations. IDld solve them to calculate the angular veloci ty of link 4 for an input of W:2 = I 
rad/sec. Comment on uses for this mechanism. 

t 6-63 Figure P6-25 (I'. 322) shows a dmg link mech:mism with dimensions. Write the necessary 
equations. and solve them to calculate and plot the centrodes of instant center h4' 

*6-6-1 Figure 1'6-26 (p. 322) shows:1 mechrulism with dimensions. Usc a graphical method to 
calculate the velocities of points A. 8.:md C and the velocity of slip for the position 
shown. 0)2 = 20 racVsec. 

A 

AB '" O.80.I1C = 1.23. CD = 1.55. AD = 2.4 

alllcnglhs in inches 
fiGURE P6-20 

Problem 6-57 A crimping 1001 

319 

• Answers in Appendix F. 

t These problems are 
suited to SOlution using 
MOllicotl. Mathtb. or 
TKSo/I'cr equation solver 
programs. 

* These problems are 
suited to solution using the 
Working Model program. 
whiCh is on lhc al1acllcd 

CD-ROM 

• 
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FIGURE P6 -21 

Problem 6-58 

FOIII 

4 ID 

'" ~ 

FIGURE P6 - 22 

Problem 6-59 

• Answers in Appendix F. 

t These problems are 
suited 10 solutioo using 
Mmhcad. Mal/ab. or 
TK$of,'u equation solver 
programs. 

t The.o>e problems are 
suited to solution using the 
Working Modd progmrn. 
which is on the attached 
CD-ROM 

F 
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,'::0.:" ~ --=--... ----------- --.'<l:r' 
\~- .... 

... -- ..... 

p 

D.S-em grid 

·6-65 Figure P6-27 (p. 323) shows a cam and follower. Distance O~ = 1.89 in and OYJ = 

&<;6 

1.645 in. Find the velocities of points A and B. the velocity oftran~mission, velocity of 
slip. and OOJ if W! = 50 md/sec. Use a grnphicaJ method. 

Figure P6-28 (p. 323) shows a quick-return mechanism with dimensions. Use a graphical 
method to calculate the velocities of pointsA. 8, and C and the veloci ty of slip for the 
position shown. ~ = 10 radlsec. 

' .... , Figure P6-29 (p. 323) shows a drum pedal mechanism. O;!A = 100 mrn at 1620 and 
rota[e.~ to 171° at A'. O~4 = 56 mm.AB = 28 mill. AP = 124 mm. and 041 =64 mm. 
The distance from 0 4 to F;~ is 48 mm. Find and plot the mechanical advantage and the 

velocity ratio ofme linkage over its range of motion. If the input velocity VIII is a constant 
magnitude of 3 m/sec. and Fi~ is oonstant at 50 N. find the output velocity and output 
force over the range of motion and the power in. 

6-68 Figure 3-33 (p. 142) shows a six-bar slider crank linkage. Find all its instant centers in the 
position shown. 

t6-69 Calculate and plot the centrodes of instant center 124 of the linkage in Figure 3-33 (p. 142) 
so that a pair of noncircular gears can be made to replace the driver dyad 23 . 

6-70 Find the velocity of the slider in Figure 3-33 (p. 142) for the position shown if e2 = IllY' 
with respect to the global X-axis assuming 0>2 = I md/sec CWo 
a. Using a graphical method. 
b. Using the method of instant centers. 
t c. Using an analytical method. 

t6-7 1 Write a computer program or usc an equation solver such as Mathcad. Mallab, or 
TKSo/l'er 10 calculate and plot the angular velocity of link 4 and the linear velocity of 
slider 6 in the sixbar slidcr-crank linkage of Figure 3-33 (p. 142) as a function of the angle 
of input link. 2 for a constant 0>2:: I rod/sec Cw. Plot Vc both as a fuoction of ~ and 
separately as a function of slider position as shown in the figure. What is the percent 
deviation from constant velocity over 240" < 9:l < 2700 and over 190" < 9:l < 315°. 
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grind ing 

(oble 4 

8 

FIGURE P6-23 

Problem 6-60 A surface grinder 

6-72 Figure 3-34 (p. 143) shows a Stephenson's sixOOr mechanism. Find all its inSlJ1nt centenl 
in !he position shown: 

a. In pan (0) of the figure. 
b. In pan (b) of the figure. 
c. In pan (c) of (he figure. 

A 

FIGURE P6 -24 

Problem 6-61 From P. H. Hili 0f'Id W. P. /Me. (19(,0). Mechon/st'n$; Anotys.(s 0f'Id DesIgn. with pemllssJon 

321 
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L) == 0.68 in 

fiGURE P6-25 

\ 
\ 

--- --"-.,~- ---~ /' 
--- ./ -------,,./" 
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, 

\ , 
I 
J 

I 

Problems 6-62 and 6-63 From P. H. HI and W. P. Rule. (1960). M6chonlsm5: Ano/YSIS and DesIQn 

6-73 Find lhe angular velocity of link 6 of the linkage in Figure 3-34 part (b) (p. 143) for the 
posilioo shown (96 '" 90" with respecllO the x-axis) assuming!.OJ::: 10 mtVscc Cw. 

a. Using a graphical method. 

c 

0, 

FIGURE P6 -26 

~= 1.35 in 
L4'" 1.36 
1..5 = 2.69 
4, = 1.80 

0, 

-

92 :: 14° 
96 :: 88 ° 
0 20 .. :: 1.22 @56.5 ° 
0604 =3.86@ 33° 

Problem 6-64 FromP. H. Hiland W. P. f?!M. (I~. Mechonisms: .Anof\.'$isondDesJgn 
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direction of sliding 

FIGURE P6 -27 
• Problem 6-65 From P H. ~ and W P. f?tMJ. (1960) Mechonbms: AnaI'ysis ond DesIQn 

b. Using the method of instant centers. 
te. Using an analytical method. 

t6-74 Wri te II computer program or use un equation solver such as Mathcod. Mallah, or 
TKSo/l'er to calcu late and plOl the angular velocity of link 6 in the sixbar linkage of 
Figure 3·34 (p. 143) as a function of O2 for a constant ~ '" I rad/sec CWo 

c 

L2:: 1.00 in 
L4 '" 4.76 

Ls '" 4.55 
O2 ::: 99 0 

0 4 0 2 ::: 1.69 @ 15Y 

0, 

FIGURE P6 -28 

Problem 6-66 From P. H HII and W. P. Rule. (1960). Mechonlsm$: ~ and 09siQn 

t These problems are 
suited \0 solution using 
Muthcad. Mutlab. or 
TKSo/\'~r equDtion solver 
programs. 

drum 

aU! 
\ . III 

B' 

A 

FIGURE P6 -29 

Problem 6-67 
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t NOIc Illallhese can be 
loog problems 10 SO["C and 
may be nlOfe appropri3te 
for a projeCt assignment 
lila" I1J1 overnight problem. 
In m~t cases, lhe sollllion 
can be checked with 
I)TOgrnlll FOUIt8"' R, 

SLIDER. or SIXHAR. 

DESIGN Of MACHINERY CHAPTER 6 

6-75 Figure 3·35 (p. 143) shows a Stephenson's sixb.v mechanism. Find all its instant centers 
in the position shown: 

n. In part (0) of Ihe fi gure. 
b. In pan (b) oflhe figure. 

6-76 Find the angular velocity of link 6 of the linkage in Figure 3-35 (p. 143) wilh 92 '" 90" 
assuming "ll '" 10 md/secCCW. 
a. Using a graphical method (use a compass and straightedge to draw Ihe the linlr.:a~ 

with link 2 at 90"). 
b. Using the method of instant centers (use a compass and slT"J.ighledge 10 draw the 

the linkage with link 2 at 90"). 
t c. Using an analytical method. 

t6-77 Wri te a computer program or use an equation solver such as Malhcad, Mm/ab. or 
TKSolI't'f to calculate and plol the angular velocity of link 6 in the sixbar linkage of 
Figure 3-35 (p. 143) as a funct ion of 92 for a constant (!)z = 1 rJd/sec CCw. 

6-78 Figure 3-36 (p. 144) shows an eightbar mech:mism. Find all its instant center!! in the 
position shown in part (a) of the figure. 

t6-79 Write a computer program or use an equation solver such as Matlreml , Mallab. or 
TKSoII'tr to calculate and plOl !he angular velocity oflink 8 in the linkage of Figure 3-36 
(p. 144) as a function of &.! for a constant U>2 :: 1 rod/sec CCW. 

t 6-80 Write a computer program or use an equation solver such as Malhcad, Mal/ab. or 
TKSoII'tr to calculate and plOi magnitude and direction of the veloci ty of point P in 
Figure 3-37a (p, 144) as a function of 92. Also calculate and plot the veloci ty of point 
P ver!!us point A, 

t6-81 Write a computer program or use an equation solvcr such as Mathcad, Mm/tlb, or 
TKSoII'er to calculate the percent crror of the deviation from a perfect circle for the path of 
point P in Figure 3-37a (p. 144). -

t 6-82 Repeat problem 6-80 for the linkage in Figure 3-37b (p. 144). 

6-83 Find all instant centers of the linkage in Figure P6-30 in the position shown. 

6-84 Find the angular velocities oflinks 3 and 4 and the linear velocities of points A, B and PI 
in the XY coordinale system for the linkage in Figure P6-3O in the position shown. 
Assume that 92 = 450 in the XY-coordinate system and O>::! = 10 mdIsec. 1bc coordinates 
of the point PIon link 4 are (11 4.68.33. 19) with respect to the .\}' coordinate system. 

a. Using a graphical method. 
b. Using the method of instant centers. 
tc . Using an analytical method. 

t6-85 Using !he dala from Problem 6-84, write a computer program or use an equation solver 
such as Mmllcad, Marlab. or TKSo/l'tr to calculate and plO! magnitude and direction of 
!he absolute velociry of point PI in Figure P6-3O as a function of &.!. 

6-86 Find all instant centers of the linkage in Figure P6-31 in the position shown. 

6-87 Find the angular velocities of links 3 and 4. and !he linear veloci ty of point P in the XY 
coordinate system for the linkage in Figure P6-31 in the position shown. Assume that 
92 = -94.121 0 in the XY coordinate system wKi O>::! = 1 Tad/sec. 'The posit ion of tile coupler 
point P on link 3 with respecl to point A is: I' = 15.00, 03 = 0". 

a. Using a graphical method. 
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FIGURE P6 · 30 

Problems 6-63 to 6-65 An oH field pump · ctmensIons In Inches 

b. Using the method of instant centers. 
tc. Using an analyt ical method. 

-\ 
80 

12 x 

I 

6-88 Figure P6-32 shows a fourbar double slider known as an ellipfical lrammel. Find all ilS 
il15tant cenlers in lhe posilion shown. 

6-89 The ellipfical trammel in Figure P6-32 muSt be driven by rotaling link 3 in a full circle. 
Points on line AD describe ellipses. Find and druw (manually or wi th a computer) !he 
fixed and moving centrodes of ins!wlt center IL )' (Hint: 1hese are called lhe Cardan 
circles.) 

y 

1 6.948 

0 , 

9.174 

I p 

12.971 - --::::ii-
3 

fiGURE P6 · 31 

Problems 6-86 and ()'87 An aircraft overhead bin mechanism - dimensions In Inches 

FIGURE P6·32 

EUlptICoi trammel -
Problems 6-88 to ().qo 
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6-90 Derive analytical expressions for the velocities of points A and B in Figure P6-32 as a 
function ore), (OJ, and the length AB of link 3. Use a vector loop equation. 

6-91 The linkage in Figure P6-33a has link 2:n 120" in the global XY coordinme system. Find 
~ and V D in the global ooordin:ue .~y.~tem for the position shown if OJ;! '" 10 rod/sec 
CCW. Use the velocity difference graphical rnelhod. (Print the figure from its PDF file 
on the CD·ROM and draw on it.) 

6-92 The linkage in Figure P6-33a has link 2 at 120" in Ihe gloOOl XY coonlinate system. Find 
~ and VD in lhe global coordinate system far llle position shown if~ '" 10 rnd/sec 
CCw. Use the in~lanl center graphical method. (Print the figure from its PDF file on the 
CD-ROM and draw on it.) 

6-93 The linkage in Figure P6-333 has link 2 at 120" in Iheglobal XY coordinate system. Find 
W(; and V D in Ihe global coordinate system for the posi tion shown if <O::! = 10 rad/sec 
CCw. Use an analytical mcthod. 

6-94 1be linkage in Figure P6-33b has link 3 perpendicular to the X axis WId links 2 and 4 are 
paralJeI to each other. Find 003, V A' V B, and Vp if <O::! = 15 rad/scc CWo Usc the velocity 
difference gmphical method. (I>rim the figure from its PDF file on the CD-ROM and 
dmwon it.) 

6-95 1be linkage in Figure P6-33b has link 3 perpendicular to theX axis and links 2 and 4 are 
parallel to each other. Find 003. V t!. V B. and Vp if ~ = 15 mcVsec CWo Usc the instant 
center graphical method. (Print the figure froul its PDF file Ofl the CD-ROM and draw Ofl 

it.) 

6-96 The linkage in Figure P6-33b has link 3 perpendicular to the X axis and links 2 and 4 are 
parallel to each other. Find 003. V;I, V B, and Vp if OJ:! = 15 rad/sec CWo Use an analytical 
method. 

6-97 1be crosshead linkage shown in Figure P6-33c has 2!Jj)F willI inputs at crossheads 2 and 
5. Find instan t ccnters I t.3 and IJA' 

6-98 1be crosshc:td linkage shown in Figure P6-33c has 2 DOF with inputs at crossheads 2 and 
5. Find V 8, V P3. and V P4 if the crossheads are each moving toward the origin of the XY 
eoordin:lIc systcm wi lli a speed of 20 inJsec. Use a graphical mcthod of your choicc. 
(Print the figure from ilS PDF fi le on the CD-ROM lind drnw on it.) 

6-99 The linkage in Figure P6-33d has the p'lth of slider 6 perpendicular to the global X axis 
and link 2 aligned willi the global X axis. Find V;I in the posit ion shown if the velocity of 
the slider;s 20 in/sec downward. Use the velocity difference gmphical method. (Prinllhc 
figure from its PDF file on the CD·ROM and dmw on it.) 

6-100 The linkage in Figure P6-33d has the path of slider 6 perpendicular to the global X axis 
and link 2 aligned wilh the global X axis. Find V" in the posi tion shown if the velocity of 
the sl ider is 20 in/sec downward. Use the instant center graphical method. (Prim the 
figure from its PDF file on the CD·ROM and draw on il.) 

6-10 1 For the linkage of Figure P6-33e. write a computer progmm or use :Ul equation solver to 
find and plot Vo in the glOl>.ll coordinate system for one revolut ion of link 2 jf W). = 10 
racVsec cw. 

6-102 For the linkage of Figure P6-33f. locate and ident ify al l instam centers. 

6-103 TIte linkage of Figure P6-33fhas link 2 at 130" in the global XY coordinate system. Find 
Vo in the global coordinate system for the position shown if <O::! = IS mcVscc CWo Use 
any gmphical method. (Printthc figure from its PDF file on the CD·ROM and draw on it.) 
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0 2A= 6.20 

0 4 8 = 3.00 

AC=2.25 
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(c) Dual crosshead mechanism 
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Problems 6-Q1 to 6-103 
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(f) Eightbol mechanism 
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r 
ACfGE[ERATION -
Take it to warp five. Mr. SII/II 
CAPTAIN KIRK 

7.0 INTRODUCTION 

Chapter 7 

Once a velocity analysis is done. the next step is to detennine the accelerations of all links 
and points of interest in the mechani sm or machine. We need to know the accelerations 
to calculate the dynamic forces from F := ma. The dynamic forces will contribute 10 the 
stresses in the links and other components. Many methods and approaches exisl to find 
accelerations in mechanisms. We will examine only a few of these methods here. We 
wi ll first develop a manual graphical method, which is oflcn useful as a check on the 
more complete and accurate analytical solution. Then we wiU derive the analytical s0-

lution for accelerations in the fourbar and invened slider-crank linkages as examples of 
the general vector loop equation solution to acceleration analysis problems. 

7.1 DEFINITION OF ACCELERATION 

Acceleration is defined as fhe rale of change of velocity wilh respect 10 lime. Ve
loc ity (V, (0) is a vector quantity and so is acceleration. Accelerations can be a ngu
lar or lin ear. Angu lar acceleration will be denoted as a and linea r accele rat ion 
as A. 

d", .=-, ," (7.1) 

Figure 7-1 shows a link PA in pure rotation. pivoted at point A in the xy plane. We 
are interested in the accelerat ion of point P when the link is subjected to an angular ve
locity 00 and an angular acceleration a, which need not have the same sense. The link's 
position is defined by the position vector R, and the velocity of point P is V fA' These 
vectors were defined in equat ions 6.2 and 6 .3 (p. 266) which are repeated here for con
venience. (See also Figure 6- 1. p. 266.) 
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fiGURE 7- 1 

AcceleraHon of a link In pure rotation with a positive (CCW) «:! and a negative {Cw)"'2 

(6.2) 

(6.3) 

where p is the scalar length of the vector R pA . We can easily differentiate equatiqn 6.3 
to obtain an expression for the acceleration of point P; 

(7.2) 

Note that there are two funct ions of time in equation 6.3, e and 00. Thus there are 
two temlS in the expression for acceleration, the tangential component of acceleration 
A~A involving a, and the nonnal (or centripetal) componcnt A pA involving W. As a 
resu lt of the differentiation, the tangential component is multiplied by the (constant) 
complex operator j. This causes a rotation of this acceleration vector through 900 with 
respect to the original position vector. (See also Figure 4-8b, p. 174.) This 900 rotation 
is nominally positive. or counterclockwise (CCW). However. the tangential component 
is also multiplied by a, which may be either positive or negative. As a result, the tan
gential component of acceleration will be rotated 900 from the angle e of the position 
vector in a direction dictated by the sign of a . This is just mathematical verification 
of what you already knew, namely that tangential acceleration is always ill a directioll 
perpendicular to the radillS of rotation alld is thus tangellllO the path of motion as shown 
in Figure 7-1. The normal, orcentri pctal , acceleration component is multiplied by p, 
or -I. This directs the centripetal componelll (1/ 1800 to tile angle e of the original po
sirion I'ecror. i.e., toward the center (centripetal means toward the cellter). The total 
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acceleration A pA of point P is the vector sum of\he tangential A~A and normal ApA com
ponents as shown in Figure 7-1 and equation 7.2 (p. 329). 

Substituting the Euler idemily (equation 4.4a, p. 173) into equation 7.2 gives us the 
real and imaginary (or x and y) components of the acceleration vector. 

A pA = po.(-sin9+ jcose)- poi (cos9 + jsina) (7.ll 

The acceleration A pA in Figure 7-1 can be referred to as an absolute acceleration 
since it is referenced 10 A, which is the origin of the global coordimlle axes in that sys
tem. As such, we could have referred to it as A p, with the absence of the second su~ 
script implying reference to the g lobal coordinate system. 

Figure 7-23 shows a different and slightly more complicated system in which the 
pivot A is no longer stationary. It has a known linear acceleration A A as part of the trans
hlting carriage, link 3. If 0: is unchanged, the acceleration of point P versus A wil l be the 
same as before, but A pA can no longer be considered an absolute accelerat ion. It is now 
an acceleration difference and must carry the second subscript as A pA' The absolute 
acceleration A p must now be found from the acceleration difference equation whose 
graphical solution is shown in Figure 7-2b: 

A p = A A + A pA 

(1.4) 

NOie the similarity of equation 7.4 to the velocity difference equat ion (equation 
6.5. PI 261). Note also that the solution for A p in equation 7.4 can be found either by 
adding the resultant vector A pA or its normal and tangential components, A pA and A~A 
to the vector AA in Figure 7-2b. The vector AA has a zefo nomlal component in this ex
ample because link 3 is in pure translation. 

a 

FIGURE 7-2 

, , 

, , 

(a) 

3 

+', "" 
~ 

P - (02 

Ap 

V PA 

- X 

" A pA , 
A pA 

A" A"A 

A,\ 
AA 

(0) 

AcceleratiOn difference In a system with a positive (CCW) (12 and a negative (CW) <Il2 
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FIGURE 7-3 

ReIotlve accelefatlon 

AutoN I 

A" 

(0) 

Figure 7-3 shows two independent bodies P and A. which could be two automobiles, 
moving in the same plane. Auto #1 is turning and accelerating into the path of :tutu #2, 
which is decelerating to avoid a crash. If the ir independent accelerations Ap and A,4 are 
known, their rela ti ve acceleration A pA can be found from equation 7.4 arranged alge
braicallyas: 

ApA"'Ap-AA (7.5) 

The graphical solution to this equation is shown in Figure 7-3b. 

As we did for velocity analysis. we give these two cases different names despite lhe 
fact that the same equation applies. Repeating the defini tion from Section 6. 1 (p.267). 
modified 10 refer to accelerat ion: 

CASE I: Two points in the same body"'> acceleral;0I1 dijJerellce 

CASE 2: Two points in different bod ies => relative acceleratiQII 

7.2 GRAPHICAL ACCELERATION ANALYSIS 

The comments made in regard 10 graphical velocity analysis in Sect ion 6.2 (p. 268) ap
ply as well to graphical accelerat ion analysis. Historically. graphical melhods were the 
only practical way to solve these acceleration analysis problems. Wilh some practice. 
and with proper tools such as II draft ing machine. drafting instruments. or a CA D pack
age. one can fairl y rapidly solve for the accelerations of particular points in a mechanism 
for anyone input posilion by drawing vector d iagrJ.ms. However. if accelerations for 
many positions o f the mechanism are 10 be found. each new position requires a complete
ly new sel of veclor diagrJ.ms be drawn. Very Iiu le of the work done to solve for the 
accelerations at position I carries over 10 posi tion 2. etc. This is an even more tedious 
process than that for graphical veloci ty analysis because there are more componenlS 10 
draw. Nevenhe less. this method still has more than his torical value as it can provide a 
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quick check on the results from a computer program solution. Such a check only needs 
to be done for a few positions to prove the validity of the program. 

To solve any acceleration analysis problem graphically, we need only three equa
tions. equation 7.4 (p. 330) and equat ions 7.6 (which are merely Ihe scalar magnitudes 
of the lenns in equation 7.2, p. 329): 

(7.6) 

Note that the scalar equations 7.6 define only the magnitudes (A', An) of the com· 
ponents of acce leration of any point in rotation. In a CASE I graphical analysis. the di
rections of the vectors due to the centripetal and tangential components of the accelera
tion di fference must be understood from equation 7.2 to be perpendicu lar to and along 
the radius of rotation. respectively. Thus, if the ccnter o f rotation is known or assumed, 
the directions of the acceleration difference components duc to that rotation are known 
and their senses will be consistent with the angular velocity (0 and angu lar acceleration 
a of the body, 

Figure 7-4 shows a fourbar linkage in one panicular position. We wish to solve for 
the angular accelerations of links 3 and 4 (a), Ct.4) and the linear acce lerations of points 
A. B, and C (AA,. AB• Ad. Poim C represems any general poim of imerest such as a cou· 
plerpoim. The solution method is valid for any point on any link . To solve this problem 
we need to know the feng/lls of off tile finks, the angufar posi/iolls of aff the finks, the 
anguklr I'e/oeities of all the lillks. and the instantaneOlls in/1111 accelermioll of any ant 
driving link ordril'ing /1oil1l. Assuming that we have designed this linkage, we will know 
orcan measure the link lengths. We must also first do a tomplctc position a nd velocity 
a nalysis to find the link angles 8 3 and 8 4 and angular velocities (03 and (04 given the in· 
put link 's position 82. input angular velocity W:z. and inpm accelerat ion (X2. This can be 
done by any of the methods in Chapters 4 and 6. In general we must solve these prob
lems in stages, first for link positions. then for velocities. and finally for accelerations. 
For the following ex-ample, we will assume that a complete position and velocity analy· 
sis has been done and that the input is to link 2 with known 82. 0>:2. and (X2 for this one 
"freeze·frame" position of the moving linkage. 

b EXAMPLE 7· ' 

Graphica l Acceleration Analysis for One Position of 0 Fourbor Unkage. 

Problem: 

Solution: (see Figure 7-4) 

Stan at the end of the linkage about which you have the most infonnation. Culculme the 
magnitudes of the centripetal and tangent iul components of accelera tion of point A using 
scalar equations 7.6. 

(,) 
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FIGURE 7- 4 

Graphlcol solution 'Of accelerotlon In 0 pin-jointed IInkoge Wlttl a negotfve (CW) ~ and a positive (CCW) IO.! 

2 On the linkage diagram. Figure 7-4a. draw the acceleration component vectors A ~ and A ~ 
with their lengths equal to their magnitudes at some convenient scale. Place their I'O()(S at 
point A with their direct ions respectively along and perpendicular to the radius A02' The 
sense of A ~ is defined by that of a2 (according 10 the right-hand rule). and Ihe sense of A ~ is 
the opposite o r thai of the posit ion vector RA as shown in Figure 7-4a. 

3 Move fleX 110 a poinl about which you have some infonnat ion. such as B on link 4. Note that 
the directions of the tangential and nonnal components of acceleration of poinl B are pre
dictable since this link is in pure rotation about point 0 4 , Draw the construction line pp 
through point 8 perpendicular 10 80 4• to represent the direction of A ~ as shown in Figure 7-4a. 

x 
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4 Write the acceleration difference vector equation 7.4 (p. 330) for poinl8 versus point A. 

An""AA+A BA ,b) 

Substitute the nOOlla] and tangential components for each Icml: 

(As +A'B) = (A~ +AA)+(A~iI + As,,) ,,) 
We will use point A as the reference point 10 fin d An because A is in the slime link as 8 and 
we have already solved for A~ and AA' Any two-dimensional vector equation can be 
solved for two unknowns. Each term has two parameters. namely magnitude and direction. 
There are Ihen potentially twelve unknowns in this equmion. IWO per term. We must know 
[cn of them to solve it. We know both the magnitudes and directions of A~ and AA, and the 
directions of As and An which are along line pp and line 804 • respectively. We can also 
calculate the magnitude of A'8 from equation 7.6(p. 332) since we know Ul4' This provides 
seven known values. We need to know three more paramcten; to solve the equation. 

5 Theteml ABA represents the acceler.lIion difference of B with respect toA. TIllS has two com
ponents. The nonnal component A SA is directed along the line BA because we are using point 
A as the reference center of rotation for the free vector wJ. and its magnitude can be calculated 
from equation 7.6. The direction of A nA must then be perpendicular to the line BA. Draw 
construction line qq through point B and perpendicular to BA to represent the direction of A ~A 
as shown in Figure 7-4a (p. 333). TIle calculatcd magnitude and direction of component A SA 
and the known direction of A ~A provide the needed additional three parameters. 

6 Now the vector equation can be solved grnphieally by drawing a veelor diagmm as shown in 
Figure 7-4b. Either drafting tools or a CAD package is necessary for this stcp. The strategy 
js to firsl draw all vectors for which we know bOlh magnitude and direction. being careful to 
arrJnge their senses according to equation 7.4 (p. 330). -

First draw acceleration vcctors A~ and A~ tip 10 tail. carefully to some scale. main
taining thcir directions. (TIley are drawn twice size in the figure.) NOIe thallhe sum of these 
two componcnts is the vector AA. TIle equation in step 4 says to add ABA 10 A;I. We know 
A 8,1' so wc can draw that component at the end of A;I. We also know A 8' bul this compo
nent is on the Icft side of equation 7.4. so we must subtl'"Jct il. Drnw Ihe negative (opposite 

sense) of A B allhe end of A 1M' 

This exhausts our supply of eomponems for which we know bolh magnitude and direc
tion. Our two remaining knowns are Ihedireclionsof A~ and A ~A which lie along the lines 
pp and qq. respectively. Draw a line parallclto linc qq across the tip of the vector represent
ing mill/IS An. TIle resultant. or left side oftheequalion. must close the vector diagram. from 
the tail of the first vector drawn (A,,) 10 the tip of the last. so dl"JW a line parallel to pp across 
the tail of AA' The intersection of these lines parallel to pp and qq defines the lengths of A B 
and A BA' The senses-of these vectors are detennined from reference 10 equation 7.4. Vee· 
tor AA was added to ABA' so Iheireomponents must be arranged tip 10 lail. Vector A B is the 
resultant. so its component A8 must be from the tail of the first to the lip of the last. The 
resultant vectors are shown in Figure 7-4b and d (p. 333). 

7 The angular accelerations of links 3 and 4 can be calculated from equation 7.6 (p. 332): 

(d) 
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Note that the accelcration difference term A Btl represents the rotational companelll of IIC 

celerat ion of link 3 due to o J. The rotational acceleration (l of any body is a ··rree ,·ector·· 
which has no panicular point of application to the body. It exists everywhere on the body. 

8 Finally we can solve for Ac using equation 7.4 (p. 330) again. We select any poim in link 3 
for which we know the absolute vcloci ty to use as the reference. such as point A. 

k) 

In this casco we can calculate the m:lgnitude of At,.. from equation 7.6 (p. 332) as we have 
already found (lJ. 

(f) 

1be magnitude of the component A CA can be fou nd from equation 7.6 using {OJ. 

(8) 

5iflCe both A" and A CA are known, the vector diagram can be direc tly drawn as shown in 
Figure 7-4c (p. 333). Vector Ac is the resultant which closes the vector diagram. Figure 
7-4<1 shows the calculated acceleration vectors on the linkage diagram. 

The above example contains some imeresting and sign ificant principles which de
serve fu nheremphasis. Equation 7.4 is repeated here for discussion. 

(7.4) 

This equation represellIs lhe absolute acceleration of some gener.tl poim P referenced 10 
lhe origin of the glob:!l coordinate system. The righl side defines it as the sum of lhe ab
solUie acceleration of some other reference poim A in the same syslem and the accelera
lion difference (or relative acceleration) of point P versus point A. These temlS are then 
fun her broken down imo their nomlal (cenlripetal) and tangential components which 
have defi nitions as shown in equalion 7.2 (p. 329). 

Let us review what was done in Example 7-1 in order to extracllhe general strategy 
for solution of this cluss of problem. We staned at the input side o r the mechanism, as 
that is where the driving angular acceleration (X2 was defined. We first looked for a point 
(A) for which the motion was pure rotation. We then solved for lhe absol ute accelera
tion or that point (AA) using equations 7.4 and 7.6 (pp. 330, 332) by breaking AA into its 
nomlal and tangential components. (Stet)S / alltl2) 

We then used the point (A) just solved ror as a reference point to define the transla
tion component in equation 7.4 written for a new point (B). Note that we needed to 
choose a second point (8) which was in the same rigid body as the reference poi nt (A) 
which we had already solved. and about which we could pred ict some aspect of the new 
point"s (8·s) acceleration componcnis. In this example. we knew thc direction of the 
cOll1ponenl A ~. though we did not yet know its magnitude. We could also caJcul (lIe both 
magnitude and direct ion of the centripetal componenl, As. since we knew (04 and the 

335 
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link length. In general this situation will obtain for any point on a link which is jointed 
10 ground (as is link 4). In this example. we could not have solved for point C until we 
solved for B, because point C is on a noaling link for which we do nOI yet know the an
gular acceleration or absolUie acceleration direction. (Stet)S 3 and 4) 

To solve the equation for the second point (B), we also needed to recognize thai the 
tangential component oflhe acceleration difference A ~A is always directed perpendicu
lar to the line connecting the two relnted points in the link (B and A in the example), In 
addition. you will always know the magnitude and direction of the centripetal accelera
tion components in equation 7.4 (p. 330) ifilrepresents an acceleration dirrerence 
(CASE I) situation. If the twO points are in Ihe same rigid body, II/en/hat acceleration 
difference cemripetal component has a magnitude of rOOl and is always directed along 
the line cOllnecting the two points. pointing toward the reference point as the center (see 
Figure 7-2, p. 330). These observations will be true regardless of the two points select
ed. But, nOle this is 1101 true ill (/ CASE 2 s;tllatiOIl as shown in Figure 7-3a (p. 331) where 
the nom131 component of acceleration o f auto #2 is not d irected along the line connect
ing points A and P. (Steps 5 alld 6) 

Once we found the absolute acceleration of point B (AB) we could solve for lX.$. the 
angular acceleration of link 4 using the tangential component of An in equation (d). 
Because points A and B are both on link 3. we could also detennine the angular acceler
ation of link 3 using the tangential component of the acceleration difference ABA between 
points Band A. in equation (d). Once the angular accelerations of all the links were 
known. we could then solve for the linear acceleration of any point (such as C) in any 
link using equation 7.4 (p. 330). To do so, we had to understand the concept of angular 
accelenllion as a free vector, which means that it ex ists everywhere on the link at any 
g iven instant. It has no particular center. II has an infinily of pOlelllial celliers. The link 
simply has an anglliar accelera/iOlI. It is this propcrt)'..1hat allows us to solve equation 
7.4 for literally any point on a rigid body in complex motion referenced to a ny other 
point on that body. (Ste/}s 7 and 8) 

7.3 ANALYTICAL SOLUTIONS FOR ACCELERATION ANALYSIS 

The Fourbar Pin-Jointed Linkage 

The position equations for the fourbar pin-jointed linkage were derived in Section 4.5 
(pp. 174-178). The linkage was shown in Figure 4-7 (p. 173) and is shown again in Fig
ure 7·5a on which we also show an input angular ncceleration (X2 applied to link 2. This 
input angular acceleration (X2 may vnry with time. The vector loop equation was shown 
in equations 4.5a and c, repeated here for your convenience. 

(4.5a) 

As before. we substitute the complex number notation for the vectors, denoting their 
scalar lengths as a, h. c, d as shown in Figure 7-5. 

(4.5c) 

In Section 6.7 (p. 296), we differentimed equation 4.5c versus time to get an expres
sion for velocity which is repeated here. 
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Position vectO!' loop for a fourbor nnkoge Showing acceleration vectors 

(6.14c) 

We will now differentiate equat ion 6. 14c versus time to obtain an expression for 
accelerations in the linkage. Each term in equation 6. 14c contains two functions of time. 
e and w. Differentiating with the chain rule in this ex ample will result in two terms in 
the accelerat ion ex pression for each teml in the velocity equation. 

(/aw~ ~ftl2 + joa2 ~fiJ2 )+(/bw~ efiJJ + jba3 efiJJ )-(/cw~ I'ftl~ + jca4 eftl4 )::0 (7.7a) 

Simplifying and grouping terms: 

(aal jl'ftll - aooi e J82 )+( ba3 j~fiJJ - bool ~IJJ )-(ca4 je J84 - coo~ eIJ4 ):: 0 (7. 7b) 

Compare the leons grouped in parentheses with equations 7.2 (p. 329). Equation 7.7 
contains the tangential and noonal components of the accelerations of points A and B and of 
the acceleration difference of 8 to A. Note that these are the same relationships that we 
used to sol ve this problem graphicall y in Sect ion 7.2 (p. 33 1). Equation 7.7 is, in fact. 
the acceleration difference equation 7.4 (p. 330) which, wi th the labels used here, is: 

where: 

AA ::(AA + A A}::(a(l2jej6~ _a())~ej62) 

A 8A : (A 8A + A iM):: (ha3 jefoJ - hwj efol ) 

A 8 :(As +As);; (C(l4 je fiJ4 -cw~ efo4) 

(7.8a) 

(7.8b) 

(b) 

3J7 

'-- , 
A, 
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The vector d iagram in Figure 7-5b (p. 337) shows these components and is a graph
ical solution to equation 7.8a (p. 337). The vector components are also shown acting II 
their respective points on Figure 7-5a. 

We now need to solve equation 7.7 (p. 337) for (13 and £4. knowing the input angu· 
lar acceleration (12. the link lengths. all link angles. and angular ve loci lies. Thus. the 
posit ion analysis derived in Section 4.5 (p. 174) and the veloc ity analysis from Sec· 
tion 6.7 (p. 296) must be done firs t to detennine the link angles and angular velOCI' 
ties before this acceleration analysis can be completed. We wish to solve equation 
7.8 to get expressions in this fonn: 

Ct3 = /(a. b. c. d. 92, 93, 9 •. 002.003.004' Ct2) 

Cl. = g(a. b. C. d. 9 2, 9 J • 94.002 .003. 00 •• C(2) 

(7.911 

(7.9b) 

The strategy of solution will be the same (IS was done for the position and velocit)' 
analysis. First. substitute the Eu ler ident ity from eq uation 4.4a (p. 173) in each tcnn of 
equation 7.7: 

[UCl2 j(cos92 + jsin92)- uw~ (cos92 + jsin 92)] 

+[bCt]j(cos9) + jsin9))-bw1(COS03 + jsin 9))] 

- [CCl. j(cos9. + jsin 0.)- ('w~ (cosO. + jsin94)] = 0 

Multiply by the operator j and rearrange: 

r [UCl2 (-sin92 + jcos92)- aro~ (cos62 + jsin 92)] 

+ [bCl3 (-sin 9) + jcos03) - bwj (COS03 + j'i:n 9])1 

-[CCl4 (-sin04 + jcos94)- ('w~ (COS04 + jsin9.)]:. 0 

(7.](111 

(1. IObI 

We can now separate this vector equation into its two components by collecting all 
real and all imaginary lenns separately: 

real part (x component): 

(7. t h) 

imaginary part (y component): 

(7.llb) 

Note thaI tilers have cancelled in equation 7. 11 b. We can solve equalions 7.11a and 
7. llb simultaneously 10 get: 

where: 

CD-AF a -
)- A£-8D 

C£ fjp 
Cl4 = 

1\£-8D 

(7.113) 

(7.l2b) 
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A = rSin04 

8 = bsin03 

C = (let2 sin02 + (lW~ eos02 + bwj cos03 -Cffi~ cose4 

0 = CCOS04 

£ = beos 93 

F = aet2 COS02 - aw~ sin02 - bw~ sinO] +C(I)~ sin 04 

(7. 12c) 

Once we have solved for UJ and Cl.$. we can then solve for the linear accelerations 
by substitut ing the Eu ler identity into cquations 7.8b (p. 337), 

A" = aet2 (-sin02 + jcos02)- (lW~ (COS0 2 + jsin02) 

A SA = bet3 (-sin03 + jcosOJ)- bwj (cosO] + jsinO 3) 

A s = ('et4 (-sin04 + jCOS94)-cwl (cos 04 + jsin04) 

(7, 13a) 

(7.l3b) 

(7.l3c) 

where the real and imaginary tenns are thex and y components. respectively. Equations 
7.12 and 7.13 provide a compl,eJc solution for the angular accelerations of the links and 
the linear accelerations of the joints in the pin-jointed fourbar linkage. 

The Fourbar Slider-Crank 

The fi rst inversion of the offset slider-crnnk has its slider block sliding against the ground 
plane as shown in Figure 7-6a (p. 340). lis accelerations can be solved for in similar 
manner as was done for the pin-jointed fourbar. 

The position equations for the fourbar offse t slider-crank linkage (inversion # I) were 
derived in Section 4.6 (p. 179). The linkage was shown in Figures 4-9 (p. 178) and 6-2 1 
(p. 299) and is shown again in Figure 7-6a on which we also show an input angular ac
celeration (X2 applied to link 2. This (X2 can be a time-varying input acceleration. The 
vector loop equation 4. 14 is repeated here for your convenience. 

(4. 14a) 

(4.14b) 

In Section 6.7 (p. 298) we di fferentiated equation 4. 14b with respcct to time noting 
that (I. h. c, 91, and 94 are constanl bUllhe lenglh of link d varies with time in this inver
sion. 

jaw2"fo: - jbffiJ"jeJ -d = 0 (6.203) 

The leon d tlOI is the linear veloci ty of the slider block. Equation 6.20a is the veloc
ity difference equation. 

We now wi ll differentiate equat ion 6.20a with respect to time to get an expression 
for acceleration in this inversion of the slider-cmnk mechanism. 

(7. 14a) 

3 • 
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FIGURE 7 -6 

POSItion vector loop fO( a fourbor sllder-crank linkage showing occeleratlon veclOfS 

Simplifying: 

, 
Note thai equation 7. 14 is again the acceleration difference equmion: -

A ",- AAlJ- A 8 =O 

"1M =-A "'8 

A 8 = A " + A 8,o1 

A A = (A~ + AA) = (oa2 irjfJ~ - (Jw~ ej6 ~ ) 

A 8A = (A ~A + A all)::: (bCl 3 jejfJj -bo:,j ej&J ) 

AB= A~=(j 

(7. 14b) 

(1.15a) 

(7.15b) 

Note Ihal in this mechanism. link 4 is in pure translation and so has zero w~ and zero 
<4. The accelemtion o f link 4 has only a " tangential" component o f acceleration along 
its palh. 

The t WO unknowns in thc vector equation 7. 14 are the angular acceleration of link 
3, uJ. and the linear acceleration of link 4, (I dOllble dOl. To solve for them. substi tute 
the Euler identity. 

aCl2 (-sin 92 + jcos 92 )-awHcos9z + jsinOz) 

- ba) (-sinO) + jcosOJ) +bwj {cos93 + jsin 93)-;j '" 0 (7.100) 
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Ap 

The Coriolls component of acceleration shown In a system with a positive (CCW) Cl2 and a negative (eW) O>z 

These are the transmission component and the slip component of velocity. 

Vp=< Vp + VI' 
Irwu slIP 

(7.ISbJ 

The pro term is the transmission component and is directed at 90 degrees \0 the axis 
of sliP which, in this example, is coincident with the position vector Rp. The p dor teml 

is the slip component and is directed along the axis of .slip in the same direction as the 
posi tion vector in this example. The ir vector sum is V I' as shown in Figure 7-7a. 

To gel an express ion for acceleration. we mUSI differentiate equation 7. 18 versus 
time. NOIC thai [he transmission component has three functions of time in it. p. CU, and 
9. T he chain rule will yield three temlS for this one teon. The slip component of veloc
ity contains two functions oftime.p and 9.yielding two teons in the derivative for a total 
of live teons. two of which tum out to be the same. 

(7.19a) 

Simplifying and collecting tenns: 

(7.19b) 

These IConS represent the following components: 

(7.19<:) 

Note that the Coriolis teon has appeared in the acceleration expression liS a result of 
the differentiation simply because the length of the vector pis II function of time. The 
Coriolis component magnitude is twice the product of the velocity of sl ip (equation 7.18) 
and the angular veloc ity of the link containing the slider slot. Its direction is rotated 90 
degrees from that of the original position vector Rp eitherclockwisc or counterclockwise 
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depending o n the sense of 00" (Notc that wc chose to align the position vector Rp with 
the axis of slip in Figure 7-7 which can always be done regardless of the location of the 
center of rotation-also see Figure 7-6 (p. 340) where R , is aligned wilh thc axis of slip.) 
All four components from equation 7.19 are shown acting on point P in Figure 7-7b. The 
total acceleration Ap is the vector sum of the four tcmlS as shown in Figure 7-7c. Note 
that thc nonnal accelcration tcnn in equation 7.19b is negative in sign, so it becomes a 
subtraction when substituted in equation 7.19c. 

This Coriolis component or acceleration will always be present whe n there is a ve
locity of slip associated with any mcmber which also has an angular veloc ity. In the 
absence of ei ther o f those two factors thc Conolis component wi ll be zero. You have 
probably experienced Coriolis acceleration if you have eve r ridden on a carousel or 
merry·go-round. If you anemptcd to walk radially from the outside to the inside (or vice 
versa) whi le the carousel was turning, you were thrown sideways by the inenial force 
due to the Coriol is acceleration. You were the slider block in Figure 7·7, and your slip 
I'eiocity combined with the rotation of the carouscl created the Coriolis componcnt. As 
you walked from a large radius to a smallcr one. your tangential velocity had to change 
to match that o f the new location of your foot on the spinning carousel. Any change in 
velocity requires an acceleration 10 accomplish. It was the "ghost of Coriofis" that 
pushed you sideways on that.carouscl. 

Another example of the Coriolis component is its effect on weather systems. ' Large 
objects which exist in the earth 's lower atmosphere, such as hurricanes. span enough area 
to be subject to ) ignificantly different ve locit ies at the ir northern and southem extremi
ties. The atmosphere lums with the eanh . The eanh's surface tangential velocity due 10 

its angular velocilY varies rrom zero al the poles to a maximum of about 1000 mph at the 
equator. The winds of a storm system are attracted toward the low pressure at its center. 
These winds havc a slip velocity with respect to the surface, which in combination wi th 
the earth 's w. creates a Coriolis componcnt of acceleration on the moving air masses. 
This Conoli s acceleration causes the inrushing air to rolme about the center. or "eye" of 
the stonn system. This rotation will be counterclockwise in the northern hemisphere and 
clockwise in the southern hemisphere. The movemelll of Ihe entire storm system from 
soulh 10 nonh also creates a Conolis component which will tend to dev iate the Storm 's 
track eastward, though this effect is often overridden by Ihe forces due to other large air 
masses such liS high-pressure systems which can denect a stoml. 1l1ese complicated fac
tors make it diflicult to predict a large slonn's true tTack. 

Note tlml in the analytical solution presented here, the CorioUs component will be 
accounted for automatically as long as the diffcrentiations are correctly done. However. 
whcn doing a gmphical acceleration analysis one must be on the alert to recognize the 
presence of Ihis component, calculate it, and include it in the vector diagrJms when its 
tWO constituents V slip and w are both nonzero. 

The Fourbor Inverted Slider-Crank 

The posit ion equat ions for the fOUl'bar invcned slider-crank linkage were derived in Sec
lion 4.7 (p. 181). The linkage was shown in Figures 4. IO(p. 180) and 6·22 (p.301 ) and 
is shown again in Figure 7-8 .. (p. 345) o n which we also show an input angular acceler
ation (X2 applied to link 2. This (X2 can vary with time. The vector loop equations 4.14 
(p. 339) are valid for this linkage as well. 

343 

• TIlls appro;l(h I\or\c!i In 

the2-Dcas.e. Conol.~ 
IIccciCT1ItKll'l ' $ the cross 
product of 2(1) and the 
velocity of slip. The cross 
product operation w.1I define 
its m3guitude. sigu. and 
direction in the )-0 CIl.'ie. 
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All slider linkages will have at least one link whose effective length between joints 
varies as the linkage moves. In this inversion the length of link 3 between points A and 
B, designated as b, will change as it passes through the slider block on link 4. In Section 
6.7 (p. 300) we got an expression for velocity, by differentiating equation 4.14b with re
spect to time noting that a, c, d, and 91 are constant and b, 93• and 84 vary with time. 

(6.24) 

Differentiating this with respect to time will give an expression for accelerations in this 
inversion of the slider-crank mechanism. 

(jat1.1t'.i9l + iaCl)~t'.i9l )-(jbt1.)t'.i9) + ibwki8,) + jb Ol)t'.i9)) 

-(t;e.jII) + jbCl»)t'.i9) )-(jct1.4t'.i9( + j2cro~t'j04 ):0 

Simplifying and collecting terms: 

(0t1.2 jt'.i92 - OCl)~t'.i9l )-(bt1.) jt'jO) - bwjt'jOJ + 2bw) jt'jO) +bejOl ) 

- (ca. jt'jO( - C Cl)~t'.i9· ) '" 0 

(7.20a) 

(7.2Ob) 

Equation 7.20 is in fact the acceleration difference equation (equation 7.4, p. 330) 
and can be written in that notation as shown in equation 7.21. 

but: 

and: 

A ",-AItR- AS "'O 

AS", :-A ItR 

A s :A", +A s", 

A", ", AA...,.. ..... + AA~ -
AA..,- =aa2jt'.i9l 

A - .. ' jO. S_~1tIitJI -C ..... 4}t' 

A"'B,,,,,,,,,,/oJ '" hal jt'jOl 

AItR_
u 

=2bw)jt'.i9) 

A ", __ = -a Cl)~t'jO ! 

As_ :-CW~t'jO· 

A"'8_~ =_boo~efol 

AA8.np : iHjOl 

(7.2 Ia) 

(7.2 Ib) 

(7.21c) 

Because this sliding link also has an angular velocity. there will be a nonzero Cori
olis component of acceleration at point B which is the 2 b dOl term in equation 7.20. 
Since a complete velocity analysis was done before doing this acceleration analysis, the 
Coriolis component can be readily calculated at this point, knowing both ro and V slip 
from the velocity analysis. 

The b double dot tenn in equation 7.2 1 a is the slip componen/ of acult'rafion. This 
is one of the variables to be solved for in this acceleration analysis. Another variable to 
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AccelefOtion analysis of Inv8fSlqo '3 Of the fourbor sllder-cronk driven with a positive (CCW) u2 and 0 negottve (CW) ~ 

be solved for is <x4.the angular acceleration of link 4. Note. however. that we also have 
an unknown in ~. the angular acceleration of link 3. This is a total of three unknowns. 
Equation 7.20 can only be solved for two unknowns. Thus we require anolher equation 
to solve the system. There is a fixed relationship between angles 9) and 94, shown as y 
in Figure 7-8 and defined in equation 4.18. repealed here: 

9j = 94 ±y 

Differentiate it twice with respect to time 10 obtain: 

We wish 10 solve equation 7.20 10 get expressions in this foml: 

(13 = a4 = f{a. b. h. c. d. 92, 93, 94 , (02' (OJ. (04. (2) 

d'. .. ( . ) 
-2 = b = g a. b. b.c. (l.9 2 • 93, 94 , (1) 2' (1)3' (1) 4. a2 ,I, 

(4. 18) 

(7.22) 

(7.23a) 

(7.23b) 

Substitution of the Euler identity (equation 4.4a, p. 173) into equation 7.20 yields: 

aa2 j(cos92 + jsin92)-awHcos92 + jsin92 ) 

- bal j(cos93 + jsin(3) + broHcos93 + jsin93) 

- 2bW3j(cos9) + jsin(3 )-b(cos93 + jsin9)) (7.24a) 
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Multiply by the operator j and substitute 0:4 for 0:3 from equation 7.22 (p. 345): 

ael2 (-sin92 + jcos92)-awHcosG2 + jsinGl ) 

- ba." (-sinG) + jcosG))+bwj(cosGJ + jsin93) 

- 21)003 (-sin9) + jcosG3 )-b(cos G3 + jsin93) (7.24b) 

- Ca.4 (- sinG4 + j cos9,,) + cwl(cos 94 + jsinG,, ) = 0 

We can now separate this vector equation 7.24b into ils two components by collect· 
ing all real and all imaginary terms separately: 

real part (x component): 

-a((2 sin 92 - (Joo~ cosaz + bcx" sinaJ + hooj cosa) 
." 2 + 2boojsin93 - beosG) +ccx" sinG" +Cffi" cos a" = 0 (7.25a) 

imaginary part (y component): 

acx2 cosal -aw~ sin 92 - hcx" cosa) + bffij sin a3 
... 1 

- 2boo3eosa) -bsinG) -eel" cosa" +cw" sinS" '" 0 (7.25b) 

Note that thej's have cancelled in equation 7.25b. We can solve equat ions 7.25 si· 
multaneously for the twO unknowns, 0:4 and b double lIol. The solution is: 

O[a.2COS(93 - a 2 ) +ffi~sin(93 - 92 )J+ cro~ sin(9" - 9))- 21Xo3 
((4 "" (7.200) 

b+ceos(93 - 9,,) 

-laroH bcos{93 ~ 92 )~ ccos{S" - 6 2 ) ]~+(I~a2 1:Sin(a2 - 9J )- cSin(9" - 6 2 )1) 
" + 2bcoo4 sm(94 -93)-ro4[b~ +c +2bccos(e" - e 3)] 
b:- (7.26b) 

h+ccos{e) 6,,) 

Equation 7.26a provides the angular acceleration of link 4. Equation 7.26b pro-
vides the acceleration of slip at point B. Once these variables are solved for. the linear 
accelerations at points A and B in the linkage of Figure 7-8 (p. 345) can be found by sub
stituting the Euler identity into equations 7.21 (p. 324). 

A A = aaz (-Sin e2 + jeos e2 ) - aro~ (cos92 + jsin 92) 

A 8A '" h_a ) (sin e3 - jcose)) + bffij (cos9) + }sin a) ) 

+ 2bffi) (sin9) - j cos93) - b(cose) + jsin9)) 

A8 "" -C((" (Sine" - jcos84 )-cooHcos94 + j5in8.d 

These components of these vectors are shown in Figure 7-8b. 

(7.27a) 

(7.27b) 

(7.27e) 
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7.4 ACCELERATION ANALYSIS OF THE GEARED FIVEBAR 
LINKAGE 

The veloc it y equation for the geared fivebar mechanism was derived in Section 6.8 
(p. 302) and is repeated here. See Figure P7-4 (p. 359) for notation . 

QW2jri82 +boo)jr .i9] -coo4jrJ&· -d(J)~jej&) =0 

Differentiate this with respect 10 lime 10 gct an ex pression for accelerntion. 

(aa2jr}82 - aw~t'j& l )+(ba} jt .i9J - bwki83) 

-(ca4jt.i9~ -c(i)~e.i9· )- (dasfrJ&s -dw;tJ&j ) = 0 

Substitule Ihe Euler equivalents: 

aa2 (-sin02 + jCOS02) - (IWHCOS02 + jsin O2) 

+ hal( -sinO} + jcosO}) - bW}(COSO) + jsinO}) 

-ca .. (-sin94 + jcos04)+cwHcoso .. + jsinO .. ) 

- das(-sin05 + jcosOs) + (lw;(cosOs + jsin9,) = 0 

(6.32a) 

(7.28a) 

O.28b) 

Note that Ihe angle 6s is defined in tenns of 62. the gear ratio A.. and the phase angle $. 
This relationship and its deri vatives are: 

a s =Aa2 (7.28c) 

Since a complete position and velocity analysis must be done before an acceleration 
analysis. we will assume Ihat the values of 6s and O>s have been found ond will leave 
these equotions in temlS of 6s. 005. and as· 

Separating the real and imaginary temlS in equation 7.28b: 

real: 

-n a l sin02 - ami cose2 - ha) 5inO) - bwj coso) 

+ ca4 SinO .. + COl~ cosO .. +l/as sin Os +dw; casOs = 0 

imaginary: 

ua2 COS02 - {IW~ sin02 + ba} cosO) - bwj sinO} 

-ca 4 cosO .. +cw~sinO .. - dascoses +dw~ sine, =0 

(7.28d) 

(7.2&) 

The only IwO unknowns are (X3 and~. Either equation 7.28d or 7 .28e can be solved 
for one unknown and the result substituted in the other. The solution for (X3 is: 

7 

I 
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and angle 004 is: 

[

-aa2 sin(92 -94)-aw~cos(92 - 94} 

- bwf cos(9J -94)+dW~ cos(9s - 94 ) 

+ das sin(9s - 84 )+ctJ)~ 

[

oa2 sin(92 - 9J ) +owiros(92 - 93) 

- cwlcos(9) - 94 )-dw~cos(93 - 9s) 

+ das sin(93 - 9s}+bwl 
a4 ="--------C7c~~~--~-< 

csin(94 - 93) 
(7.29b) 

With all link angles. angu lar velocities, and angular accelerations known. the linear 
accelerations for the pin joints can be found from: 

AA = aaz (-sin92 + jcOS92)-OW~(cos92 + jsin9z) 

A BA = bal(- sin9J + jcos93)-bwj(cos93 + jsin9J ) 

Ac = cas (-sin 9s + jcos9s )-cw; (cos 95 + jsin9s ) 

AB = A" + A BA 

7.5 ACCelERATION OF ANY POINT ON A LINKAGE 

(7.29c) 

(7.29d) 

(7.2ge) 

(7.29f) 

Once !he angular accelerations of a111he links are found it is easy to defme and calculate the 
acceleration of any point on any link for any input position of the linkage. Figure 7·9 
shows the fourbar linkage with ilS coupler. link 3, enlarged to contain a coupler point P. 
The crank and rocke r have a lso been enl arged to show points 5 and U whieh might 
represent the centers of gravity of those links. We want to develop algebraic expressions 
for the accelerations of these (or any) points on the links. 

To fmd the acceleration of point 5, draw the position vector from the fixed pivot 0 2 
to point 5. This vector RS02 makes an angle S2 with the vector RAo2. This angle ~ is 
completely defined by the geometry of link 2 and is constant. The position vector for 
point 5 is then: 

(4.25) 

We differentiated this position vector in Section 6.9 (p. 303) to find the velocity of 
that point. The equation is repealed here for your convenience. 

Vs = jseJ(&2 +°1 )W2 = SW2[ -510(92 + 62)+ jcos(92 + 62)1 (6.34) 

We can differentillte agllin versus time to find the accelerat ion of point 5. 
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Anding !he acceleration 01 ony~nt on any rink 

A S = sa2 jeJ(e1 +61) - soo~ ei(el +61) 

= ro,[-,;,(e, +3,)+ j=(e, +3,)J (7.30) 

- sool [cOS(62 +~2) + jsin(92 +~2)] 

The position of point U on link 4 is found in the same way. using the angle B~ which 
is a constant angular offset within the link. The expression is: 

(4.26) 

We differentiated this position veClOr in Section 6.9 (p. 303) to find the velocity of 
that point. The equation is repeated here for your convenience. 

Vu :: jllej(e~ +6_ )(1)4 '" //W" [-Sin(94 + 04 )+ jcos(94 + 04 )j (6.35) 

We can differentiate again versus time to find the acceleration of point U. 

A U = IIn4 jeJ(e. +.5.) - /IW~ ei(e • ... 6.) 

=un" [-5in(64 +04)+ jcos(94 +~,,)] 

- /IW~ [Cos(94 +04 )+ jsin(94 + 0,,)] 

(7.3 1) 

The acceleration of point P on link 3 can be found from the addition of two acceler
ation vectors. such as AA and A pII. Vector All is already defined from our analysis of the 
link accelerations. ApII is the acceleration diffcrence of point P with respect to point A. 
Point A is chosen as the reference point because angle 93 is defined at a local coordinate 

(0) 

, 
A/' I 
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system whose origin is at A. Position vector R pA is defined in the same way as Ruer 
Rs. using the intemallink offset angle 0) and the angle of link 3. 93, We previously an· 
alyzed this posi tion vector and differentiated it in Seclion 6.9 (pp. 303-304) to find the 
velocity difference of that point wi th respect to point A. Those equations are repeated 
here for your convenience. 

(4.27a) 

(4.27bl 

(6.36a) 

(6.36b) 

We can differentiate equation 6.36 again versus time to find A pA' the acceleration of 
point P versus A. This vector can then be added to the vector AA already found to define 
the absolute acceleration Apofpoint P. 

(7.313) 

where: 

A PA = (XlJ jt'i(Ol +~J) - PW} e,(o]+61l 

= (Xlj [-sin(ej + oJ)+ j cos(e.! + 03)] (7.32b) 

- fJW~ [cos(eJ +oJ) ...... jsin(e3 +0))] 

Please compare equation 7.32 with equation 7.4 (p. 330). It is again the accelera
tion difference equation. Note that this equation appl ies to any point on any link at an} 
position for which the positions and velocities are defined. II is a general solution for 
any rigid body. 

7.6 HUMAN TOLERANCE OF ACCELERATION 

It is interesting 10 note that the human body does not sense velocity, except with the eyes. 
but is very sensitive to acceleration. Riding in an automobile, in the dayl ight, one can 
see the scenery passing by and have a sense ormot ion. But, traveling at night in a com
mercial airliner at a 500 mph constant velocity, we have no sensation of mot ion as long 
as the flight is smooth. What we will sense in Ihis situation is any change in veloci ly due 
to atmospheric turbulence, takeoffs, or landings. The semicircular canals in the innerear 
are sensitive accelerometers which report to us on any acce lerat ions which we experi
ence. You have no doubt also expe rienced the sensation of accelerat ion when riding 
in an e levator and starting, stopping. or turning in an automobile. Accelerations pro
duce dynamic forces on physica l systems. as ex pressed in Newton's second law, 
F=mu. Force is proportional to accelennion, for a constant mass. The dyn:unic forces 
produced wilhin the human body in response to acceleration can be hamlful if excessive. 
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The human body is, after all, not rigid. It is a loosely coupled b:lg of water and tissue, 
most of which is quite internall y mobile. Accelerations in the head ward or footward 
directions will tend to either starve or nood the brain with blood as this liquid responds 
to NeWlOn's law and effectively moves within the body in a dircction opposite 10 the 
imposcd acceleration as it lags the motion of the skeleton. Lack of blood supply to 
the brai n causes blackout: excess blood supply causes redout. Eithcr results in death 
if sustai ned for a long cnough period. 

A great deal of research has been done. [argely by the military and NASA, to deter
mine the limits of human tolerance to sustained accelerations in various directions. 
Figure 7- 10 (p. 352) shows data developed from such tesls. [11 The units of linear accel
eration were defined in Table 1-4 (p. 19) as in/sec2, ft/sec2, or m/sec2. Another common 
unit for accelerat ion is the g. defined as the acceleration due 10 gravity, which on earth al 
sea level is approximately 386 in/sec2. 32.2 ft/scc2, or 9.8 m/sec2. The g is a very conve
nient unit 10 use for accelerations involving the human as we live in a I g environment. 
Our weight, felt on our feel or buttocks. is defined by our mass limes the acceleration 
due to gmvity or IIIg. Thus an imposed acceleration of I g above the baselineof our grav
ity. or 2 g·s. will be felt as a doubling of our weight. At 6 g's we would feel six times as 
heavy as nonnal and would have great difficully even moving our anns against thaI ac
celeration. Figure 7- 10 show$-lhalthe body's loterance of ltcceleration is a function of 
itsdireclion versus the body, it s magnitude. and its duration. Note also timl the dala used 
for this chan were developed from tests on young. healthy military personnel in prime 
physical condition. TIle general population. children and elderly in particular, should not 
be expectcd to be able to withstand such high levels of acceleration. Since much ma
chinery is designed for human use, Ihese 'lcceleration tolerance data should be of great 
interest and value to the machine designer. Several references dealing with these human 
ractors data are provided in the bibliography to Chapter I (p. 20). 

Another useful benchmark when designing machinery for human occupat ion is to 
atlcmptto relate the magnitudes of Hccelerations which you commonly experience to the 
caiculmed values for your potemial design. Table 7-1 (p. 353) lists some approximate 
levels of acceleration . in g's. which humans can experience in everyday life. Your own 
experience of lhese will help you develop a "feel" for the values of accelemtion which 
you encou nter in designing machinery intended for human occupation. 

Note thm machinery which does not carry humans is limited in its acceleration lev
els only by considerations of the stresses in its pans. These stresses are often generated 
in large part by the dynamic forces due 10 accelerations. The range of acceleration val
ues in such machinery is so wide Ihat it is not possible to comprehensively define any 
guidelines for the designer as to acceptable or unacceptable levels of acceleration. If the 
moving mass is small. then very large numerical values of accelerat ion arc reasonable. 
If the mass is large, the dynamic stresses which the materials can sustain may limit the 
allowable accelerations to low values. Unfortu natcly, the designer does not usually know 
how much acceleration is tOO much in a design until complcting il to thc point of calcu
lating stresses in the pans. This usually requires a fairly complete and detailed design. 
If the stresses tum OUI to be tOO high and are due to dynamic forces. then the only reo 
course is to itemte back through the design process and reduce the accelemtions and or 
masses in the design. Thi s is one reason thaI the design process is a circular and not a 
linear onc. 
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Human tolerOl"lCe at acceleration 

Als one point o f reference, the acceleration of the pislon in a small, four-cylinder 
economy car engine (about 1.5Ldisp[acement) at idle speSd is about 40 g's. AI highway 
speeds the piston acceleration may be as high as 700 g's. At the engine's top speed of 
6(X)() rpm the peak pislon acceleration is 2{X)() g's! As long as you're not riding on the 
piston, this is acceptable. These engines last a long time in spite of the high accelera
tions they experience. One key factor is the choice of low-mass, high-strength, and high 
stiffness materials and proper geometry for the moving parts to both keep the dynamic 
forces down at these high accelerations and to enable them to tolerate high stresses. 

TABLE 7-1 Common Values of Acceleration Found In Human ActIvities 

Gentle acceleration In an automobile 

Commercial Jet alrcraff on takeoff 

Hard acceleration In on automoblle 

Panic stop In on automobile 

Fast cornering In a sparts car (e.g., BMW, Porsche, Ferrari) 

Formula 1 race cor 

Roller coasters (various) 

NASA Space Shuttle on takeoff 

Top fuel dragster with drogue chute (>300 mph In 1/4 mlle) 

Military Jet fighter (e.g., F-15, F-16. F-22--f'1ote: pilot wears a G-sult) 

+0,1 9 

+o.3g 

+0.5g 

..(J.7 9 

+O.9g 

+2,0g. -4.0g 

±3.5 to :to.5 g' 

+4,0g 

±4.5g 

±9.0 9 
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7.7 JERK 

No. IIOt YOII! The time derivlltive of acceleration is called jerk, pulse. or shock. The 
name is apt, as it conjures the proper image of this phenomenon. Jerk is the time rate of 
chonge of acceleration. Force is proponional to acceleration. Rapidly changing accel
eration means a rapidly changing force. Rapidly changing forces tend to "jerk" the ob
ject about! You have probably experienced this phenomenon when riding in an automo
bile. If the driver is inclined to "jackrabbit'· slans and accelerates viOlently away from 
the Iranic light. you will suITer from large jerk because your acceleration will go from 
uroto II large value quile suddenly. But, when Jeeves, the chauffeur, is driving the Rolls, 
he always attempts to minimize jerk by accelerating gently and smoothly, so that Ma
dame is entirely unaware of the change. 

Controlling and minimizing jerk in machine design is often of interest, especially if 
low vibration is desired. Large magnitudes of jerk will tend to excite the natural frequen
cies of vibration of the machine or structure to which it is attached and cause increased 
vibration and noise levels. Jerk control is of greater interest in the design of cams than 
of linkages. and we will investigate it in more detail in Chapter 8 on cam design. 

The procedure for calculat ing the jerk in a linkage is a slJ'aightforward extension 
of the methods shown for acd'ferat ion analysis. Let angular jerk be represented by: 

and linear jerk by: 

da .. -
d, 

J = dA 
d, 

(7.33a) 

(7.33b) 

To solve for jerk in a fourbar linkage. for example. the vector loop equation for acceler
ation (equation 7.7) is differcntia ted versus time. Refer to Figure 7-5 (p. 337) for notation. 

-t/WV e.i82 - 2(1w2Cl2e.i8z + (lCl ,-0>,-j'-e.i82 + (I~de.i8 2 

3.i8 .i8 '2.i8 .i8 -bro)je 1 -2bwJClJe 1 +bo.Jo» j e 1 +iJqJ3je l 

ColleCi tenns and simplify: 

_(/OO ~jr-j92 - 3aoo20: 2e.i82 +aIi'2je~l 

- bwVe~.1 -3bw3Cl3eftl1 +iJqJJje~l 

+co>~je.i84 +3c<Il .. Cl .. e.i8, -cli' .. je.i8'::O 

Substitute the Euler identity and separate into x and y components: 

real pan (x component): 

(lOO ~ sin 92 - 31'/(020:2 cos92 - (I~2 sin 92 

+ bw~sin9J -3bw)ClJcos 9J -iJqJ3sin93 

- C1I:d sin9 .. + 3cw"a" cos94 +Ctp4 sin9 .. :: 0 

(7.343) 

(7.34b) 

(7.35a) 
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imaginary pan (y componenl): 

-(IW~ cos92 -JaW2et2 sin92 +a1P2 cos92 

- bw~cos9) -3bwJet3sin93 + Ixp)cos93 

+CW~ cos94 +3cw4et4Sin94 -C:'P4 cos94 ",,0 (7.35bJ 

These can be solved simultaneously for 'P3 and (1)4' which are the only unknowns. 
The driving angular jerk. (I)". if nonzero. must be known in order to solve the system. All 
the other factors in equations 7.35 are defined or have been calculated from the position. 
velocity. and acceleration analyses. To simplify these expressions we will set the known 
tenns to temporary constants. 

In equation 7.35a, let: 

A ::lIw~sin92 
8 :3aw202cos92 

C:: QIP2 sin 92 

D:::bw~ sin9) 

E=3bw3a3cos93 

F::ctl:dsin94 

Equation 7.35a then reduces to: 

G = 3C<ll4Ct4 cos94 

fI =csin94 

K=bsin9) 

(7.300) 

A- 8-C + D- E - F +G+HIP4 
~= K ~-

Note that equation 7.36b defines anglc 'P3 in tcnns of anglc 'P4. We will now sim
plify equation 7.35b and substitute equation 7.36b into it. 

I~ equation 7.35b.let: 

L:: aw~ cos92 

M :: JaW202 sin 92 
N:a1P1COS 9 2 

p:: bw~ cos9) 

Q=3bw)03 sin9} 

R '" bCOli9) 

Equation 7.35b then reduces to: 

-S =CW~ cos94 

T=3cw4Ct4sin94 

U = ccos94 

RIP} -U1P4 - L - M +N - P-Q+S + T = 0 

Substituting equation 7.36b in equation 7.35b: 

{
A-B-C+D-E-F+G+H'P4) U L M N P Q S T 0 - '94 - - + - - + + :: 

K 

The solution is: 

(7.37a) 

(7.37b) 

(7.38) 

The result from equation 7.39 call be substituted into equation 7.36b to find 1P3. 
Once the angular jerk values are found. the linear jerk at the pinjoinls can be found from: 
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J " = - (lwVe fll
: - 3aw'!Qze fll

: + aqJ2ie fll1 

J HA. = - bWVe fll
) - 3 bw) Q )ej6, + i7qJ)ieJ6) 

.I H = -cw Ve fll4 - 3CW4Q4eJ6 .. + CqJ4jCJ6 .. 

(7.40) 

The same appro:lch as used in Section 7.4 (p. 345) to find the acce leration of any 
poim on any link can be used to fi nd the linear jerk at :lny poinL 

(7.41 ) 

The jerk difference equation 7.41 can be applied to any point on any link if we let P 
represent any arbitrary point on any link and A represent any reference poim on the S:lme 
link for which we know the value of the jerk vector. Note that if you substitute equa
tions 7.40 into 7.4 1, you will get equation 7.34 (p. 353). 

7.8 LINKAGES OF N BARS 

The same analysis techniques presemed here for position. velocity. acceleration, and jerk. 
using the fourbar and fi vebar linkage as the examples, can be extended to more complex -assemblies of links. Multiple vector loop equations can be written around a linkage of 
arbitmry complexity. The resulting vcctorequations can be differentiated and solved si
multaneously for the variables ofintercst. In some cases, Ihe solution will require simul
taneous solulion of a set of nonlinear equalions. A root-finding algorithm such as the 
Newlon-Raphson method will be needed to solve these more complicaled cases. A com· 
puter is necessary. An equation solver software package such as TKSoil'er or M(lfllcad 
that will do an iterative root-finding solution will be a useful aid to the solution of any of 
these analysis problems, including the examples shown here. 

7.9 REFERENCES 

Sandl'l"!i, M. S., and E. J. McCormkk. (t987) IImll(JII 1-"aclorS in £nllinurillg and Design. 6th ed .. 
McGraw·Hill Co .. New York .. p. 505. 

7.10 PROBLEMS 

7- 1 A point aI II 6.S-in radius is on a body that is in pure rotation with OJ = 100 rod/sec 
and a conSUl/II Ct = - 500 nad/sec2. III point A. The rotation center is at the origin of a 
coord inate systcm. When the point is at position A, its position vector makes a 4So 
angle with the X ax is. It takes 0.01 sec to reach point B. Draw this system to some 
convenient scale, calculate the e and OJ of posi tion B, and: 

3. Write an expression for the particle's acccleration vector in position A using com
plex number notation, in Doth polar and cartesian fonns. 

b. Write an expression for the particle 's accelerat ion vector in position B using com· 
plex number notation, in Doth polar and cartesian fonns. 

c. Write a vector equation for the acceleration difference between points B and A. 
Substitute the complex number r'IOIation for the: vectors in this equation and solve 
for the: acceleration dilTerence numerically. 

d . Check the resutt of part c with a gnaphiclil method. 

TABLE P7·0 port 1 
TopiC/ Problem Matrix 

1.t Oeftnltlon of 
Acc.lerotlon 

7·1.7-2,7· 10.7-56 

1.2 GrophieolAcc~Iion_ 
~!ed Folrtlaf 
7-3,7- 14.:1,7·21. 
7·24, 7-30,7-33, 
7·7l)a, 7·72a, 7-77 
Folrtlaf SIder-C,Mit 
7-5, 7-13a. 7-27. 7·36 

""""-7·tSa 
"w",,,, 
7-79 

"""" 7-S2.7-S3.7-6 la. 
7-61&. 7-65a. 7-75. , .. , 
EIghIba< 

'·86 
1.3 AIIoIytIc SolutIons /Of 

Ace-*atIon -Ph-..Ic*)led FOU'bor 
7·22,7-23,7'25, 
7·2.6.7-34,7·35. 
7-4t. 7-46. 7·5 1. 
7·7Ob. 7-71. 7·72b __ .aa. 

7-6,7-28,7-29,7·37, 
7·38,7-45, 7-SO. 7·58 
COIIoIIs Acc.o!Ior1 
7-12.7·20 
_ """"00 

_-0"", 
7-7,7·8.7-16.7·59 

""""-7· ISb,7.74 

""""" 7-SO, NIl 

"""" 7-17.7-18.7-t9. 
7-48.7-54.7-6tb. 
7-62., 7-63b. 7-64, 
7-6Sb, 7-66, 7·76, 
7·83,7-34.7·85 

""'-, .. , 
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TABLE P7-0 port 2 
Topic/ Problem Matrix 

7.5 Ace .... otIon of Any 
Porrt on (I Unkogto 

Pln-Joinled Fou1:x;Jr 

7-4. 7-l3b. 1-14b, 
7-31.7-32.7-39. 
7-40,7-42.7-43, 
7-44.7-49,7-55. 
7-68.7-7Ill,1-n 
7·72b. 7-73. 7-78 

""'"'-1-I:lb.7-47 
Geared Rvebor 
7-9.7-60 
Sb<ba< 
Wi 

7.7 -'-'11. 

7-11.7·57 

~ All problem figures are 
proVided as PDF files. and 
some arc also provided as 
anuulIlcd Working Model 
files: ~11 are on lhe CD· 
ROM. PDF filenames arc 
the »me as the figl,lfC 
numbC':r. Run the file 
AnimoliollsAfmi lo access 
and run the aninullions . 

• Answers in Appcndi~ F. 

t These problems are 
suited 10 solution using 
MalMad. Mallab, or 
TKSo/I't'r equation solver 
progrnms. 

DESIGN Of MACHINERY CHAPTER 1 

7-2 In problem 7· 1 let A lind B represent points on separJlc. rotating bodies bmh having 
(he given wllnd a at r,. D. SA = 45°, and en = 120°, Find their relative acceleration. 

$·7-3 1l1e link lengths, coupler point location, and the values of~, W!. and Q2 for the same 
fourbar linkages as used for position and velocity analysis in Chapters 4 and 6 arc: 
redefined in Table P7- I. which is the same as Table P6-1 (p.306). The general 
linkage configuration and terminology are shown in Figure P7- 1. For fhe row(s} 
assiglled. draw the linkage 10 scale and graphically find the accelerat ions of points A 
and B. Then calculate QJ and a.. and the accelcrJtion of point P. 

°t7-4 Repeat problem 7-3 except solve by the analytical vector loop method of Section 7.3 
(p.336). 

"7-5 The link lengths and offset and the val ues of 9 2• ~. and Q2 for some noninvened. 
offset fourbar slider-crank linkages are defined in Table P7-2. The general linkage 
configurntion and terminology are shown in Figure P7-2. For Ihe row(s) assigned, 
draw the linkage to scale and graphically find the accelerations o f the pin joints A and 
B and the acceleration o f slip at the slidingjo inl. 

Ot7_6 Repeat problem 7-5 using an analytical method. 

"t7_7 1be link lengths and the values of 92, ffi:2. and Y for some invened fourbar slidcr-crunk 
linkages are defined in Table P7-3 (p. 358). The general linkage configuration and 
terminology are shown in Figure P7-3. For (ile rowfs) u.~signed. fi nd the accelerations 
of the pin joints A and the acceiernlion of slip at the sliding joint Solve by the analytical 
vector loop lnethod of Section 7.3 (p. 336) for the open configurmion of the linkage. 

"t7_8 Repe:u problem 7·7 for the crossed configuration of the linkage. 

°7-9 The link lengths. gear ratio ()..). ph3SC angle (41). and the values of92'~' and Q2 (Of 

some geared fivebar linkages are defined in Table P7-4 (p. 359). The generallinkagt 
configuTlIIion and terminology are shown in Figure.e7-4 (p. 359). For lire row(s) 
assiglll'd. fi nd QJ and ll.,j and the linear acceleral ion ofpoinl P. 

An automobile driver look a CUTve too fast. The cllr spun OUI of conlrol aboul il~ 
center of gravity (eG) and slid off the road in a nonheaSlerly direc tion. The friction 

FIGURE P7 · 1 

Configuration and lermlnologv for Problems 7·3. 7-4 and 7-11 
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• Answer" in Appendix F. 

t These problems liTe 

5uned 10 wlulion U$lng 

Mmhcud. MlIIllIb. or 
l'KS()I\'~r equation !;Olver 
programs. 

DESIGN OF MACHINERY CHAPTER 1 

TABLE P7-3 Dato for Problems 7-7 to 7-8 

'ow 

0 

b 

c 
d 

e 
r 

Unk 1 Link 2 Link 4 , e, '" 
., 

6 2 • 90 30 10 -25 
7 9 3 75 85 -15 -40 
3 10 6 45 45 2. 30 

• 5 3 '" 25 -SO 20 

• • 2 30 75 -45 -5 
5 • • 90 ISO 100 -65 

o f the skidding tires provided II 0.25 g linear deceleration. The car rotated at 100 
rpm. When the cur hit the tI'Ce head-on III 30 mph. it took 0.1 sec to come [0 rest. 

II. Wh:1l was the acceleration experienced by the child seated on Ihe middle of the rear 
sem.2 ft behind the car 's CG. juSt prior to impact? 

b. What force did Ihe 10001b child C)len on her scatbelt hamess as II resu lt of the ac· 
celeration. JUSt prior to impacl? 

c. Assuming a constant dcceler.uion during the 0.1 sec of impact. what was the mag
ni tude o f the average deceleration felt by the passengers in th:1I inlenoaJ'? 

t7· ll For the row(s) assigned in Table P7· 1 (p. 357). firKI the angular jerk of links 3 and 4 
and Ihe linear jerk of the pin joint between links 3 and 4 (point 8). Assume an 
angular jerk of zero on link 2. The linkuge configuration and ICnllinology are shown 
in Figure 1>7· 11 (p.356). 

-'7. lt You Me riding on a carousel which is rot:lt ing aI a constunt 15 rpm. It has an inside 
radiusof3 ft and an outs ide radius of 10 fl. You begin to run from the insidc to the 
outs ide along a radius. Your peak IIc locity with re!opectlO the carousel is 5 mph and 
occurs al a rad ius of 7 fl. Whal is your maximum Coriolis accelel"Jtion magni tude 
and its direclion wi lh respect to Ihe carouse!'! 

y 
., 
, 
r 

4 

0, 0, 

FIGURE P7 · 3 

Configuration and terminology for problems 7-7 to 7-8 and 7-59 
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TABLE P7·4 Data for Problem 7·9 

'ow Unk I Unk 2 Unk 3 Unk4 UnkS , • " "" 0 6 1 7 9 4 2.0 3{) 60 10 
b 6 5 7 6 4 -2.5 60 3{) - 12 
c 3 5 7 6 4 -0.5 0 45 -15 
d 4 5 7 6 4 ~ 1.0 120 75 24 

• 5 9 11 6 6 3:2 -50 -39 -50 
f 10 2 7 5 3 1.5 3{) 120 -45 
0 15 7 9 11 4 2.5 -90 75 100 
h 12 6 7 9 4 -2.5 60 55 -65 
I 9 7 6 9 4 -4.0 120 100 25 

7·13 The linkage in Figure P7-511 1 (p. 360) has 0:0 = 0.8. AB = 1.93. AC = 1.33. and 
offset '" 0.38 in. The crank angle in the posit ion shown is 34.3° lind IIOgle flAC '" 
38.6°. Find 1l3. A". AB. and AC for the position shown for ~ = 15 rad/sec and Ct.! = 
10 rncIJsecl in directions shown. 

a. Using the accelemtion difference graphical method. 
t b. Using an analytical.method. 

7-14 The linkage in Figure P7-5b has 't:0 = 0.75. AB = 1.5. and AC '" 1.2 in. The I 

effective cmnk angle in the position shown is 77° and angle BAC '" 300. Find (13. A". 
As. and AC for the position shown for IUz = 15 md/sec and III = 10 rad/secl in the 
directions shown. 

II. Using the acceleration diffcre nce gruphical method. 

y 

B 

4 

" 

fiGURE Pl · 4 

Configuration and terminology for Problems 7-9 and 7-60 

" Gear ratio 1..= ±-
" 

Phase angle ~:: e s - A.9 2 

x 

3~a9 

", ' po " 0 6 3{) 

5 9 25 
-10 10 60 
-4 5 45 
10 9 300 
50 10 120 
16 4 300 
25 6 20 

-25 9 60 

t l1lese problcms are 
sui ,cd to solution using 
MUlhcud. MIlI/ab. or 
TKSolI·tr equatiol1 solvcr 
programs. 
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FIGURE P7 -5 

Problems 7-13 to 7-15 

• Answers in Appendi~ F. 

t These problems are 
suited 10 solution using 
Mllfhead. MOI/ab. or 
TKSoflotr equatioo solver 
programs. 

DESIGN OF MACHINERY CHAPTER 7 

Assume rolling contact 
c 

c 
1 0;''-----0 

B 3 

(b) (e) 

t b. Using an analytical method. (Hint: Create an effective linkage for the position 
shown and analyze it as a pin-jointed fourbar.) 

7·15 The linkage in Figure P7-5c has AB '" 1.8 and AC '" 1.44 in. The angle of AB in the 
position shown is 1280 and angle BAC = 49°. The sl ider at B is at an angle of 59°. 
Find (X). A B• and A C for the position shown for VA = 10 in/sec and AA = 15 in/sec2 in 
the directions shown. 

a. Using the acceleration difference gr.lphicai method. 
t b. Using an analytical method. 

t7_16 The linkage in Figure P7-6a has 02A = 5.6, AB '" 9.5. 04C = 9.5. LI = 38.8 mm. 91 is 
135° in the:cy coordinate system. Write the vector loop equutions; differentiate them. 
and do a complete position. velocity. and acceleration analysis of the linkage. 
Assume (l)z = 10 rad/sec and (X2 =- 20 rad/sec2• _ 

t7_17 Repeat Problem 7- 16 for the linkage shown in Figure P7-6b which has the dimen
sions; LI ",61.9.L2= 15.L3=45.8.L4= IS.I.Ls=23. 1 mm. 92 is 68.3° in Ihe-X)' 
coordinate system. which is at - 23.3° in the XY coordinate system. The X compo
nent of 02C is 59.2 mm. 

t 7-18 Repeal Problem 7- 16 for the linkage shown in Figure P7-6c which has the dimen
sions; 02A '" 11.7. 02C '" 20. L3 = 25. Ls '" 25.9 mm. Point B is offset 3.7 mm from 
thex, axis and point Dis offset 24.7 mm from the X2 axis. 92 is at 13.3° in thex2Y2 
coordinate system. 

t 7-19 Repeal Problem 7·16 for the linkage shown in Figure P7-6d which has the dimen
sions: ~ = 15. L):: 40.9. L, = 44.7 mm. 92 is 24.2° in theXY coordinate system. 

t7_20 Figure P7-7 shows a sixbar linkage with 02B = I. BD = 1.5. DC:: 3.5. D06:: 3. and 
It = 1.3 in. Find the angular acceleration of link 6 if (1)2 is a constant I rad/sec. 

·7-21 The linkage in Figure P7-8a (p. 362) has link I at_25° and link 2 a137° in the global 
XY coordinate system. Find {4. AA' and AB in the global coordinate system for the 
position shown if fill = 15 rad/sec CW and 0.2 '" 25 I"ddlsec2 CCW. Use the accelera
tion difference gl"dphieal method. (Print the figure from its PDF file on the CD-ROM 
and draw on il.) 

t7-22 The linkage in Figure P7-8a (p. 362) has link I at _25° and link 2 al 37° in the global 
XY coordinate system. Find {4. Ail. and A8 in the global coordinale syslem for the 
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, 
w, , 
-" 

y 

(a) 

(e) 

FIGURE P7 · 6 

Problems 7·1610 7·19 

, . 

4 

, _1\ 

, , 
w, , 

" 
8 6 x 

0, (d) 

posi tion shown if 002 '" 15 rod/sec CW and (l2 = 25 md/sec2 CCw. Use an analytical 
method. 

' 7-23 At t: O. the non-Grashor linkage in Figure P7-Sa (p. 362) has link I at _2So and link 
2 at 370 in the global XY coordinate system and ffi2 "" O. Write a computer program or 
use an equation solverto rind and plot W4.1X4. VA' AA' VB. and A8 in the local 
coordinate system for the maximum range of motion that this linkage allows ifa2 "" 
IS radls« CW constant. 

8 o 
2 4 

0, 

V8C~. 
Vs/ip 

Vc 
FIGURE P7 -7 

6 

Vo 

0, 

3 

velocity diagram 
scale I in:\ in/sec 

Problem 7-20. cou-resy or Prot. J. M. \.tJnce.1owo State I.WVMIty 

t These problems aR: 

suited 10 solulioo using 
Mmhcad. MOI/ab. or 
TKSo/I"f!r equilioo solver 
prognm,. 



LI :: 174 

L2: 116 

L):: 108 

L4:: 11 0 

(0) FoU/bor IInkoge 

LI=150~=30 

L]"" 150 L4",,30 

y 

-

(d) Welking-beam conveyor 

L [ "" 87 
L2 =49 
L)"" 100 
L4 = 153 
LS= 100 
4. = 153 

2 

LI =162 ~=40 
4= 122 L3=96 

(b) Fourbor linkage 

A 3 

0, 5 
E 

_._-
C 

0 20" :L) =Ls= 160 
OsO,,=Lr,=L7= 120 

X °2 A=02C =20 - 048=04D =20 
0"£=O,,G=30 
OsF=Os H =30 F 

DESIGN OF MACHINERY CHAPTER 1 

8 

~. 
0 

6 

8 

.~ 

G 

7 

y 

L2'" 19 
L) = 70 

4=70 

LS = 70 

~.70 

(c) Radial compressor 

(e) Bellcronk mechanism (1) Offset Slider cronk 

4 

4.5 typo 

LI =45.8 
L2::: 19.8 
L3= 19.4 
L4:::: 38.] 
LS = 13.3 

L7 = 11] 
Lg = 19.8 
4= 19.4 

(go) Drum brake mechanism (h) Symmetricol mechanISm 

fiGURE P1 - 8 
I all dimensions in mm I 

Problems 1-21 to 1-38 .... c1optedfromP. H. ,..ondW P. RlMJ. (900). Mechoolsms; Ano/)'SfI ondDaslQn. ~p6fmb.OOn 
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·7-24 TIle linkage in Figure P7-8b has link I at _36° and link 2 at 57° in the global XY 
coordinate system_ Find~, A A_ and A8 in the global coordinate system for the 
posi tion shown if W:2:< 20 rad/sec CCW. constant. Use the acceleration difference 
gmphical method. (Prinlthe figure from its PDF file on the CD-ROM and drotw on 
it.) 

t 7_25 TIle linkage in Figure P7-8b has link I lit _36° and link 2 a(.57° in the global XY 
coordinate system. Find €lot. A A. and A8 in the global coordinate system for the 
position shown if W:2 = 20 rad/sec CCW. constan!. Use an' analytical method. 

' 7_26 For the linkage in Figure P7-8b, write a computer program or use an equation solver 
to find and plOl €lot, AA' and AB in the local coordinate system for the maximum range 
or mation that this linkage allows if CO! = 20 rod/sec CCW, constant. 

7-27 The offset slider-crank linkage in Figure P7-8f has link 2 at 51 ° in the global xr 
coordinate system. Find A A and A8 in the g lobal coordinate system for the posit ion 
shown if ~ = 25 rod/see CWo con Slant. Use the accelerat ion difference graphical 
method. (Print the fi gure from its PDF file on the CD-ROM and draw on it .) 

· t7_28 The offset slidcr-crank linkage in Figure P7-8f has link 2 at 5 1° in the global xr 
coordinate system. Find A A lind AfJ in the global coordinate system for the position 
shown if ~ = 25 rad/sec CW, constant. Use an IInalytical method. -t 7_29 For the offset slider-crank linkage in Figure P7-8f. write a computer program or use 
an equllt ion solver to find and plot AA :lnd AfJ in the global coordinate system for Ihe 
mx<imum range of motion that this linkage allows jf CO!" 25 rod/sec CWo constant. 

7-30 The linkage in Figure P7-Sd has link 2 11158° in the global XY coordinate system. 
Find A A' A8. and Abru- (the accelcmtion of thc box) in the global coordinate system 
for the posi tion shown if W:2 = 30 md/sec CWo constant. Use the accder-Ition 
difference graphical method. (Print the fi gure from its PDF fil e on the CD-ROM and 
drJw on it.) 

t7_31 The linkage in Figure P7-8d has link 2 at 58° in the global xr coordinat~ system. 
Find AA' An. Wld Abru- (the acceleration of Ihe box) in the g lobal coordinme system 
for the position shown if ~ = 30 rJd/sec CW, constant. Use an analytical method. 

17-32 For the linkage in Figure P7-8d. write a computer progmm or use an equlltion solver 
to find :md plot AA' An, and Abru- (the acccleration of the box) in the global coordinate 
system for the maximum range of motion that this linkage allows if W:2:: 30 rad/sec 
CW, constant. 

7-33 The link:lge in Figure P7-8g has the local .ry axis at _ 119° and 02A at 29° in the 
global XY coordinate system. Find (4. AA. Ilnd A8 in the global coordinate system 
for the position shown if ~ = 15 md/sec C Wo constant. Use the acceleration 
difference graphical method. (Print the figure from its PDF file on the CD-ROM and 
draw on it.) 

t7_34 The linkage in Figure P7-8g has the local.l'Y axis:lt -1 19" and 02A at 29° in the 
global XY coordinate system. Find 0-.4. A A. and AfJ in the global coordinate system 
for the position ~hown if W:2 ,. 15 rad/sec CW and (12 = 10 rad/sec CCW. constant. 
Use an analyticalmcthod. 

t7-35 At t "" 0, the non-Grashof linkage in Figure P7-8g has thc local x)' axis nt - I 19° and 
02" al 29° in the g lobal XY coordinate systcm and W:l = O. Write a computer progmm 
or use an C<luation sol vcr to find and plot (1)4. (4. VA' AA' VB. and As in the loc:1I 

3.3 

• Answers in Append.x F. 

t "These problems are 
suited 10 solution using 
Mal/read. Mallah. or 
TKSolI'er equation solver 
programs. 
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coordin:lte system for the maximum r:mge of motion that this linkage allows if Q2 = 
P 15 rad/sec CCW. constant. 

0, 

FIGURE P7 -9 

Problem 7-39 

coupler reed 

8.375 in 

cmnk B 0 

',2 in 
O2 " rocker 

''J. 187 i 

ground 
9.625 in 

@-43° 

", 

FIGURE P7 · 1! 

0, 

Problem 7-41. loom 
Ioybar drtve 

o An§wen in APJl(ndix F. 

, The.'>C problems are 
suited to solution using 
MIII/relld. Mllllllh, or 
TKSoll·tr equation solver 
programs. 

7-36 The 3-cylinder mdial compressor in Figure P7-8c (p. 362) has its cylinders equis
paced at 1200

• Find the piston IlccelerJt ions A6. A7' AS with the crank at _530 using I 
graphical method if ffi:! = 15 rad/sec CW, constant. (Print the figure from its PDF file 
on the CD-ROM and draw on it.) 

17-37 The 3-cylinder mdial compressor in Figure P7-8c (p. 362) has its cylinders equis
paced at 120". Find the piston accelerations A6. A7. As with the crunk at _530 using 
an analytical method if ffi:! = 15 rJd/sec CWo constant. 

t7-38 For the 3-cylinder radial compressor in Figure P7-8f (p. 362). wri te a program or use 
an equation solver 10 find and plot the piston accelerations A6' A7. As for one 
revolution of the crank. 

°t7_39 Figure 1'7-9 shows a linkage in one position. Find the instantaneous :Icccicrations of 
points A. 8, and P iflink 0 2A is rotating CW at 40 rad/sec. 

°.7-40 Figure P7- 10 shows a linkage and its coupler curve. Write a computer program or 
use an equation solver to calculate and plot thc magnitude and direction of the 
accelerntion of the coupler point P at 20 increments of crank angle for ~ = 100 rpm. 
Check your result with progrnm FOUR BAR. 

°t7-41 Figure P7·1 I shows a linkage that opernlcs lit 500 cr:mk rpm. Write a computer 
program or use an equation solver to calculate and plot the magnitude and direction 
of the acceler-.. tion of point B at 20 increments of crank angle. Check your result with 
program FOUR8AR. 

*t7-42 Figure P7-12 shows :llinkage and its coupler curve. Write a computer program or 
use on equation solver to calculate and plot the magnitude and direction of the 
acceleration of the coupler point Pat 20 increment f crank anglc for 002 = 20 rpm 
over the maximum range of motion possible. Check your result wi th program 
FoURBAR. 

t7-43 Figure P7· 13 shows a linkage and its coupler c urve. Write a computer program or 
use an equation solver to calculate alld plO( the magnitude and direction of the 
attelerntion of the coupler point P at 2° increments of crank angle for ~ = 80 rpm 
over the maximum range of motion JX)SSible. Check your result with progr.un FouRBAR. 

........ 
/J 

LJ = 2.06 

L~ = 

0, 0, 
FIGURE P7 · 10 

Problem 7·40 
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FIGURE P7 · 12 

Problem7-42 

, , , 

AP : 1.09 

0, 

, , 
, 

, , 

p 

L I '" 0.544 

0' 7-44 Figure P7-l4 (p. 366) shows a linkage and its coupler curve. Write a computer 
program or use an equa~ solver 10 calculate and plot the magnitude and direction 
of the acceleration of the coupler point P at 2° increments of Cflll1k angle for ~ '" 80 
rpm over the maximum flll1ge of motion possible. Check your result with program 
FouRBAR. 

U7-45 Figure P7-15 (p. 366) shows a power hacksaw, used to CUI metal. Link 5 pivots al OJ 
and its weight forees the sawblade against the workpiece while the linkage moves the 
blade (link 4) back and fonh on link 5 to cut the pan. It is an offset slider-Cflll1k 
mechanism with the dimensions shown in the figure. Draw an equivalcnllinkage 
diagram. and then calcuhue and plot the acceleration o f the saw blade with respect to 
the piece being cut over one revolution of the Cflll1k at 50 rpm. 

U746 Figure P7-16 (p. 367) shows a walking-beam indexing and pick-and-place mecha
nism which can be analyzed as two fourbar linkages driven by a common cflll1k. The 
link lengths are given in the figure. Angle COffi= 75°. 0 206 is at 205°. The phase 
angle between the two crankpins on gear 2 is 120". The product cylinden being 

0, 

FIGURE P7 - 13 

Problem 7-43 

, , 
, , 

, , 
L 2 ' ' I "" .22 \" 

- - --
p 

--- -- ---7-
~~' ... , , AP =: 1.33 

A , 

, , 

B 

- , , 

0, 

o Answers in Appendix F. 

t 1liese problems are 
suiled to $Olulion using 
MOlhcod, MOIlob, or 
TKSol.'u equation solver 
""","". 

t These problems are 
suiled 10 solulioo usin, the 
Working Mod~1 proarvn. 
which is on the attached 
CD-ROM .. 



t These problems are 
5uiled 10 ~lulion using 
MUIMud, MUllub, or 
TKSO(.'tr equalion solvcr 
programs. 

• 1l1Cse problems are 
suited to solution using the 
lI'orting Modtl program. 
which is on the auached 
CD-ROM .. 
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Problem 7·44 
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H 

L~ = 0.85 

0, 

CHAPTER 1 

pushed have 6O-mm diameters, The point of contact betwcen the left venical finger 
and the leftmost cylinder in the posi tion shown is 58 mm al 80° versus the left end of 
the parallelogram's coupler (point D), Calculate and plot the relative acceleration 
between points E and P for one revolution of gear 2. 

f17-41 Figure P7-17 shows a paper roll o IT-loading mechanism driven by an air cylinder. In 
the position shown O.v\ is 0.3 m at 226° and OP4 "" 0.93 m al 163.2°, The V-links 
are rigidly attached to 0,0. The paper roll cenlcr is 0.701 m from 0 4 at _ 181 ° with 
respect to 0,0. The air cylinder is retrac ted at a constant acceleration of 0.1 m/sec2. 
Draw a kinematic diagram of the mechanism. write the necessary equations. and 
calculate and plot the angular acceleration of the paper ro ll :tnd the linear ucceleration 
of its center as it rot ales through 90° CCW from the position shown, 

t7-48 Figure P7-IS (p, 368) shows a mechanism and its l'liinensions. Find the accelerations 
o fpoinl s A. B. and C for the posi tion shown if W:l = 40 rad/min and az = -1500 rad/ 
min2 as shown. 

L2 =75 mOl , 
w, 

: Jr"'\-===---~':='\""\ ... ~.'GI~~~i~.~J~.L~3 =170 mm 

VhlCldt 

FIGURE P7 - 15 

Problem 1..:15 Powel hacksaw Adopted from P. H. HIlI and W. P Rule, (1960), M6chonlsms: Anotys./$ and DesIgn, 'lAm permission 
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0 20 4 = 108 

0 2A = 40 
L3 = 108 

L4 =40 

0 206 = 200 
Ol B = 32 

L5 = 260 
0 6C =96 

llll dimensions in~m:':n ...... !~~_-;r;:::: 

c 

FIGURE P1 · 16 

3. 7 

Section A·A 

Problem 7·46 Walklng·beam Indexer with plck-ond-p/oce mechanism Adopted from P. H. HIt and W. P. Rule. (/ 960). 
Mechanisms: Anoo/$Is and DeslQn. wlffJ permJS5lon 

t17-49 Figure P7· 19 (p. 368) shows a walking beam mechanism. Calculate and plot the 
aeceleration A Oltl for one revolu tion of the input crank 2 rotltt ing at 100 rpm. 

H7·50 Figure P7·20 (p. 369) shows a surface grinder. The workpiece is oscillated under the 
spinning 9().mm diameter grinding wheel by the s lidcr..crnnk linkage which has a 22-
mm crank. a 157-mmcoonec1ing rod, and a 4Q.nun offset. The crank turns at JOrpm. and 
the grinding wheel at 3450 rpm. Calculme and plO! the acceleration of the grinding wheel 
conttll.1 point relative to the workpiece oller one rellolution of the eTlUlk. 

"':: : '~:: f.; :: "","·,',',··i·::., '; ~~:: :;:::: l' "~:.:l::::tF:~·~~i;;lkS (4) 

! . , /~ .... 1"" . ""',,,;;;:(4;"1- ..' . .' :, ;. !:; 
· .. ·~··-·i .. ·· .. l ~ ..... . ; .... , 

paper t .... ·; 

rolling ; .... . 
machine1 

• 

..... y .. 

...... ~ .... 

...... ; .... 
i ! ...... , 

a·A 
~._.J.-. 

.. ; ...... , .... . 
. J ..1. ............. . 
i ! 

, , 

rod (3) off. loading stmion air cylinder (2) 
FIGURE P7 · 11 

Problem 7-47 

t lbe!;e problems are 

suited 1O,wlurion using 
Mathclld. Mllllllb. or 
l'KSolw'r equat ion ,wIlier 
progmns . 

~ These problems a~ 
suired 10 solurion using the 
Working M{)I.I,I program. 
.... hich is on rhe al1:tChed 
CD-ROM. 



, 'The$e problems are 

suited to solution using 
MOlhrtJd. MOllob. 0( 

TKSo/>'er equation solver 
prosrams. 

* 'These problems are 
suited to solu tion using the 
Workins Model program. 
which is on the auached 
CD-ROM. 

DESIGN OF MACHINERY 

0. = 0.80 in 
L4 =2.97 
L5 = 2.61 

92 =241 0 

CHAPTER 7 

3.25 in 

0 20 4 = J.85@278.5 ° 

FIGURE P7·18 

ProbIJm 7-48 From P. H. HII and W. P. Rule. (1960). Mechon/$m$: Ano/ysIs ana DeYQn -
H7·5 1 Figure P7-21 shows a drag link mechanism with dimensions. Wri te the necessary 

equations and solve them to calculate the angular acceleration of link 4 for an inpUi of 
W:2 "" I rad/sec. Comment on uses for this mechanism. 

8 

8 

L) = 2.06 "\,\ .... ~ ... ~ ... ~ ... : .. ::::;:::===:i'====:::::;~ ..... ..' ...... ~ 
all lengths in inches 

f iGURE P7 · 19 

Problem 7-49 S1ralght-line walklng-beom elghtbor transport mechanism 
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table 4 

8 

FIGURE P7 -20 

Problem 7-50 A surface grlrtder 

7-52 Figure P1-22 shows a methanism with dimensions. Use a gr.tphical method to calculate 
the occcleflllions of points A. 8. and C for the posi tion shown. ~ = 20 rOO/sec. 

7-53 Figure P7-23 shows a quick-return mechanism with dimensions. Use a graphical 
method to calculate the accelerations of points A, 8. and C for the position shown. 
~ - 10 rad/sec. 

,/ 

,---'~ .~/'. .~~~~:i:::;~~ /, 
L2=1.38in I 
L,. 1.22 i, // / 

LI =0.68 in 

L~=1.62in ;, / 

I I . . 
I I 
\ \ 

\ \ 
\ \ 

\ \ 
\ 

" " 

'-~-
" 

FIGURE P7 - 21 
~ ,~ --,-

Problem 7-51 From P. H. HIlI and W. P. Rule. (1960). Mechof\l$m$; Anatysis and DesJQn 

t These problems arc 
suited to solution using 
MUlocud. MOIlab, or 
TKSo/I·tr equation solver 
pro,,,,,,,, 

, 111ese problems arc 
suited 10 solulion u~ ing the 
II'Qrking M (}/It l program. 
which is on the allached 
CD-ROM. 
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• Answers in Appendix F. 

1 These problems are 
sui ted 10 solution using 
MIJlhrad. MUllab. or 
TKSoII'f'r equalion solver 
progrnms. 

t 1lIese problems are 
suited 10 solU! ion using trn: 
lI'ortins Model program. 
which is on the Quached 
CD·ROM. 

DESIGN Of MACHINERY CHAPTER 1 

c 

6 

0 , 

L2 = 1.35 in 
LJ:: 1.36 
LS '" 2.69 
4>:: 1.80 

92 :: 14" 

96 :: 88° 
0 20" '" 1.22 @56.5 " 
0 60 4 =3.86@33 ° 

fiGURE P7 -22 

Problem 7-52 From P. H. HI and W. P. Rule. (1960) MecI'IorVsms: ArloIysis and 0e5IQn 

H7-54 Figure P7-23 shows a quick. return mechanism with dimensions. Use an analytical 
method 10 calculate the accelerations of points A, 8, and C for one revolution of tile: 
inpUllink. ~ = 10 rad/sec. 

H7-55 Figure P7·24 shows a drum-pedal mechanism. OlA,.; 100 mm at 162" and rOlalCS to 
171" atA' , 0 204=56mm.AB::28 mm.AP:: 124 mm,and O,.B= 64 mm. The 
d istance from 0 4 10 F ill is 48 mm. If the input velocity I' ill is a constant magnitude of 
3 mJsec. find the output acceleration over the range of molion. 

'U7-56 A traclor-trJi]er tipped over while negotiating an on-ramp 10 the New Vorl:: Thruway. 
The TOad has a 50-fl radius at that point and tilts 3" toward the outside o f the curve. 
The 45-ft -Iong by Soft-wide by S.5-ft-high troi lerbox ( 13 fl from g round to top) 
was loaded wilh 44 415 Ib of paper rolls in two rows by two layers as shown in 
Figure 1>7-25. The rolls are 40 in c1iumeler by 38 in long. and weigh about 900 Ib 
\!ach. They are wedged (lgainst backward ro lling bUI not against sidewards sliding. 
The empty tf'Jiler weighed 14 000 lb. The driver claims that he was traveling at less 
th:m 15 mph and Ihal the load of paper shifled imide the trai ler. slruck the trailer 
sidewall. and tipped the truck. The paper company Ihlll ioaded the truck claims the 
load was properly stowed and would not shi ft at that speed. Independenl tests of the 
coefficient of friction between similar paper rolls and a similar trai ler floor give a 
vll lue of 0.43 ± O.OS. The composite center of gravity of the loaded trailer is 
estimated to be 7.5 ft above the road. Dctemline the truck speed thaI would cause !he 
truck to JUSt begin to tip and lhe speed al which the rolls will just begin 10 slide 
sideways. What do you th ink caused the accident? 

t7-57 FiguJ'C P7-26 shows a V-belt dri ve. The sheaves have pitch diamcter.; of 150 and 300 
mm. respect ively. The smaller shcuve is driven a\ a constnnt 1750 rpm. For a cross
sectional di fferential element of the belt. write the equations of its accelemtion for 
one complete trip around both sheaves including its travel between the sheaves. 
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C 

L2"" 1.00 in 
L4;4.76 ;" 
L~ ; 4.55 

92 ; 99° 

0 4 0 2 ; 1.69@ 15.5° 

x 

FIGURE P7 · 23 

Problems 7·53 to 7-54 From P. H. HIH 000 W. P Rule. (1960). MecnClf1ism5; Ano/ysJs and DesIgn 

Compute and plot the acceleration of the differential e lement ver5US time for one 
circuit around the belt path. What does your analysis tell about the dynamic behavior 
of the belt? Relate your findings to your personal observation of a belt of this type in 
operation. (Look in your school's machine shop or under the hood of an automo· 
bile-but mind your fingers!) 

t7·58 Write a program using an equation solver or any computer language to solve for the 
displacements. velocities. and accelerutions in an offset slidcr-crank linkage as shown 
in Figure P7·2 (p. 357). Plot the variation in all links' angular and all pins' linear 
positions. veloci ties. and accelerJtions with a constant angular veloci ty input to the 

FIGURE P7 - 25 

Problem 7.-.56 

371 

drum 

P' 

Fm., 
Amll 

0' 

A 

A' 0, 0, 

FIGURE P7 - 24 

Problem 7·55 

t TlIese problems are 

suned 10 solufion using 
Mallrcnd. Matlah. or 
TKSal" er equatioo solver 

programs. 
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t NOle th3t these can be 

long problems to solve and 
may be mort. appropriate 
for a project assignmem 
than an overnight problem. 
In most cases. the solution 
can be checked with 
progrnm FOUR8AII.. 

FIVI:!HAR. SLII)ER. or 
SIXU"R. 

DESIGN OF MACHI NellY CHAPTER 7 

FIGURE P7·26 

Problem 7-57 A two-groove V-belt drive CO(Xfesy Of r B Wood's SOns Co .• Chom/:Ief$OI.IIQ. PA 

crank over one revolution for both open and crossed configurations of the linkage. 
To test the program. use data from row Il of Table P1-2 (p. 357). Check your results 
with program SLIDER. 

t7_59 Write a computer program or use an equation solver such as Mml1clUl. Matilib. or 
TKSo/rtr to solve for the displacements. velocit ies. and accelernlions in an invened 
slider-cmnk linkage as shown in Figure P7-3 (p. 358). Plot the variation in all links' 
angular and all pins' linear positions. velocities. and Decelerations with a constant 
angular veloci ty input to the crank over one revolUlion for both open and crossed 
configurations of the linkage. To test the program, use data from rowe of Table P7-3 
(p. 358) except for the value of Q2 which wi tt be sef fo zero for this exercise. 

t7_60 Write a computer program or use an equation solver such as Marhcad. Marlab, or 
TKSoh'er to solve for the displacements, Velocit ies, and accelerations in a geared
fivebar linkage as shown in Figure P7-4 (p. 359). PIOIthe variation in att links' 
angular and all pins' linear positions, velocities, and accelerations with a constant 
angular veloci ty input to the crank over one revolution for both open and crossed 
configurations of the linkage. To lestlhe program, use data from row a of Table P7-4 
(p.359). Check your results with program FIVEBAR. 

7-61 Find the acce leration of thc s lider in Figure 3-33 (p. 142 ) for the position shown 
if 62 '" 1100 with respect to the global X-axis assuming a constant fll2 '" I rad/sec CWo 

a. Using a graphical method. 
tb. U~ing an analytical method. 

t7-62 Write a computer progrnm or use an equation solver such as MlIfhc(I(/, Matlab. or 
TKSoll"t!r to caleulate and plOt the angular acceleration of link 4 and the linear 
acceleration of sl ider 6 in the sixbar slider-crank linkage of Figure 3-33 (p. 142) as a 
function of the angle of input link 2 for a constant fll2 ,. I rad/sec CWo Plot A r both 
as a function Or 62 and separately as a function or slider position as shown in the 
figure. 

7-63 Find the angular acceler:uion of link 6 of the linkage in Figure 3-34 pan (b) (p. 143) 
for the p!Y.>i tion shown (Ot.:: 9()0 wi th respect to the .t-axis) a%uming constant fll2:: 10 
rad/sec Cw. 
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a. Using a graphical method. 
t b. Using an analytical method. 

t7_64 Write a computer program or use an equation solver such as Malhead. Matlab, or 
TKSolI'er to calculate and plot the angular acceleration of link 6 in the sixbar linkage 
of Figure 3-34 (p. 143) as a function of62 for a constant 00:2 = I fad/sec CWo 

7-65 Find the angular acceleration of link 6 of the linkage assl1ming constant 00:2 :::: 10 rad/ 
sec CCW when O;! = 90°. Use a compass and straighted~e to draw the the linkage in 
Figure 3-35 (p. 143) wi th link 2 at..90° and 

a. Using a graphical method. 
tb. Using an analytical method. 

t7_66 Write a computer progmm or use an equation solver such as Mathcad. Mallah. or 
TKSolw!r to calculate and plot the angular acce leration of link 6 in the six bar linkage 
of Figure 3-35 (p. 143) as a function of 62 for a constant 00:2 :::: I rad/sec CCW. 

t7_67 Write a computer program or use an equation solver such as Mathead. Mallab. or 
TKSo!l'er to calculate and plot the angular acceleration of link 8 in the linkage of 
Figure 3-36 (p. 144) as a function of 82 for a constam 00:2 :::: I rad/sec CCW. 

t7-68 Write a computer program or use an equation solver such as Mathcad. Mallab, or 
TKSoII'er to calculate qnd plot magnitude and di rection of the acceleration of point P 
in Figure 3-37a (p. 144) as a function of 82. Also calculate and plot the accelerat ion 
of point P versus point A. 

t7-69 Repeat problem 7-68 for the linkage in Figure 3-37b (p. 144). 

7-70 Find the angular accelerations of links 3 and 4 and the linear accelerations of points 
A, B. and Pt in the XY coordinate system for the linkage in Figure P7-27 (po 374) in 
the poSition shown. Assume that 82 :::: 45° in the XY coordinate system and ClI2 = 10 
rad/sec, constant. The coordinates of the point P t on link 4 are (114.68, 33.19) with 
respecl tO the .\)' coordinate system. 

a. Using a graphical method. 
t b. Using an analytical method. 

17_71 Using the data from Problem 7-70, write a computer program or use an equat ion 
solver such as Methead. Matlab, or TKSoll'er to calculate and plO! magnitude and 
direction of the absolute accelerat ion of point Pt in Figure P7-27 (p. 374) as a 
function of82. 

7-72 Find the angular accelerations of links 3 and 4, and the linear acceleration of point P 
in the XY coordinate system for the linkage in Figure P7-28 (p. 374) in the posi tion 
shown. Assume that 82 ::_94.12 1° in the XY coordinate system, (02:::: I rad/sec, 
and (12 = 10 rad/sec2. The position of the coupler point P on link 3 with respect 
to point A is: p = 15.00.lh:: 0°. 

a. Using a graphical method. 
tb. Using an analytical method. 

t 7-73 For the linkage in Figure P7-28 (p. 374). write a computer program or use an 
equation solver such as Mat/rcatl, Mat/ab. or TKSoil'er 10 calculate and plol the 
angular velocity and acceleration of links 2 and 4. and the magnitude and direction of 
the velocity and acceleration of point P as a function of 8 2 through its possible range 
of motion stru1ing at the posi tion shown. 11lc position of the coupler point P on link 3 
wi th respeclto point A is: p = 15.00. SJ "" 0°. Assume that. @ t:::: 0, 82 = -94. J 21 ° in 
theXY coordinate system, 00:2 = 0, and (12 = 10 rad/sec2. constant. 

t Note thatlhese can be 
long problems to solve and 
may be more appropriate 
for a project assignment 
than an overnight problem. 
In most cases. the solu tion 
can be checked wilh 
program FOURBAR. 

SLIDER. or StXBAR. 
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FIGURE P7 · 27 

Problems 7·70 10 7·71 An 011 field pump· dimensions In Inches 

7·74 Derive analytical expressions for the accelerations of points A and 8 in Figure P7-29 
as a function of 93 _ CllJ. (13. and tilt: length AB of link 3. Use a veclOr loop equation. 
Code them in an equation solver or a programming language and plOlthem. 

7-75 The linkage in Figure P7-30a (p. 376) has link 2 at 1200 in the global XY 
coord inate system. Find <X(, and A D in the global ~rdintlle system for the 
position shown if (1)2:: 10 rad/sec CCW and (12 ; ' 50 rad/sec2 CWo Use the 

0, 1--~t- 2.19 

6.948 

9.174 

4 
p 

12.971 

3 

FIGURE P7 -28 

Problems 7·72 to 7·73 An aircraft overheod bin mechanism· dimensions In Inches 
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acceleration difference graphical method. (Print the figure from its PDF file on 
the CD· ROM a nd draw on it.) 

'7-76 The linkage in Figure P7-30a (p. 376) has link 2 at 1200 in the g lobal XY coordinate 
system. Find <X(, and AD in the global coordinate system for the position shown if 
ffi2 '" 10 fad/sec CCW and (11 '" 50 rad/sec2 CWo Use an analytical method. 

7-77 The linkage in Figure P7-30b (p. 376) has link 3 perpendicular to the X axis and links 
2 and 4 are parallel to each other. Find 04. AA. An. and ~p if ffi2 = 15 rad/sec CW and 
(12:; 100 rod/ secl CWo Use lhe acceleration difference graphical method. (Print the 
figure from ilS PDF file on the CD· ROM and draw on iL) 

-7-78 The linkage in Figure P7-30b (p. 376) has link 3 perpendicular \0 the X axis and links 
2 and 4 are paralle l to each other. Find Il.j. AA. As, and AI' if ffi2 '" 15 rad/sec CW and 
(12'" 100 rad/sec2 CWo Use an analytical method. 

7-79 The crosshead linkage shown in Figure P7-3OC (p. 376) has 2 DOF wilh inputs at 

crossheads 2 and 5. Find A B. A p). and A,,4 if the crossheads are each moving toward 
the origin of lhe XY coordinate system with a speed of 20 in/sec and are decelerating 
at 75 in/secl . Use the acceleration difference method. (Print the figure from its PDF 
file on the CD-ROM and draw on it.) 

"7-80 The crosshead linkage shown in Figure P7-3Oc (p. 376) has 2 OOF with inputs at 
(,rossheads 2 and 5. Find As. A1'3. and A/'4 if the crossheads are each moving toward 
the origin of the XY coordinate system with a speed of 20 in/sec and are decelerating 
at 75 in/sec2. Use an analytical method. 

ot7_8l Thecrosshead linkage shown in Figure P7-3Oc (p. 376) has 2 DOF with inputs at 

crossheads 2 and 5. At I '" 0, crosshead 2 is at rest at the origin of the global XY coordinate 
system and crosshead 5 is at rest at (70, 0). Write a computer program to find and plot 
AI') and A /'4 for the first 5 sec of mOlion if A2 '" 0.5 in/sec2 upward and A 5 '" 0.5 in/ 
sec2 to the left. 

7·82 The linkage in Figure P7-JOd (p. 376) has the path of slider 6 perpendicular to the global 
X axis and link 2 aligned with the global X axis. Find (12 and AA in the position shown if 
the velocity of the slider is conSllUlt at 20 in/sec downward. Use the acceleration 
difference graphical method. (Print the figure from ils PDF file on the CD-ROM and 
draw on it.) 

'7-83 The linkage in Figure P7·3Od (p. 376) has the path ofslidcr 6 perpendicular to tlle global 
X axis and link 2 aligned with the global X axis. Find (12 and AA in the position shown if 
the velocity of tl'IC slider is constant at 20 in/sec downward. Use rul analytical method. 

&7-84 The linkage in Figure P7-3Od (p. 376) has the path of slider 6 perpendicular to the 
global X axis and link 2 aligned with the global X axis at I '" O. Write a computer 
program or use an equation solver to find and plot AD as a function of 92 over the 
possible range of motion of link 2 in the global XY coordinate system. 

ot7_85 For the linkage of Figure P7-3Oe (p. 376), write a computer program or use an 
equation solver to fi nd and plot AD in the global coordinate SYSTem for one revolution 
of link 2 if (02 is constant at 10 tad/sec Cw. 

7-86 The linkage of Figure P7-JOf (p. 376) has link 2 at 130" in the global XY coordinate 
sySlem. Find AD in the global coordinate system for The position shown if 1.02 '" 15 rad/sec 
CW and (12 '" 50 rad/sec2 CWo Use the acceleration difference graphical method. (Print 
the figure from its PDF fil e on the CD-ROM and drJ.w on il.) 

7 

FIGURE P7 -29 

Elliptical trammel -
Problem 7-74 

• TIlese probtems are 
suited to solution using 
MmliclId. Mat/lib. or 
TKSo/,'u equaTion solver 
progrnms. 

t Note thm these can be 

long problems to solve and 
may be more appropriate 
for a project assignmem 
than an overnighl probtem. 
In most cases. the solution 
can be checkcd with 
progrnm FOURBAR. 
SUDER. or SIXBAR. 
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02 A :: 6.20 
0 4 8 ::3.00 
AC::2.25 
BC .. 2.25 
CD:: S.W 
BO~:: 11 0" 

(0) Sixbar linkage 

3 

AB:: 34.32 
BC '" 50.4 
AP) .. 31.5 
BP) '" 22.2 
BP4",41.52 
CP4=27 

ee) Duol crossheod mechanism 

Y, c 

L2",5 Lp:5 LS'" 15 BC=8 
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FIGURE P7 -30 

Problems 7-75 to 7-86 

x 

0 , 

DESIGN OF MACHINERY CHAPTER 1 

C"--- x 

LI =4.43 L,.=2.75 
L]:: 3.26 ~ = 2.15 
AP", 1.63 

(b) fourbor linkage 

4= 12 
L3 = 24 
Ls=24 
0 4 8::: 18 
04C:: 18 

i-----~~ 46.' 

Uz = 5.0 
L] '" 8.4 
L4 = 2.5 
Ls = 8.9 
L6'" 3.2 
L7 = 6.4 
0 20 4 = 12.5 
AC:: 2.4 
CD =5.9 

.• 

(d.) Slxbar Onkoge 

Y 

x . ." 
(f) Eightbor mechonlsm 



CAM DESIGN 
It is nIllch easier (0 deJi II/~a" fQJ'erform 
SAMUEL JOHNSON 

-
8.0 INTRODUCTION 

ChaPte,8 

Cam-follower systems are frequently used in all kinds of machines. The valves in your 
automobi le cngine are opened by cams. Machines used in the manufacture of many con
sumer goods are full of cams. Compared 10 linkages, cams are easier to design to give a 
speci fic output function, bUl lhey are much more difficult and expensive to make than a 
linkage. Cams are a fonn of degenerate fourbar linkage in which thc coupler link has 
been replaced by a half joint as shown in Figure 8-\ (p. 379). This lopic was discussed 
in Section 2.9 (p. 42) on linkage transfonnation (see also Figure 2-10, p. 43). For any 
one instantaneous position of cam and follower, we can substitute an effective linkage 
thaI will. for that instantaneous position. have the same motion as the original. In effect, 
the cam-follower is a fourbar linkage with variable- length (effect ive) links. It is this 
conceptual difference that makes the cam-follower such a fle xible and useful function 
generator . We can specify virtually any output function we desire and quite likely cre
ate a curved surface on the cam to generate that function in the motion of the follower. 
We are nOI limited to fixed- length links as we were in linkage synthesis. The cam-fol
lower is an extremely useful mechanical device, without which the machine designer's 
tasks would be more difficult 10 accomplish. But. as with everything else in engineer
ing, there are lrnde-offs. These will be discussed in later sections. A list of the variables 
used in this chapter is provided in Table 8- 1 (p.378). 

This chapter wi ll present the proper approach 10 designing a cam-follower system. 
and in the process also present some less than proper designs as examples of the prob
lems that inexperienced cam designers onen get into. Theoretical considerations of the 
mathematical functions commonly used for cam curves will be discussed. Methods for 
the derivmion of custom polynomial funct ions, to suit any set of boundary conditions, 
will be presented. The task of siz.ing the cnm with considerations of pressure angle and 
radius of curvatu re will be addressed, and manufacturing processes and their limitations 

317 
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TABLE 8· 1 Notation Used In This Chapter 

t = time, seconds 

e .. camshaft angle, degrees or radians (rod) 

ffi = camshaft angular velocity, rod/sec 

DESIGN OF MACHINERY CHAPTER IS 

~ = total angle 01 any segment. rise. fall. or dwelt, degrees or rod 

h = total 11ft (rise or foli) of anyone segment, length units 

5 or S . follower displacement, length units 

v = dsl dfJ . follower velocity. length/rod 

V = dSldt .. follower velocity. length/sec 

a=- dvldfJ. follower acceleraNon, lenglh/rad2 

A = dV/dl . follower acceleration. lenglh/sec2 

j'" do/de .. follower Jerk. length/rad3 

J = dA/dt .. follower Jerk. length/sec3 

5 va J refer to the group of diagrams, length units versus radions 

S V A J refer to the group of diagrams, length units versus time 

I?b" bose circle radius, length units 

I?p'" prime circle radius. length units 

R,= roller follower radius. length units 

E '" eccentricity of com-follower. length units 

<II = pressure angle. degrees Of radians 

p : ratllus o f curvature of com surface. length units 

Pp;tcn" radius of curvature of pitch curve. length unUs -

Pmin '" minimum radius of curvature of pUch curve Of cam surface. length units 

discussed. The computer program DYNACAM will be used throughout the chapter as a 
tool to present and illustrate design concepts and solut ions. A user manual for this pro
gram is in Appendix A. The reader can refer to that section at any time without loss of 
continuity in order to become ram iliar with the program's operation. 

8.1 CAM TERMINOLOGY 

Cam-follower systems can be classified in seve ral ways: by type offollower motion. 
either translating or rotating (osci ll at ing): by type of cam. radial. cylindrical. 
three-dimensional: by type ofjoint closllre. eit her force- or form-closed: by type of 
follower. curved or fl a t. rolling or sliding; by type of morion cOl/strail//s. critical 
extreme position (C EP), critical path moti on (CPM ): by type of motion program, 
rise-fall (RF), rise-full-dwell (RFD), rise· dwell-fall -dwell (RDFD). We will now 
disc uss each or these class ificat ion schemes in more detail. 
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Type of Follower Motion 

Figure 8- la shows a system with an oscillating. or rotating. follower . Figure 8- 1 b shows 
a translating fo llower. These are analogous to the crank-rocker fourbar and the slider
crank fou rbar linkages, respectively. An effective fourbar linkage can be substituted for 
the cam-follower system for any instantaneous position. The lengths of the effective 
links are de termined by the instantaneous locations of the centers of curvature of cam 
and follower as shown in Figure 8- 1. The velocities and acceleralions of the cam
follower system can be found by analyzing the behavior of the effective linkage for any 
position. A proof of this can be found in reference Ll J. Of course, the effective links 
change length as the cam-follower moves giving it an advantage over a pure linkage as 
this allows more nexibility in meeting the desired motion constraints. 

Follower 
Effective link 3 

Half joint Effecthe link 2 

C.m Spring 

( ( 

Effective link 4 

(0) An oscll!ating cam-fOllower hO$ on effective pin-Jointed fourbar equivalent 

Instantaneous center 
of cam ,;" ' ''';'' 

Half joint EffeC"ti\ c lint.. 3 
C.m Effective lint.. 

( ( 
00, 

Spring Effecllve 11O t.. 4 
Follower Effecti \'c link I 

(b) A tronslating com-follOwer has on effective fourbor sllder+crank equivalent 

FIGURE 8-1 

Effective linkages In the com-follower mechonlsm 
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• More illforma!ion on 
desmodromic cam-follower 
mecllanisms can be found 
at hnp:l/roembern cbello Ill! 

-"'gj ianSCn! where a 
number of models of their 
commercial implementa
lions can be viewed in 
operation as movies. 

DESIGN OF MACHINERY CHAPTERS 

The choice between these two fonns of the cam-follower is usually diclaled by the 
type of output motion desired. If true rectilinear translation is required, then the trans
lating follower is diclated. If pure rotation output is needed, Ihen the oscillator is the 
obvious choice. There are advantages to each of these approaches, separate from their 
motion characteristics. depending on the type of fo llower chosen. These will be dis
cussed in a later seelian. 

Type of Joint Closure 

Force and form closure were discussed in Section 2.3 (p. 26) on the subject of joints 
and have the same meaning here. Force closure, as shown in Figure 8-1 (p. 379), reo 
quires all exrema/ force be applied to tlte joim in order to keep the two links, cam and 
fo llower, physically in contac!. This force is usually provided by a spring. This force. 
defined as positive in a direction that closes the joint, cannot be allowed to become nega
tive. If it does, the links have lost contact because aforce-closed joillt call ollly push, IIOt 
pull. Form closure. as shown in Figure 8-2, closes the joilll by geometry. No external 
force is requi red. There are really two cam surfaces in this arrangement, one surface on 
each side of the follower. Each surface pushes, in its tum. to drive the follower in both 
d irections. 

Figure 8-2a and b shows track or groove cams that capture a single follower in the 
groove and both push and pull on the fo llower. Figure 8-2c shows another variety of 
fonn-closed cam-follower arrangement. called conjugate cams. There are two cams 
fixed on a common shaft that are mathematical conjugates of one another. Two roller 
followers, attached to a common arm. are each pushed in opposite directions by the con
juga'i cams. When fornI-closed cams are used in automobile or motorcycle engine valve 
trains, they are called desmodromic· cams. There are advantages and disadvantages to 
both force- and form-closed arrangements that will be discussed in a later section. 

Type of Follower 

Follower, in this context, refers only to that pan of the follower link that contacts the cam. 
Figure 8-3 (p. 382) shows three common arrangements, n at-faced, mushroom (curved). 
and roller . The roller follower has the advantage of lower (roll ing) friction than the slid· 
ing contact of the other two but can be more expensive. Fla t-faced followers can pack· 
age smaller than roller followe rs for some cam designs and are often favored for that 
reason as well as cost for automotive valve trains. Roller followers are most frequently 
used in production machinery where their ease of replacement and availability from bear
ing manufacturers' stock in any quantities are advantages. Grooved or track cams require 
roller followers. Roller followers are essentially ball or roller bearings with customized 
mounti ng details. Figure.8-5a (p. 383) shows two common types of commercial roller 
followers. Flat- faced or mushroom followers are usually custom designed and manu
fac tured for each application. For high-volumc appl ications such as automobile engines, 
the quanti ties are high enough to warrant a custom-designed follower. 

Type of Cam 

The di rection of the follower's motion relative to the ax is of rotalion of the cam de· 
termi nes whcther it is a radial or axial cam. All cams shown in Figures 8-1 to 8-3 
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Half joinl Follower 

( Follower ( 

Track or groove 

Track or groove 

(a) Form-clOsed com with IrOn$lOIlng fOllower (b) Form-c1Osed com with oscillating fOllower 

Conjugate I 

( 
(c) Conjugate cams on common shott 

Conjugate 2 

FIGURE 8-2 

Form-c1Osed com-follower systems 

are radial cams because the follower motion is generally in a radial direction . Open 
radial cams are also called plate cams. 

Figure 8-4 (p. 382) shows an axial cam whose follower moves parallel to the axis 
of cam rotatjon. This arrangemem is also called a face cam if open (force-closed) and a 
cylindrical or barrel cam if grooved or ribbed (fonn-closed). 

Figure 8-5b (p. 383) shows a selection of cams of various types. Clockwise from 
the lower left. they are: an open (force-dosed) axial or face cam; an axial grooved (track) 
cam (fonn-closed) with external gear; an open radial. or plate cam (force-closed); a 
ribbed axial cam (fonn-closed); an ax ial grooved (barrel) cam. 

Follower 
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Follower Follower 

Spring Spring Spring 

( C,m ( Crun ( C,m 

(0) Roller follower (b) Mushroom follower (e) FlOt-faced follower 

FIGURE 8 -3 

Three corrvnon types Of com fOiowers 

A three-dimensional cam or camoid (not shown) is a combination of radial and 
axial cams. It is a Iwo-degree-of-frcedom system. The two inputs are rotalion of the cam 
about its axis and translation of the cam along its axis. The follower motion is a function 
of btith inputs. The follower tracks along a different portion of the cam depending on 
the axial inpul . 

Cam Ualf joint 

( 

Follower 

FIGURE 8 - 4 

Axial. cylindricoL Of barrel com wtth fOfm-cIosed, translating followEIf 
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(a) Commercial roller followers 
COImuy of McGill MOlJlif(lClurj"g Co. 

Sowil 8eI/J.IN 

FIGURE 8-5 

Cams ond roller follOwers 

Type of Motion Constraints 

(b) Commercial cams 01 various types 
Courtesy of Tile FerguSOlt CQ. 

Sr. /..I:mis.MO 

There are two general categorics of motion constraint , critical extrt!me position (CEP: 
also called endpoint specification) and crit ica l pa th motion (CPM). C ri tical extre me 
position refers to the case in which the design specificat ions define the start and fi nish 
positions of the follower (i.c .. extreme positions) but do not specify any constraints on 
the path motion between the extreme positions. This case is discussed in Sections 8.3 
and 8.4 and is the easier of the two to design as the designer has great freedom to choose 
thc cam func tions thai control the motion between extremes. C ritical pa th motion is a 
more constrained problem Ih'1I1 CEP because the path motion, and/or one or more of its 
derivatives lire defined over all or part of the interval of motion. This is analogous to 
function general ion in the linkage design case except that with a cam we can achieve a 
continuous output function for the follower. Section 8.5 (p. 42 1) discusses this CPM 
case. It may only be possible to create an approximation of the specified function and 
still maintain suitable dynam ic behavior. 

Type of Motion Program 

The motion programs rise-fa ll (RF). rise-fall-d well (RFD), and rise-dwell-fall-dwell 
(RDFD) all refer mainly to the CEP case of motion constraint and in effect define how 
many dwells are present in the full cycle of motion. either none (RF), one (RFD), or more 

383 
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than one (ROFD). Dwells, defined as "0 OlllplII motion/or a specified IJeriod 0/ input 
mOlio". are an important fealUre of cam-follower systems because il is very easy to cre· 
ate exact dwells in these mechanisms. The cam-follower is the design type of choice 
whenever a dwell is required. We saw in Section 3.9 (p. 136) how to design dwell link· 
ages and found Ihm at best we could obtain only an approximate dwell. The rcsulling 
single- or double-dwell linkages tend to be quite large for their output motion and are 
somewhat dirficultto design. (See program S\XBAR for some built-in examples ofthesc 
dwell linkages.) Cam-follower systems lend to be more compact than linkages for the 
same output motion. 

If your need is for a r ise-fa ll (RF) CEP motion. with no dwell. then you should reo 
ally be considering a crunk-rocker linkage rather than a cam-follower to obtain all the 
linkage's advantages over cams of reliability. ease of construction, and lower cost that 
were discussed in Section 2.17 (p. 61). If your needs for compactness outweigh those 
considerations. then the choice of a cam-follower in the RF case may be justified. Also. 
if you have a CPM design specification. and the motion or its derivatives are defined over 
the interval. then a cam-follower system is the logical choice in the RF case. 

The r ise-fall -dwell (RFO) and rise-dwell -fall-dwell (ROFD) cases are obvious 
choices for cam-followers for the reasons discussed above. However. each of these two 
cases has its own sel of constraints on the behavior of the cam functions at the interfaces 
between the segments thaI control the rise. the fall. and the dwells. In general. we must 
match the bounda ry conditions (8Cs) of the functions and their derivatives at all inter
faces between the segments of the cam. This topic will be thoroughly discussed in the 
following sections. 

8.2 S V A J DIAGRAMS 

The first task faced by the cam designer is to select the mmhematical functions to be used 
to define the motion of the follower. The easiest approach to this process is to "linear
ize" the cam, i.e., "unwrap it" from its circular shape and consider it as a function plot
ted on cartesian axes. We plot the displacement function s. its first derivative velocity \', 
its second derivative acceleration 0, and its third derivative jerkj, all on aligned axes as 
a function of camshaft angle 8 as shown in Figure 8-6. Note that we can consider the 
independent variable in these plots to be either time I or shaft angle 8, as we know the 
constant angular velocity {Oof the camshaft and can easily convert from angle to time 
and vice versa. 

(8.1) 

Figure 8-6a shows the specifications for a four-dwell cam thnt has eight segments, 
RDFOROFD. Figure 8-6b shows the s l' aj curves for the whole cam over 360 degrees 
of camshaft rotation. A cam design begins with a definition of the required cam func
tions and the ir s \' 0 j diagrams. Functions for the nondwell cam segments should be 
chosen based on their velocity. acceleration. and jerk characteristics and the relationships 
at the interfaces between adjacent segments including the dwells. These funclion char
acteristics can be conveniently and quickly investigated with program DVNACAM which 
generated the data and plots shown in Figure 8-6. 
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Fooc:tion: ""'" mod ... mod,,, simp llarm 

Segment: 2 3 4 5 , 7 8 

....... F..- ''''' "" '"" N"_ "'" .. - - 'V~ ?:>.. -<"~ t:'- • • I>-

, 60 Cycioid rise 0 60 
2 0w0I 60 90 30 
3 ModSilelai 90 '50 60 'tA 'V A ~ 
• 0w0I '50 100 30 
5 ""'''' "" '80 240 60 

, , Ow~ 240 270 30 
7 Si~rmfal 270 330 60 
8 0w0I 330 360 30 

(0) Cam program specifications 

o 90 ,., 270 

(b) Plots of cam-follower's s v oJ diagrams 

CyclOldaL modified Sine, modified trapezoid , and Simple harmonIC motion functions on a four-dwel cam 

8.3 DOUBLE-DWEll CAM DESIGN-CHOOSING 5 V A J 
FUNCTIONS 

Many cam design applications require multiple dwells. The double-dwell case is quite 
common. Perhaps a double-dwell cam is driving a part feeding Slation on a production 
machine that makes toothpaste. This hypothetical cam 's follower is fed an empty tooth
paste tube (during the low dwell), then moves the empty tube into a loading station (dur
ing the rise), holds the tube absolutely still in a critical extreme position (CEP) while 
toothpaste is squined into the o pen bottom of the ture (during the high dwe ll). and then 
retracts the fi lled tube back to the starting (zero) position and ho lds it in this other crit i
cal extreme position. At this point. another mechanism (during the low dwe ll) picks the 
tube up and carries it to the next operation, which might be to seal the bottom of the tube. 
A sim ilar cam could be used to feed. align. and rclractthe lube at the bottom-scaling sta
lion as well . 

Cam specifications such as this are onen depicted on a timing diagram as shown in 
Figure 8-7 which is a gmphica[ representation of the specified events in the machine 
cycle. A machine's cycle is defined as 011(' rel!olUliOfl of its master dr;\'eslw/t . In a com
plicated machine, such as our toothpaste maker. there will be a timing diagram for each 
subassembly in the machine. 1lle time relationships among all subassemblies are defined 
by thei r timing d iagrams which are all drawn on a common time ax is. Obviously all 
these operations must be kept in precise synchrony and time phase for the machine to 
work. 

360 
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MOliol1 
mm or in 
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High 
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fiGURE 8 -7 

Cam timing diagram 

90 

0.25 

180 

0.50 

270 

0.75 

360 Calli wIgle e deg 

1.0 Time I see 

This simplc example in Figure 8-7 is a c ritical extreme position (CEP) case, because 
nothing is specified about the functions to be used to get from the low dwell position (one 
extreme) to the high dwell position (other extreme). The designer is free to choose any 
func tion that will do the job. Note thai these specifications contain only infonnation 
about the d isplacement function. The higher derivatives are not specifically constrained 
in this example. We will now use this problem to investigate several different ways to 
meet the specifications. 

;l:nEXAMPLE 8-' 

Naive Cam Design-A Bad Cam. 

Problem: 

Solution: 

Consider the following cam design CEP specilieation: 

dwell 
rise 
dwell 
rail 
cam ro 

at zero displacement for 90 degrees (low dwell) 
I in (25 mm) in 90 degrees 
at I in (25 mm) for 90 degrees (high dwell) 
I in (25 mm) in 90 degrees 
21t rad/sec = I rev/sec 

TIle naive or inexperienced cam designer might proceed with a design as shown in Figure 8-8a. 
Taking the given specifications literally. it is tempting to merely "connect the dots" on the 
timing diagram to create the displacement (s) diagram. (After all. when we wrap this s diagram 
around a circle to create the actual cam. it wi ll look quite smooth despite the sharp comers 
on the s diagram.) The mistake our beginning designer is making here is to ignore the 
effect on the higher derivatives of the displacement function that results from this sim
plis tic approach. 

2 Figure 8-8b, c, and d shows the problem. Note thaI we have to treat each segment of the cam 
(rise. fall. dwell) as a separate entity in developing mathematical functions for the cam. Tak
ing the rise segment (#2) first. the displacement fu nction in Figure 8-8a during this ponion 
is a straight line. or first-degree polynomial. The general equation for a straight line is; 

y==mx+b (8.2) 
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where m is the slope: of the line and h is the y intereepl. SubstilUting variables appropriate to 
this example in equation 8.2. angle e replaces the independent variable x, and the displace
ment s replaces the dependent variable y. By definition, the constant slope m of the displace
ment is the velocity constant K," 

3 For the rise segment, the y intercept h is zero because the low dwelt position typically is taken 
as zero displacement by convention. Equation 8,2 then becom-es: 

s.= K"e (8.3) 

4 Differentiating with respeclto e gives a function for velocity during the rise. 

v = K ~ = constant (8.4) 

5 Differentiating again with respect to e giYes a funclion for accelerat ion during the rise. 

0=0 (8.5) 

This seems too good to be lrue (and il is). Zero acceleration means zero dynamic 
force. This cam appears to haye no dynamic forces or stresses in it! -

, 
High 

Rise dwcll Fall 

" -1-- • 
(0) Low • 

dwell 
0 

, I e deg 

(0) 
0 

e deg 

(e) 0 Q I ~I ~! 
• J J • 

, "'8 

j I 

~l (d ) 0 1 ~l ~l r • e deg 
~ ~ . ~ ~ 

0 90 180 270 360 

FIGURE 8 · 8 

The s v 0 J dlagroms 01 0 'bad' com design 

.. 7 
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Figure 8-8 (p. 387) shows what is really happening here. ]fwe re turn lothe displace
ment func lion and graphically differentiate illwice, we will observe that. from the defi
nition of the derivative as the instantaneous slope of the function. the acceleration is in 
fact zero during t he inter val. 811t. lit the boundaries of fhe illluWlI. where rise meets 
low dwell on one side and high dwell on the other, nOle that ,lte \'C/QciIY/Ullctioll is 111111· 

liral/led. There are discontinuities at these bollndaries. The effect of these discontinui· 
ties is to create a portion of the velocity curve that has infinite slope and zero duration. 
This results in the infinite spikes of acceleration shown at those points. 

These spikes are more properly called Dirac delta functions. Infinite acceleration 
cannot reall y be obtained. as iI requires infi nite force. Clearly the dynamic forces will 
be very large at these boundaries and wi ll create high stresses and rapid wear. In fact, if 
this cam were built and run at any significant speeds. the sharp comers on the displace
ment diagram that are creating these theoretical infinite accelerations would be quickly 
worn to a smoother contour by the unsustainable stresses generated in the materials. This 
is an lillacceprobfe (Iesigll. 

T he unacceptability of this design is reinforced by the j erk diagram which shows 
theoretical values of ±infinity at the discontinuities (the doublet function). The prob
lem has been engendered by an inappropriate choice of displacement function. In fact, 
the cam designer should not be as concerned with the displacement func tion as with its 
higher derivatives. 

The Fundamental Law of Cam Design 

Any cam designed for operation at other than very low speeds must be designed with the 
fo llowing conslraints: 

The cam [unctioll nIlISI be contilll/Oll.f throl/gh the firsr(md second (Ieril'util'lts 0/ dis· 
placemem across tile efllire jfllen'al (360 degrees). 

Corollary: 

TIle jerkfimclion IIII1St be finite across the elllire imen'al (360 (Iegrees). 

In any but the simplest of cams. the cam motion program cannot be defined by a 
single mathematical expression, but rather must be defined by several separate functions. 
each of which defines the follower behavior over one segment. or piece. of the cam . 
These expressions arc sometimes called piecewise fimcliom.·. 111ese functions must have 
third-order continuity (the fu nct ion plus two derivatives) at all boundaries. The dis
placement, velocity and acce leration functions must have no discontinuities in 
the m! 

If any discontinuit ies exist in the acceleration function. then there will be infinite 
spikes. or Dirac del ta functions. appearing in the derivative of acceleration, jerk. Thus 
the corollary merely restates the fu ndamental law of cam design. Our naive designer 
failed to recogn ize that by starting with a low-degree (linear) polynom ial as the displace
ment function. discontinu ities would appear in the upper derivatives. 

Polynomial functions are one of the best choices for cams as we shall shortly see. but 
they do have one fnul! that can lead to trouble in this application. Each time they are differ
entiated. they reduce by one degree. Eventually. after enough differentiations. polynomials 
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degenerate to zero degree (a constant value) as the velocity function in Figure 8-Sb (p. 387) 
shows. Thus, by sianing with a fi rst-degree polynomial as a displacement function, it was 
inevitable that discontinuities would soon appear in its derivatives. 

In order 10 obey the fundamental law of cam design, one must s tart with at least a 
fifth -degree polynom ial (quintic) as the displacement funct ion for a double-dwell cam. 
This will degenerate to a cubic func tion in the acceleration. The parabolic jerk fun ction 
will have discontinuities. and the (unnamed) derivative of jerk will have infinite spikes 
in it. This is acceptable, as the jerk is SlilLiinite. 

Simple Harmonic Motion (SHM) 

Our naive cam designer recognized his mistake in choosing a s traight-line function for 
the displacement. He also remembered a family of functions he had met in a calculus 
course that have the property of remaining continuous throughout any number of differ
entiations. These are the harmon ic functions. On repeated differentiation, sine becomes 
cosi ne. which becomes negative sine , which becomes negative cosine, etc., ad infin itum. 
One never runs OUI of derivatives with the harmonic fam ily of curves. In fact. differen
tiation of a hamlOnic function really only amounts 10 a 90° phase shift o f the funclion. It 
is as though. when you differentiared it. you cut oot. with a scissors. a different pon.ion of the 
same continuous sine wave function. which is defined from minus infinily 10 plus infinity. 
1be equations of simple hannonic motion (SHM) for a rise motion are: I 

,:%['-=(n%l] (8.") 

." ( 0) 1''''-p2"sm 1tfj (8.6b) 

.'" 0{ 0 1 a=jiT2"c nji (8.6c) 

. "' ( 0) J "'--Iil2"SHl 1tji (8.6d) 

where" is the total rise, or lift, e is the camshaft angle, and ~ is the total angle of the rise 
interval. 

We have here introduced a notlltiol1 to simplify the expressions. The independent 
variable ill our cam functions is e, the camshaft angle. The period of anyone segment is 
defined as the ang le~. Its value can, o f course, be different for each segment. We nor· 
malize the independent variable 9 by dividing it by the period o f the segment~. Both e 
and ~ are measured in radians (or both in degrees). The value of9/p will then vary from 
o to lover any segment. It is a dimensionless ratio. Equations 8.6 define simple har
monic motion and its derivatives for this rise segmenl in tenns ofe/p. 

This family of harmonic functions appears. at fi rst glance. 10 be well suited to the 
cam design problem of Figure 8·7 (p. 386). If we defi ne Ihe displacement funclion to be 
one of the hannonic funclions. we should not " run out of derivatives" before reaching 
the acceleration function. 
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b XAMPLE8-2 --------------------Sophomoric· Com Design-Simple Harmonic Motion-Stili a Bad Cam. 

Problem: 

Solution: 

Consider the S:lfllC cam design CEP specification as in EX3mpic 8- 1 (p. 379): 

dwell 
risc 
dwell 
rail 
cam w 

at zero displacement for 90 degrees (low dwell) 
I in (25 mm) in 90 degrees 
al I in (25 mm) for 90 degrees (high dwell) 
I in (25 mm) in 90 degrees 
2n rJd/sec :z: I rev/st."C 

Figure 8-9 shows a full-rise simple hamlOnic function t applied to the risc segment of OlIrcam 
design problem. 

2 Note that the velocity function is continuous. as it matches the zero velocity of the dwells at 

each end. The peak val ue is 6.28 in/sec (160 mm/sec) at the midpoint of the rise. 

3 The acceleration function. however. is not continuous. It is a half-period cosine cune and 
has nonzcro values at stan and finish Ihm arc ± 78.8 in/sec2 (2.0 mlsec2). 

4 Unfortunately, the dwell fuoctions, which adjoin th is rise on each side. have zero accelm
tion as can be seen in Figure 8·6 (p. 385). Thus there are discontinuities in the accelera
tion ~II cueh c nd of Ihe interm l [hal uses this simple harmonic displacement function. 

5 1'his violutes the fundamcntal law of cam design and creates infinite spikes of j erk at tnt 
ends Oflhi 5 fall in terval. This is :1150 an unllcceptable design . 

~ 

What went wrong? While it is true thaI harmonic functions are differentiable ad 
infinitum. we arc not dealing here with si ngle hamlOnic functions. Our cam function 
over the enlire interval is a piecewise function . (Figure 8-6. p. 385) made up of several 
segments, some of which may be dwell ponions or other funct ions. Adwell will always 
have zero velocity and zero acceleration. Thus we must match the dwells' zero values al 
the ends of those derivatives of any nondwell segments that adjoin them. The simple 
hamlOnic displacement function. when used wilh dwells. docs not satisfy the fundamen
tal law of cam design. Its second derivative, .. ccelerat ion. is nonzero at its ends and thus 
does not match the dwells required in this example. 

The on ly case in wh ich the simple hannonic di splacement function wi ll satisfy the 
fundamen tal law is the non-quick-relum RF case. i.e .. rise in 1800 and fall in 1800 with 
no dwells. Then the cam profile. if run agai nst a flat-faced follower. becomes an eccen
tric as shown in Figure 8-10. As a single continuous (nOi piecewise) function. its deriva
tives are continuous also. Figure 8-11 shows the displacement (in inches) and accelera
tion funct ions (in g's) of an eccentric cam as actually measured on the follower. The 
noise. or "ripple," on the acceleration curve is due to small. unavoidable. manufacturing 
errors. ManufaclUring limitations will be discussed in a later section. 

p 
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Displacement and acceleration os measured on the follower 01 on eccentric com 

Cycloidol Displacement 

The two bad examples of cam design described above should lead the cam designer to 
the conclusion that consideration only of the displacement function when designing a 
cam is erroneous. The bener approach is \0 start with consideration of the higher deriva
tives, especially acceleration. The acceleration function, and to a lesser extent the jerk 
function, should be the principal concern of the designer. In some cases, especially when 
the mass of the follower train is large, or when there is a specification on velocity, that 
function must be carefully designed as well. 

With this in mind, we will redesign the cam for the same example specifications as 
above, This time we will start with the acceleration function. The hannonic family of 
func tions still have advantages that make them allractive for these applications. Fig
ure 8-12 (p. 382) shows a full-period sinusoid applied as the acceleration funct ion. It 
meets the constraint of zero magnitude at each end to match the dwell segments that 
adjoin it. The equation for a sine wave is: 

"=c';'Hl (8.7) 

We have again nonnalized the independent variable a by dividing it by the period 
of the segment p with both e and p measured in radians. The value of alp ranges from 0 
to l over any segment and is a dimensionless ratio. Since we want a ful l-cycle sine wave, 
we must muhiply the argument by 21't. The argument of the sine function wi lt then vary 
between 0 and 2rr regardless of the value of p. The constant C defines the amplitude of 
the sine wave, 

a cos WI 

1 

t , 

( 

a 

FIGURE 8 - 10 

A not-faced follower 
on an eccentric cam 
has simple harmonic 
motion' 

• If a roller follower is 

used illstead of a nm-faccd 
follower, then the lnK:e of 

lhe roller follow~r center 
wi ll still be a lrue 
eccentric, but the cam 
surface will not. This is 

due to the lead-lag error of 
the contXI point of the 
roller wi th the cam surfac~. 
When 1l0inll"uphiU:' lhe 
Conlact paim l~ads the 
follower center and when 
lloing "downhill:' it lugs 

the center. This distorts the 
cam surface shape (rom 

that of • true eccentric 
circ le. However. the 
motion of the follo ..... er will 
be silllpl~ harmonic fIl()(ion 
as defined in Fillure 8- to 
regardless of follower type. 
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Integrate to obtain velocity, 

(8.8) 

where *, is IheconSlani ofinlegralion. Toevaluate *1. substitute the boundary condition 
v = 0 31 e = 0, since we must match the zero velocity of the dwell at that point. TIle con· 
Slanl of integration is then: 

and: (8.9) 

NOle thai subslilUling Ihe boundary values at the other end of the interval . v = 0, e =~, 
will give the same resull for k t . Inlegrale again 10 oblain displacement: 

(8.10) 

To evnluate *2. substitute the boundary condition s = 0 at e = 0, since we must match 
the zero displacement of the dwell at thai point To evaluate the amplitude constant C. 
substitute the boundary condition s = II at a = p, where h is the maximum follower rise 
(or Jifl) required over the interval and is a constant for anyone cam specificalion. 

(8.11) 

Substituting the value of the constant C in equation 8.7 (p. 391) for acceleration gives: 

a::: 21t"';'Sin(21t!) 
~- ~ 

Differentiating with respect to e gives the expression for jerk. 

(8.12a) 
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j=4n
2 ;~co{2n~) (S.12b) 

Substituting the values o f the constants C and k] in equation 8.9 for velocity gives: 

(S. 12c) 

e 

This velocity function is the sum of a negative cosine tenn and a constant term. 1lle 
coefficient of the cosine tenn is equal to the constant teml. This results in a veloci ty 
curve that starts and ends at zero and reaches a maximum magnitude at ~J2 as can be seen 
in Figure 8·1 2. Substituting the values of the constants C, k1' and k2 in equation 8. 10 (p. 
392) for displacement gives: 

(S.12d) 

Note that th is displacement expression is the sum of a straight line of slope II and a nega
tive sine wave. The sine wave is, in effect, "wrapped around" the straight line as can be 
seen in Figure 8· 12. Equation-g·.1 2d is the expression for a cycloid. This cam function 
is referred to either as cycloida l d isplacement or sinusoida l acceler a tion . 

In the fonn presented, with e (in radians) as the independent variable, the units o f 
equation 8. l 2d are length, of equation 8.12e length/Tad, of equation 8. 12a length/Tad2• 

and of equation 8.12b length/rad3. To conven these equations to a ti me base, multiply 
velocity v by the camshaft angular velocity ro (in rad/see), multiply acceleration a by 002, 
andjerk jby ro3, 

b XAMPLES-3 

Junior Com Deslgll-Cycfoidol Displacement-An Acceptable Com. 

Problem: 

Solution: 

Consider the same cam design C EP specification as in E)(amples 8·1 and 8-2: 

dwell 
rise 
dwell 
fa ll 
cam OJ 

al zero displacement for 90 degrees (low dwell) 
I in (25 nun) in 90 degrees 
at I in (25 mm) for 90 degrees (high dwell) 
1 in (25 mm) in 90 degrees 
2n rad/sec = 1 rev/sec 

The cycloidal displacement function is an acceptable one for this double-dwell cam speci
fication. lIS derivatives arc continuous through the acceleration function as seen in Figure 8- 12. 
The peak accelemtion is 100.4 in/sec2 (2.55 rn/see2). 

2 The jerk. curve in Figure 8·12 is discontinuous at its boundaries but is of finile magnitude. 
and this is acceptable. lis peak yalue is 2523 in/sec) (64 m/sec1). 

3 The veloci ty is smooth and matches the zeros of the d well at each end. Its peak value is 8 inJ 
sec (0.2 nt/sec). 
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4 The only drawback to this func tion is that it has relatively large magnitudes of peak acctl
eralion and peak velocity compared to some other possible functions for the double-dwel1 
case. 

The reader may open the fil e E08-03.cam in program DVNACAM to investigate this 
example in more detail. 

Combined Functions 

Dynamic fo rce is proportional to acceleration. We generally would like to minimize 
dynamic forces, and thus should be looking 10 minimize the magnitude of the accelera
tion function as well as to keep it continuous. Kinetic energy is proportional to velocity 
squared. We also would like to minimize stored kinetic energy, especially with large 
mass follower trains, and so are concerned wi th the magnitude of the velocity function 
as well . 

CONSTAl\'T ACO:U:RATtON If we wish to minimize the peak value of the magni
tude of the acceleration function for a given problem, the function that would best sat
isfy this constraint is the square wave as shown in Figure 8-13. This function is also 
called constant acceleration. The square wave has the property of minimum peak value 
for a given area in a given interval. However, this function is not continuous. It has dis· 
continuities at the beginning, middle, and end of the interval , so, by itself, this is unac
cepta ble as a cam acceleration function . 

TRAPEZO IDAL ACCELERATION The square wave's di scontinuities can be re
move? by simply "knocking the comers off' the square wave func tion and creating the 
trapezoidal acceleration func tion shown in Figure 8- 14a. The area lost from the 

Low 
a dwell 

0_ 

(0) 0 

U",;n 

j 

Rise 

I 
... ,. 

0 

-

J 

High 
dwell 

(0) O -r-----+-----,-----L----~--

o 

Constant acceleratiOn gives Infinite Jerk 

• 

• 

= 
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Trupezoidal 
accelerulion Constant acceleration 

-"~:-:-::JRic;e / (for comparISon) , 
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Low 1/ Hign 
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I 

!}I8 -:-

j 
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FIGURE 8- 14 

Trapezoidal acceleration gives finite jerk 

"knocked off comers" must be replaced by increasing the peak magnitude above that of 
the original square wave in order to maintain the required specifications on lift and dura
tion. But. this increase in peak magnitude is small. and the theoretical maximum accel
eration can be significantly less than the theoretical peak value of the sinusoidal accel
emtion (cycloidal displacement) function. One disadvantage of this trapezoidal function 
is ils vel)' discontinuous jerk function. as shown in Figure 8-14b. RlIgged jerk funclions 
such as Ihis tend to excite vibratory behavior in the follower train due to their high har
monic content. The cycloidal 's sinusoidal acceleration has a relalively smOOlher cosine 
jerk function with only two discontinuilies in the interval and is preferable to the 
trapezoid's squllre waves of jerk. But the cycloidal's theoretical peak acceleration will 
be larger, which is nOl desi rable. So. trade-offs must be made in selecting the cam func
tions. 

MODtF"lEIJ TRAI'EZOIDAL ACCELERATION An improvement can be made to the 
trapezoidal acceleration func tion by substituting pieces of sine waves for the sloped sides 
oflhe trapezoids as shown in Figure 8-15 (p. 396). This function is called the modified 
trapezoidal acceleration curve.· This funclion is a marriage of the sine acceleration and 
constant acceleralion curves. Conceptually. a full period sine wave is CUI into fourths 
and "pasted into" the square wave to provide a smOOlh transition from the zcros at the 
endpoints to the maximum and minimum peak values. and to make Ihe lransilion from 
maximum to minimum in the center of the interval. The jXIrtions of Ihe total segment 
period (P) used for the sinusoidal parts of the funclion can be varied. The most common 
arrangement is to cut the square wave at ~!8. 3P!8. 5~!8. and 7P!8 to insen the pieces of 
sine wave as shown in Figure 8-15. 

1he modified lrapezoidal function defined above is one of many combined functions 
created for cams by piecing together various functions, while being careful to match the 

• Developed by C. N. 
Neklutin of the Universal 
Match COI"p. Sec ~re~oce 

121· 
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(a) Toke a sine wove 

(b) Sprlf the sine 
wove aport 

(el Toke a constant 
acceleration 
squore wove 

(d) Combine the two 

(e) Modifled trapezOk:k:ii 
acceleration 

FIGURE 8·15 
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Creating the modified trapezoidal acceleration function 
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values of the s. 1'. and (I curves at all the interfaces between the joined func tions. It has 
the advantage of relat ively low theoretical peak acceleration. and reasonably rapid, 
smooth transitions at the beginning and end of the interval. The modified trapezoidal 
cam function has been a popular and often used program for double-dwell cams. 

MOI)tFIEI) SINUSO tt)AL ACCELEHA'I'ION- The sine acceleration curve (cycloidal 
displacement) has the advantage of smoothness (less ragged jerk curve) compared to the 
modified trapezoid but has higher theoretical peak acceleration. By combining two har
monic (sinusoid) curves of different frequencies. we can retain some of the smoothness 
characterist ics of the cycloid and also reduce the peak acceleration compared to the cy
cloid. As an added bonus we will find that the peak velocity is also lower than in either 
the cycloidal or modified trapezoid. Figure 8-16 (p. 398) shows how the modified sine 
acceleration curve is made up of pieces of two sinusoid funclions. one of higher fre 
quency than the other. The fi rst and last quarter of the high-frequency (shon period. ~I 
2) sine curve is used for the firs t and last eighths of the combined function. The center 
half of the low-frequency (long period. 3~(2) sine wave is used to fiU in the center three
fourths of the combined curve. Obviously, the magnitudes of the two curves and their 
derivalives must be matched at the ir interfaces in order 10 avoid discontinuities. 

The SCCA Family 01 Double-Dwell Functions 

SCCA stands for Sine,CoIISlallt·Cosi"e·Acceieralioll and refers to a family of accclera
tion func tions that includes constant acceleration, simple hannonic, modified trapezoid. 
modified sine. and cycloidal curves.l1 t I These very ditTerentlooking curves can all be 
defined by the same equation with only a change of numeric parameters. In like fash· 
ion. the equations for displacement. velocity, and jerk for all these SCCA functions dif
fer only by their parametric values. 

To reveal this similitude. it is first necessary to nonnal ize the variables in the equa
tions. We have already nonnalized the independent variable. cam angle e. dividing it by 
the interval period p. We will further simplify the notation by defining 

• .1'=- (8.13a) 
~ 

The nonnalized variable x then runs from 0 to l over any interval. The nonnalized fol
lower displacement is 

, 
Y:J; (S. 13b) 

where S is Ihe instantaneous follower displacement and" is the total lift. The nonnalized 
variable y then runs from 0 to lover any follower displacement. 

The general shapes of the s v oj functions of the SCCA family are shown in Figure 
8- 17 (p. 399). The interval ~ is divided into five zones, numbered I through 5. Zones 0 
and 6 represent the dwells on either side of the rise (or fali ). The widths of zones I - 5 
are defined in tenns of P and one of three parameters. b. c, d. The values of these three 

397 

parameters define the shape of the curve and define its identity within the family of func- • Dcv~1oped by E. H. 
lions. The nonnalized velocity, acceleration. and jerk are denoted. respectively, as: Schmidt of DuPom. 
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2 

b ., 

, 
(8. 14) 

In zone 0, al l functions are zero. The expressions for the functions within each other 
zone of Figure 8-17 arc as follows: 

Zone I : "0 

(8. 15a) 

(8.ISb) 

(8.ISe) 

(S.15d) 

b ... 1-(/ 
Zone2: -SX::.--

2 2 

y~C [c:..+J -'--"-}<+b'("----'--)] 
" 2 \. 11: 2 8 11: 2 (8.100) 

(S. 16b) 

'99 
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y"=,C(J (S. I6cl 

y-=.O (S.I6d) 

- e rr. [rr ( I-d)] )' :- lJ"dsm "d .1'--,-

, 
y' =C (_.1'+.£.+ 1_£.) " rr , 
y"--C(J 

y"'""o 

(S.l1b) 

(S. l1e) 

(S.l1d) 

(S.IBa) 

(8.ISb) 

(8. 18c) 

(S. ISd) 

(S. 19a) 

(S.19b) 

(S. I9c) 

(S.I 9d) 



CAM DESIGN 

Zone 6: 

y= l. 

<> 1 

y'=y"=y-=O (8.20) 

The coefficient Cu is a dimensionless peak acceleration factor. It can be evaluated 
from the fact thaI. at the end of the rise in zone 5 when.r = I . the expression for displace· 
ment (equation 8.19a) must have y = I to match the dwell in· zone 6. Setling the right 
side of equation 8.19a equal to I gives: 

(8.21 a) 

We can also define dimensionless peak factors (coefficients) for velocity (C,,), and 
jerk (Cj) in temlS of Ca. The velocity is a maximum at.r = 0.5. Thus C~ will equal the 
right side of equat ion 8. 17b when x '" 0.5. 

C :C (b+d +.E.) 
,. " It 2 (8.21 b) 

10e jerk is a maximum atx '" O. Setting the right side of equation 8. 15d 10 zero gives: -n 
Cj =C"b (S.2Ic) 

Table 8-2 shows the values of b. c. d and the result ing factors C", Cu' and Cj for the 
five standard members o f the SCCA family. There is an infinity of re lated functions with 
values of these parameters between those shown. Figure 8- 18 shows these five mem
bers of the "acceleration family" superposed with their design parameters nOied. Note 
mat all the functions shown in Figure 8- 18 were generated with the same set of equa
tions (8.15 through 8.21. pp. 399- 401) with only changes to the values of the parameters 
h. c, and d. A TKSo/\'cr file (SCCA.tk) that is provided on the CD-ROM calculates and 

Acceleration 

I Cycloidal (b = 0.5, c = O. d= 0.5) 

:~~~~~;~~;;C~"~= 6.28 Cu :: 5.5] 
Cu = 4.00 _ -- Cu = 4.89 

o 

Simple hannonic 
(b=O.c=O.d", I ) 

Modified sine 
(b = 0.25. c = O. d", 0.75) 

• 

Modified trapezoid 
(b:: 0.25. C '" 0.5. d '" 0.25) 

\ " - Cu ",4.93 

L Constant acceleration 
(b::O.c= I.d=O) 

fiGURE 8 - 18 

Comporbon 01 five OCCelelotlon functions in the SCCA lamlty 

.. 
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• The 3-4-5 and 4-5-6-7 
polynomial functions also 
showll in the figure wiH be 
discussed ill a !;lter section. 
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TABLE 8-2 Parameters and Coefficients lor the SCCA Family of Functions 

Function b , d C, C. Cj 

constant acceleration 0.00 1.00 000 2.0000 4.0000 Infinite 

modified trapezOid 0.25 0.50 0.25 2.0000 4.8881 61.426 

simple harmonic 0.00 000 1.00 1.5708 4.9348 Infinite 

modified sine 0.25 0.00 0.75 1.7596 5.5280 69.466 

cycloldol displacement 0.50 000 0.50 2.0000 6.2632 39.478 

plots any of the SCCA family of nonnalized functions, along with their coefficients C •. , Co. 
and Cj • in response 10 the input of values for b, c, and d. Note also that there is an infinity 
of fami ly members as b, c, and d can take on any set of values that add to I. 

To apply the SCCA functions \0 an actual cam design problem only requires that 
they be multiplied or divided by factors appropriate to the particular problem, namely 
the actual rise II, the actual duration ~ (rad), and cam velocity 0) (rad/sec). 

s : lIy length S ""s length 

" , length/rnd V = rw length/sec v :-y 
~ 

(8.22) 

" " a: ii2Y length/rJd2 A : aw2 length/sec2 

. II '" 
J=-Y 

~' 
length/rad) J :: jw3 length/sec) 

-
/ 4-5-6-7 polynomial displacement 

~ 
Cydoidal displacement (sine acceleration) 

, ----'-
~..... .. 3-4-5 polynomial displacement 

/ j" """ 

Acceleratioll 

-+"---f---++--~l<t---+---i-~ , 
Modified sine 

FIGURE 8 - 19 

Comparison of five double-dwell com occeleratiOn functions 
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Jerk Modified sine 

Modified trapezoid 

3-4-5 polynomial 

4-5-6-7 polynomial 

CycloidaJ 

• 

Modified sine Modified trapezoid 

FIGURE 8-20 < 
Comparlson of five double-dwell cam Jerk functions 

Figure 8-19 shows a comparison of the shapes and relative magnitudes of five cam 
acceleration programs including the cycloidal , modified trapezoid. and modified sine 
acceleration curves! The cycloidal curve has a theoretical peak acceleration that is ap
proximately 1.3 times that of the modified trapezoid's peak value for the same cam speci
fication. The peak value of acceleration for the modified sine is between those of the 
cycloidal and modified trapezoid. Table 8-3 lists the peak val ues of acceleration. veloc
ity. and jerk for these functions in temlS of the total rise II and period ~. 

Figure 8-20 compares the jerk curves for the same functions. The modified sine jerk 
is somewhat less ragged than the modified trapezoid jerk but not as smooth as that of the 
cycloid, which is a full -period cosine. Figure 8-21 (p. 404) compares their velocity 
curves. The peak ve locities of the cycloidal and modified trapezoid functions are the 
same. so each will store the same peak kinetic energy in the follower train. The peak 

TABLE 8-3 Factors tor Peak Velocity and Acceleration of Some Cam Functions 

Function Max. Veloc. Max. Accel. MQX. Jerk Comments 

Constant occel. 2.o::xJ h/~ 4.o::xJ h/~2 Infinite 00 Jerk-not acceptable 

Harmonic dlsp. 1.571 h/~ 4.945 h/~2 Infinite 00 jerk-not occeptable 

Trapezoid accel. 2.o::xJ h/~ 5.300 h/~2 Mhl~3 Not as good as mod. trap. 

Mod. trap. accel. 2.o::xJ hl~ 4.888 hl~2 61 h/~3 Low accel. but rough Jerk 

Mod. sine accel. 1.760 hl~ 5.528 h/jl2 69 h/~J low veloc .. good accel 

3-4·5 poly. dlsp. 1.875 h/~ 5.777 h/{i2 60 h/~3 Good compromise 

Cycloidal disp. 2.o::xJ h/jl 6.283 h/~2 40 h/~3 Smooth accel. and jerk. 

4-5-6-7 poly. dlsp. 2.188h/jl 7.526 h/~2 52 h/~J Smooth jerk. high accal. 

• 3 
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Velocity 

o 
FIGURE 8-21 
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Comparison of five double-dwell cam velocity functions 

4-5-6-7 polynomial 

3-4-5 polynomial 

Modified trapezoid 

Cycloidal 

/ Mod ified sine 

• 

velocity of the modified sine is the lowest o f the five functions shown. This is the prin
cipal radvantage of the modified sine acceleration curve and the reason it is often chosen 
for applications in which the follower mass is very large. 

An example of such an application is shown in Figure 8-22 which is an indexing 
table drive used [or automated assembly lines. The round indexing table is mounled on 
a tapered vertical spindle and driven as part of the follower train by a ronn-closed barrel 
cam that moves it through some angular displacement, and then holds the table still in a 
dwell (called a "stop") whi le an assembly operation is perfonned on the workpiece car
ried on the table_ These indexers may have three or more stops, each corresponding to 
an index position_ The table is solid steel and may be several feet in diameter; thus its 
mass is large. To minimize the stored kinetic energy, which must bedissipated each time 
the table is brought to a stop. the manufacturers often use the modified sine program on 
these multidwell cams. because of its lower peak velocity. 

Let us again try to improve the double-dwell cam example using the SCCA com
bined functions of modifi~d trapezoid and modified sine aeceleration . 

~EXAMPLE 8-4 

Senior Com Design-Combined Functions-Better Corns. 

Problem: Consider the same cam design CEP speci fication as in Examples 8-1 to 8·3: 

dwell at zero displacement for 90 degrees (low dwell) 
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ca rn (l) 
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I in (25 mm) in 90 degrees 
at I in (25 mm) for 90 degrees (high dwell) 
I in (25 mOl) in 90 degrees. 
2n- nul/sec = I rev/sec. 

CHAPTER a 

The modified trapezoidal function is an acccptable one for this double-d ..... ell cam specifica. 
tion. Its derivatives are continuous through Ihe accelerntion function as shown in Figure 8-19 
(p. 402). The peak acceleration is 78. 1 in/sec2 (1 .98 mlsec2). 

2 The modified trapezoidal jerk curve in Figure 8·20 (p. 403) is discontinuous at its bound· 
aries but has fini te magnitude of 3925 in/~l ( 100 mlserl ). and this is acceptable. 

3 The modified trapezoidal velocity in Figure 8-21 (p. 4(4) is smooth and matches the zeros 
of the dwell at each end. Its peak magnitude is 8 in/sec (0.2 mlsee). 

4 The advantage of this modified trapezoidnl funclion is that it has smaller theoretical peak 
accelcration than the cycloidal but its peak velocity is identical to that of the cycloidal. 

5 The mod ified sinusoid function is also an acceplable one for Ihis double·dwell cam 
specification. Its derivatives are also continuous through Ihe accelemlion funclion as 
shown in Figure 8- 19. lis peak acceleration is 88.3 inJsec2 (2.24 m/sec2). 

6 The modified sine jerk curve in Figure 8-20 is discontinuous at its boundaries but is of finite 
magnitude and is larger in magnilude at 4439 inJsecl (1 13 mlserl ) but smoother than Ihat of 
the modified trapezoid. 

7 The modified sine velocity (Figure 8·2 1) is smooth. matches the zeros of the dwell at each 
end, and is lower in peak magnitude than either the eycloj.dal or modi fi ed trapezoidal at 7 in/ 
sec (0. 178 In/seC). This is an advantage for high·mass follower systcms as it reduces the 
kinetic energy. This, coupled with n peak Ilccelemtion lower than the cycloidal (but higher 
than the modified trnpezoidal). is liS chief advantage, 

Figure S-23 shows the displacement curves for these three cam programs. (Open 
the file EOS-04,cam in program DYNACAM to plot these also_) Note how litt le difference 
there is between the displacement curves despite the large d ifferences in the ir accelera· 
tion wavcfomls in Figure 8~ 19 (p, 402). Thi s is ev idence of the smoothing effect of the 
integration process. Differentiating any two functions will exaggcmtc thcir differences. 
Integration tends to mask their diffe renccs, It is nearly impossible to recognize these 
very d ifferently behaving cam funct ions by looking only at thei r d isplacement curves. 
This is furthcr evidence of the fo lly o f o ur earl ier na ive approach to cam design which 
dealt excl usively with the displacement function. The cam designer must be concerned 
with the higher derivatives of d isplacement. The displacement function is primarily of 
value to the manufacturer of the cam who needs its coordinate infonnation in order to 
cut the cam. 

FAI.1. F UI\(.'-Io", s We have used onl y the rise port ion of the cam for these ex
amples. The fa ll is handled similarly, The rise funct ions presented here are applicable 
to the fall with slight modification , To convert rise equations to fall equations. it is only 
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Disp/acemenl 

Modified trapewid 

Cycloidal 

4-~~--~--r---------~---. 
o 

Modified sine -
fiGURE 8 -23 

Comparlson 01 three SCCA double-dwell com diSpiocement functions 

necessary to subtract the rise displacement function s from the maximum lift h and to 
negate the higher derivati ves. I'. a. andj. 

Polynomial Functions 

The class of polynomial functions is one of the more versatile types that can be used for 
cam design. They are not limited to single- or double-dwell applications and can be tai
lored to many design specifications. The general fonn of a polynomial function is: 

(8.23) 

where s is the follower displacement; x is the independent variable, which in our case 
will be replaced by e ither alP or time I. The constant coefficients en are the unknowns 
to be detennined in our development of the part icular polynomial equation to suit a de
sign specificat ion. The degree of a polynomial is defined as the highest power present 
in any tenn. Note that a polynomial o f degree n will have" + 1 tenns because there is 
an ~ or constant tenn with coefficient Co. as well as coefficients through and including Cn. 

We structure a polynomial cam design problem by deciding how many boundary 
conditions (BCs) we want to specify on the s v aj d iagrams. The number of BCs then 
detennines the degree of the resulting polynomial. We can write an independent equa
tion for each Be by substitut ing it into equation 8. 16 (p. 399) or one of its derivatives. 
We will then have a system of linear equations that can be solved for the unknown coef
ficients Co. .... CII' If k represents the number of chosen boundary conditions. there will 
be kequations in kunknowns Co. .... Cnand the degree of the polynomial will be" = k 
I. 11te order of the II-degree polynomial is equal to the number of tenns. k. 

7 
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Double-Dwell Applications of Polynomials 

Til E 3-4-5 POLYNm11 ,\ i. Reconsider the double-dwell problem of the previous three 
examples and solve it with polynomial functions. Many different polynomial solutions 
are possible. We will start with the simplest one possible for the double-dwell case. 

b 'XAMPLE 8-5 

The 3-4-5 Polynomial for the Double-Dwell Cose. 

Problem: 

Solution: 

Consider the same cam design CEP specification as in E:'I3mpJeS 8-1 108-4: 

dwell 
rise 
dwell 
fa ll 
cam ill 

at zero displacement for 90 degrees (low dwell) 
I in (25 mm) in 90 degrees 
at I in (25 mm) for 90 degrees (high dwell) 
I in (25 mm) in 90 degrees 
2n: mel/sec = 1 rev/sec. 

To sat isfy the fundamental law of cam design the values of the rise (and fall) functions at their 
boundaries with the dwells must match with no discontinuit ies in. at a minimum. s, I', and o. 

2 Figure 8-24 shows the axes fo r the s I' a j diagrams on which the known data have been 
drawn. The dwells are the only fully defined segments at this stage. The requirement for 
continuity through the acceleration defines a minimum of six bounda ry conditions for the 
rise segment and six more for the fall in th is problem. They are shown as filled circles on 
tt:e plots. For generality, we will let the specified total rise be represen ted by the variable h. 
The minimum set of required Bes for this example is then~ 

for the rise: 

when 9=0; then s=O, '1=0. 0=0 
(a) 

when 9=~t; then s=h, 1'=0, 0=0 

for the fall: 

when 6=0; then s=h, '1=0, 0=0 
(h) 

when 9=~2; then s=O. '1=0, 0=0 

3 We will use the rise for an example solution. (The fall is a similar derivation.) We have six 
Bes on the rise. This requires six tenus in the equation. The highesl teml will be fifth de
gree. We wi ll use the normalized angle 91P as our independent variable. as before. Because 
our boundary condi tions involve velocity and acceleration as well as displacement, we need 
to differentiate equation 8.23 (p. 407) versus a to obtain express ions into which we can sub
stitute those Bes. Rewrit ing equation 8.23 10 fit these constraints and differentiat ing twice, 
we get: 

(e) 
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FIGURE 8-24 

Minimum boundary condltlons for fhe double-dwell case 

'=i[C'+2C,m+3C3r~r +4C·r~r +5C,rm 

0= ;, [2C' +6c'[~l+ 1 2C.m' +20C,rHj 
4 Substitute the boundary conditions 9 =0, S = 0 into equation (0): 

O=Co+O+O+ .. · 

Co =0 

5 Substitute 9;; 0, v = 0 into equation (b): 

I 
O=j3[C] +0+0+ ... ] 

C1 =0 

6 Substitute e =0, a ;; 0 into equation (c): 

I 
0='ii'r[C2 +0+0+ .. ·] 

C2 =0 

9 deg 

9 deg 

• 
9 deg 

• 
9 deg 

(d) 

(f) 

(g) 

(h) 
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• Any mauix solving 

calculator. equation solver 
such as MUllab. Mathead. 
or TKSo/I"t'r, or programs 
MATRIX and DVN ACAM 

(supplied with thi s lex!) 
will do the simullalleous 
equation solution for you. 
Programs MATR IX and 
D VNACAM are disc llssed in 

Appendix A. You need 
only 10 supply the desired 
boundary cortditions 10 
D VNACAM and lhe 

ooefficic rllS will be 
computed. The reader is 
encO\Jrnged to do so and 

examine the example 
problems presemed here 
with the D YNACAM 

program. 
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7 Substitute {I = ~ s '" II in lO equat ion (a): 

II =C3 +C4 +Cs 

8 Substitute {I = ~ v.:= 0 in to equation (b): 

9 Substitute a = ~ (I '" 0 into equation (c): 

CHAPTER 8 

(0 

(j) 

(I) 

10 Three of our unknowns are found to be zero, leaving three unknowns 10 be solved for, C3. 
C4• C~ . Equations (d), (e), and if) can be solved simultaneously to get: 

C4 =- 1511: (I) 

II The equation for th is cam design ' ... displacement is then: 

(8,24) 

12 The expressions for velocity and acceleration can be obtained by substitllting the values of 
C3 , C4. and C~ into equations 8.18b and c (p. 4(0). This fu nction is referred to as the 3·4·5 
pblynomial . after it ... exponent .... Open the file E08·07.cam in program D YNACAM to inves· 
ligate this example in more detail. 

Figure 8-25 shows the result ing s va j diagrams for a 3·4·5 polynomial rise func
tion with its boundary conditions circled. Note that the acceleration is continuous but 
the jerk is not , because we did not place any constraints on the boundary values of the 
jerk fu nction. It is also interesting to note that the acceleration waveform looks very 
similar to the sinusoidal acceleration of the cycloidal function in Figure 8·12 (p. 392). 
Figure 8-19 (p. 402) shows the relative peak accelerations of th is 3-4·5 polynomial com
pared to fou r other func tions with the same II and ~. Table 8-3 (p. 403) lis ts factors for 
the maximum velocity, acceleration, and jerk of these functions. 

THE4.S·6·7 POLYi\'O;\1 tAL We left the jerk unconstrni ned in the previous example. 
We wi ll now redesign the cam for the same specifications but wi ll also constrain the jerk 
function to be zero at both ends of the rise. It wi ll then match the dwells in the jerk function 
with no discon tinuities. This gives eight boundary conditions and yields a seventh
degree polynomial. The solution procedure to lind the eight unknown coefficients is 
identical to that used in the previous example. Write the polynomial wi th the appropriate 
number of temlS. Differentiate it to get expressions for all orders of boundary conditions. 
Substitute the boundary conditions and solve the resulting set of simultaneous equations.
This problem reduces to fou r equations in four unknowns. as the coefficients CO. C \. 
C2, and C3 turn out to be zero. For th is set of boundary condi tions the displacement 
equation for the rise is: 
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(8.25) 

This is known as Ihe 4·5·6-7 polynomial, after its exponents. Figure 8-26 shows 
the S I' aj diagrams for this func tion with its boundary conditions circled. Compare these 
fu nctions to the 3-4-5 polynomial functions shown in Figure -S-25. Note that the accel
eration of the 4-5-6-7 st .. rts off slowly, with zero slope (as we demanded with our zero 
jerk Bq, and as a result goes 10 II largefpcak value of acceleration in order 10 replace 
the missing area in the leading edge. 

This 4-5-6-7 polynomial func tion has the advantage of smoother jerk for bcuer vi
bration control. compared to the 3-4-5 polynomial, the cydoidal. and all other functions 
so far discussed, bUI it pays a price in the fonn of higher peak Iheoretic .. l acceleration 
than all those functions. See al so Table 8-3 (p. 403). 

SUMMARY The previous IwO sections have attempted to present an approach 
to the se lect ion of appropriate double-dwell cam functions. using the common ri se
dwell-fall-dwell cam as Ihe example, and to point out some of the pitfalls awailing 
the cam designer. The particular functions descri bed are on ly a few of the ones Ihat 
have been developed fort his double-dwell case over many years, by many designers, but 
they are probably the most used and most popular among cam designers. Most of 
them are a lso included in program DYNACAM . There are many tr .. de-offs 10 b~ con
sidered in selecti ng a cam program for any application. some of which have .. lready been 
mentioned, such as func tion continuily, peak values of velocity and accelerat ion, and 
smoothness of jerk. There are many other trade-offs st ill 10 be discussed in later sections 
of this chapler, involving the sizing and the manufacturability of the cam. 

8.4 SINGLE-DWELL CAM DESIGN-CHOOSING S V A J 
FUNCTIONS 

Many applications in machinery require II single-dwell cam program, rise-fall-dwell 
(RFD). Perhaps a si ngle-dwel1 cam is needed to lift and lower a roller thai carries a 
moving paper web on .. production machine that makes envelopes. Th is cam's fol1ower 
lifts the paper up to one cri lic .. l extreme position at the right time to contact a roller that 
applies a layer of glue to the envelope nap. Without dwell ing in the up posit ion, it im
mediately retracts the web back 10 Ihe st .. rting (7.cro) position .. nd holds it in this other 
critical extreme position (low dwell) whi le the rest of the envelope passes by. It repeats 
the cycle for the next envelope as it comes by. Another common example of .. single
dwell application is the cam that opens the valves in your automobile engine. This lifts 
the valve open on the rise, immediately closes it on the fall , and then keeps Ihe valve 
closed in a dwell while the compression and combUSlion take place. 

If we attempt 10 use the Slime type of cam programs as were defined for the double
dwell case for a si ngle-dwell application. we will achieve a solution Ihal may work but 
is not optimal. We will nevertheless do so here as an example in order 10 point out the 
problems that result. Then we will redesign the cam to eliminale those problems. 

." 

, I ------------=: 
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FIGURE 8-25 

3-4-5 polynomial rise. 
Its acceleration Is very 
simHor to the sinusoid 
of cycloldal motion 
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4-5-6-7 polynomial rise. 
Its jerk is piecewise 
continuous with the 
dweHs 
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b EXAMPLE 8-6 

Using Cycfoldal Motion for a Symmetrical Rise-Fall Single-Dwell Case. 

Problem: 

Solution: 

Consider the following single-dwell cam specification: 

rise 
fall 
dwell 
cam 00 

1 in (25 mm) in 90 degrees 
1 in (25 mm) in 90 degrees 
at zero displacement for 180 degrees (low dwell) 
15 Tad/sec 

CHAPTER 8 

Figure 8-27 shows a cycloidaJ displacement fise and separate cycloidaJ displacement fall 
applied 10 this single-dwell example. Note that the displacement (s) diagram looks a~pt
able in thaI it moves the follower from the low to the high position and back in the required inter
vals. 

2 The velocity (1') also looks acceptable in shape in that it takes the follower from zero veloc
ityat the low dwell toa peak value of 19.1 in/sec (0.49 m!sec) to zero again at the maximum 
displacement, where the glue is applied. 

3 Figure 8-27 also shows the accelerJtion funct ion for this solution. Its maximum absolute 
value is about 573 in/sec2. 

4 The problem is that th is accelerat ion curve has an unnet:essary return to zero at the end of 
the rise. It is unnecessary because the acceleration during the first part of the fall is also 
n<;gative. It would be better to keep it in the negat ive region at the end of the rise . 

Unnecessary return 
to zero acceleration 

Unnecessary 

j 

. -
cycIoidal rise cydoidaI fall 

o 
discontinuity in jerk ------' 

FIGURE 8· 27 

"'., 

270 

Cycloldal motion (or any doubje-dwell progrom) Is 0 poor choice for the slngle-dwell case 
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5 This unnecessary oscillation to zero in the accelcration causes the jerk to have more abrupt 
changes and discontinuities. The only real justificat ion for laking the acceleration to zero is 
the need 10 change ils sign (as is the case halfway through the rise or fall) or to match an 
adjacent segment that has zero acceleration. 

The reader may open the file E08-06.cam in program D?NACAM to investigate this 
example in more detail. 

For the single-dwell case we would-like a function for the ri se that does not return 
its acceleration to zero at the end of the interval. The function for the fall should begin 
with the same nonzero acceleration value as ended the rise and then be zero at its tenn i
nus to match the dwell. One function that meets those criteria is the double harmonic 
which gets its name from its two cosine tenns, one of which is a half-period hannonic 
and the other a full-period wave. The equations for the double harmonic functions are: 

for the rise: 

for the fall: 

,= ~[l-Co{ n~ lH[I-C.{ 2n~ III 
"=H[';{ n~l+"(2n~ll 
0 = ;: %[+~l-c+~ll 
j=-;: %['+~l-2';"Hll 

(8.25a) 

(8.25b) 

Note that these double hannonic func tions should never be used for the double
dwell case because their acceleration is nonzero at one end of the interval. 

413 
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;l:n'XAMPLE 8-' 

Double Harmonic Motion for Symmetrjcal RIse-Fail Single-Dwell Case. 

Problem: Consider the same single-dwell cam specification as in example 8-5 (p. 408): 

rise 
fa ll 
dwell 
ea m w 

I in (25 mm) in 90 degrees 
I in (25 mm) in 90 degrees 
at zero displacement for 180 degrees (low dwell) 
IS rad/sec 

Solution: 

Figure 8-28 shows a double harmonic rise and a double hannonic fa ll. The peak velocity is 
19.5 in/sec (0.50 nt/sec) which is similar to that of the cycloidal solution of Example 8-6. 

2 Note that the acceleration of this double hannonic func lion does not return 10 zero al the end 
of the rise. This makes it more suitable for a single-dwell case in that respect. 

] The double hannonic jerk function peaks at 36 931 in/sec] (938 mJsec1) and is qui te smooth 
compared to the cycloidal solution. 

4 Unfonunately. the peak negative accelerat ion is 900 in/sec2, nearly twice that of the cycloi
da! solution. This is a smoother function but will develop higher dynamic forces. Open the 
file E08-07.cam in program DYNACAM to see this example in more detail. 

5 Another limitation of this function is that it may only be used for the case of an equal time 
(symmetrical) rise and fall. If the rise and fall times are different, the acceleration will be 
diJcontinuous at the juncture of rise and fall. violating the fundamental law of cam design . 

-----.... ----. , 
"~ 

000 .. 
Harmonic ". """. Harmonic 

Fall 
\ -', . -', , I~ 

"""""" i 

... 

Ow-ell 

1'/'\ , ~K7 
-900 in/sec2 --. ," h" 

/ , 1fL-------"~H'--"'---------'-
/ -' 

"-,,_ ~/-" "; • No unnecessary zero acceleration 

---~----,------- -qI'-8'--,'"-,-_--jV\;--":\7---"-, ----...,... 

Vi~ Conlinuousjerk 

o 90 180 270 

FIGURE 8- 28 

Double harmonic motion can be used for the single-dwell case If rise and fall durations are equal 
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Neither of the solutions in Examples 8-6 (p. 412) and 8-7 is optimal. We wi ll now 
apply polynomial functions and redesign it to improve both its smoothness and reduce 
its peak acceleration. 

Single-Dwell Applications ot Polynomials 

To solve the problem of Example 8-7 with a polynomial we must decide on a suitable set 
of boundary cond itions. But first, we must decide how many-segments to divide the cam 
cycle into. The problem statement seems to imply three segments, a ri se, a fall, and a 
dwell. We could use those three segments to create the functions as we d id in the two 
previous examples, but a beller approach is [0 usc only two segments, one for the rise
fall combined and one for [he dwell. As a gelleral I'II/e lI'e wOIl/d like to minimi:e the 
IIlImber of seglllcllls ill O//r polYllollli(l/ calli fllllctiolls. Any dwell requires its own seg
ment. So, the minimum number possible in thi s case is two segments. 

Another rule of thumb is that lI'e 1I'01l/(f like to lIIillill/i:e the //lImber of bOlilldary 
cOllditiOI/S ~1)ecified, because the degree of the polynomial is tied to the number of Bes. 
As the degree of the function increases, so wi ll the number of its inncction points and 
its number of minima and maxima. The polynomial derivation process will guarantee 
that the function wil l pass through all specified Bes but says nothing about the function's 
behav ior between the Bes. A high-l/egree fUllctioll lIlay hMe III/desirable oscillations 
~-~~ , 

With these assumptions we can select a set o f boundary conditions for a trial solu
[ion. First we will restate [he problem [0 reneet our two-segment configuration. 

Jln'XAMPLE 8-8 

Designing a Polynomial for the Symmetrical Rise-Fall Single-Dwell Case. 

Problem: 

Solution: 

Redefine the CEP specification from E,,;3mples 8·5 and 8-6. 

rise·fall 
dwell 
ca m w 

I in (25.4 mm) in 900 and fall I in (25.4 mm) in 90" for a tOlal of 180" 
at zero displacement for 1800 (low dwell) 
IS md/sec 

Figure 8-29 (p. 416) shows the minimum set of seven BCs for Ihis symmetrical problem. 
which will give a sixth·degree polynomial. The dwell on either side of the combined rise· 
fall segment has zero values of s. I'. a. andj. The fundamental law of cam design requires 
Ihal we malch these zero values. through the acceleration function. a[ each end of the rise· 
fall segment. 

2 These then account for si,,; BCs; s. \'. (I = 0 at each end of the rise-fall segment. 

3 We also must specify a value of displacement at the I-in peak of the rise that occurs at 
a = 90". This is the seventh Be. Note [hat due to symmetry, it is not necessary [0 specify 
the velocity to be zero at the peak. It wi ll be anyway. 

4 Figure 8·29 also shows the coefficients of the displacement polynomial that result from 
the simultaneous solution of the equations for the chosen Bes. For generality we have 

415 
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FIGURE 8 -29 

"""'"' number 
Fui'lCllOll 

"" 
Start .. -

Poly 6 0 
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FUnctKlfl '"''' % Beta Boundary Cond 

"'" 0 0 0 

'""" 0 0 0 

"'" 0 0 0 

.'" 180 0 , ... 161) 0 

"'" '80 0 

Displ ., 1)5 

''''' 
,.,. 

angle ,,,-
180 '80 

EquatIOn Resulung 

"-' Coefficient 

0 0 
1 0 
2 0 , 64 
4 -192 
5 '92 , -64 

Boundary conditions and coefficients for a single-dwell polynomial oppllcoHon 

substituted the variable II for the specified I-in rise. The function turns out to be a 3-4-5-6 
polynomial whose equation is: 

(8.26) 

Figure 8-30 shows the s va j diagrams for this solution with its maximum values 
noted. Compare these acceleration and S II a j curves to t!!s-double hannonic and cycloi
dal solutions to the same problem in Figures 8-27, p. 412. and 8-28, p.414). Note that 
this sixth-degree polynomial function is as smooth as the double hannonic functions 
(Figure 8-28) and does not unnecessarily return the accelerat ion to zero at the top of the 
rise as does the cycloidal (Figure 8·27). The polynomial has a peak acceleration of 547 
in/sec2, which is less than that of either the cycloidal or double hannonic solution. This 

fiGURE 8 -30 

3-4-5-6 polynomial funcHon for two-segmenf symmefrlcal rise-fall. slngle-dwell cam 
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3-4-5-6 polynomial is a superior solution to either of those presented for the symmetri
cal rise-fall case and is an example of how polynomial func tions can be easily tailored to 
panicular design specifications. The reader may open the file EOS-OS.cam in program 
DYNACAM to investigate this example in more detail. 

Effect of Asymmetry on the Rise-Fall Polynomial Solution 

The examples so far presented in this section all had equal time for rise and fa ll . referred 
to as a symmetrical rise-fall curve. What will happen if we need an asymmetric program 
and attempt to use a single polynomial as was done in the previous example? 

Jtn' XAMPlE 8-9 

Designing a Polynomial for an Asymmetrical Rise-Foil Single-Dwell Cose. 

Problem: 

Solution: 

Redefine the speci fication from Example 8-8 as: 

rise-fall 
dwell 
ca m w 

rise I in(25.4 mm) in 45° and fall I in(25.4 mm) in 135° for a total of [8(f 

at zero displacement for 180° (low dwel[) 
15 md/sec 

Figure 8-31 (p. 4 18) shows the minimum set of seven BCs for this problem that will give 
a sixth-degree polynomial. The dwell on either side of the combined rise-fall segment has 
zero values for S. V. A. and}. The fundamental law of cam design requires tha t we match 
these zero val ues, through the accelera tion function, at each end of the rise-fall segment. 

:! The endpoints account for six BCs; S = V = A = 0 at each end of the rise-fall segment. 

3 We also must specify a value of displacement at the [-in peak of the rise that occurs at 
e = 45°. This is the seventh BC. 

~ Simultaneous solution of th is equation set gives a 3-4-5-6 polynomial whose equation is: 

For generality we have substituted the variable II for the specified I- in rise. 

5 Figure 8-31 shows the S V A} diagrams for this solution with its maximum values nOied. 
Observe that the de ri ved 6th degree polynomial has obeyed the stated boundary conditions 
and does in fact pass through a displacement of [ unit at 45° . But note also that it overshoots 
that point and reaches a height o f 2.37 uni ts at its peak. The acceleration peak is also 2.37 
times that of the symmetrical case of Example 8-8. Without any additional boundary condi
tions applied. the function seeks symmetry. NOie that the zero velocity point is still at 90" 
when we would like it to be at 45°. We can try to force the velocity to zero with an addi
tiona[ boundary condi tion of V 0:. 0 when e = 45°. 

6 Figure 8-32 shows the S V A J diagrams for a 7th degree polynomial having 8 BCs, S 0:. V = 
A = 0 at e = 0°, S = Vo:.A 0:. 0 at e =180°, S = I. v= 0 at e = 45°. Note thatlhe resulting 
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segment 2 

~ 
! max = 2.37 at 90" 

h=lat45° 
S 

V ~ 
7 boundary ~ 

conditions V'< /\l 
+[ 297 in/sec2 

A .'" / 1 297 in/5e(:l 

J 
~ '\ 

0 45 18' "" FIGURE 8 -31 

Unacceptable polynomial for a two--segmenl asymmetrical rlse-foll. slngle-dwell com 

function has obeyed our commands and goes through those points. but " does its own thing" 
elsewhere. II now plunges to a negative displacement of - 3.93. and the peak acceleration is 
much larger. This points out an inherent problem in polynomial functions, namely thallheir 
behavior between boundary condit ions is nol controllable and may create undesirable devia

tions in the follower motion. This problem is exacerbated as the degree of the function 

segment 

h=l at 45° -'s;t~2j~ __ ------,J----------------~ 

8 boundary 
conditions 

FIGURE 8 -32 
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Unacceptable polynomial for a two-segment osymmetrlcal rise-foil. slngle-dwell com 
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increases since it then has more roots and inflection points. thus allowing more oscilialions 
between the boundary condi tions. 

1 Open the files Ex_08·09a and b in program D YNACAM to see this example in more detail. 

In this case. the rule of thumb to minimize the number of segments is in confli ct with 
the ru le of thumb to minim ize the degree of the polynomial. One a lte rnati ve solution to 
this asymmetrical problem is to use three..segments. one for the rise. one for the fall. and 
one for the dwell . Add ing segments will reduce the order of the funct ions and bring them 
under control. 

h XAMPLE 8-' a 

Designing a Three-Segment Polynomial for an Asymmetrical Rise-Fall Single-Dwell 
Case Using Minimum Boundary Conditions. 

Problem: 

Solution: 

Redefine the specification from Example 8-9 (p. 411) as: 

rise 
fall 
dwell 
cam w 

I i~25,4 mm) in 45 0 

I in (25,4 mm) in 1350 

at zero displacement for 1800 (low dwell) 
15 rad/sec 

The first attempt at this solution specifies 5 Bes: s '" V = A = 0 at the start of the rise (to 
match the dwell). S = I and V = 0 at the end of the rise. Note that the rise segment BCs leave 
the acceleration at its end unspecified. but the fall's Bes must include the value of the accel
eration at the end of the rise that results from the calculation of its acceleration. Thus. the 
fall requires one more Be than the rise. 

2 This results in the following 4th degree equation for the rise segment: 

(aJ 

3 Evaluating the accelenltion at the end of rise gives -4371. 11 in/s2. This value becomes a BC 
for the fa ll segment. The set of 6 Bes for the fall are then: S", I, V = O. A = -4371. 11 at the 
start of the fall (to match the rise) and S = V = A = 0 at the end of the fall to match the dwell. 
The 5th degree equation for the fa ll is then: 

(b) 

4 Figure 8·33 (p. 420) shows the S V A J diagrams for th is solution with its extreme values 
noted. Observe that this polynomial on the fall also has a problem-the displacement still 
goes negative. 

• 
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.. An opIimum solution 10 
lhi~ generic problem can 
be found in reference [5]. 
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2 3 

h:: I at 
segmen! t=z' 
<s. =\ 

s ~~--~~.------~ 
Segment 1 '-/_ 
.5 boundary - 1.226 

V ~L~~+.------~ condit ions 

Segment 2 
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fiGURE 8 -33 
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-4377 in/sec2 

45 ,., 
'" 

Uocceploble porynomlals for a ttvee-segment osymmetocol rts&fol, singlEH:lwel com 

5 The trick in this case (and in general) is 10 first calculate the segment with the smaller occet
cr;ation (here the second segment) because of its larger duration nng le~. Then use its smaller 
3ccelcration value as II boundary condi tion on the first segment. The.5 Bes for stglmnl 2 
are then S:: I and V = 0 :11 the stan of the fil II and S :: ~ A = 0 at the end of the fall (to 
match the dwell). These give the following 4th degree polynomial for Ihe fall. 

(0) 

6 Evulu:uing Ihe accelerntion at the stan of Ihe fall gives -486.4 in/s2, This value becomes a 
Be for the rise segment. The set of 6 BCs for the rise are then: S = V = A = 0 at the stan of 
the rise to match the dwells. and S = I. V = 0, A = -486.4 at the end of the rise (to match the 
f:lll ). The 5th degree equation for the rise is then: 

<d) 

7 1be resulting cam design is shown in Figure 8-34. The displacement is now under control 
and the peak acceleration is much less than the previous design at about 2 024 in/52 . 

8 The design of Figure 8-34 is acceptable (though not optimum)' for this example. Open the 
files Ex_08-10a and b in program DYNACAM to see this example in more detail. 
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8.5 CRITICAL PATH MOTION (CPM) 

Probably the most common appl ication of critical path motion (CPM) specifications in 
production machinery design is the need for constant velocity motion. There are two 
gener.tl types of automated production machinery in common use, intermittent motion 
assembly machines and continuous motion assembly machines. 

Intermittent motion assembly machines carry the manufactured goods from work 
station to work station, stopping the workpiece or subassembly at each station while 
another operation is perfonned upon it. The throughput speed of this type of automated 
production machine is typically limited by the dynamic forces that are due to accelera
tions and decelerations of the mass of the moving parts of the machine and its work
pieces. The workpiece motion may be either in a straight line as on a conveyor or in a 
circle as on a rotary table as shown in Figure 8-22 (p. 405). 

Continuous motion assembly machines never allow the workpiece to stop and 
thus are capable of higher throughput speeds. All oper.ttions are perfonned on a moving 
target. Any tools that operate on the product have to "chase" the moving assembly line 
to do their job. Since the assembly line (often a conveyor belt orchain, or a rotary table) 
is moving at some constant velocity, there is a need for mechanisms to prov ide constant 
velocity motion, matched exactly to the conveyor, in order to carry the tools alongside 
for a long enough lime to do their job. These cam driven "chaser" mechanisms must then 
return the tool quickly to its start position in time to meet the next part or subassembly 
on the conveyor (quick-return). There is a molivation in manufacturing to convert from 
intennittent motion machines to continuous motion in order to increase production rales. 

• 
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Thus there is some demand for this type of constant velocity mechanism. Though we 
mel some linkages in Chapter 6 that give approximate constant velocity output, the cam
follower system is well suiled to this problem. allowing theoretically exact constant fol
lower velocity. and the polynomial cam funct ion is particularly adaptable to the task. 

Polynomials Used for Critical Path Motion 

.il:IJ;XAMPLE 8· 11 

Designing a Polynomial for Constont Velocity Critical Path Motion. 

Problem: Consider the following statement of a critical path motion (CI'M) problem: 

Accclerale the follower from zero 10 10 in/sec 
Maintain a constant velocity of 10 in/sec for 0.5 sec 
Decelerate [he followe r to zero velocity 
Return the follower 10 start position 
Cycle time exactly I sec 

Solution: 

This unstructured problem statement is typical of real design problems as was discussed in 
Chapler I. No infonnation is given as to the means to be used to accelerate or dccelerate the 
follo ..... er or even as to the portions of the Ilvailable time to be used for those tasks. A lillie 
reflection will cause the engineer to recognize thm the specification on total cycle lime in 
effect defines the camshaft velocity to be ils reciprocal or one re\'oluHon IWr second. Con
v.erted to appropriate units. this is an angular velocity of 2n rad/sec. 

2 The constant velocity portion uses half of the total pcrioo-of I sec in this ex:ullple. The de· 
signer must next decide ho ..... much of the remaining 0.5 sec to devote to each other phase of 
the required motion. 

J l1\e problem statement seems 10 imply Ihal four segmems are needed. Note Ihatlhe designer 
has to somewhat arbitrarily select the lengths of the individual segments (except the COll

stant veloci ty one). Some iteralion may be required 10 optimize the result. Program DVNA
CAM makes the iteration process quick and easy. however. 

4 Assuming four segments. the timing diagrJ.m in Figure 8-35 sho ..... s an acce1crJ.tion phase. a 
const:mt velocity phase, a deceleration phllse, :md a return phase. labeled as segments 
I through 4. 

;<; The segment angles (jrs) are assumed, for :! first Ilpproximlltion, to be 30° for segmenl I. 
180" for segment 2. 30° for segment 3, :md 120° for segment 4 as shown in Figure 8-36. 
These angles may need to be adjusted in later iterations, except for segment 2 which is rig
idly conslrained in the specifications. 

fi Figure 8-36 shows a tentative 5 \ ' (l j diagram. The solid circles indicate a SCI of boundary 
conditions Ihal will constrain the continuous function to these specifications. These are for 
segment I; 
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A possible set of boundary conditIons for the four-segment constant velocity solution 
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1,=0. 1101l~ 

(a) 
when {I:: 30"; IIont!. 1' = 10. .-0 

7 Note thut the displacement at 9 = 30" is left unspecified. The resulling polynomial function 
will provide us with the values of displacement althal point. which cun then be used as a 
boundary condition for the next segment, in order to make the overall functions continuous 
as required. The accelerat ion at 9 = 300 must be zero in order 10 match thai of [he constant 
veloci ty segment 2. The acceleration at 9 :: 0 is left unspecified . The resulting value will be 
used later to malch the end o f the last segment'S acceleration. 

8 Puning these four Be ... for segment I into program OYNACAM yields a cubic function whose 
S l' 0 j plots are shown in Figure 8-38. Its equation is: 

s = O.8337{ ~ r -O.27792( ~ r (8.27a) 

The maximum displacement occurs at 9= 30". This will be used as one BC for segment 2. 
The enti re set for segment 2 is: 

when 9 ,. 30"; s ",0.556. 
(b) 

when 9",21 0": "o,,~ 

9 NOie that in the deri vations and in the DVNACAM program each segment's local angles run 
from zero to the ~ for that segment. Thus, segment 2's local angles are 0° 10 180°, which 
correspond to 30° 10210° globally in this example. We have left the displacement, velocity, 
a~d accelel"dtion allhe end of segmcnl2 unspecified. They will be detennined by the com-
putation. -

10 Since this is a constant velocity segment. its integl"d1. Ihe displacement funclion. must be a 
polynomial of degree one, i.e .. a straight line. If we specify more than two BCs we will gel 

239.9 in/scc2 

flGUIlE 8 -38 

, ~~-~=======:'f::. ······· 0.556'" 

+_==. : JO ''''= 

: h:f ========--0-
i~----: 
o cam angle (deg) 30 

Segment one for Itle four·segment SOlution to the constant velocity problem (Example 8-11) 
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a function of higher degree than one that will pass through the specified endpoints but may 
also oscillate bc:twc:c:n them and deviate from the desired constant veloci ty. Thus we can Oll/Y 
provide twO Bes, a slope and an intercept. as defined in equlltion 8.2 (p. 386). But . we must 
provide at lens! one displacement boundary condit ion in order to compute the coefficient Co 
from equat ion S.23 (p. 407). Specifying the twO Bes at only one end o f the interval is per
fect ly acceptable. 1lle equation for segment 2 is: 

(S.27b) 

II Figure: 8-39 shows the displacement and velocity plots of segment 2. The acceleration and 
jerk are both zero. The resulting displacement at 9 ::: 2100 is 5.556. 

I:! The displacement at the end of segment 2 is now known from ils equation. The four bound
ary condi tions for segment 3 are then: 

s::: 5.556, 1' :::10. 

when 9:: 240"; 1I0ll~, 1''''0. nOlle 

13 This generates a cubic displacement function as shown in Figure 8-40 (p. 426). Its equation is: 

S",-o.2779{~r +0.8337~~)+5.556 (S.27c) 

14 The boundary condi tions for the last segment 4 are now defined , as they must match those of 
the end of segment 3 and the beginning o f segment I. The displacement at the end o f seg
ment 3 is found from the computation in DYNACAM to be s::: 6.112 at 9 :: 240" and the ac
celeration a t that point is -239.9. We le ft the acceleration at the beginning of segment I 
unspecified. From the second derivative of the equllt ion for displacement in that segment 
we find that the acceleration is 239.9 at 0: 0". The Bes for segment 4 are: then: 

0.556 ;, ..... ' .. ~~~========::::tlmm 
5.556 in 

, 11----------+:- 10 in/sec 

·f~----o-

f~----.. 
, 90 '"' cam angle (deg) 

fiGURE 8 -39 

Segment two for the fOOf·segment solution to the constont velocity problem (Example 8--11) 
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when 9 = 240'": 

15 The equation for segment 4 is then: 

.s = 6.112. 

.s=0. 

1, =0. 0=-239.9 
Cd) 

1,,,,,0 . (J - 239.9 

(8.27d) 

16 Figure 8-40 shows the .s \' (J j plQ(s for the complete cam. It obeys the fundamental law of 
cam design because the piecewise functions are continuous through the acceleration. 1be 
maximum value of acceleration is 257 in/sec2. The maximum negative velocity is - 29.4 in/ 
sec. We now have four piecewise and continuous functions. equations 8.27 (pp. 424·426). 
which wi ll meet the perfonnance specifications for this problem. 

The reader may open the fil e E08- II.cam in program DYNACAM to investigate this ex
ample in more detail. 

While this design is acceptable. it can be im proved. One useful strategy in design
ing polynomial cams is to minimize the number o f segmenls . provided that this does not 
result in functions of such high degree thaI they misbehave between boundary condi
tions. Another strategy is to always stan with the segment for which you have the most 
information. In this example. the cons tant velocity portion is the most constrained and 
mus t be a separate segment, just as a dwell must be a separate segment. The rest of the 
cam motion ex ists only to return the follower to the constant velocity segment for the 
next'cycle. If we start by designing the cons tant velocity segment , il may be possible to 
comple te the cam with only onc additional segment. We will now redesign this cam. to 
the same specifications but with only two segments asSllOwn in Figure 8-4 1. 

'~~_,========::::e=.t=~- - 6.112;, 

l:j;:::~.. ==. :::Y-' '~~=--~.
, ~ -29.4,,,,,,,, -' ---. -- C-

'LZ. ___ --'-_ 
b O~b 
o '"0 270 '" cam angle (deg) 

FIGURE 8-40 

Four-segment solution 10 Ihe constant velocity problem of Example 8·11 

10 in/sec 

257 in/sec2 

- 257 in/sec2 
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fiGURE 8 -41 

Boundary conditions for the two-segment constant velocity solutIon 

~EXAMPLE 8-12 

Poly 5 

2 

2 

2 

Designing on Optimum Polynomial for Constant Velocity Critical Path Motion. 

Problem: 

Solution: 

Redefine the problem statement of ElIample 8- 11 to have only two segments. 

Maintain 
Oet:elerale 
Cycle time 

a constant velocity of 10 in/sec for 0.5 sec 
and accelerate follower to constant velocity 
exactly I sec 

The Bes for the first. constant vclocity. segmcnt will be similar to our previous solution ex
cept for the global values of its angles and the fact that we will stan at zero displaccmcnt. 
They are: 

5 = 0. 1'=10 
ca) 

IIOlle. none 

2 The displacemcnt and velocity plots for this segment are idcntical to those in Figure 8-39 
(p. 425) except that the displacement stans at zero. The equation for segment I is: 

(8.28a) 

427 

-, 
)80 

0 

-, 
)80 

0-- , 

)80 

360 d'g 
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Two-segment solution to the constant velocity problem of Example 8-12 

CHAPTER 8 

5.484 in 

-0.484 in 

10 in/sec 

230 in/sec2 

-230 in/sec2 

3 The program calculates the displacement at the end of segment I 10 be 5.00 in. This defines 
that Be for segment 2. The SCI of BCs for segment 2 is then: 

when e = 180°; 

when e = 360°; 

The equation for segment 2 is: 

1'",,5.00. 

s=o, 

\1= 10. 0=0 
(b) 

v= 10. a=O 

(8.28b) 

4 The Y I' a j diagrams for this design are shown in Figure 8-42. Note that Ihey are much 
smoother Ihan Ihe fou r-segment design. The maximum acceleralion in Ihis example is now 
230 in/sec2, and Ihe maximum negat ive velocity is-27.S in/sec. These are both less than in 
Ihe previous design of Example 8-1 I (p. 422). 

5 The fact that our displacement in this design contains negative values as shown in the s dia
gram of Figure 8-40 (p. 426) is of no concern. This is due to our starting with the beginning 
of the constant velocity portion as zero displacement. The follower has to go 10 a negative 
posilion in order 10 have distance 10 accelcr.lle up 10 speed again. We will si mply shifl the 
displacement coordinat~s by that negative ani"ount to make the eam. To do this. simply eal
culate the displacement coordinates for the cam. Note the value of the largest negative dis
placement. Add this v:ilue to the displacement boundary condit ions for all segments and 
recalculate the cam functions with DYNACAM. (Do oot change the Bes for the higher deriva
tives.) 1lle finished cam's displacement profile will be shifted up such thai its minimum value 
will now be zero. 

So, not only do we now have a smoother cam but the dynamic forces and stored ki
netic energy are both lower. Note that we did not have to make any assumptions about 
the port ions of the available nonconstant velocity time to be devoted to speeding up or 
slowing down. This all happened automatically from our choice of only two segments 
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and the specification of the minimum set of necessary boundary conditions. This is 
clearly a superior design to the previous attempt and is in fact an optimal polynomial 
solution to the given specifications. The reader is encouraged to open the file 
EOS-12.cam in program DVNACAM to investigate this example in more detail. 

SUM \1ARY These sections have presented polynom ial func tions as the most ver
satile approach (of those shown here) to virtually any cam design problem. It is only 
since the development and general availability of computers that polynomial functions 
have become practical to use. as the computation to solve the simultaneous equations is 
often beyond hand calculation abilities. With the availability of a design aid to solve the 
equat ions such as program DVNACAM. polynomials have become a practical and prefer
able way to solve many, but not all . cam design problems. Spline functions. of which 
polynomials are a subset. offer even more flexibility in meeting boundary constraints and 
other cam perfonnance criteria. Space does not penni! a detailed exposition of spline 
func tions as applied 10 cam systems here. See reference L6) for more infonnation. 

8.6 SIZING THE CAM-PRESSURE ANGLE AND RADIUS OF 
CURVATURE 

Once the s "a j functions hav('1)een defined, the next step is to size the cam. There are 
twO major factors that affect cam size, the pressure angle and the radius of cUrVlllul'e. 
Both of thcse involve either the base circle radius on the cam (Rb) when using flat -faced 
followers. or the prime circle radius on the cam (Rp) when using roller or curved fol
lowers. 

The base circle's and prime circle's centers are at the center of rotation of the cam. 
The base circle is defined as the smallest circle Ihal can be drawn lal/genlto the physi
cal cam sur/ace as shown in Figure 8-43 (p. 430). All radial cams will have a base circle, 
regardless of the foJlower type used. 

The prime circle is only applicable to cams with roller followers or radiused (mush
room) followers and is measured to the center of the follower. The prime circle is de
fined as the snllllle.w circle tllar can be drawn wngellllO tile locus 0/ the celllerline 0/ the 
/ollol\'er as shown in Figure 8-43. The /{x:us 0/ the cemerfine 0/ the/ollower is called 
the pilch curve. Cams with roller followers are in fact defined for manufacture with 
respect to the pitch curve rather than with respect to the cam's physical surface. Cams 
with nat-faced followers must be defined for manufacture with respect to their physical 
surface, as there is no pitch curve. 

Thc process of creating the physical cam from the s diagram can be visualized con
ceptually by imagining the s diagram to be cut out of a nexible material such as rubber. 
The.r axis of the s diagram represents the circumference of a circle. which could be ei
ther the base circle. or the prime circle. around which we will "wrap" our "rubber" s 
diagram. We are free to choose the init ial length of our s diagram's x axis, though the 
height of the d isplacement curve is fixed by the cam displacement function we have cho
sen. In effect we will choose the base or prime circle radius as a design parameter and 
streich the length of the s diagram's axis to fit the circumference of the chosen circle. 

We will present equations for pressure angle and radius of curvature only for radial 
cams with translati ng followe rs here. For related infonnation on osci llating followers 
and axial (barrel) cams. see Chapler 7 of reference 151. 
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Bose circle Rb- prime circle Rp' ond pitch curve of a radial cam with rOller fotower 

Pres~ure Angle-Translating Roller Followers 

The pressure angle is defined as shown in Figure 8-44. lI,is the complement oflhe trans
mission angle thaI was defi ned for linkages in previous chnpters and has a similar mean
ing with respect to cam-follower operation. By convention. Ihe pressure angle is used 
for cams, rather than the transmission angle. Force can only be transmitted from cam to 
follower or vice versa along the axis of trans mission which is perpendicular to the axis 
of slip, or common tangent. 

I'I(ESSLR E A'GlE The pressure angle ~ is Ihe angle bern'un the direction of 
motion (~'elocity) of Ihe follower alld the directioll of the axis of trallsmission! When ~ 
=0, all the transm itted force goes into mot ion of the follower and none into slip velocity. 
When ¢I becomes 90° there will be no motion of Ihe follower. As a nIle of thumb, we 
would like the pressure angle to be between zero and about 30° for translat ing followers 
to avoid excessive side load on the sliding follower. If the followe r is oscillating on a 
pivoled ann. a pressure angle up to about 35° is acceptable. Values of $ greater than this 
can increase Ihe followenliding or pivot friction to undesirable levels and may tend 10 

jam a translating follower in its guides. 

ECCE,,'Rlc rn Figure 8-45 (p. 432) shows the geometry of a cam and translat
ing roller follower in an arbitrary position. This shows the general case in that the axis 
of mot ion of the follower does not intersect the center of the cam. There is an eccentric
ity E defined as the perpendicular distance betweell thefolfowers {Ixis of motion alld tlJe 
center of the calli. Often this eccentricity E will be zero, making it an aligned follower . 
which is the speci al case. 
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In the figure. the axis of transmission is extended to intersect effective link I. which 
is the ground link. (See Section 8.0. p. 377 and Figure 8- 1. p. 379 for a discussion of 
effecti ve links in cam systems.) This intersection is instant center 12.4 (labeled 8) which. 
by definition. has the same velocity in link 2 (the cam) and in link 4 (the follower). Be
cause link 4 is in pure translation. all points on it have identical velocities V!Ql/uI'I'm which 
are equal to the velocity of h4 in link 2. We can write an expression for the ve locity of 
12.4 in terms of cam angular veloci ty and the radius b from cam center to 12.4. 

(8.29) 

where s is the instantaneous displ:lCement of the follower from the s diagram and s (/0/ is 
its time derivative in units of length/sec. (Note that capi tal S V A J denote time-based 
variables rather than functions of cam angle.) 

43' 



DESIGN Of MACHINERY CHAPTER 8 

Common normal 
(axis of lransmission) 

Pressure 
angle Vj • "rr "" V f l,~ 

~ -

Common looge:nl 
(axis of slip) 

\ 
Prime: circle: 

radius HI' 

( 
oo~" ... 

------ -/ 

t 
-~-

\ 
'---

FIGURE &·45 

Follower 

Follower axis 
of motion 

Geometry for the derivation 01 the equatIOn for pressure angle 

But 

, nd 

'" then 

. ,Is s=- -,I, 
ds d9 ds d9 d.s 
- -"'--=-OO "" I"W 
dr d9 dfJ d/ dfJ 

bro - i'(/) 

b ;v (8.30) 

This is an interesting relationship which says that the d ista nce b to the instant cen· 
ter / 2,4 is equa l to the velocity or t he rollower I' in units of length per radian as derived 
in previous sections. We have reduced this expression 10 pure geometry, independent of 
the angular velocity <0 of the cam. 
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NOie that we can express the distance b in terms of the prime c ircle radius Rp and 
the eccentricity E. by the construction shown in Figure 8-45. Swing the arc of radius Rp 
until it intersects the axis of motion of the follower 31 point D. This defi nes the length of 
line (I from effecti ve link I to this intersection. This is constant for any chosen prime 
circle rudius Rfl' Points A. C. and 12.4 fonn a right triangle whose upper angle is the pres
su re angle 41 and whose vel1 icalleg is ($ + d). where s is the ins.tantaneous di splacement 
of the follower. From this triangle: 

and 

Then from equat ion 8.30. 

and from triangle CDOz. 

C-b":'f-(Hd)tan, 

b-(s+l/) tan,H 

d_ ~R~_E2 

(S.3 Ia) 

(S.3I b) 

(S.3 1c) 

Substituti ng equation 8.3 Ie into equation 8.3 1 b and solving for 41 gives an expres
sion for pressure angle in telllli.()f displacement s. veloc ity I '. eccentricity E, and the 
prime circle radi us Rp. 

---;"~-;;';"7 ,- arctan 
H ~R~_E2 

(8.3 ld) 

The velocity II in this expression is in units of length/rad. and all other quantities are 
in compatible length units. We have typically defined .~ and I' by this stage of the cam 
design process and wish to manipulate RfJ and [ to get an ucceptable maxi mum pressure 
ungle 41. As Rp is increased. 41 will be reduced. The only constr,Ji nts against large values 
of Rp are the practical ones of package size lind cos!. Often there wil l be some upper limit 
on the size of the cam-follower package d ictated by its surroundings. There will always 
be a cost constrai nt and bigger = heavier = more expensive. 

Choosing a Prime Circle Radius 

801h Rp and t are within a transcendental expression in equation 8.3 Id. so the)' cannot 
be conveniently solved for d irectly. TIle simplest approach is to assume a trial value for 
Rp and an initiul eccentricity of zero. and use program DVNACAM: your own program; or 
an equation solver such as Matlab. TKSo/l 'er or Mmhcad to quick ly calculate the values 
of 41 for the entire cam . and then adjust R" and repeat the calcu lation until an acceptable 
arrangement is found. Figure 8-46 (p. 434) shows the calculated pressure angles for a 
four-dwell cam. Note the similarity in sh:lpe to the velocity functions for the same cam 
in Figure 8-6 (p. 385). as that tenn is dominant in equation 8.3 Id. 

Us" c; Ecoxnucrrv If a suitably small cam cannot be obtained with :lcceptable 
pressure angle. then eccentricity can be introduced to change the pressure angle. Using 
eccentrici ty to control the pressure anglc has its lim itations. For a posit ive w. a positive 
value of eccentricity will decrease the pres.fllre al/gle 011 the rise but will iI/ crease il 0 11 

the/afl. Neglltive eccentricity does the reverse. 

.. , 
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This is of little value with a fornI-closed (groove or track) cam, as it is driving the 
follower in both directions. For a force-closed cam with spring return, you can some
times afford to have a larger pressure angle on the fall than on the rise because the stored 
energy in the spring is attempting to speed up the camshaft on the fall. whereas the cam 
is storing that energy in the spring on the rise. The limit of th is technique can be the 
degree of overspeed attained with a larger pressure angle on the fall. The resu lting varia
tions \n cam angular velocity may be unacceptable. 

The most value gained from adding eccemricity t6a follower comes in situat ions 
where the cam program is asymmetrical and significant di fferences ex ist (with no eccen
tricity) between maximum pressure angles on rise and fall. Introducing eccentricity can 
balance the pressure angles in th is situation and create a smoother running cam. 

If adjustments to Rp or € do not yield acceptable pressure angles, the only recourse 
is to return 10 an earlier stage in the design process and redefi ne the problem. Less lift or 
more time to rise or fall wi ll reduce the causes of the large pressure angle. Design is, 
after all, an iterative process. 

Overturning Moment-Translating Flat-Faced Follower 

Figure 8-47 shows a translating, flat -faced follower running against a radial cam. The 
pressure angle can be seen to be zero for all positions of cam and follower. This seems 
to be giving us something for nothing, which can't be true. As the contact point moves 
left and right, the point of application of the force between cam and fo llower moves with 
it. There is an ovenuming moment on the follower associated with this off-ce nler force 
which tends 10 jam the fo llower in its guides,just as did too large a pressure angle in the 
roller follower case. In this case, we would like to keep the cam as small as possible in 
order to minimize the moment arm of the force, Eccentricity wil l affect the average value 
of the moment, but the peak-to-peak variat ion of the moment about that average is unaf
fec ted by eccentricity. Considerations of too-large pressure angle do not limit the size of 
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Overturning moment on a nat-faced follower 

this cam. but other factors do. The minimum radius of curvature (see below) of the cam 
surface must be kept large enough to avoid undercutting. This is true regardless of the 
type of follower used. 

Radius of Curvature-Translating Roller Follower 

The radius of curvature is a malhemmica/I)roperty of a fUIIClioll. lis value and use is 
not limited to cams but has great significance in their design. The concept is simple. No 
matter how complicated a curve's shape may be. nor how high the degree of the function 
that deseribes it. it will have an instantaneous radius of curvature at every point on the 
curve. These radii of curvature will have instantaneous centers (which may be at infin
ity). and the radius of curvature of any function is itself a function that can be computed 
and plotted. For example. me radius of curvature of a straight line is infinity everywhere: 
that of a circle is a constant value. A parabola has a constantly changing radius of curva
ture that appro.'lches infinity. A cubic curve will have radii of curvature that arc some-

." 
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limes positive (convex) and sometimes negative (concave). The higher the degree of a 
[unction, in general. the more potential variety in its radius of curvature. 

Cam contours are usually funct ions of high degree. When they are wrapped around 
their base or prime circles, they may have portions that urc concave, convex, or fla\. 
Infinitesimally short flats of infinite radius will occur at all inflection points on the cam 
surface where il changes from concave \0 convex or vice versa. 

The radius of curvature of the fini shed cam is of concern regardless of the follower 
type, but the concerns are different for different followers. Figure 8-48 shows an obvi
ous (and exaggerated) problem with a roller follower whose own (conslam) radius of 
curvature Rf is too large to follow the locally smaller concave (negative) radius --p on 
the cam. (Note that. nonmlily. one would not use that large a roller compared to the cam.) 

A more subtle problem occurs when the roller follower radius Hj is larger than the 
smallest positive (convex) local radius +p on the cam. This problem is called undercut
ting and is depicted in Figure 849. Recall that for a roller follower cam. the cam con
tour is actually defined as the locus of the center of the roller follower. or the pitch cun ·e. 
The machinist is given these x,y coordinate data (on computer tape or disk) and also told 
the radius of the follower RI The machinist will then cut the cam with a cutter of the 
same effective radius as the follower, following the pitch curve coordinates with theeen
ter of Ihe cutter. 

Figure 8-49a shows the situat ion in which the follower (cutter) radius Rfis at one 
point exactly equal to Ihe minimum convex radius of curvature oflhe cam (+Pm;n). The 
cutter creates a perfect sharp point. or cusp, on the cam surface. This cam will not run 
very well at speed! Figure 8-4% shows the situat ion in which the follower (cutter) ra
dius i~ greater than the minimum convex radius of curvature of the cam. The cutler now 
undercuts or removes material needed for cam contou~n different locations and also 
creates a sharp point or cusp on the cam surface. This cam no longer has the same dis
placement function you so carefully designed. 

RI >l p"''" 1 

( 

~ c'm 
FIGURE 8 -48 

The result of using a rolier follower larger thon the one for which the cam was designed 
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SmoI posIItve radius of curvature con cause undercutting 

The rule of thumb is to keep the absolute value of the minimum radius of curvature 
Pmill of the cam pitch curve preferably at least 2 to 3 times as large as the radius of the 
roller follower Rf 

(8.32) 

A derivation for radius of curvature can be found in any calculus tex!. For our case 
of a roller follower, we can write the equation for the radius of curvature of the pitch 
curve of the cam as: 

(8.33) 

In this expression, s, v, and a are the displacement, velocity, and acceleration of the 
cam program as defined in a previous section. Their units are length, length/rad, and 
length/rad2, respectively. Rp is the prime circle radius. Do not confuse this prime circle 
wdius Rp with the radius of Clln·ature, Ppilch' Rp is a constant value which you choose 
as a design parameter and Ppilch is the constantly changing radius of curvature that re
sults from your design choices. 

.. 7 



Ala DESIGN OF MACHINERY CHAPTER a 

A lso do not confuse Rp. the prime circle radius with Rf the radills of till' roller fol
lower. See Figure 8-43 (p_ 430) for definitions. You can choose the value of RjlO suit 
the problem. so you might think that it is simple to satisfy equation 8.32 (p. 437) by just 
select ing a roller follower with a small value of RI' Unfortunately it is more complicated 
than that. as a small roller follower may not be strong enough to withstand the dynamic 
forces from the cam. The radius of the pin on which the roller follower pivols is sulr 
stantially smaller than Rfbecause o f the space needed for roller or hall bearings within 
the follower. Dynam ic forces will be addressed in later chapters where we will revisit 
Ihis problem. 

We can solve equllIion 8.33 (p. 437) for Pp" clr since we know s, I', and (J for all val
ues ofa and can choose a trial Rp_ If the pressure angle has already been calculated, the 
Rp found for its acceptable values should be used to calculate Pplrcil as well. If a suitable 
follower radius cannot be found which satisfies equation 8.32 for the minimum values 
of p"i/eh calculated from equation 8.33. then further iteration will be needed. possibly 
including a redefinition o f the cam specifications. 

Program DYNACAM calculates Ppj/cll for all values of a for a user supplied prime 
circle radius Rp. Figure 8-50 shows Ppj/cil for the four-dwell cam of Figure 8-6 (p. 385). 
Note that this cam has both positive and negative radii o f curvature. The large values of 
radius of curvature are truncated at arbitrnry levels on the plot as they are heading to in
finit y at the inncclion points between convex and concave portions. Note that the radii 
of curvalUre go OUI to positive infinity and return from negative infinity or vice versa at 
these inneclion points (perhaps after a round trip through the universe?). 

Once an acceptable prime circle radius and roller follower radius nre detemtined 
based on pressure angle and rad ius of curvature considerations. the eant can be drawn in 
fini shed fonn and subsequently manufactured. Figure 8-51 shows the profi le of the four 
dwell cam from Figure 8-6. The cam surface contour'ffswept out by the envelope of 
fo llower posi tions just as the cuner will create the cam in metal. TIle sidebar shows the 
parameters for the design. which is an acceptable one. The Pm", is 1.7 times Rf and the 
pressure angles are less than 30°. The contours on the cam surface appear smooth. wilh 
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no sharp comers. Figure 8-52 shows the same cam with only onc change. The rndtus of 
follower R, has been made the same as the minimum radius of curvature. Pmin. The sharp 
comers or cusps in several places indicate that undercutting has occurred. This has now 
become an unacceptable cam. simply becal/se of a roller follower tlull is too large. 

The coordinales for Ihe cam conlour. measured 10 the locus o f the center of the roller 
follower. or the pilch curve as shown in Figure 8-51. are defined by the following ex
pressions. referenced 10 the center of rOlalion of the cam. See Figure 8-46 (p. 434) for 

Lift • 1 
Rprime • 4 
Eccen • 0 
PaMin _ -29.2 
PaMax • 25.6 
RcMm+ _ 17 
RctM- _-3.6 
RIoIIwf • 1.7 

FIGURE 8 -52 
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nomenclature. The subtraction of the cam input angle e from 21t is necessary because 
the relative motion of the follower versus the cam is opposite to that of the cam versus 
me follower. In other words, to define me contour of the centerline of the follower's path 
around a stationary cam, we must move the follower (and also the cutter to make the 
cam) in the opposite direction of cam rotation. 

where: 

x == cos".J(d + s)2 +[2 

y==Sin",J(d+s)2 +£2 

'" ==(27t- a)-arctan(-'-) 
d+s 

Radius of Curvature-Translating Flat-Faced Follower 

(8.14) 

The situation wi th a flat-faced follower is different from that of a roller follower. A nega
tive radius of cUlvature on the cam cannot be accommodated with a flat-faced follower. 
The flat follower obviously cannot follow a concave cam. Undercutting will occur when 
the radius of curvature becomes negative if a cam with that condition is made. 

Figure 8-53 shows a cam and translating flat -faced follower in an arbitT'dry position. 
The origin of the global XY coordinate system is placed at the cam's center of rotation. 
and the X axis is defined parallel to Ihe common tangent. wh ich is the surface of the flat 
follo'fer. The vector r is attached to the cam, rotates with ii, and serves as the reference 
line to which the cam angle 9 is measured from the X axis. The point of contact A is 
defined by the posilion vector RA• The instantaneous center of curvalure is al C and Ihe 
radius of curvature is p. Rb is the radius of the base ci rcle and s is the displacement of 
the follower for angle 9. The eccentricity is E. 

We can define the location of contaci point A from two vector loops (in complex 
nOlalion). 

, nd 

so: 

cej{e+a) + jp = x+ j{ Rb +s) (8.35a) 

Substitute the Eulerequivalem (equation 4.4a, p. 173) in equation 8.35a and separate the 
real and imaginary pans. 

real: 

ccos(6+cr:)=x (8.35b) 

imaginary: 

csin(EI+ cr:) +p = Rb +5 (8.35c) 
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The cenler of curvature C is stationary on the cam meaning that the magnitudes of 
c and p. and angle (X do not change for small changes in cam angle 8 . (These val ues are 
not constant but are at stationary values. Their first derivatives with respect to e are zero. 
but their higher derivatives are not zero.) 

Differentiating equation 8.35a with respect to e then gives: 

. j(8+o) dx . ds (8.36) 
}U =-+}-

dfl dfl 

Substi tute the Euler equivalent (equation 4.4a, p. 173) in equation 8.36 and separate 
the real and imaginary parts. 

real: 

imaginary: 

-csin(8+a)= df 
dfl 

d, 
ccos(9+a)= -::"1' de 

Inspection of equations 8.33b (p. 437) and 8.36 shows that: 

x=v 

(8.37) 

(8.38) 

(8.39) 

.. , 
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This is an interesling relationship that says the x position of the contact point be
tween cam and follower is equal to the velocilY of the follower in length/rad. This means 
that the II diagram gives a direct measure of the necessary minimum face width of the 
flat follower. 

facewidtll > I'max - I'm,n (S.4D) 

Jfthe velocity function is asymmetric. then a min imum-width follower will have to 
be asymmetric also. in order not to fall off the cam. 

Differentiating equation 8.39 (p. 44 1) with respect to 9 gives: 

dx dl' 
-=-=(1 
d9 d9 

(S.4I ) 

Equations 8.35c (p . 440) and 8.37 (p. 441) can be solved simultaneously and equa
tion 8.4 1 substituted in the resu lt to yield: 

P= Rb +5+0 

and the minimum value of radius of curvat ure is 

Pmin = Rb +(s+a)min 

(S.42a) 

(S.42b) 

BASE CIRCLE Note that equations 8.42 define the radius of curvature in tenns of 
the base circle radi us and the displacement and acceleration functions from the S v 1I j 
diagrams only. Because p cannot be allowed to become negative with a flat-faced fol 
lower, we can formulate a relationship from equation 8.42b thai wi ll predict the mini
mum. base circle radius Rb needed to avoid undercutting. The only fac tor on the right 
side of equat ion 8.42lhat can be negative is the acceleration, a. We have defi ned s to be 
always positive. as is Rb. Therefore, the worst case for undercutting wi ll occur when a 
is near its largest negative value, (Imino whose value we know from the a diagram . The 
minimum base circle radius can then be defined as: 

(S.43) 

Because the value of (llIIin is negative and it is also negated in equation 8.43. it domi
nates the expression. To use this relationship. we must choose some minimum radius of 
curvature Pmin for the cam surface as a design parameter. Si nce the hertzian contact 
stresses at the contact point are a function of local radius of curvature. that criterion can 
be used to select Pmin' That topic is beyond the scope of this text and will not be further 
explored here . See reference f 11 for further i~fomlat ion on contact stresses. 

CAM CONTOUR For a flat-faced follower cam. the coordi nates of the physical 
cam surface must be pro.v ided to the machinist as there is no pitch curve to work to. 
Figure 8-53 (p. 44 1) shows two orthogonal vectors, r and q. which define the cartesian 
coordinates of contact point A between cam and fo llower with respect to a rOlating axis 
coordinate system embedded in the cam. Vector r is the rotating .'.\''' axi s of this embed
ded coordinate system. Angle IV defines the position of vector RA in this system. Two 
vector loop equations can be written and equated 10 define the coordinates of all points 
on the cam surface as a function of cam angle 9. 
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lind 

so: 

(8.44) 

Di vide both sides by ej9: 

(8.45) 

Separate into real and imaginary components and substitute \I for x from equation 8.39: 

real (x component): 

r:( Hh +.I')s in& + I'cos9 (8.46a) 

imaginary (y component"..... 

q: (Rh +.I')cosO-l'sin9 

Equations 8.44 can be used 10 machine the cam for a nat-faced follower. Thesex,ycom
ponents are in the rotating coordinate system that is embedded in the cam. 

Note that none ofthecquations developed above for this case involve the eccentric
ity, /::. It is only 3 faclOr in cam size when a roller follower is used. It does not affect the 
geometry of 3 nat fo llower cam . 

Figure 8-54 (p. 444) shows the result of trying to use a nat-faced follower on a cam 
whose theoretical path offollower point P has negative radius of curvature due to a base 
circle radius thai is too small. If the follower tracked the path of P as is required to create the 
motion funct ion defined in the s diagram . the cam surface would actually be as devel
oped by the envelope of straight lines shown . But, these loci of the follower face are 
cUlling into cam contours that are needed for other cam angles. 'The line running through the 
forest of fol lower loci is the path of point P needed for this design. 'The underculling can be 
clearly seen as the crescent-shaped missing pieces at four places between the path of P and 
the follower face loci. Note that if the follower were zero width (at point Pl. il would work 
kinematically. but the stress lit the knife edge would be infinite. 

SL\I\IARl' The task of sizing a cam is an excellent example of the nced for and 
value of iteration in design. Rapid recalculation of the relevant equations with a tool such 
as program DYNACAM makes it possible to quickly and painlessly arrive at an accept
able solution whi le balancing Ihe oftcn connicting requirements of pressure angle and 
radius of curvalure constraints. In any cam. e ither the pressure angle or radius of curva
ture considerat ions wi ll dictate the minimum size of Ihe cam. Both factors must be 
checked. The choice of follower type. either roller or flat-faced. makes a big difference 
in the cam geometry. Cam programs that generate negative radii of curvature are un
suited to the flat -faced type offo llower unless very large base circles arc used to force p 
to be positive everywhere. 
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8.7 CAM MANUFACTURING CONSIDERATIONS 

The preceding sections illustrate that there are a number of factors to consider when de
signing a cam. A great deal of care in design is necessary to obtain a good compromise 
of all factors. some of which conflict. Once the cam design is complete a whole new set 
of considerations must be dealt with Ihat involve manufacturing Ihe cam. After all, if 
your design cannot be successfully machined in metal in a way that accurately represents 
the theoretical functions chosen. thei r benefits will noJ.J>e realized. Unlike linkages, 
which arc relatively easy to make. cams are a ch11llenge to manufacture properly. 

Cams are usually made from strong. hard materials such as medium to high car
bon steels (case- or through-hardened) or cnst ductile iron or grey c<lsi iron (case
hardened). Cams for low loads and speeds or marine applications are sometimes made 
of bronze. Even plastic cams are used in such applications as washing machine timers 
where the cam is merely tripping a switch at the right time. We will concentrate on the 
higher load-speed siluations here for which steel or cast/ductile iron are the only 
practical choices. These materials range from fairly difficult to very difficult to 
machine dcpcnding on the alloy. At 11 minimum, a reasonably accur.lIe milling machine 
is needed to make a cam. A computer controlled machining center is far preferable and 
is most often the choice for serious cam produ~tion, 

Cams are typically milled with rotating cUllers that in efTect " tear" the metal away 
leaving a less than perfecily smooth surface at a microscopic level. For a beller finish 
and beller geometric accuracy, the cam can be ground after milling away most of the 
unneeded material. Heat treatment is usually necessary 10 get sufficient hardness to pre
vent rapid wear. Steel cams are typical1y hardcned to about Rockwell HRC 50-55. Heat 
trealment introduces some geometric distonion. The grinding is usually done after heat 
treatment to correct the contour as wcll as to improve the finish: The grinding slep 
nearly doubles the cost of an already expensive pan, so it is somet imes sk ipped in order 
to save money. A h1lrdened but unground cam wil l hllve some geometric error due to heat 
distortion despite accur,lIe milling before harden ing. 
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Machining a Cam 

Computer-aided manufact uring (CAM) has become the vinual slandard for high ac
curacy m3chining in the United States. Numerical control (NC) machinery comes in 
many types. Lathes, milling mach ines, grinders, etc., are all available with on-board 
computers that control either the position of the workpiece. tbe tool , or both. The sim
plest type of NC machine moves the 1001 (or workpiece) to a specified .r.y location and 
then drives the tool (S3Y 3 drill) down through the workpiece 10 make a hole. This pro
cess is repeated 3S much as necessary to create the part. This simple process is referred 
to as NC lodistinguish it from conl inuous numerical control (eNC), which is more com
monly used for cam manufacturing. 

CONTINUOUS NUMER ICAL CONTROL (CNC) In a CNC machine, the tool is in con
stant contact with the workpiece. always cutting, while the computer controls the 
movement of Ihe workpiece from position to position as stored in its memory. This 
is a continuous cutting process as opposed to the discrete one of NC. However, the 
cam displacement func tion must still be discretized or sampled at some angular incre
ment. Common increments are 1/ 10. 1/4. 1/2, and I degree. Since Ihe machine only has 
infonnation aboul the .\".y locations of these 360, 720, 1440, or 2880 points around the 
cam, it has 10 figure out how too-get from one point to another while cutting. The most 
common method used to "fill in" Ihe missing data is linear interpolat ion (L1 ). The 
machine's computerca1culates the straight line between each pair or data points anA then 
drives the cutter (or workpiece) so as 10 stay as close to that line as it can. If it could do 
this perfectly (which it can't). we would get a piecewise continuous first-order approxi
mation to the cam contour as shown in Figure 8-55. This would introduce slope discon
tinuities thaI wou ld create theorelically infinite pulses of acceleration. We would be back 
to our "bad cam by naive designer" of Example 8·1 (p. 386) having infinite acceleration 
regardless of the actual function selected. 

FtGURE 8 -55 
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An improvemem can be made in this linear interpolation scheme by litting a cubic 
spline curve to the discretized cam coordinale data and then resampling this spl ine ap
proximation at liner spacing down to the milling machine's resolution. This denser data 
set is then used to drive Ihe cutter. which still must traverse approximate straight-line 
paths between the close spaced dala polnls. The curve lilling and resampling is Iypically 
done at Ihe manufacturing stage when the CNC cutting liIes are created. 

With suffici ently small resampled interpolation increments, the dynamics of the 
cutting process. which are a funclion of speeds, feeds. tool sharpness. tool chatter, de
nection of the spindle. etc .. all conspire to prevent the fomw.t ion of a series of distinci 
"nats" that would give the derivatives shown in Figure 8-8 (p. 387). Rnther.lhe kind of 
acceleration curve that actually results from a cam that was milled (but no. ground) on a 
very high-qualily CNC machining center. using I degree linear interpolation. is as shown 
in Figure 8-56. The program is a simple hannonic eccentric with no dwells. The dy
namic curves were measured with inslrumenlalion on the roller follower while Ihe cam 
was running at 6(X) rpm on a custom-designed cam dynamic test fix ture (CDTF).I9. 10] 
The actual displacement is quite true to the theoretical, butlhe acceleration has a signifi
cant amount of vibralOry noise present which distor1s the function from its theoretical 
cosine waveshape. The accelermion is shown in g·s. Compare the peak-to-peak values 
in Figure 8·56 (8 g) with .he same cam design made with geometric generation (Iumed 
and ground cam) ;n Figure 8-1 1 (p. 391). (5 g). The error is of the order of 3 g's on a 
base of 5 g·s. These errors in Ihe accelermion are due 10 a combinat ion of manufactur
ing factors as described above. It was found thai the use of 1/4. 1(2 or I degree digitiza
tion increments on thi s size cam· made no statislically significant difference in the fidel
ity of the actual acceleration function to its theoretical wavefonn.l9. to] 

Actual Cam Performance Compared to Theoretical Performance 
~ 

The relative peak accelerations of severnl common double-dwell cam functions were 
discussed in Sect ion 8.3 (p. 385) and summarized in Table 8·3 (p. 403). That discussion 

~.,--------~~~~-----------, 

.. . .... 
.. 
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also emphasized the importance of a smooth jerk function for minimizing vibrations. 
The theoretical differences between peak accelerations of different cam functions witl 
be altered by the presence of vibratory noise in the actual acceleration wavefonns. This 
noise will be due in pari to errors introduced in the manufacturing process, liS d iscussed 
above, but there will also be inherent differences due to the degree to which the jerk fu nc
tion excites vibrations in the cam-follower train. These vibrations will be heavi ly inn u
enced by the structural dynamic characteristics of the follower train itself. In general. a 
very stiff and massive fol lower train will vibrate less than a' light and nexi ble one, but 
the presence of frequencies in the cam fu-netion that are near the natural frequencies of 
the follower train will exacerbate the problem. 

Figure 8-57 shows the acceleration o f a follower train on a production machine run
ning at 100 'l'1ll. The actual acceleration as measured with an accelerometer is super
posed on the theoretical modified trapezoidalllcceleration function for this cam-follower 
system. This cam is a modified trapezoid double-dwell. Its theoretical wavefonn is su
perposed on the measured one. The vibration during the rise and fa ll events is clearly 
visible. more than doubling the theoreticul pcnks. During the dwell between the rise and 
fall. the residual vibrations can be cle'Lrly seen and appear to damp out before the fall 
motion begins. Note that lhere is a tow level o f continual residual vibration in the ma
chine. This is due to other m~anisms wi thin the machine and other machines in the 
same plant contributing to a general excitation of all machine structures on the same 
noor. This is typical in any factory and the degree o f vibration shown is typical or'cam
driven machinery. This cam was later changed \0 a 3-4-5 polynomial design 10 reduce 
its level o f residulli vibration. 

Figure 8-58 (p. 448) shows the actu:LI acceleration wavefomls of four common 
double-dwell cllm programs. modified Inll)C7.0id . mod ified sine, cycloidal , and 4-5-6-
7 polynomia l, which were ground on the same four-dwell cam. These w:lYeforms were 
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FIGURE 8 -57 

Acceleration of a modilled trapezoid cam-follower motlon-machlne running ot100 rpm 

44' 



DESIGN OF MACHINERY CHAPTER 8 

'.H 

Modified '.n 
trapezoidal '.M 

(0) fall 
occelero tion -.i1 

(0) -'.35 

.... 1 
'.n ." .~ .M .M '.M 

TI_ In Rllvolutlon. 
'.H 

1.31 

Modified 
SIne fall 1.11 

(b) 
acceleration -.n 
(0) 

-J.1l 

.... , 
'.n ." ... ." ." '.M 

Tille In Revo lut [onlJ 
1.4S 

4.'1 
CyclOIdol ... I . II 

(e) 
occelefollOn ~ .• 
(0) 

~.n 

".41 
'.M . n ... ." .n ... 

Tille In Revolution. 
S.4. 

4-5-6-7 S.iS 

polynomial 1.11 
(d) ... 

acceleratiOn ~ .. 
(0) 

~ .. 
~ ... '.n . " ... ... ." ••• 

TI~ I, Revo lut Ions 

FIGURE 8 - 58 

Actual measured follower acceleration curves of four, double-dwell programs 

measured with an accelerometer mounted on Ihe stiff fo llower train of a cam dynamic 
lest fixlUre (CDTF) specially designed for low vibration and noise as compared 10 the 
manufacturing machine of Figure 8-57 (p. 447). The lest cams were made by a specialty 
cam manufacturer using linear interpolation CNC with a 1/4 degree digitizing increment 
on very high quality machining and grinding equipment. After hardening. the cam con· 
tour was ground 10 a surface fini sh with an average roughness (Ro) of 0.125 microns. 
Comparing these functions on the same cam. made on the same production machinery, 
and run againstlhe same follower system gives a means to measure their actual differences 
in relative accelerations. 
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TABLE 8 ·4 Actual Peak Acceleration Compared to the Theoretical 
IOf vaoous Double-DwEll Com PfogrOfTlS Cg) 

" ... "'. Actual 'alio "'00<. . Actual 
Com Program App. App• AmI Aceel. Aeeel. 

• 9 (Eq.8.45) Foetor Foetor 

Mod. trap. occel. 11.78 13.29 1.13 4.888 hlfJ2 5.514 hlfJ2 

Mod. sine. accel. 13.32 15.21 1.14 5.528 h/~2 6.313 hlfJ2 

CyclOidal dIsp. 15.14 15.Q() 1.05 6.263 hlfJ2 6.597 h/fJ2 

4·5-6-7 poly. dlsp. 18.14 l1j1.17 Ul6 7.526 h/~2 7.954 hlfJ2 

• from Tobie 8-3. p . 403 

All four acceleration wavefonns have some amount ofvibmtory noise present which 
is seen as osci llations or ripples on the curves. Compare these curves to their exact theo. 
retical equivalents in Figure g.!.? (p. 402). Table 84 compares Ihe expected theorelical 
peak-to-peak acceleration APPrh~ortfl'ro' for each cam (col umn 2) wilh ils actual. meas,urcd 
peak-to-peak acceleration Appot;,WJ' (column 3). The error is expressed in column 4 as 
an acceleration multiplier faclor Anifdefined as: 

A 
A - ,.,,"" ""/ mr 

Af'f'~ 
(8.47) 

Column five in Table 8-4 shows the max imum accelemtion fac tors for these four 
functions taken from Table 8-3 (p. 403). The lasl (sixlh) column shows the aClUal maxi
mum acceleralion values based on these tesl data and is Ihe product of columns four and 
five. 

These values of actual maximum acceleration show smal ler differences between the 
functions than are predicted by their theoretical waveforms. The modified trapezoid, 
\.\<hich has the lowest theoretical acceleration, has a 13% noise penalty due to vibration. 
The modified sine has a 14% noi se penalty. while the cycloidal and 4-5-6-7 polynomial 
funclions have only 5 t06% noise. This is due to the fact that the last two functions have 
smoother jerk waveforms Ihan Ihe first two. The cycloidal waveform, with its cosine jerk 
function, is a good choice for high-speed operations. lis acceleration is llctually only 
about 19% greater than the modified trapezoid's and 5% more than the modified sine, 
ralher Ihan the 28% and 14% differentials predicted by the theorelical peak values. 

8.8 PRACTICAL DESIGN CONSIDERATIONS 

The cam designer is often faced with many confusi ng dec is ions. especia lly at an 
early siage of the design process. Many earl y decisions, often made somewhat arbi
trarily and wilhoul much thought. can have significant and cosily consequences later 
in the design. The following is a discussion of some of the Irade-offs involved with 
such decisions in the hope th tlt it wi ll provide the cam designer with some guidance 
in making Ihese decisions. 

.. 9 
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Translating or Oscillating Follower? 

There are many cases, especially early in a design. when e ither trans lating o r TOulIin 
motion could be accommodated as output from the cam. though in other situations. 1h 
followe r motion and geometry is dictated 10 the designer. If some design freedom is al 
lowed, and straight-line mol ion is specified. the designer should consider the possibilil. 
of using an approx imate straight line motion. which is oflcn adequate and can be ob 
lained from a large-radius rocker follower. The rockcror osci llating follower has advan 
tages over the translating follower when a roller is used. A round-cross-section translat 
ing follower slide is free 10 rOiate about its axis of translation and needs to have somt 
ant irotation guiding provided (such as a keyway or second slide) to prevent :-axis mis 
alignment of the roller follower with the cam. Many commerciall y available, nonrotat 
ing slide assemblies are now available. often fi lled with ball bearings. and these provick 
a good way to deal with thi s issue. However, an osci llating follower arm will keep tm 
roller follower aligned in the same plane liS the cam with no guiding other !hIm its own pivot 

Also. the pivot friction in an oscillating follower typically has a small moment ann 
compared to the moment of the force from the cam on the follower ann. But. the fric
tion force on a trans lating follower has a one-la-one geometric relationship with the cam 
force. This can have a larger parasitic effect on the system. 

Translating flat -faced followers are often de liberately arranged wi th their axis 
slightly out of the plane of the cam in order 10 create a rotation about thei r own axis due 
to the frictional moment resul ting from the offset. The flm follower will then preuss 
around its own axis and distribute the wear over its entire face surface. This is common 
practice with automotive valve cams that use nat-faced followers or " tappets." 

Fotce or Form-Closed? 

A fonn-closed (track or groove) cam orconjugate cams are more expensive to make than 
a force-closed (open) cam simply because there arc two surfaces to machine and grind. 
Also, heat treating will often distort the Irack of a foml-closed cam. narrowing or widen
ing it such thai the roller fo llower will not fit properly. This virtually requires post heat
treat grinding for track cams in order to resize the slot. An open (force-closed) cam will 
also distort on heat-treating, but can still be usable wi thout grinding. 

FOtLOWER J UMP The princ ipal adv;mtage of a form-closed (track) cam is that it 
does not need a TetUn) spring, and thus can be run at higher speeds than a force-closed 
cam whose spring and follower mass will go into resonance at some speed. causi ng p0-

tentially destructive follower jump. This phenomenon will be investigated in Chapter 
15 on cam dynam ics. Hig.h-speed automobi l~ and motorcycle racing engines often use 
fonn-closed (desmodrom ict valve cam trains 10 allow higher c ngine rpm without incur
ring valve "noat." or follower jump . 

C ROSSOVER SIIOCK Though the lack of a retum spring can be an advantage. it 
comes, as usual, with a trade-off. In a fonn-c losed (track) cam Ihere will be crosso\'er 
shock each lime the acceleration changes sign. Crossover shock describes the impact 
{olce that occurs when the follower suddenly jumps from one side of the track to the 
olher as the dynamic force (ma) reverses sign. 1lIcre is no fl exible spring in this system 
to absorb the force reversal as in the force-closed case. The high impact forces at cross· 
over cause noise, high stresses. and local wear. Also, the ro ller follower has to reverse 
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direction at each crossover. which C:IUseS slid ing and accelerates follower wear. Studies 
have shown Ihat roller fo llowers running against a well-lubricated open radial cam have 
slip rates of less than 1%.191 

Radial or Axial Cam? 

This choice is largely dictated by the overall geomelry of the machine for which the cam 
is being designed. If the follower must move parallel to Ihe camshaft axis, then an axial 
cam is dictated. If there is no such conslraint. a radial cam is probably a beUer choice 
simply because it is a less complicated. thus less expensive, cam to manufacture. 

Roller or Flat-Faced follower? 

The roller follower is a beUer choice from a cam design standpoint simply because it 
accepts negative radius of curvature on the cam. This allows more variety in the cam 
program. Also. for any produclion quant ities. the roller fo llower has the advantage of 
being available from several manu fact urers in any quantity from one to a million. For 
lowquantilies il is not usual ly economical to design and build your own custom follower. 
In addition. replacement roller followers can be obtained from suppliers on shon not ice 
when repairs are needed. Also.they aTe not panicularly expensive even in small quanti
ties. 

Perhaps the largest users of fla t-faced fo llowers are automobile engine makers. 
Their quanti ties are high enough to allow any custom design they desire. It can be made 
or purchased economically in large quantity and can be less expensive than a roller fol
lower in that case. Also with engine valve cams. a flat fo llower can save space over a 
roller. Nevenheless. mllny manufaclUrers hllve switched 10 roller fo llowers in automo
bile engine valve trains to reduce friction and improve fuel economy. Most new auto
motive IC engines designed in the U.S. in recent years have used roller fo llowers for 
those reasons. Diesel engines have long used roller followers (tappets) as have racers 
who "hop-up" engines for high perfom13nce. 

Cams used in automated production line machinery use stock ro ller followers almost 
exclusively. The ability to qu ickly change a worn follower for a new one taken from the 
slockroom without losing much production lime on the "" line" is a strong argument in this 
environment. Roller followers come in several varieties (see Figure 8-5a. p. 383). They 
are based on roller or ball be:lrings. Plain bearing versions are also available for low
noise requirements. 111e outer surface. which rolls against the cam can be either cylin
drical or spherical in shape. The ""crown" on the spherical follower is slight. but it guar
antees that the follower will ride near the center of a flat cam regardless of the accuracy 
of alignment of the axes of rotation of cam and fo llower. If a cylindrical fol lower is cho
sen and care is not taken 10 align the axes of cam and roller follower. the follower will 
ride on one edge and wear rapidly. 

Commercial roller followers arc typically made of high carbon alloy steel such as 
AISI 52100 and hardened to Rockwell HRC 60 - 62. The 52100 alloy is well suited to 
thin sections that must be heat-treated to a unifonn hardness. Because the roller makes 
many revolutions for each cam rotation. ils wear r.J te may be higher than Ihat of lhe cam. 
Chrome plating the followe r can markedly improve its life. Chrome is harder than steel 
at about HRC 70. Steel cams are Iypically hardened 10 a range of HRC 50 - 55. 

.. , 



'52 DESIGN Of MACHINERY CHAPTER! 

To Dwell or Not to Dwell? 

The need for a dwell is usually clear from Ihe problem specifications. If Ihe follo ..... cl 

must be held stat ionary for any lime, thcn 11 dwell is required. Some cam designers lena 
to insert dwells in situations where they are not specifically needed for follower stllsis, 
in a mistaken belief thallhis is preferable 10 providing a rise-return molion when that is 
what is really needed. If the designer is attempting to use a double-dwell program in 
what really needs only (0 be a single-dwell case, with the motivation 10 "leI the vibra
tions settle out" by providing a "short dwell" allhe end of the motion. he or she is mis
guided. Instead. the designer probably should be using a different cam program. periJ:1PS 
a polynomial or a B-spline tai lored (0 the specifications. Taking the follower accelera
tion to zero. whether for an instant or for a "shon dwell," is generally undesirable unless 
absolutely required for machine function (See Examples 8-6. p. 4[2.8-7. p. 414. ond 
8-8. p. 415) A dwell should be used only when the follower is required to be stationary 
for some measurable time. Moreover, if you do not need any dwell ot all, consider using 
a linkage instead. They are a lot easier and less expensive 10 manufacture. 

To Grind or Not to Grind? 

Some product ion machinery cams are used as-mi lled, and not ground. Automotive vahe 
cams are ground. The reasons are largely due to cost and quantity considerations as \\ell 
as the high speeds of automotive cams. There is no question that a ground cam is supe
rior to a milled cam. The question in each case is whether the advantage gained is worth 
the cost. In small quantit ies. as are typical of production machinery. grinding about 
doubles the cost of a cam. The advantages in tenns of smoothness and quietness of op
eration, and of wear, are not in the same ratio as the cost difference. A well-machined 
cam can perfonn nearly as well as a well-ground cam mld bener than a poorly ground cam.l9. . -

Automotive cams are made in large quantity. run at very high speed. and are ex
pected to last for a very long time with minimal maintenance. This is a very challenging 
specification. It is a great credit to the engineering of these cams Ihat they very seldom 
fail in 150.000 miles or more of operation. These cams are made on specialized equip
ment which keeps the COSI of their grinding to a minimum. 

Industrial production machine cams also see very long lives, often 10 to 20 years. 
running into billions of cycles at typical machine speeds. Unlike the typical automotive 
applicntion. industrial cams often run around the clock. 7 days a week, 50+ weeks a year. 

To Lubricate or Not to Lubricate? • 

Cams need lots of lubriqtion. Automotive cams are litemlly drowned in 11 now of en
gine oil. Many production machine cams run immersed in an oil bath. These are rea
sonably happy cams. Others arc not so fortunate. C:uns that operate in close proximity 
to the product on an assembly machine in which oil wou ld cause contamination of Ihe 
product (food products, personal products) often arc run dry. Camera mechanisms. 
which are full of linkages and cams, are often run dry. Lubricant would eventually find 
its way 10 the fi lm. 
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Unless there is some good rellson 10 eschew lubrication. a cam-follower should be 
provided with a generous supply of clean lubricant. preferably a hypoid-type oil contain
ing additives for boundary lubrication conditions. The geometry of a cam-follower joint 
(half-joint) is among the worst possible from a lubrication standpoint. Unlike ajoumal 
bearing. which tends to trap a film of lubricant within the joint. the half joint is continu
ally trying to squeeze the lubricant out of itself. This can resyh in a boundary. or mixed 
boundary/EHOt lubrication state in which some metal-to-metal contact will occur. Lu
bricant must be continually resupplied to the joint. Another purpose of the liquid lubri
cant is to remove Ihe heat of friction frofu the joint. If run dry, significantly higher ma
terial temperatures will resul t, wilh accelerated wear and possible early failure. 
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8.1 0 PROBLEMS' 

Programs DYNACAM alld M ATRIX may be lIsed 10 solve Ihese problems or to check yOllr 
SO/lIt;OIl where appropriate. 

·S·! Figure PS-I (p. 454) shows the cam and follower from Problem 6-65. Using 
graphical melhods. find and sketch the equivalenl fourbar linkage for lhis position of 
the cam and fo llower. 

·S-2 Figure pg. , (p. 454) shows the cam and follower from Problem 6-65. Using 
graphicul methods. find the pressure angle at the position shown. 

t EHD . Elasto
HydroDynamic. 

* All problem figures are 
provided as PDF liIes. and 
some are also provided as 
animated Working Model 
files; all are on !he: CD
ROM. PDF filenames are 
the.'lllme as the: figure 
number. Run the liIe 
A.nimuritHl.1.hrm/lo access 
and run tnc animations. 

• Answers in Appendix F. 
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TABLE P8-0 
Toplc/Problem Matrix 

8.1 Cam Tennlnology 

8-1. 8-3. 8-5 
8.3 Double-Dwell Cam 

De", 
SimpleHaNnoolc 
Motion (SHM) 

8-26 
Cycloldol DIsplace
~I 

8-23 
Modified Tropexoi
dd 

8 .. 7.8-11. 8-21. 8-44 
Modified Sinusoidal 
8·8.8-10.8-22.8-45 

""""""" 8-24.8 .. 25.8-33.8-46 

SA Slngle-Owell Cam 

De", 
8-9,8-41. 8-42. 8-47. 
8-53 

8.5 Crltlcol Path Motion 

8·17.8-43,8-48.8 .. 54 

8.6 SWng the Com 

Pressure Angle 
8 .. 2.8-4.8-6. 8-}4 
Rodk.Is 01 a..votu"e .. --8-18.8-19.8-20. 
8-27,8 .. 28.8·29. 
8·30.8-31.8-32. 
8-35,8-36,8-37. 
8-38. 8·39. 840 
Rodk.Is 01 CUVOtu"e .. 
fIot-faoed --.. 
8-49.8-50,8-51. 8-52 
RoOer & Flat-Focoo 
foloweo 
8-12.8-13.8 .. 14,8 .. 15 

• Answers in Appendix F. 

* TlJ<,se problems are 
suil~'d 10 ~OIUlilHl lIsing 

progrnm DVNACA;\l. which 
is 011 lhe anachcd 
CD-ROM. 
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direction or sliding 

FIGURE P8-) 

Problems 8-1 to 8-2 Adopted from P. H. HiU ond W. P. Rule. (1960). Mechanisms: AnaIysJs and Design 

8-3 Figure PS-2 shows a cam and follower. Using graphical methods, lind and sketch the 
equivalent fourbar linkage for this posi tion of the cam and follower. 

*8-4 Figure PS·2 shows a cam and follower. Using gwphical methods, lind the pressure 
angle at the position shown. _ 

S·5 Figure PS·3 shows a Cillll and follower. Using graphical methods, lind lind sketch the 
equivalent fourbar linkage for this position of the cam and follower. 

*8-6 Figure PS·3 shows a cam and follower. Using graphical methods, lind the pressure 
angle at the position shown. 

*8·7 Design a double-dwell cam to move a follower fromOto 2.5" in 600. dwell for 120". 
£a1l 2.5" in 30", and dwell for the remainder. The total cycle must take 4 sec. Choose 
sui table functions for rise and fall to minimize accelerations. Plot the S I" (I j diagr.lJns. 

~S-S Design a double·dwell call1lO move a follower from 0 to 1.5" in 45", dwel l for ISO". 
fall 1.5" in 90", and dwell for the remainder. The total cycle must !;lke 6 sec. Choose 
suitable functions for rise and fall to minimize veloci ties. Plot the .~ \' (I j diagrams. 

*S·9 Design a single-dwell cam 10 move;l follower from 0 to 2" in 60". fall 2" in 90", and 
dwell for Ihe remainder. The lot;ll cycle must take 2 sec. Choose suitable functions 
for rise and fa11 to minimi1.e accelerations. Plot the S I ' (l j diagrams . 

*S. IO Design a three-dwell cam to move a fo11ower from 0 10 2S' in 40", dwel1 for 100", 
fall 1.5" in 90", dwell for 20", fall I" in 30", and dwcll for Ihe remainder. The lotal 
eyele mUSllake 10 sec. Choose suitable functions for rise and fall to minimize 
velocities. PlOlthe S I' (l j diagrams. 

*8·11 Design a four-dwell cam to move a follower from 0 10 2S' in 40". dwell for 100", fall 
1.5" in 90". dwell for 20", fall OS' in JO". dwell for 40". fall 0.5" in 30". and dwell 
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follower ann 

FIGURE P8 -2 

Problems 8-3 to 8-4 

for the remainder. The total cycle must take 15 sec. Choose suitable functions for 
rise and fall to minimize accelemtions. Plot the s v aj diagmnts. 

*8- 12 Size the cam from Problem 8-7 for a I" rJdius roller follower considering pressure 
angle and radius of cun'iiiure. Use eccentrici ty only if necessary to balance those 
functions. PIO( both those functions. DrJw the cam profile. Repeat for a nat-fa(jed 
follower. Which would you use? 

*8- 13 Si7.e the cam from Problem 8-8 for a 1.5" radius roller follower considering pressure 
angle and mdius of curvature. Use eccentricity only if necessary 10 balance those 
functions. Plot both those function s. Draw the cam profile. Repeat for a nat -faced 
foll ower. Which would you use? 

i8_ 14 Size the cam from Problem 8-9 for a OS' radius roller follower considering pressure 
angle and mdius of curvature. Use eccentricity only if necessary to balance those 
functions. Plot both those functions, Draw the cam profile. Repeat for a nat-faced 
follower. Which would you use? 

18- 15 Si1.e the cam from Problem 8-10 for a r radius roller follower considering pressure 
angle and radius of curvature, Use eccentricity only if necessary to balance those 
functions. PIO( both those functions, Omw the cam profile. Repeat for a nat-faced 
follower. Which would you use? 

~8- 1 6 Size the cam from Problem 8-11 for a 0.5" mdius roller follower considering pressure 
angle and rddius of curvature, Usc eccentrici ty only if nece.~sary to balance those 
functions. Plot both those function s, Draw the cam profile. Repeat for a nat-faced 
follower. Which would you use? 

*8- 17 A high fri ction, high inertia load is to be driven. We wish to k.eep peak. veloci ty low. 
Combine segments of polynomial displacements with a constant velocity segment on 
both rise and fall to reduce the maximum velocity below Ihal obtainable with a fult 
period modified sine acceleration alone (i,e" with no constant velocity portion). Rise 
is I ~ in 90", dwell for roo, fall in 50", dwell for remainder. Compare the twO designs 
and comment. Use an w of one for comparison. 

t8-18 A constant velocity of 0.4 inJscc must be matched for 1.5 sec. Then the fol lower 
mUSt relUm 10 your choice of start point and dwell for 2 sec. The tOlal cycle lime is 6 

... 

FIGURE P8 -3 

Problems 8-5 to 8-6 

t These problems are 
sui ted to solution uSing 
program D VNACAM, which 
is on tile auached CD
ROM. 
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t These problems are 
sui ted !O solut ion using 
MUll/cud. Marlab. or 
TKSoII'rr equation solver 
programs. 

t These problems are 
sui led [0 solution using 
program D VNACAM, wllich 
is on the attached CD
ROM. 
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sec. Design a cam for a follower radius 0(0.75" and a maximum pressure angle of 
30° absolute value. 

t8-19 A constant velocity of 0.25 in/sec must be matched for 3 sec. Then the follower must 
return to your choice of sian point and dwell for 3 sec. The total cycle time is 12 scc. 
Design a cam for a follower radius of 1.25" and a maximum pressure angle of 35° 
3bsoJule value. 

*8-20 A constant ve locity of 2 in/sec must be matched for I second. Then the fo llower 
must return to your choice o f stan poin!. The total cycle time is 2.75 sec. Design a 
cam for a follower mdius 0(005" and a mall imum pressure angle 0(25° absolute value, 

tS-2 1 Write a computer program or use an equation solver such as MOIhcad or TKSa/l'er to 
calcu late and plot the s "a j diagrams for a mooified trapezoidal acceleration cam 
function for any specified values of lift and duration. Test it using a lifl of20 mm 
over 60° at I rad/sec. 

tS-22 Write a computer progr .. m or use an equat ion solver such as Mali1cad or TKSo/l'er to 
calcu late and plolthe s I' a j diagrams for a modified sine accelerat ion cam function 
for any specified values of lift and duration. Test il using a lift of 20 mm over 60° at 

I rad/sec, 

t S-23 Write a computer program or usc an equation solver such as Malhcal} or TKSQ/I'er to 
calculate and plot the S I ' oj diagrams for a cycloidal displacement cam funct ion for any 
specified values of lift and duration. Test il using a lift of20 mm over 60" at I rad/sec. 

t S-24 Write a computer program or use an cquat ion solver such as Mmhc(ld or TKSoll'er to 
calculate and plot the S I' {/ j diagrams for a 34-5 polynomial displacement cam 
function for any specified values of lift and duration, Test it using a lift of 20 mm 
over 60° at I rad/sec. 

t S-25 Write a compUler program or use an equation solver such as Malhclld or TKSo{I'er to 
calculate and plot the s v (J j diagrams for a 4-5-6-fPolynomial displacement earn 
funclion for any specified values of lift and durmion. Test it using a lift of20 mm 
over 60° at I rod/sec, 

tS-26 Write a computer program or use an equation solver such as M(lflicad or TKSofl'er to 
calculate and plot the s I ' {/ j diagrams for a simple harmonic displacement cam 
function for any specified values of lift and dur .. tion. Test it us ing a lift or20 mm 
over 60° at I rad/sec, 

tS-27 Write a computer program or use an equ.uion solver such as Mathcad or TKSoh'er to 
calculate and plot the pressure angle and radius of curvature for a mooificd trapezoi
dal accelerat ion cum function for any specified values of lift. duration. eccentricity. 
and prime circle radius, Test it using a lifLOf20 mm over 60" at I rad/sec, and determine 
the prime circle mdius needed [0 obtain a maximum pressure angle of20". What is the 
minimum diamcte~ of roller follower needed to avoid undercutting with these data? 

t S-28 Write a computer program or use an equ:lIion solver such as MmhcQl/ or TKSo/l'er to 
calculate and plot the pressure angle and radius of curvature for a modified sine 
acceleration cam function for any specified values of lift, duration. eccentrici ty, and 
prime circle radius, Test it using a lift of 20 mm over 60° at I rad/sec, and determine 
[he prime circle radius needed to obtain a maximum pressure angle of 20°, What is 
the minimum diameter of roller follower needed 10 avoid undercutting with these data? 
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t S-29 Write a computer program or use an equation solver such as Mmilm(/ or TKSall'er to 
calculate and plot the pressure angle and radius of curvature for a eycloidal displace
ment cam function for any specified values of lift, duration. eccentricity. and prime 
circle radius. Test it using a lift of 20 mm over 6()0 at I rad/sec. and determine the 
prime circle radius needed to obtain a maximum pressure angle of 20". What is the 
minimum dimllcter of roller follower needed \0 avoid undercuning with these dlUa? 

tS-30 Write a computer program or use an equation solver such as MmilcQ(/ or TKSoh·t'r 10 

calculate and plot the pressure angle and radius of curvature for a 3-4-5 polynomial 
displacement cam function for any~spccified values of lift. dumtion. eccentricity. and 
prime circle radius. Test it using a lift of20 mm over 60° at 1 rad/sec, and dcte0l1inc 
the prime circle radius needed to obtain a maximum pressure angle of 20°. What is 
the minimum diameter of roller follower needed to avoid undereuning wi th these data? 

t8_3 1 Write a computer program or use an equation solver such as Mtlfilcu(/ or TKSoll·t'r to 
calculate and plot the pressure angle and mdius of curvature for a 4-5-6-7 polynomial 
displacement cam function for any specified values of lift. dumtion. eccentricity. and 
prime circle radius. Test it using a lift of 20 mm over 60° at I rud/sec, and dctermine 
the prime circle rJdius needed to obtain a maximum pressure angle of 20". What is 
the minimum diameter of roller follower ncede-d to avoid undercuning with these data? 

t8_32 Write a computer progr;un or usc an equation solver such as M(lfllcut/ or TKSoll·t'r 10 

catcul:l1e and plot the pressure nngle and rJdius of curvature for a simple harmonic 
displacement cam function for any specified valucs of lift. duration. eccentricity, and 
prime circle mdius. Test it using a lift of 20 mm over 60° at I md/sec. and determine 
the prime circle radius needed to obtain a maximum pressure angle of 20". What is 
the minimum diameter of roller follower needed to avoid undercuning with these data? 

8·33 Derive equation S.25 (p. 411) for the 4-5-6-7 polynomial function. 

8·34 Derive:1I1 expression for the pressure angle of n barrel cam with zero eccentricity. 

*8·35 Design a radial plate eanl to move a tmnslating roller follower through 30 mm in 30°. 
dwell for 1000. fall 10 mm in 100. dwell for 200. fall 20 mm in 20°. and dwell for the 
remainder. Camshaft (l) = 200 rpm. Minimize the follower's peak velocity and 
deteOlline the minimum prime circle radius that will give a maximum 25° pressure 
angle. Determine the minimum mdii of curvature on the pitch curve. 

*8-36 Repeat Problem 8-35, but minimize the follower's peak acceleration instead. 

*8-37 Repeat Problem 8-35, but minimize the follower's peak jerk instead. 

*8-38 Design a radial plate cam to lift a translating roller follower through 10 mm in 65°. 
retu rn to 0 in 65° and dwell for the remainder. Camshaft (!) '" 3500 rpm. Minimize the 
eam size while not exceeding a 25° pressure angle. What size roller follower is needed? 

*8-39 Design a cam-driven quick-return mechanism for a 3: I time ratio. The translating 
roller follower should move forward and back 50 mm and dwell in the back posi tion 
for 80°. It should take one-third the time to return as to move forward. Camshaft (!) 
'" 100 rpm. Minimize the package sizc while maintaining a 25° maximum pressure 
angle. Omw a sketch of your design and provide s \' a j. $. and p diagrams. 

*8-40 Design a cam-follower system to drive a linear translating piston at constant velocity 
for 2000 through a stroke of 100 mm at 60 rpm. Minimize the package size while 
maintaining a 25° maximum pressure angle. OrJw a sketch of your design and 
providc S l ' a j. $. and p diagrams. 

"7 

t These problems are 
suited to solullon using 
MOlhcad. MOIlob. or 
TKSoll"/'r equation solver 
programs. 

* These problems are 
suiled 10 solulion using 
program DYN"-CAM .... hich 
is on the artllChed CD· 
ROM. 
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*S+4 1 Design a cam-follower system to rise 20 mm in SOO. fall 10 mm in 100°. dwell at 10 
mm for 100°. fall 10 mm in 50°, and dwell at 0 for 30°. Total cycle time is 4 sec. 
Avoid unnecessary returns to zero acceleratioll . Minimize the package size and 
mallimize the roller fo llower diameter while maintaining a 25° maximum pressure 
angie. Draw a sketch of your design and provide S I' a j. 9. and p diagrams. 

~S-42 Design a single-dwell cam to move a fotlower from 0 to 35 mm in 75°. (all 35 mm in 
1200

, and dwe ll for the remaindcr. The total cyclc time is 3 sec. Choose suitable 
functions to minimize acceleration and plot the S \. 0 j diagrams for the rise/fall. 

~S-43 Design a cam to move a follower at a constant velocity of 100 mm/sec for 2 sec then 
return to its st:ming position with a total cycle time o f 3 sec. 

*8-44 Design a double·dwe ll cam to move a fo llowcr from 0 to 50 mm in 75°. dwell for 
75°. fall 50 mm in 75°, and dwell for the remainder. The total cycle must take 5 sec. 
Use a modified trapezoidal func tion for rise and fall and plot the S I ' a j diagrams. 

*8-45 Design a double-dwe ll cam to move a follower from 0 to 50 mm in 75°. dwell for 
75°. fall 50 mm in 75°. and dwell for the remainder. The tOlal cycle must take 5 sec. 
Use a modified sinusoidal function for rise and fall and plot the s v (/ j diagrams. 

~8-46 Design a double-dwel1 cam to move a follower from 0 to 50 mm in 75°. dwell for 
75°. fall 50 mm in 75°. and dwell for the remaindcr. The total cycle mu~t take 5 sec. 
Use a 4-5-6-7 polynomial function for rise and fall and plot the~' v a j diagrams. 

~8-47 Design a sing le-dwell cam to move a follower from 0 to 65 mm in 90°. fall 65 mm in 
180°. and dwell for the remainder. The IOtal cycle time is 2 sec. Choose suitable 
funcliolls to minimize acceler'Jtion and plot the s \' 0 j diagrams for the rise/fa ll. 

*8-48 Design a cam to move a follower al a constant velocity of 200 mm/sec for 3 sec Ihen 
relurn to its staning position with a tOlal cycle lime of 6 sec. 

*8-49 Size the cam from Problem S+42 for a translming n nl-: faced follower considering 
followcr face width and radius o f curvature. Plot the mdius o f curvature and draw the 
cam profile . 

*8-50 Size the cam from Problem 8·44 for a translating nat-faced follower considering 
follower face width and radius of curvature. Piol the radius of curvature and draw the 
cam profi le. 

*8-5 1 Size the cam from Problem 8-45 for a translating nat-faced follower considering 
follower face width and radius of curvature. Plot the radius of curvature and draw the 
cam profile. 

~ 8-52 Size the cam from Problem 8-46 for a translating nal-faced follower considering 
follower face width and radius of curvature. Plot the radius of curvature and draw the 

t These problems are cam profile. 
sui ted 10 solution using 
MUlhcud. MUI/ub. or 
TKSo!>'er equation solver 
programs. 

* These problems are 
sui ted to solution using 
program DVNACAM. which 
is on the attached CD· 
ROM. 

t8-53 Design a single-dwell cam to move a follower from 0 to 50 mm in 100°. fall 50 mm 
in 1200

• and dwell for the remainder. The tOial cycle time is I sec. Choose suitable 
functions 10 minimize acceleration and plot the S I' 0 j diagr',lms for the rise/fall. 

*S-54 Design a cam to move a followcr at a constant velocity of 300 mm/sec for 2 sec then 
return to its starting poSition with a total cycle time of 4 sec. 

tS_55 Wri te a computer program or use an equation solver such as Marhcad or TKSo/rer to 
calculate and plollhe S I ' oj diagrams for the fami ly of SCCA cam functions for any 
specified values of lift and duration. It should allow the user to change the values of 
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the SCCA panL1lleters b. c. (I, and C(J to generate and plm any member of the family. 
Test it using eycloidal motion with a lift of 100 mm in 1000, a dwell of goo, return to 
zero in 1200

, and dwell for the remainder of the cycle, lit I md/sec. 

8. 11 PROJECTS 

These forger-scale project statemems tleliberately lack detail (llId -ftructllre alld are 
loosely defined. TIlliS. they are similar tQ..the kiltd of .. idemificatioll o/ lIeed" or prob
lem statemellt commonly encollntered ill engineerillg practice. It is left to the student to 
struct/lre the problem through back.f(rollluJ researcll alld to create a clear goal .rtalell/em 
alld set of task -fpec:ificatiolls hefore (lftempting to de.fign a soll/tion. This design pro
ceS-f is spelled alit ifl Chapter I olld sllollld be /ol/owe(l ill al/ of Illese examples. All re
SIIIIS shollid he dOCUmfllle(1 in (I pro/essiollol ellgineerillg report. (See rhe bibliography 
o/C/wpler I (p. 20)/or ill/ormoriol1 all reporllt"ritillg.) 

tPS- 1 A timing diagram for a halogen headligh t filament insertion device is shown in 
Figure PB-4. Four points are specified. Point A is the start of rise. At B the grippers 
close to grab the filament from its holder. The filamen t enters its socket at C and is 
fully insened at D. The high dwell from D to £ holds the filament stationary while it 
is soldered in place. Tf1e'followcr retums to its stan position from £ to F. From F to 
A the follower is stationary while the next bulb is indexed into posit ion. It is 
desirllble to have low to zero velocity at point 8 where the grippers close on the 
fragile fi lumcnt. The velocity ut C should not be so high as to "'bend the filament in 
the breeze." Design and size a complete cllm-follower system to do this job. 

tPS-2 A cam-driven pump to simulate human aOr1 ic pressure is nceded 10 SCT\'e as a 
consistent. repeatable pseudo-human input 10 a hospital's opef"Jting room computer 
monitoring equipment , in order to test it daily. Figure P8-5 (p. 4(0) shows a typical 
aonic pressure curve and a pump pressure-volume characterist ic. Design a cam to 
drive the piston and give as close an approximation to the aonic pressure eurve 
shown as can be obtained without violating the fundamental law o r cam design. 
Simulate the dicrotic notch as best you can. 

*P8-3 A fluorescent light bulb production machine moves 5500 lamps per hour through a 
5500C oven on a chain conveyor which is in constant motion. The lamps are on 2-in 
centerlincs. The bulbs must be sprayed internally wi th a tin oxide cooting as lhey 

Timing Diagr:un Di~placcr11ent Table 

Cam angle. 0 Point , 
I D E 

120 0 • • A 
C. 140 B 2 

B 150 C 3 
• 180 D 3.5 

A F 300 E 3.5 
~ II I ~~ . 

360 F 0 
120 180 360 o 

FIGURE P8 -4 

Dola far cam design Projecf P8-1 

... 

I These problems are 
.§Ui1ed 10 solu1ion using 
progr1Im DYNACAM. which 
is on 1he anuched CD
ROM. 
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Human Aortic Pressure System Pressurc-Vollunc Function 
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fiGURE P8 -5 
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+-------~ 
o Stroke 1'01111//(, in3 

(b) 

/ Accumulator 

r Pressure outlCI 

Saline 

Dolo for cam design Project P8-2 

* ll1Cse problems are 
suiled \0 solution using 
program DYNACAM, which 
is on the auaclled CD· 
ROM. 

leave the oven, still hot. This requires a cam-driven device [0 Imck the bulbs at 
consTant velocity for Ihe 0.5 sec required 10 spmy the111. The spray guns will fi l on a 
6 X lOin table. The spray creates hydrochloric ac!'if. so all exposed parts must be 
resistant to that environmen!. The spray head transport device will be driven from [he 
conveyor chain by a shaft having a 28-!ooth sprocket in mesh wi lh the chain. Design 
a complete spray gun transporl assembly to these specifications. 

*P8-4 A 30-ft-tall drop tower is being used to study the shape of water droplets as they fall 
through air. A camera is to be carried by a cam-operated linkage which will track the 
droplet's mOlion from the 8-fllO the IO-ft point in its fall (measured from release 
point at Ihe lOp of the tower). The drops are re leased every 1/2 see. Every drop is to 
be filmed. DeSign a cam and linkage whieh will tfllck the'iC droplets, matching their 
velocities and acceler,Llions in the I-fl filming window. 

*P8-5 A device is needed to accelerate a 3000;lb vehicle into a barrier with constant 
velocity. to test its.5 mph bumpers. The vehicle will slart at rest, move forward. and 
have constant velocity for the last part of its motion before strik ing the barrier with 
Ihe specified velocity. Design a cam-follower system to do this. The vehicle will 
leave contact wi th your follower just prior to the crash. 

*P8-6 An athletic footwcar manufaclUrer wants a device to test rubber heels for their ability 
to withstand millions of cycles of force similar to that which a walking human's foot 
applies to the ground. Figure P8-6 shows a typical walkcr 's force- time function and a 
pressure-volume curve for a piston-accumulator. Design a cam-follower system to 
drive the piston in a way that will create a force-lime function on the heel similar to 
the one shown. Choose suitable piston diameters at each end. 
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Human Walking Force SYSlem Pressure-Volume FunClion 

Forc~ 
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40 

0 Time 
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Follower Piston 

Cam 

Oil 
(c) 

FIGURE P8 - 6 

Data IOf cam design Prefect P6-6 

tPS-7 Figure PS-7 shows a liming diagram for a machine cam to drive a translating roller 
follower. Design suitable funClions for all mOlions and size the cam for acceplable 
pressure angles and roller follower diameler_ NOle poinls of required zero velocilY al 
panicular displacements. Cam speed is 30 rpm. Hinl: Segmem 8 should be solved 
with polynomial functions. Ihe fewer lhe beller. 

14.7 
12.1 .. 
7.9 
4.0 
J.J 
0.' 
0.0 

o 

FIGURE P8 - 7 

o 

Timing diagram lor Project P8-7. D\$pIocements In mm (nof fa scale) 

® 

t These problems are 
suited to solutioo using 
program DVNACAM, which 
is on the attached CD
ROM .. 
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Chapter9 

9.0 INTRODUCTION 

The earliest known reference to gear trains is in a trea'i'fse by Hero of Alexandria (c. 100 
B.C.). Gear trains are widely used in all kinds of mechanisms and machines, from can 
openers to aircraft carriers. Whenever a change in the speed or torque of a rolating de
vice is needed. a gear train or one o f its cousins, the belt or chain drive mechanism. will 
usually be used. This chapler will explore the theory of gear tooth action and the design 
of these ubiquitous devices for motion control. The calculations involved are trivial 
compared to those for cams or linkages. The shape of gear teeth has become quite Slan
dardized for good kinematic reasons that we will explore. 

Gears o f various sizes and styles are readily available from many manufacturers. 
Assembled gearboxes for particular ratios are also stock items. The kinematic design of 
gear trains is principally involved with the selection of appropriate ratios and gear diam
eters. A complete gear train design will necessari ly involve considerations of strength of 
materials and the compJicated stress states to which gear teeth are subjected. This text 
will not deal with the stress analysis aspects of gear design. There are many texts that do. 
Some are listed in the bibliography at the end of this chapter. This chapter will discuss 
the kinematics of gear tooth theory, gear types, and the kinematic design of gearsets and 
gear trains of simple, compound, reverted, and epicycl ic types. Chain and belt drives will 
also be discussed. Examples of the use of these devices will be presented as welL 
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9.1 ROLllNG CYllNDERS 

The simplest means of transferring rotary motion from one shaft to another is a pair 
of roBing cylinders. They may be an external set of roll ing cy linders as shown in 
Figure 9·la or an internal set as in Figure 9-lb. Provided that sufficient friction is 
avai lable at the rolling interface. this mechanism will work quite well. There will 
be no slip between the cyl inders until the maximum available frictional force at the 
joint is exceeded by the demands of IOrque transfer. 

A variation on this mechanism is what causes your car or bicycle to move along 
the road. Your tire is one rolling cy linder and the road the other (very large radius) 
one. Friction is atl that prevents slip between the two. and it works well unless the 
friction coefficient is reduced by the presence of ice or other slippery substances. In 
fact. some early automobi les had rolling cyl inder drives inside the transmi ssion, as 
do some present·d:lY snowblowers and garden tractors that use a rubber-coated 
wheel rolling against a stee l disk to tran smit power from the engine to the wheels. 

A variant on the rolling cyli nder drive is the flat or vee belt as shown in Figure 9·2. 
This mechanism also transfers power through fri ction and is capable of qui te large power 
levels. provided enough belt C.u;>6S section is provided. Friction belts are used in a wide 
variety of applications from small sewing machines to the alternator drive on your car. to 
multihorsepower generJ.tors and pumps. Whenever absolute phasing is not required and 
power levels are modcmte, a friction belt drive may be the best choice. They are relatively 
quiet running, require no lubrication. and are inexpensive compared to gears and chain 
drives. 

Both rolling cylinders and belt (or chain) drives have effective linkage equ ivalents 
as shown in Figure 9-3 (p. 464). These effective linkages:lre val id only for one instan
taneous position but nevertheless show that these devices are just another variation of 
the fourbar linkage in disguise. 

FIGURE 9 -2 

A lwD-groove vee belt drive Couttesyol r B. Wood's Sons Co., Chc:Jrnbefs/;)I.". PA 

(0) External set 

(b) Internal set 

FIGURE 9 - ' 

RoUlng cylinders 
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Pitch point Sheave 

Sheave 

3 

3 Belt 

(0) Gear train (b) Bell train 
FtGURE 9 - 3 

Gear and belt trains each have an equivalent foorbar linkage far any Instantaneous posiHon 

Pinion 1 

""'-~\ 
Gear \ 

FIGURE 9 - 4 

An externol georset 

The principal drawbacks to the rolling cylinder drive (or smooth belt) mechanism 
are its relatively low torque capabi lity and the possibi lity of slip. Some drives require 
absolute phasing of the input and output shafts for timing purposes. A common example 
is Ihe valve train drive in an automobile engine. The valve cams must be kept in phase 
with the piston motion or the engine will not run properly. A smooth belt or rolling cyl
inder drive from crankshaft to camshaft would not guarantee correct phasing. In Ihis case 
some means of preventing slip is needed. , 

This usually means adding some meshing teelh to the rolling cylinders. They then 
become gears as shown in Figure 9-4 and are together called a gearsel. When two gears 
are placed in mesh to fonn a gearset such as this one. it is conventional to refer to the 
smaller of the two gears as the pinion and to the other as the gear. 

9.2 THE FUNDAMENTAL LAW OF GEARING 

Conceptually, teeth of any shape will prevent gross slip. Old water-powered mills and 
windmills used wooden gears whose teeth were merely round wooden pegs stuck into 
the rims of the cylinders. Even ignoring the crudity of construclion of these early examples 
of gearsets, there was no possibility of smooth velocity transmission because the geometry 
of Ihe looth "pegs" violated the fundamenlallaw of gearing which. if followed. provides 
Ihal the al/gl/lar velocity ratio beMeen the gears of a gearset remains constant fhroughoU/ 
the mesh. A more complete and fonnal definition of this law is given on p.466. The angular 
velocity ratio (mv) referred to in this law is the same one that we derived for the fourbar 
linkage in Section 6.4 and equation 6.10 (p. 281). It is equal 10 Ihe ratio of the radius of 
the input gear to that of the output gear. 

Ol r.. d · 
IIIV = --..ill!!. = ±...l!L = ±--1!L 

Olin row do", 
(9.1 a) 

mr= Oli~ =±rou1 =±d"", 
(0"", f;n din 

(9.lb) 



GEAR TRAINS 

The torqu e ratio (mr) was shown in equation 6.12 (p. 283) to be the reciprocal 
of the velocity mtio (md: thus a gearset is essentially a device to exchange torque for 
velocity or vice versa . Since there are no applied forces as in a linkage. but on ly applied 
torques on Ihe gears. the mechanical advantage mA of a gearset is equal to its torque 
mtio"'r. The most common application is to reduce velocity and increase torque to drive 
heavy loads as in your automobi le transmission. Other applications require an increase 
in velocity. for which a reduct ion in torque must be llccepted. In eilher case. il is usually 
desirable to maintain a constant ratio be!ween the gellrs as they rotate. Any variation in 
ratio will show up as oscillation in the output velocity and torque even if the input is 
constant with time. 

TIle radii in equation 9. 1 arc those of the rolling cylinders to which we are adding the 
teeth. The positive or negutive sign accounts for intemul or external cylinder sets us de
fined in Figure 9-1 (p.463). An external set reverses the direction of rotation between 
the cylinders and requires the negutive sign. An inlernal gearsel or a belt or chain drive 
will have the same direction of rotation on input and output shafts rmd requi re the posi
tive sign in equation 9.1 . The surfaces of the rolling cylinders will become the pitch 
circles, and their diameters the pitch dillmeters of the gears. The contact point between 
the cylinders lies on the line of centers as shown in Figure 9-3a. and this point is called 
the pitch point . _ 

In order for Ihe fundamental law of gearing to be true. the gear tooth contolJrs on 
mating teeth must be conjugates of one another. There is an infinite number of possible 
conjugate pairs that could be used. but only a few curves have seen practical application 
as gear teeth. The cycloid still is used as a tooth foml in watches and clocks. bUI most 
other gears use the involute curve for their shape. 

The Involute Tooth Form 

The involute is a curve that can be generated by unwwpping a Inul string from a cylinder 
(called the evolute) as shown in Figure 9-5. Note the following about this involute curve: 

The string is oll1'lI)'s wI/gem to the cylinller. 

The cemer of ('/IIWlflire of the jlll'o/Ilte is always at ,hI' IJOint of tangency afthe SIring willi 
the cylinder. 

A /allgent to the illl'olilfe i.f Ihell alll'(IYJ II0rmallo Ille sirillg. the length afwhich i,f Ihe 
/IIStlll1lQneOI/S r(l(/il/S of Cl/ rWlI/we of Ihe ;m'o/ute C/In·e. 

Figure 9-6(p. 466) shows two involutes on separate cyl inders in contact or "in mesh," 
These represent gear leeth. The cylinders from which the strings are unwrapped are called 
the base! circles of the respective gears. Note thatlhe base circles are necessarily smaller 

than the pitch circles, which are at the radii of Ihe original roll ing cylinders. "1' and r, . 
The gear tooth must project both below and above the rolling cylinder surface (pitch 
circle) and the im'oll/te oll/y exist,f ollfsi(/e of the base circle. The amount of tooth thaI 
sticks out above the pilch circle is the addendum. shown as 0" and a, for pinion and gear. 
respeclively. These are equal for standard. full-depth gear teeth, 

The geometry al thi s 100lh-toolh interface is si milar to thaI of a cam-follower 
joint as was defined in Figure 8-44 (p. 431). There is a common tangenl lo both 
curves at the conlact poin t. and a common normal , perpendicular to the common 

... 

Ilwolul.: curve 

"SIring" 

I tangent to 
base circle 
and nonnal 
to involute , 

/ I \ 
+----, I 

\, L/ , 
L Base circle 

or evolute 

Deve~nlofHhe 
Involute of a circle 
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'\ Pressure angle rota ted in direct ion of driven gear 

'I _---- Velocity at pi lch poill! 
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~ 

-----
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Pi tch radius 
of pinion rll 

0, 

• w~Nr 
Pitch radius of gear r g ;'.' \ Pilch pomt 

~! ~i \' '\ \ ~;,:::. (CW) 

\ , >~~ Base circle of pinion 

Base circle of gear I'_ -';--___ ---=:::O~ Pitch circles 

'--- Addendum of gear Og FIGURE 9 - 6 

Contoet geometry and pressure angle of Involute gear teeth 

tangent. Note that the common normal is. in faCI. the ··strings·· of both involutes. 
whith are colinear. Thus the common normal. which is also the axis of transmis
s ion . al ways passes through the pitch point regard l~ of where in the mesh the two 
teeth arc contacting. 

Figure 9-7 shows a pair of involute tooth forms in two pos itions. just beg inn ing 
contact and about to leave contact. The common normals of both these contact 
points still pass through the same pitch point. It is th is property of Ihe involute that 
causes it to obey the fundamental law of gearing. The ralio of the driving gear radius to 
the driven gear radius remains constant as the teeth move into and out of mesh. 

From this observation of the behavior of the in volute we can restate the funda· 
mental law of gearing in a more kinemat ically fonnal way as; 'he common nor/l1a/ 
of fhe 100111 profiles. (It all comact I)oillls l\"i,IIi" the mesh. "'IISI (I /I\"a),s pass ,hrollgh a 
fued PO;n1 on 'he I;IIc of celllers. called Ille pitch 1'0;11/. The gearsct 's ve locity ratio will 
then be a constant defined by the ratio of the respec ti ve radii of the gears to the pitch 
point. 

The points ofbegimling and leaving contact define the mesh of the pinion and gear. 
The distance along the line of action between these poi nts within the mesh is called the 
length of action . Z, defined by the intersections of the respective addendum cireles with 
the line of action. as shown in Figure 9·7. 

(9.2) 
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Pressure lingle rotated in direction of driven gear ~ 
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FIGURE 9- 7 -Pitch point. pitch circles. pressure angle. length of action. arc of action. and angl9s.o' opproach ond recess during 
the meshing of a gear and pinion 

The distance along the pitch circl e with in the mesh is the arc of action, and the 

angles subtended by these points and the line of centers are the angle of approach and 

angle of recess. These are shown only on the gear in Figure 9-7 for clarity, but similar 
angles exist for the pinion. The arc of action on both pi nion and gear pitch circles must 
be the same length for zero slip between the theoretical rolling cylindel1l. 

Pressure Angle 

The pressure angle in a gearset is similar to that of the cam and follower and is defined 
as the angle between the axis of transmission or line of action (common nonnal) and the 

direct ion of velocity at the pitch point as shown in Figures 9-6 and 9-7. Pressure angles 
of gearsels are Slandardized at a few val ues by the gear manufacturers. These are de
fi ned at the nom inal center distance for the gearset as cut. The standard values are 14.5°, 
20°, and 25° with 20° being the most commonly used and 14.5° now being considered 
obsolete. Any custom pressure angle can be made, but liS expense over the available 
stock geal1l with standard pressure angles would be hard to justify. Special cutters would 
have to be made. Gears to be run together must be cut to the same nominal pressure 
angle. 

Changing Center Distance 

When involute teeth (or any teeth) have been cut into a cylinder, with respect to a par
ticular base circle, to create a single gear, we do not yet have a pitch circle. The pitch 
circle only comes into being when we mate this gear with another to create a pair of 
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gears. or gearset. There wi ll be some range of center-Io-center distances over which we 
can achieve a mesh between the gears. There will also be an ideal center distance ( CD 
) Ihat will give us the nominal pitch diameters for which the gears were designed. How
ever. limitations of manufacturing processes give a low probability Ihat we will be able 
10 exactly achieve this ideal center distance in every case. More likely. there will be some 
error in the center distance, even if small. 

What will happen \0 Ihe adherence to the fundamental law of gearing jf there is er
ror in the location of the gear centers? If the gear toolh fonn is nut an involute. then an 
error in center dis tance will violate the fundamenlallaw, and there will be variat ion. or 
"ripple," in the output velocity. The output angular velocity will not be constant for a 
constant input velocity. However, with an involute tooth form, eellter (Jis/(Illce errorJ 
do nor affect the velocity ratio. Th is is the principal advantage of the involutc over 
all o ther possible tooth forms and the reason why it is nearly universally used for gear 
teeth. Figure 9~8 shows what happens when the center distance is varied on an invo
lute gearset. Note that the common nomlal still goes through a pitch point. common 
to all contact points within the mesh. But the pressure angle is affected by the 
change in center distance. 

Figure 9-8 also shows the pressure angles for twO different center distances. As the 
center distance increases, so will the pressure angle and vice versa. This is one result of 
a change. or error. in center d istance whcn usi ng involute leeth. Note that the fundamen
tal law of gearing still holds in the modified center distance Cllse. The common nonnal 
is still tangent to the two base circles and still goes through the pitch point. The pilch 
point has moved, but in proportion to the move of the center distance and the gear radii. 
The velocity ratio is unchanged despite Ihe shift in center distance. In fact. the velocity 
ratio of involute gears is fixed by the ralio of the base circle diameters. wh ich arc un~ 
changing once Ihe gear is cut. -
Backlash 

Another factor affected by changing center distance is backlash. Increasing the CD 
will increase the backlash and vice versa. lIacklash is defined as rhe deal'lll1ce be
Iweell mating reelh measured at the flitch cirde. Manufacturing tolerances preclude 
a zero clearance, as all teeth cannot be exactly the same dimensions. and all must 
mesh. So. there must be some small difference between the tooth thickness and the 
space widlh (see Figure 9-9. p. 470). As long as the gearset is run wi th a nonrevers
ing torque, backlash should not be a problem. But. whenever torque changes sign. 
the teeth will move from contact on one sideJo the other. The backlush gap will be 
traversed und the teeth wil l· impact with noticeable noise. This is the same phenom
enon as crossover shock in the foml-closed cam. As well as increusing stresses and 
wear. backlash can cause"undesirable pos iti onal error in some lIpplications. If Ihe 
center distance is sel exactly to match the theoretical value for the gearset, the toolh-IO
tooth composite backlash tolerance is in the range of 0.0001 to 0.0007 in ror precision 
gellTS. The increase in angular backlash as a function of error in center distance is 
approximately 

tanljl 
9 B =: 43 200(6.C)-- minutes of arc 

",I 
(9.3) 
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where q. = pressure angle. fie = error in center distance. and d = pitch diameter of the 
gear on the shaft where the backlash is measured. 

In servomechani sms. where molars are driving. for example. the control sur
faces on an aircraft, backlash can cause potent ia lly destruc tive "h unting" in which 
the control system tries in vain to correct pos it ional errors due to backlash "s lop" in 
the mechan ical dri ve system. Such appl ications need anlibacklash gears which are 
really two gcars back-to-back on the same shaft Ihat can be rotated slightly at assem
bly wi th respect to one another, and the'n fixed so as to take up the backlash. In less 
critical applications, such as the propeller drive on a boat. back lash on reversal will 
not even be noticed. 

The American Gear Manufacturers Association (AGMA) defines standards for 
gear design and manufacture. They define a spectrum of quality numbers and toler
ances ranging from the lowest (3) to the highest precis ion ( 16). Obviously the cost 
of a gear will be II fu nction of this quality index. 
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9.3 GEAR TOOTH NOMENCLATURE 

Figure 9-9 shows two teeth of a gear with the standard nomenclature defined. Pitch 
circle and base circle have been defi ned above. The tDOth heighl is defined by the ad
dendum (O(idc(/ 011 ) and the dedendum (.~I/bfrat:f('d from) that are referenced to the 
nominal pilch circle. The dedendu m is slightly larger than the addendum 10 provide 
a small amount of cl ea rance between the tip of one mating tooth (addendum circle) 
and the bottom of the tooth space of the other (dedendum circle). The tooth thick 
ness is measured at the pitch circle. and the tooth space wid th is slightl y larger Ihan 
the tooth thickness. The difference between these two dimensions is the backlash. 
The face width of the tooth is measured along the axis of the gear. The ci rcul ar 
pitch is the arc length along Ihe pitch circle circumference measured from a point 
on one tooth to the same point on the nex t. The circular pilch def'ines the tooth size. 
The other lool h dimensions are standardized based on that dimension as shown in 
Table 9- 1. The defi nition of ci rcular pitch p(' is: 

"', 
P"=/i (9.4a) 

where d = pi tch diameler and N = number of teeth . The tooth pilch can also be mea
sured along the base circle circumference and then is called the base pitch PI>. 

(9.4b) 

The units of p(' are inches or millimeters. A more convenient and common way to 
define tooth size is to relate it to the diameter of the pitch circle rather than its cir
cumference. The dia melra l pitch Ptf is: 

Circular pitch I'c 

Top land 

Face width 

Face 

Flank 

Addendum---\ •• -

Bottom land 

Dedendum 

DedendUm~ 
circle 

FIGURE 9 -9 

Gear tooth nomenclature 

, 14''-' 

Clear.mce 

Piech circle , 
"'---- Base circle 

Base pitch Ph 
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N 
fJd=

d 
(9.40) 

The units of Pd arc reciprocal inches, or number of teeth per inch. This measure is 
only used in U.S. specification gears. Combining equations 9.4a and 9.4c gives the fo l
lowing relationship between circu lar pitch and diametral pitch. 

(9 .4<1) 

The 51 system. used for metric gears. defines a parameter called the module, which 
is the reci,Jrocal of di(lmetr(l/ pitch with pitch diameter measured in mill imeters. 

d 
m=-

N 
(9."") 

The units of the module are millimeters. Unfortunately. metric gears are not inter
changeable with U.S. gears, dcspilc both being invol ute 100lh forms, as their standards 
for toolh sizes arc different. In the United States, gear tooth sizes are specified by di
ametral pitch, elsewhere by module. The conversion from one standard to the other is - 25.4 

m' - - (9.4f) 
Pd , 

where m is in mm and PII is in inches. 

The velocity ratio my and the torque ratio "'T of the gearset can be put into a morc 
convenient form by substituting equation 9.4c into equations 9.1 (p. 464), nOling that the 
diamelral pitch of meshing gears must be the same. 

ml' "" ± d'N :: ± N,~ 
dOMI N"", 

(9 .5a) 

(9.5b) 

TABLE 9- 1 AGMA Fun-Depth Gear Tooth Specifications 

Parameter Coarse Pitch (Po < 20 ) Fine Pitch (Pa ~ 20 ) 

Pressure ongle ¢I 20 0 Of 25 e "'. 
Addendum Q 1.00::1/ ,tb I.(») / Pd 

Dedendum b 1.250 I ,tb 1.250 I Pel 

_depth 2.(») I R:I 2.(0) / Pd 

INhOIe depth 2.250 I R:I 2.200 / Pd+ O.OO2ln 

Cilcular tooth thickness 1.571 f R:I 1.571/ Pd 

Fillet radlus-basic rack 0.300 / R:I Not standardized 

Minimum basic clearonce 0.250 / R:I 0.200 / PeI + 0.00210 

Minimum width of top land 0.250 / R:I Not standasd lzed 

Cleolonce (shoved Of ground teeth) 0.350 I R:I 0.350 / Pd+ 0.002 in 

(7' 
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Thus the velocity ratio and torque ratio can be computed from the number of teeth 0 
meshing ge<m. which are integers. Note that a minus sign implies an external gearse' 
a positive sign an internal gearsel as shown in Figure 9·1 (p.463), The gear ratio r. 
always> I and can be expressed in terms of either the velocity ratio or torque ratic 
pending on which is larger than 1. Thus mG expresses Ihe gear lrain's overall ratio il 
pendent of change in dire(;(ion of rotation or of lhe direction of power now through 
train when operated either as a speed reducer or a speed increaser. 

rnG =!mvl or me ::,"IT~ for me ~ I (9 

STA'"AR I) GEA R TEETII Standard. full-depth gear teeth have equal addenda 
pinion and gear. with the dedendum being slightly larger for clearance. The stand 
toolh dimensions are defined in terms of the diameLraI pitch. Table 9-1 (p. 471) sho 
the definitions of dimensions of Slandard. full-deplh gear teeth as defined by the AGM 
and Figure 9- 10 shows their shapes for three standard pressure angles. Figure 9-
shows the actual sizes of2()" pressure angle. standard. full-depth teeth frompd = 4to t 
Note the inverse relationship between Pd and tooth size. While there are no theoreti< 
restrictions on the possible values of diameLraI pitch. a set of standard values is defino 
based on available gear cutting tools. These standard tooth sizes are shown in Table 9 
in tenns of diametral pitch and in Table 9-3 (p. 474) in tenns of metric module. 

9.4 INTERFERENCE AND UNDERCUTTING 

TIle involute tooth fonn is only defined outside of the base circle. In some cases. the dt: 
dendum will be large enough to extend below the base circle. If so. then the ponion a 
tooth below the base circle will not be an involute and will interfere with the tip of tho 
tooth on the mating gear. which is an involute. If the gear is cut with a standard gea 
stJIaper or a "hob." the cutting tool will also interfere with the ponion of tooth below lilt 
base circle and will CUI away the interfering materia(-This results in an undercut tooth ~ 
shown in Figure 9-12 . This undercutting weakens the tooth by removing material al i~ 
TOOt. 1lte maximum moment and maximum shear from the tooth loaded as a cantilever 
beam both occur in this region. Severe undercuuing will promote early tooth failure . 

Interference (and undercutting caused by manufacturing tools) can be prevented 
simply by avoiding gears with too few teeth. If a gear has a large number of teeth. they 
will be small compared to its diameter. As the number of teeth is reduced for a fixed di
ameter gear, the teeth must become larger. AI some point. the dedendum will exceed the 
radial distance between the base circle and the pitch circle. and interference will occur. 

Table 9-4a (p. 464) shows the minimum number of pinion teeth thaI can mesh with 
a rack without interference as a function of pressure angle. Gears with this few teeth can 
be generated without undercutting only by a pinion cutter or by milling. Gears thai are 
cut with a hob, which hos the same action as a rack with respect 10 the gear being CUI. 
must have more teeth to avoid undercutting the involute tooth fonn during manufacture. 
The minimum number ofteelh that can be cut by a hob without undercutting as a func

tion of pressure angle is shown in Table 9-4b. Table 9-5a shows the maximum number 
of 20-degree pressure angle full-depth gear teeth that can mesh with a given number of 
pinion teeth without interference and Table 9-5b shows the same infonnation for 25-de
gree pressure angle full-depth gear teeth. Note that the pinion tooth numbers in this table 
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Thus the velocity ralio and IOrque ratio can be computed from the number of teeth on the 
meshing gears, which are imegers. Note that a minus sign implies an external gearsel and 
a posilive sign an internal gearsel as shown in Figure 9-1 (p. 463), The gear ralio me is 
always> I and can be expressed in lenns of either the velocity ralio or torque ratio de
pending on which is largerthan 1. Thus me expresses the gear train's overall ratio inde
pendent of change in direction of rOlalion or of the direction of power flow through the 
lrain when operated either as a speed reducer or a speed increaser. 

(9.5<) 

S'rA "};\HO (~t; i\ R TEETH Standard. full -depth gear teeth have equal addenda on 
pinion and gear, with the dedendum being slightly larger for clearance. The standard 
tooth dimensions are defined in terms of the diamelral pitch. Table 9-' (p. 471) shows 
the definitions of dimensions of standard, full-depth gear teeth as defined by the AGMA, 
and Figure 9-10 shows their shapes for three standard pressure angles. Figure 9-11 
shows the actual sizes of 200 pressure angle, standard, full-depth teeth from PJ= 4 to 80. 
Note the inverse relationship between pJ and tooth size. While there are no theoretical 
restrict ions on the possible values of diametral pitch, a set of standard values is defined 
based on avai lable gear cutting tools. These standard tooth sizes are shown in Table 9-2 
in terms of diametral pitch and in Table 9-3 (p. 474) in terms of metric module. 

9.4 INTERFERENCE AND UNDERCUTIING 

The involute tooth form is only defined outside of the base circle. In some cases. the de
dendum will be large enough to extend below me base circle. If so, then me portion of 
tooth below the base c ircle will not be an involute and will inlerfere with the tip of the 
tooth on the mating gear, wh ich is an involute. If the gear is cut with a standard gear 
shaper or a "hob." the cuning tool will also interfere witfaihe portion of tooth below the 
base circle and will cut away the interfering material. This results in an undercut tooth as 
shown in Figure 9-12. This undercuuing weakens the tooth by removing material at its 
root. The maximum moment and maximum shear from the tooth loaded as a cantilever 
beam both occur in this region. Severe undercutting will promote early tooth failure . 

Interference (and undercutt ing caused by manufacturing tools) can be prevented 
simply by avoiding gears with too few teeth. If a gear has a large number of teeth, they 
will be small compared to its diameter. As the number of teeth is reduced for a fixed di
ameter gear, the teeth must become larger. At some point. the dedendum will exceed the 
mdial d istance between the base circle and the pilch circle, and interference will occur. 

Table 9-4a (p. 464) shows the minimum number of pinion teeth that can mesh with 
a rack without interference as a function of pressure angle. Gears with this few teeth can 
be generated without undercutting on ly by a pinion cutter or by milling. Gears that are 
cut with a hob, which has the same action as a rack with respect to the gear being cut, 
must have more teeth to avoid undercutting the involute tooth form during manufacture. 
The minimum number of teeth that can be cut by a hob without undercutting as a func
tion of pressure angle is shown in Table 9-4b. Table 9-5a shows the maximum number 
of 2O-degree pressure angle full-depth gear teeth that can mesh with a given number of 
pinion teeth without interference and Table 9-5b shows the same information for 25-de
gree pressure angle full -depth gear teeth . Note thai the pinion tooth numbers in this table 
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FIGURE 9 - 11 
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TABLE 9-2 
Standard Dlametrol 
Pitches 

Coarse Fine 
(Pd < 20) (Pd ~ 20) 

20 

1.25 24 ,., 32 

1,75 48 

2 64 

2.' 72 

3 80 

4 96 , 120 

• 
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'0 
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'4 ,. 
18 
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TABLE 9-3 
Standard Metric 
Modules 

Metric Equivalent 
Module Pd(ln i

) 
(mm) 

0.3 84.67 

0.' 63.50 

0.5 50.80 

0 .• 31.75 

25.40 

1.25 20.32 

1.5 16.93 

2 12.70 

3 8.47 , 6.35 

5 5.08 

6 4.23 

• 3.18 

10 2.54 

12 2.12 

16 1.59 

20 1.27 

25 1.02 

TABLE 9 -4a 
Minimum Number of 
Pinion Teeth 
To Avoid InIQffQfeoce 
Between 0 FIA-Deplh 
PInIon and a FuI-Oeplh 
Rock 

P,essu,e Minimum 
Angle Numbe, 
(dog) of Teeth 

14.5 32 

20 1. 
25 12 
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are all fewer than the minimum number of teeth that can be generated by a hob. As the 
mating gear gets smaller. the pinion can have fewer teeth and still avoid interference. 

Unequal-Addendum Tooth Forms 

In order to uvoid interference and undeculling on small pinions. the tooth fonn can be 
changed from the standard. fu ll-depth shapes of Figure 9-10 (p. 472) that have equal 
addenda on both pinion and gear to an involute shape with a longer addendum on the 

pinion and a shoner one on the gear called profile-shifted gears. The AGMA defines 

addendum modification coefficients. XI andx2. which always sum 10 zero. being equal in 
magnitude and opposite in sign. The posi tive coeffic ient Xl is applied to increase the 
pinion addendum. and the negativex2 decreases the gear addendum by the same amount. 
The total tooth depth remains the same. This shifts the pinion dedendum circle outside 
its base circle and e liminates that non involute ponion of pinion tooth below the base 
circle. The standard coefficients are jfl.25 and ±O.50. which add or subtrllct 25% or 50% 
of the standard addendum. The limit of this approach occurs when the pinion tooth be
comes pointed. 

There are secondary benefits 10 this technique. The pinion tooth becomes th icker at 
its base and thus stronger. The gear tooth is correspondingly weakened. but since a full
depth gear tooth is stronger than a full -depth pinion tooth . this shift brings them closer to 
equal strength. A disadvantage of unequal-addendum tooth fonns is an increase in slid
ing veloci ty at the tooth tip. The percent sliding between the teeth is greater than with 
equal addendum teeth which increases tooth-surface stresses. Friction losses in the gear 
mesh are also increased by higher sliding veloci ties. Figure 9-13 shows the contours of 
profile-shifted involute teeth. Compare these to standard tooth shapes in Figure 9- 10. 

9.5 CONTACT RATIO 

The contact ratio mp defines the average number of teeth in contact at anyone time as: 

Z 
nlp = 

P. 
(9.") 

where Z is the length of action from equation 9.2 (p. 467) andPb is the base pilch from equa
lion 9.4b (p. 47 1). Substituting equations 9.4b ;Uld 9.4d into 9.63 defines /lip in lenns of pa. 

III = /Jd Z 

P 1t cos41 
(9.6b) 

If the contact ratio is I. then one tooth is leaving contact just as the next is begin
ning contact. This is undesirable because slight e rrors in the tooth spacing will cause 
oscillations in the velocity. vi bration. and noise. In addition. the load will be applied at 
the tip of the tooth. creating the largesl possible bending moment. At larger contact ra
tios than I. there is the possibility of load sharing among the teeth. For contact ratios 
between I and 2. which are common for spur gears. there will still be times during the 
mesh when one pair of teeth will be taking the entire load. However. these will occur 
toward the center of the mesh region where the load is applied at a lower position on the 
tooth, rather than al its tip. This point is called the highest point of single-toot h con -
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PrOfile-Shifted teeth with long ond short oddendo 10 ovoid Interference and undercutting 

tacl (HPSTC). The minimum acceptable contact rat io for smooth operation is 1.2. A 
minimum contact ratio o f 1.4 is prefcrred and larger is better. Most spur gearsyts will 
have conlact ral ios between 104 and 2. Equation 9.6b shows thai for smaller teelh (larger 
PIl) and larger pressure angle. Ihe conlact ra tio wi ll be larger. 

;l:nEXAMPlE 9- 1 

Determining Gear Tooth and Gear Mesh Parameters. 

Prob/em: 

Given: 

Assume: 

Solution: 

Find the gear ratio. circular pitch. base pi tch. pi tch d iameters. pilch radii. ccnler 
distance. addendum. dedcndum. whole depth. clearance. outside diameters. and 
contact ratio of a gearset with the given pammeters. If the center dis tance is in· 
creased 2% what is the new pressure angle and increase in backlash? 

A 6 Pd. 20° pressure anglc. 19-toolh pinion is meshed wi th a 37-tooth gear. 

The tooth forms are slandard AGMA full-deplh involu te profiles. 

The gear ratio is found from the tooth numbers on pinion and gear us ing equation 9.5b 
(p. 472), 

N~ 37 /I/o :::: -=-= 1.947 
Np 19 

(a> 

:2 The circular pilch can be found cither from equation 9.4a (p. 470) or 9.4c (p. 47 1). 

• • Pr ::::-=-=0.524 in 
I'd 6 

(b) 

TABLE 9-4b 
Minimum Number of 
Pinion Teeth 
To Avoid lJndefC\Jttlng 
'ItI'hen Cui With 0 Hob 

Pressure Minimum 
Ang .. Number 
<dog> ofr .. th 

14.5 37 

20 21 

25 \4 

TABLE 9-50 
Maximum Number 
of Gear Teeth 
To Avoid Interter6flCe 
Between 0 20" FuH>epfh 
PInIon ond FtA-DepIh 
Geon 01 Vorlou5 SIzes 

Number MaxImum 
"'PInion Goo, 

Teeth T .. th 

17 1309 

16 101 

15 45 

\4 26 

13 16 

TABLE 9-Sb 
Maximum Number 
of Gear Teeth 
To AvoId Interference 
Between 0 25· FuI-Oepth 

PHon "'" FcO{)opII> 
GeorI 01 VorIous SIzes 

Number Maximum 
of Pinion Goo, 

Teeth Teeth 

" 249 

10 32 

9 13 

• 
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3 The base pitch measured on the base circle is (from equation 9.4b): 

Pb "" Pf" cos¢l = O.524cos(200) = 0.492 in 

4 The pitch diameters and pitch radii of pinion and gear are found from equation 9.4c. 

N '9 d 
d =-P=-=3.167 in. 'p =..L = 1.583 '0 p Pd 6 2 

N 37 
(/8= -L=-:6.167 

Pd 6 
in. 

d, 
'g ="'2: 3.083 '0 

5 The nominal center distance C is the sum of the pilch radii: 

C=rp+rg =4.667 in 

6 The addendum and dcdendum are found from the equations in Table 9-1 (p. 471): 

a=.!..:Q=O. 167 in. 
p, 

b= 1.25 =0.208 in 
p, 

7 The whole depth h, is the sum of the addendum and dcdcndum. 

hi =a+b=O.167+0.208=O.375 in 

8 The cleamnce is the difference between dedendum and addendum. 

c",b-(I=O.208-0.l67=O.Q42 in 

9 THe outside diameter of each gear is the pilch diameter plus two addenda: 

Dop ==dp +2a==3.500 in, -DQ~ ==dg+2a=6.500 in 

10 The contact mtio is found from equations 9.2 (p. 467) and 9.6a (p. 474). 

z== ~(lp+ap)2 -hCOS$)2 + ~h+" g/ _(rscos$)2 -Csin$ 

== ~(1.583+ 0.167)2 - (1.583cos200f 

+ ~(3.083+0.167)2 -(3.083cos20<»2 -4.667sin200 == 0.798 in 

_~_0.798_'6' ffI,, _ __ ._ 
"h 0.492 

e,) 

(d) 

e,) 

ef) 

eg) 

(II ) 

(i) 

(j) 

ek ) 

J I If the center distance is increased from the nominal value due to assembly errors or other 
factors, the e ffective pitch mdii will change by the same percentage. The gears' base radii 
will remain the same. The new pressure angle can be found from the changed geometry. For 
a 2% increase in center distance (1.02x): 

• _,(rbase Cirtlcp] _,(r"COS$ ] _'(COS200

) 2289' Vn ..... = cos =C05 --- = cos --- = . 
J.02rp J.02rp 1.02 

(I ) 
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I:! The change in backlash as measured at the pinion is found from equation 9.3 (p. 469). 

an = 43 200(6C) tan¢ :: 43 200(0.02)(4.667) tan(22.89°) = 171 minutes of arc (m) 
Ttd n(3.J67) 

9.6 GEAR TYPES 

• 
Gears are made in many configurations for particular applicat ions. This section dc-
scribes some of the more common types. 

Spur, Helical, and Herringbone Gears 

Sl't R G EA RS are ones in which the teeth are paralle! to the axis oltfle gear. This is the 
simplest and least expensive foml of gear to make. Spur gears can only be meshed if their 
axes are parallel. Figure 9-14 shows a spur gear. 

HELlCAt G":ARS are ones in which the teeth are at a helix angle l.jI with respect to 
the axis of the gear as shown in Figure 9-1 Sa. Figure 9-16 shows a pair of oppositc-hand· 
helical gears in mesh. Their axeg are p..'U'allel. Two crossed helical gears of the same hand 
can be meshed with their axes at an angle as shown in Figure 9-17 (p. 478). The helix ¥1gles 
can be designed to accommodate any skew angle between the nonintcl'SeCting shafts. 

Helical gears are more expensive than spur gears but offer some advantages. They 
run quieter than spur gears because of the smoother and more gradual contact between 
their angled surfaces as the teeth come into mesh. Spur gear teeth mesh along their entire 
face width at once. The sudden impact of tooth on tooth causes vibrations that are heard 
as a "whine" which is characteristic of spur gears but is absent with helicals. Also. for the 
same gear diameter and diametrai pitch, a helical gear is stronger due to the slightly thicker 
tooth fonn in a plane perpendicular to the axis of rotation. 

H ERRI NG BONE GEA RS are fonned by joining two helical gears of identical pitch 
and diameter but of opposite hand on the same shaft. These two sets of teeth are often 
cut on the same gear blank. The advantage compared 10 a helical gear is the internal 
cancellalion of its axial thrust loads since each "hand" half of the herringbone gear has 
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FIGURE 9- 14 

A spur gear 
Courtesy of Mortin 
Sprocket and Gear Co .. 
Affngfon, rx 

an oppositely directed thrust load. Thus no thrust bearings are needed other than to 10- FtGURE 9- 16 

Heli x 
angle 

i~ 
(a) Helical gear 

FIGURE 9- 15 

A helical gear and a herringbone gear 

(b) HerrIngbone gear 

Parallel axls helical 
gears 
Courtesy of Marlin 
Sprockef and Gear Co .. 
Atfington. 1X 

• Helical gears are eith.er 
right- or left-handed. NOll: 
that the gear of Figure 
9-15a is left·handed 
because. if either face of 
the gear were placed 011 a 
horizontal burfllCe. its teeth 
would slope up to the left. 
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FIGURE 9 - 17 

Crossed axis helical 
gears 
Courtesy o f ffle Boston 
Gear DIvIsIon of lMO 
IndU$tr/e$, Qvincy. MA 

FIGURE 9 · 18 

A worm and worm 
gear (or worm wheel) 
Courtesy or Marlin 
Sprocket and Gear Co., 
ArlIngton, rx 
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cale the shaft axially. This type of gear is much more expensive than a helical gear 
and lends to be used in large. high-power applications such as sh ip drives, where the 
frictional losses from axial loads would be prohibitive. A herringbone gear is shown 
in Figure 9- 15b (p. 477), Its face view is the same as the helical gear 's. 

EFFICIENCV The general definition of efficiency is outpllf power/il/pllt power 
expressed as a percentage. A spur gearset can be 9810 99% efficient The helical gear
set is less efficient than the spur gearset due 10 sliding friction along the helix angle. They 
also present a reaction force along the axis of the gear. which the spur gear does not 
Thus helical gearsets must have thrust bearings as well as radial bearings on their shafts 
to prevent them from pulling apart along the axis. Some friction losses occur in the thrust 
bearings as well. A paraliel helical gearse! will be about 96 to 98% efficient, and a 
crossed helical set only 50 to 90% efficient. The parallel helical set (opposite hand but 
same helix angle) has line contact between the teeth and can handle high loads at high 
speeds. The crossed helical set has point contact and a large sl iding component that limil 
its application to light load situations. 

If the gearsets have to be shifted in and oul of mesh while in motion, spur gears are a 
beller choice than helicaL as the hel ix angle interferes with the axial shifting motion. 
(Herringbone gears of course cannot be axially disengaged.) Truck transmissions often 
use spur gears for this reason, whereas automobile (standard) transmissions use helical. 
constant mesh gears for quiet running and have a synchromesh mechanism to ,lllow shift
ing. These transmission applications will be described in a Ialer section. 

Worms and Worm Gears 

If the ~el i x angle is increased sufficiently, the result will be a worm. which has only one 
tooth wrapped conti nuously around its circumference a 'lumber of times, analogous to a 
screw thread. This woml can be meshed with a special worm gellr (or worm wheel). 
whose axis is perpendicular to that of the woml as shown in Figure 9-18. Because the 
driving wonn typically has only one tooth, the ra tio of the gearset is equal to one over 
the number of teeth on the worm gear (see equations 9.5. p. 472). These teeth are not 
involutes over the ir entire face. which means thaI the center distance must be maintained 
accurately to guarantee conjugate action. 

Wonns and wheels are made and replaced as matched sets. These wonn gearsets 
have the advantage of very high gear ratios in a small package and can carry very high 
loads especially in their single or double enveloping fomlS. Single enveloping means 
Ihat the wonn gear teeth are wrapped around the wonn. Double enveloping sets also 
wrap the wonn around the gear, result ing in an"hourglass-shaped wonn. Both of these 
techn iques increase the surface area of contact between wonn and wheel. increasing load 
carrying capacity and also-cost. One trade-off in any womlset is very high sliding and 
thrust loads that make the wonnset rather inefficient at 40 to 85% efficiency. 

Perhaps the major advantage of the womlset is thaI it can be designed to be impos
sible to backdrive. A spur or helical gearset can be driven from either shaft, as a velocity 
step-up or step-down device. While this may be desirable in many cases, if the load be
ing driven must be held in place after the power is shut off, the spur or helical gearset will 
not do. They will "backdrive." This makes them unsuitable for such applications as a 
jack to raise a car unless a brake is added to the design to hold the load. The wonnset, on 
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the other hand, can only be driven from the wornl. The friction can be large enough to 
prevent it being backdriven from the wonn wheel. Thus it can be used without a brake in 
load-holding applications such as jacks and hoists. 

Rack and Pinion 

If the diameter of the base circle of a gear is increased without limit. the base circle wil l 
become a straight line. If the "string" w~apped around this oase circle to generate the in
volute were sti ll in place after the base circle's enlargement to an infinite radius. the string 
would be pivoted al infinity and would generale an involute that is a straight line. This 
linear gear is called a rack. Its teeth are trapezoids, yel are true involutes. This fact makes 
il easy to creale a cutting tool to generate involute teeth on circular gears, by accurately 
machining a rack and hardening it tocul leeth in olher gears. Rotating the gear blank with 
respect to the rack cuner while moving Ihe cUller axially back and fort h across the gear 
blank will shape. or develop, a true involute looth on the circular gear. 

Figure 9-19 shows a rack and pinion. The most common application of this device 
is in rotary 10 linear motion conversion or vice versa. It can be bllckdriven, so it requires 
a brake if used 10 hold a load. An example of its use is in rack-and-pinion steering in 
aUlomobiles. The pinion is attached to the oottom end of the steering column and tums 
with the steering wheel. The rack meshes with the pinion and is free to move Iff! and 
right in response 10 your angular input althe steering wheel. The rack is also one link in 
a multibar linkage that converts the linear translation of the rack to the proper amount of 
angular motion of a rocker link attached to the front wheel assembly to steer the car. 

Bevel and Hypoid Gears 

HE\ EL GEAIi.S For right-angle drives, crossed helical gears or a wonnset can be used. 
For any angle between the shaft s, including 90°, bevel gears may be the solution. Just as 
spur gears are based on rolling cylinders. bevel gears are based on roll ing cones as 
shown in Figure 9-20 (p. 480). The angle between the axes of the cones and the included 
angles of the cones can be any compatible values as long as the apices of the cones intersecl. 
If they did not interNect, there would be a mismatch of velocity at the interface. The apex of 
each cone has 7.ero rudius, thus 7.ero velocity. All other points on the cone surface will have 
nonzero velocity. The velocity rulio of the bevel gears is defined by equation 9.1 a (p. 464) 
using Ihe pitch diameters at any common point of intersection of cone diameters. 

j Pressure angle 

Standard full-<lcplh inyolute rack 
FIGURE 9 - 19 

A rack and plnlon PrIolo courtesy or Morfin Sprocket and Gear Co .. Austin. 1)( 
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. :;:Jl 
~ 

Pitchdia. 

I 
Apices must __ ~ 
be coincident 

(0) Incorrect orrangemenl (0) Correcl arrangements 

FIGURE 9-20 

Bevel gaors are based on roiling cones 

FIGURE 9-21 

Straight bevel gaors 
Court95y of MortIri 
Sprocket and Gear. 
AlflnQton. TX 

FIGURE 9-22 

Spiral bevel gears 
Cowtesy 0' The Boston 
Gear DIvIsion of rMO 
industries, Quincy. MA 

SPIRAL BEVEL GEARS If the leclh are parallel 10 the axis of Ihe gear, it will be a 
straight bevel gear as shown in Figure 9-21. If the teeth are angled wilh respect to the axis, 
it wi lt be a spira l bevel gear (Figure 9-22), analogous to a helical gear. The cone axes 
and apices must intersect in both cases, The advantages and disadvantages of straight 
bevel and spiral bevel gears are similar to Ihose of the sp~ear and helical gear, respec
tively, regarding strenglh. quietness, and cost. Bevel gear teeth are not involutes but are 
based on an "octoid" looth curve. They must be replaced in pairs (gearsels) as they are 
not universally imerchangeable, and their center distances must be accurately maimained. 

HYPOII) GEARS !f the axes between the gears are nonparallel and also noninterscct
ing, bevel gears cannot be used. Hypoid gears will accommodate this geometry. Hy
poid gears are based on rolli ng hyperboloids of revol ution as shown in Figure 9-23. (The 
tem hypoid is a contraction of hyperboloid.) The tooth fonn is not an involute. These 
hypoid gears are used in the final drive of fron t-engine, rear wheel drive automobiles, in 
order to lower the axis of the driveshaft below the center of thc rear ax le to reduce the 
"driveshaft hump" in Ihe back seat. 

Noncircular Gears 

Noncircular gears are based on the rolling centrodes of a Grashof double-crank fourbar 
linkage. Centrodes are the loci of the instant center 124 of the linkage and were described 
in Section 6.5 (p. 287). Figure 6- ISb (p. 290) shows a pair of centrodes that could be 
used for noncircular gears. Teeth would be added to their circumferences in the same 
way that we add teeth to rolling cylinders for circular gears. The teeth then act to guar
antee no slip. Figure 9-24 shows a pair of noncircular gears based on a different set of 
centrodes than {hose of Figure 6-15b (p. 290). (The gears of Figure 9·24 really do make 
complete revolutions in mesh!) Of course, the velocity rmio of noncircular gears is not 
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(0) Rolling hyperboloids of revolutiOn -FIGURE 9-23 

Noninlcrsecling 
skew axes 

Input driveshaft 

Wheel rude 
output shaft 

(b) AutomotiVe hypoid final drfve gea.s 
COI.M1esy ot Genef"o/ Moton Co .• Detroit. MI 

Hypoid gears are based on hyperbololds of revOlution 

constant. That is their purpose, to provide a time-varying output function in response to 
a constant velocity input. Their instantaneous velocity ratio is defined by equation 6.11 f 
(p. 282). These devices arc used in a variety of rotat ing machinery such as printing 
presses where variat ion in the angular velocity of rollers is required on a cyclical basis. 

Belt and Chain Drives 

Vt+ UH TS A vee I>4! It drive is shown in Figure 9-2 (p. 463). Vee belts are madeofelas
tomers (synthetic rubber) reinforeed with synthetic or metall ic cords for strength. The 
pulleys. or sheavel', have a matching vee-groove that hc lps to grip the belt as belt tension 
jams the belt into the vee. Vee belts have a transmission efficiency of 95 to 98% when 
first installed. This will decrease to about 93% as the belt wears and slippage increases. 
Because of slip. the velocity ratio is neither exact nor constant. Flat belts running on flat 
and crowned pulleys are stil l used in some applications as well. As discussed above, slip 
is possible with untoothed belts and phasing cannot be guaranteed. 

S, ,\( IIRO,\Ol ~ r rl\u ,\(;) U~: Lrlj The synchronous belt solves the phasing prob
lem by preventing slip while retaining some of the advantages of vee belts and can cost 
less than gears or chains. Figure 9-25a (p. 482) shows a synchronous (or toothed) belt 
and its special gear-like pulleys or sheaves. These belts are made of a rubberlike mate
rial but are reinforced with steel or symhetic cords for higher strength and have molded
in teeth thai fit in the grooves of thc pu lleys for positive drive. They arc capable offairty 
high torque and power transmission levels and are frequemly used [0 drive automotive 
engine camshafts as shown in Figure 9-25b. They are more expensive than conventional 
vee belts and are noisier, but run cooler and last longer. Their transmission efficiency is 
98% and stays at th:!t level with use. Manufac turers' catalogs provide detai led infonna-

FIGURE 9 -24 

NonclrculQr gears 
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(0) Standard synchronous belt 
Courtesy orr B. WOod:J Sons Co .. 
ChombersbtxO. PA 
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(b) Engine valve comshoN drive 
Courtesy Of Chevroler DMsIon. 
General MOlars Co .. [)efron. MI 

FIGURE 9 -25 

Toothed synchronous bans ond sprockets 

tion on sizing both 'Ice and synchronous belts for various applications. See bibliography. 
(p.512) , 

CIIAIN OH IVES are often used for applications where positive drive (phasing) is 
needed and large torque requirements or high Icmpcraturdevels preclude the use of tim
jng bel ls. When the input and output shafts are rar apal1. a chain drive may be the mosl 
economical choice. Conveyor systems oneil use chain drives to carry the work along 
Ihe assembly tine. Sleel chain can be run through many (but not all) hostile chemical or 
temperature environments. Many types and styles of chain have been designed for vari
ous applications ranging from the common roller chain (Figure 9-26a) as used on your 
bicycle or motorcycle. to more expensive inverted looth or "silent chain" designs 
(Figure 9-26b) used for camshaft drives in expensive automobile engines. Figure 9-27 
shows a typical sprocket for roller chain. Note that the sprocket teeth are 1I0tihe s.1me 
shape as geartccth and are nOI involutes. The sprocketloot h shape is dictated by the need 
10 match the contour of the pon ion of chai n that nestles in the grooves. In this case the 
roller cha in has cylindrical pins that engage the sprocket. 

One unique limitation of chai n drive is something called "chordal action:' The 
links of the chain foml a sCI of chords when wmpped around the circumference of the 
sprockel. As these links enter and leave the sprocket. they impan a "jerky" motion 10 
the driven shaft thai causes some variation. or ripple. on Ihe OUlput velocity. Chain drives 
do nm exact ly obey the fundamental law of gearing. If very accurate. constant output 
velocity is required. a chain drive may not be the best choice. 

VIIIKA'I"ION I'" BEtTS ANt) C UAI,'S You may have not iced when watChing the 
opemlion of. for example. a vee belt such as yourcarcngine's fan belt . Ihal the bel t span 
between pulleys vibrates laterally. even when the bell's linear velocity is cOllstant. ff you 
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(0) Roller chain (b) Inverted·tooth or silent chain 

FIGURE 9-26 

Chain types for power transmission From Ptle/cJn, R, M (1970). Fundomenlo/s of Mecl1onlcol DesIgn, 3rd 00., McGraw-HRI. NY. 

consider the acceleration of a belt panicle as it travels around the belt palh, you wi ll re
alize that its acceleration is theoretically zero whilc traversing the unsupponcd spans 
betwccn sheaves al constant velocity: but whcn it enters the wrap of a sheavc. it suddenly 
acquires a nonzero centripetal acceleration [h:lt remains essentially constant in magni
tude while the belt pan icle is on the sheave. Thus Ihe acceleration of a belt panicle has 
sudden jumps from zero IO..£01lle constant magnitude or vice versa. four limes per 
traverse for a si mple two-sheave system such as thai of Figure 9-2 (p. 463). and more if 
there are multiple sheaves. This provides theoret ically infinite pulses of jerk to [~e belt 
particles al these transitions and this excites Ihe laleral natural freque ncies of the belt's 
unsupported span between sheaves. The resul t is lateral vibration of the belt span that 
creates dynamic v:lriat ion in belt tension and noise. 

9.7 SIMPLE GEAR TRAINS 

A gear train is any collection of two or more meshing gears. A simple gear train is one 
in which each shaft carries on ly one gear. the mosl basic, two-gear example of which is 
shown in Figure 9-4 (p. 464). The I"e/oc:iry ratio /IIv (sometimes called /rail1 ralio) of this 
gearset is found by expanding equation 9.5a (p. 472). Figure 9-28 shows a simple gear 
train with five gears in series. The expression for this simple train's velocity ra tio is: 

III~' = (- Z: X -Z~ X -Z: X -Z:) = + Z: 
or in general [enns: 

(9.7) 

which is thc same as equation 9.5a (p. 472) for a single gearsel. 

Each gearset potentially contributes to the overall train ratio. but in any case of a 
simple (series) train, Ihe numerical effects of all gears exceptlhe first and lasl cancel out. 
TIle lrain mlio ofa simple train is always just the mtio of the fi rst gear over the last. Only 
the sign of the overal l mlio is affected by the intennediate gears which are called idlers 
because typicall y no power is taken from their shafts. If all gears in Ihe lrain are external 
and there is an even number or gears in the train. the output direction will be opposi te [hat 
of the input. If there is an odd number of external gears in the train, (he output wi ll be in 

FIGURE 9 -27 

A roller chain sprocket 
Cowtesy 01 MartIn 
Sprockel and Gear Co .. 
AtIiIlgton, rx 

I 
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FIGURE 9 -28 

A simple gear troln 
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the same direction as the input. Thus a single. external idler gear of (IllY diameter can be 
used 10 change the direction o f the output gear without affecting its velocity. 

A single gcarsct of spur, he lical, or bevel gears is usually limirel! to 1I ratio of (loom 
10: I simply because the gearsci will become very large, expensive. and hard to package 
above thai rat io if the pinion is kepi above the minimum num bers of tceth shown in 
Tables 9-43 or b (pp. 474- 475 ). Irthe need is to gel a larger train rat io than can be ob
tained with a si ngle gearsel, it is clear from equmion 9.6 (p. 474) that the simple train 
will be of no hel p. 

It is common practice to insen a single idler gear to change direction. bUI more than 
one idler is superfluous. There is lillie justification for designing a gear train as is shown 
in Figure 9-28. If Ihe need is 10 connect two shans that are far apart. a simple lrain of 
many gears could be used but will be more e~pensive than a chain or bell drive for the 
same application. Most gears are not cheap. 

9.8 COMPOUND GEAR TRAINS 

To gel a tmin r.l.l io of greater than about 10; I with spur. helical, or bevel gears (or any 
combination thereol) it is necessary to compound the tra in (unless an epicyclic train is 
used-see Section 9.9. p. 493). A compound train is olle ill which at least olle slw/t 
carries more thall olle gear. This wi ll be a parallel or series-parallel arrangement. rather 
Ihan the pure series connections of the simple gear train. Figure 9-29 shows a compound 
train of fou r gears. two of which. gears 3 and 4. are fi xed on the same shaft and thus have 
the same angu lar velocity. 

[jffj 
"""'Output 

shaft 

:--,~ N'[j l[j N, 

[jft1 I 
N, /fflJjlil.1l~-1/ N, 

Input 

[jJ[j shaft I 
I L 00 .• ", , 

I 
~ 

"' .. ~ 5 

~ 

FIGURE 9 -29 

A compound gear train 
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The train ratio is now: 

This can be generalized for any number of gears in the t:nin as: 

± 
product of number of teeth on driver gears 

mv = 
product of number of teeth on driven genTS 

(9.83) 

(9.8b) 

Note that these intennediate ratios do not cancel and the overall train ratio is the 
product of the ralios of parallel gearsets. Thus a larger ratio can be obtained in a com
pound gear train despite the approximately 10: I limitation on individual gearsct ratios. 
The plus or minus sign in equation 9.8b depends on the number and type of meshes in 
the train. whether external or internal. Writing the expression in the form of equation 
9.8a and carefully noting the sign of each mesh ratio in the expression will result in the 
correct algebraic sign for the overall train ratio. 

Design of Compound Trains -If presented with a completed design of a compound gear (rain such as that in Figure 9-28. 
it is a trivial task to apply equation 9.8 and detemline the train mtio. It is not so simple 10 

do the inverse. namely. design a compound train for a speci fied train ratio. 

JtnEXAMPlE 9·2 

Compound Gear Train Design. 

Problem: 

Solution: 

Design a compound lrain for an exact train ratio of 180: I . Find a combination of 
gears thaI will give thaI rat io. 

1be first step is to detcnnine how many stages. or gearsets. are necessary. Simplicity is the 
mark of good design. so Iry the smal1est possibility first. Take the square root o f IBO. which is 
13.416. So. two stages each of that ratio will give approximately 180: I. However. this is larger 
than our design limi t of 10: I for each siage. so Iry three stages. The cube root of 180 is 5.646. 
well within 10. so three stages will do. 

2 If we can find some integer mtio of gear teeth that wi ll yie ld 5.646: I. we can simply use three 
of them 10 design our gearbox. Using a lower limi t of 12 leeth for the pinion and trying sev
eral possibilities we get the geamts shown in Table 9-6 as possibilities. 

J The number of gear teeth obviously must be an integer. 1be closest to an inleger in Table 
9-6 is the 79.05 result. Thus a 79:14 gearset comes closeSlto the des ired ratio. Applying 
this I".ltio to alllhrec stages will yield a train ml io of (79/ 14)3 = 179.68:1. which is wi th in 
0.2% of 180: I. This may be an acceplable solution provided that Ihe gearbox is nOI being 
used in a liming application. Iflhe purpose o flhi s gearbox is 10 s tep down the mOlor speed 
for a crane hoist. for example. an approximate ratio will be adequate. 

TABLE 9-6 
Example 9-2 
Possible Georsets fOf 180: 1 
T1Yee-Stoge Compound 

""" Gearset Pinion Gear 
Ratio Teeth Teeth 

5.646 )( 12 - 67.75 

5.646 x \3 - 73.40 

5.646 x IA - 79.05 
5.646 x 15 _ 84.69 

TABLE 9-7 
Example 9-2 
Exact SolutIon fOf 180,1 
T1Yee-Stoge Compound 
T,,*, 

Gearset Pinion Gear 
Ratio Teeth Teeth 

6xlA - 84 

6xlA-64 

5 x 14 • 70 
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FIGURE 9-30 

Three-stage compound gear train. for train raflo mv= 1:180 (gear ratIO mG - 180:1) 

-
" Many gearboxes arc used in production machinery 10 drive camshafts or linkages from a 

master drivcshaft and must have the exact mlio needed or else the driven device will evcmu
ally gel oul of phase with the rest orthe machine. lrthal were the case in this example,then 
the solution found in step 3 would not be good enough. We will need 10 redesign il for ex
aClly 180: l. Since our ollcT31ilrain ratio is an integer. it will be simplest to look for integer 
gearsct ratios. Thus we need three integer factors of 180, The first solulion above gives us 
a reasonable starting poinl in the cube rool of 180. which is 5.65. [f we round this up (or down) 
to:Ul integer. we may be able to lind a suitable combinmion. 

5 Two compounded stagcs of 6: 1 IOgcther givc 36: 1. Dividing 180 by 36 gives 5. Thus the 
stages shown in Table 9-7 (p. 485) provide on~possible exact solution. 

This SOIUlioll. shown in Figure 9-30, meets our design criteria. It has the correct. exaCI 
ratio: the stages are all less than 10: I: and no pinion has less than 14 teeth, which avoids 
undercutting if 25° pressure angle gears are used (Table 94b. p. 475). 

Design of Reverted Compound Trains 

In thc preceding example the input and output shaft locations are in different locations. 
This may well be acceptable or even desirable in some cases, depending on other packag· 
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FIGURE 9 · 31 

Output 
shaft 

A reverted compound gear Irain 

2 

Input 
shaft 

ing constraints in the overall machine design. Such:L gearbox. whose jllp'lr {[lid ourpur 
shafts llre 1I0r coillcidellf. is called a oooreverted compound traio . In some cases, such 
as automobi le transmissions, it is desirable or even necessary to have the ourpur shafr COII

cemric 1"';111 fhe iII/JIlt shaft. This is referred to as "reven ing the train" or ;'bringing it back 
onto itselL" The design of a reverted compound train is more complicated because of 
the additional constraint Ihal the center distances of the stages must be equal. Referring 
to Figure 9·3 I, Ihis constraint can be expressed in teons of their pitch radii. pitch diam
eters, or numbers of teelh (provided that all gears have the same diametral pitch). 

0' 

(9.9a) 

(9.9b) 

If Pd is the same for all gears. equation 9.4c (p. 471) can be substituted in equation 9.9b 
and the diamelral pitch temlS wi ll cancel giving 

(9.90) 

.>In 'XAMPLE 9-3 

Reverted Gear Train Deslgn. 

Problem: Design a reverted compound train for an exact tra in ratio of 18: I. 

Solution: 

Though il is not at all necessary to have integer gearset ratios in a compound train (only inte
ger tooth numbcrii). if the train ratio is an integer. it is easier to design with integer ralio gearsets. 

417 

TABLE 9-8 
Example 9-3 
Possible Georsets IOf 18: 1 
Two-Sloge Reverted 
Compound Train 

Gearsef Pinion Gea, 
Ratio Teeth Teeth 

4.2426 x 12 : 50.91 

4.2426 x 13 : 55.15 

4.2426 x 14 59.40 

4.2426 x 15 63.64 
4.2426 x 16 67.88 

4.2426 x 17 : 72. 12 

4.2426 x 18 : 76.37 

4.2426 x 19 80.61 

4.2426 x 20 84.85 

I 
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2 TIle sqllare rOOI of I g is 4.2426, well within our 10: I limitlllion. So two stnges will suffie> 
in this gearbox. 

3 If we could form two identical s tages, each with II r,lIio equal to the square root of the overal 
[min mlio. the train would be revened by default. Table 9-8 shows thatlhere are no reason
able combinations of tooth ratios that will give the exact square root nceded. Moreover. thi! 
squilre rool is not II rational number. so we cannot gel an eKIlCI solution by this approach. 

4 instead. leI's (aelOr the [min ratio. All numbers in the factors 9 x 2 and 6 x 3 are less than 
10, so they are acceptable on thai basis. 11 is probably bener [0 have Ihe rulios of the IWO 
stages closer in value 10 one anOlhcr for packaging reasons. so the 6 x 3 choice will be tried. 

5 Figure 9-3 1 (p. 487) shows II two-stage revened [ruin. NOIe that. un like the nonrevened train 
in Figure 9-29 (p. 484). the input and Output shafts are now in-line and cantilevered; thus each 
must have double bearings on one end for moment support and a good bearing ratio as was 
defined in Section 2.17 (p. 61). 

6 Equation 9.8 (p. 485) states the relationship for its compound lrain ratio. In addition. we have 
the constraint that thecenter distances of the stages must be equal. Use equation 9.9c (p. 487) 
and set it equal to an arbitrary constant K to be detennined. 

(a) 

7 We wish to solve equations 9.8 and 9.9c simultaneously. We can separ ... te the tenns in equa
tion 9.8 and set them each equal to Olle of the stage ...... tios chosen for this design. 

N, I 
-=-
N, 3 

Nj =3N4 

8 Separating the tenus in equation (a): 

N2 +N)=K 

N4 +Nj = K 

-

9 Substi tut ing equation (b) in (tl) and equat ion (e) in (e) yie lds: 

N2 +6N2 = K E 7N2 
N 4 +3N4 ""K=4N4 

(b) 

(,) 

(d) 

(,) 

(f) 

<g) 

10 To make equations (fJ and (g) compatible. K must be set to at least the lowest common mul· 
tiple of7 and 4. which"is 28. This yields values of Nz = 4 teeth and N4 = 7 teeth. 

11 Since a four-tooth gear will have unacceptable undercu tting. we need to increase our value of 
K sufficiently 10 make the smallest pinion larJ;e enough. 

12 A new value of K = 28 x4 = 112 wi ll increase the four.\ooth gear 10 a 16-tooth gear. which is 
acceptable for a 25 0 pressure angle (Table 9-4b. p. 475). With this assumption of K '" 112. 
equations (b). (e). C/). and (g) can be solved simultaneously to give: 
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FIGURE 9-32 

A commercial, three-stage reverted compound gearbox 
CGUf9$y of bton Gear DMsIon of IMO tldustrle$, Quhcy, ,o\.iA -

which is II viable solution for this reverted tmin. 

(h) 

The same procedure outlined here can be applied to the design of reverted tmins involv
ing several stages such as the helical gearbox. in Figure 9-32. 

An Algorithm for the Design of Compound Gear Troins 

The examples of compound gear tmin design presented above used integer train ratios, 
If the required train ratio is noninteger, it is more difficult to find a combinat ion of inte
ger tooth numbers that will give the exnctlrain ratio. Sometimes an irrational gear ratio 
may be needed for such tasks as conversion of English to metric measure within a ma
chine tool gear tmin or when 1t is a factor in the mt io. Then the closest approx.imation to 
the desired irrational train ratio that can be contained in:t reasonable package is needed. 

DilPare ttl and Selfridge and Riddle 121 have devised algorithms to solve this prob
lem. Both require a computer for the ir solution. The Selfridge approach will be de
scribed here. It is applicable to IWO- or three-stage compound trains. A low limit Nnrill 

and a high limit Nmw{ on Ihe acceptable number of teeth for any gear must be specified. 
An error tolerance E expressed as a percentage of the desired train mtio R (made always 
> I) is also selected. For a two-stage compound tmin the ratio wi ll be as shown in equa
tion 9.5c (p. 472) expanded according to equation 9.8 (p. 485) with the signs neglected 
for this anal ysis. 

(9. 103) 

.. 

I 
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The range of acceptable ratios is detennined by the choice of error tolerance E. 

R,D"'::: R-E 

RIr'glr = R+£ 

NJN~ R,,,,,,, S ---"---"- S Rlriglr 
N2N4 

Then, since the tooth numbers must be integers: 

N)N$ S INT(N2N4 R~,glr) 

Let: 

Also from equation 9.lOc. 

lei: 

NJN j ~ 1N1·( N2N4R/Qt<.) 

Q= INT(N2N4R,ow)+ I 

rounding up to the next integer. 

(9. lOb} 

(9. IOc) 

(9.IOd) 

(9. 10e) 

(9.10f) 

(9. 109) 

A search is done on all values of a Icmpomry pammeler K defined as Q S K S P to 
see if a usable product pair can be found. Because of multiplicative symmetry. the larg
est value of N3 that need be considered is 

-
(9.1Ia) 

(9. 11b) 

The smallest value of N) that need be considered occurs when K is at its smallest 
value Q and Nj takes its largest value N high. (N3 is also constrained by NIQ"'~) 

Q 
N, • -- (9.l lc) 

NII,glr 

Let: (9. lid) 

which also rounds up to the next integer. 

The search finds those values of N3 that meet N", S N3 S Np and Nj::: KIN). The 
computer code for this algorithm is shown ~ n Table 9-9. The complete program 
Compound.tk is on the CD-ROM included with this book. encoded for usc with the TK
Solver program. 1l1e code can be easily rewritten for other equation solvers or compilers. 

This algorithm is extendable to three-stage compound gear trains, and the two-stage 
version can be modified to force reversion of the train by adding a center d istance calcu
lation for each gearset and a comparison 10 a selected tolerance on center distance. These 
files are also on Ihe CD-ROM as TRIPLE.TK and REVERT.TK. respect ively. These pro
grams each generate a table of all solutions that meellhe slaled error criteria within the 
tooth limits specified. 
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TABLE 9-9 Algorithm for Design of Two-Stage Compound Gear Trains 
From TKSoIv9r1lle Comp()l..r'ld,tk Based 01'\ Reference (2) 

" Ralio is the desired gear train ratio and must be > I. Nmill is the minimum number of teeth acceptable on any pinion. 
" Nmax is the maximum number of teeth acceptable on any gear. I'psl is initial estimate of the error tolerance on Ratio. 
" I'PS is the tolerance used in the computation. initialized to ('psi but modified (doubled) until solutions are found. 
"cOl/ntl'r indicates how many times the initi:lltolerance was dou~led. Note that a large initial value on ('psi will cause long 
"computation times whereas a too-small value (that gives no solutions) will quickly be increased and lead to a faster sol ution, 
" pinionl.pinioI12. gl'arl. and gl'ar2 are tooth numbers for solution. 

('ps = ('{lsi 
('01I11I"r '" 0 

redo: 
S=I 
R high = R(lfio + ('I'I 
R-/OI' ;; Ralio - "I'l 
Nlt3 = INT( Nm'II'''2 ( R high) 
NIt4 = INT( Nmax I SQRT( R _hig"}} 
For p11l1Ol11 = Nmi" 10Nh.! 

NItI! .. MIN (NIIULI./AT(Nh3 flilliolll J) 
For IIilll01l2 = flllIIl!}J) 10 Nltlr 

I' '" INT( pillie)llf * fllllioll2 . R _hi,~h} 
Q", INT( pi"'lm/ * pinioll2 * R_'oI\'J + / 
IF ( P < Q ) THEN COTO 11,,2 
Nm '" MIL'< ( Nmin. INT ( (Q + Nmax - f), NmlLI II 
N" '" SQRT(/' I 
ForK=QtoP 

For Nfllrl ;; Nm loNp 
IF (MOD( K. N(,llr/ J <> 0 J Th(,11 COTO IIXI 
1(('(lr1 '" K ,r,:('(lr/ 
"rror = (R(llio - K' (l,illiOiII ",lrioll}.) J 
"check to see if is within current tolcrance 
IF ('!'ror > "ps TIIEN COTO 1I,r.:1 
" else load solution into arrays 
pml/SI =pilllolli 
IIiIl2/S} "" pillioll2 
R(,lIr/ISI '" 1:('(11'1 
gellr1/S/ '" ,!:t'ur2 
~rrurIS/ '" A8S(('rror} 
r(ltilillSI '" 8('1'" 1IIIIiolli 
roti02/SI '" g,,(,,1 1"lIioIl2 
flllilllS} = I'lIliollSI * flliiol/Sj 
S=S+/ 

ngl: NI'_lt f:(,lIrl 
N~xtK 

np:!: 8('.1't plllio,,2 
NeXII,'moll! 
" test to see if any solution occurred with current eps value 
IF (L"",~tlt (plrrf j '" 0 j rlt"" coro lIgtlill ELSE RelIC", 

agam: 
I'pS '" cps ~ 2 
COIIllIfr ... COWrlf!' + I 
COTO m/o 

.. initialize error bound 
" initialize counter 
.. reentry point for additional tries:ll solution 
" initial ize the array pointer 
.. initiali7.e tolerance bands around ratio 
.. initialize loier.mee bands around ratio 
" intcnllediate vlllue for computation 
" intenllediate value for computation 
" loop for first pinion 
" intennediate value for computation 
.. loop for 2nd pinion 
.. imcnllediate value for computation 
" intenll~iatc value for computation 
" skip to next pinion2 if true 
" intemlediate value for computation 
" intemlediate value for computation 
" loop for parameter K 
" loop for first gear 
" IlQ( a match - skip to next gear l • 
" find second gear tooth number 
" find error in ratio 

" is our of bounds - skip to next gearl 

" increment array pointer 

fl have a solution 
fl double eps value and try again 
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• 
• NOie that this gear train 
combinatioo gives an 
approximation for It that is 
eXaI:'t to 4 decimal places. 
But, this example asks for 
an approximation to 5 
decimal places within a 
tolerance of 5 ten-
thooosandths of one percent. 
This ratio is off by one 
thousandth of a pe~ent of 
the desired 5-place value. 

t This is the closest 
possible approximation to II 
5-place value for It in I 
roonrevened gear lrain 
within tile gIven limitations 
on gear sizes. 
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JlJJEXAMPlE 9-4 

Compound Gear Train Design to Approximate on Irrational Ratio. 

Problem: 

SoIul/on: 

Find a paiTor gear.rets which when compounded will give a train Talio of3.141 59: I 
with an error of < 0.000 5%. Limit gears to tooth numbers between 15 and 100. 
Also delennine the tooth numbers for the smallest error possible if the two gear
sets must be reverted. 

Input data 10 the algorithm are R = 3.141 59. N1otI.= 15. Nhi~h = 100, initial £ '" 3.141 59 E-5. 

2 The TKSofl'er file COMPOUNO.TK (see Table 9-9, p. 491) was used 10 generate the nonre

vened solutions shown in Table 9-10. 

-' The best nonrevencd solut ion (71h row in Table 9-1 0) has an error in ralio of 7.849 9 E-06 
(0.000 249 87%) giving a ratio of 3.141 582 with gearscts of29:88 and 85:88 teeth. 

4 The TKSofl'er file REVERT.TK (see CD.ROM) was used \0 generate the reverted solutions 

shown in Table 9-11. 

5 The best revcrted solution has lin error in Ttuio of -9.6198 E-04 (-0.030 62%) giving II ratio 

of3. 142 562 wi th gcarsets of22:39 lind 22:39 teeth . 

TABLE 9· 10 Nonreverted Georsets and Errors In Ratio lor Example 9-4 

'" N, IIatIo , N. N, 1IatIo2 "'" EmH 

17 54 3.176 91 90 0.98(j1 3.].41564 2.568 2 E..Q5 

17 IIJ 3.52(j1 91 81 0.890 3.141564 2.568 2 E..Q5 

22 62 2.818 61 68 1.115 3.141580 1.0268 E..Q5 

23 75 3.261 82 79 O.(jI63 3.14156(j1 2.054 1 E..Q5 

25 51 2.040 SO 77 1.540 3.141 tn:J 
. 

I.CXXl 0 E.Q5 

28 85 3.036 86 89 1.035 3.141611 2.12(j16 E.Q5 

29 88 3.034 85 88 1.035 3.].415821 7.8499H16 

33 68 2.061 61 93 1.525 3.141 sao 1.0268 E.Q5 

41 75 \.829 46 79 - 1.717 3.141569 2.054 1 E.Q5 

43 85 \.977 56 89 1.589 3.141611 2.1296E.Q5 

43 77 1.791 57 100 1.754 3.141575 1.5133 E.Q5 

TABLE 9- 11 Reverted Georsets and Errors in Ratio lor Example 9-4 

'" N, 'alIo' N. N, Ratlo2 "'" EmH 

22 39 1.773 22 39 1.773 3.142562 ·9.6198E-04 

44 78 1.773 44 78 1.773 3.142562 -9.6198E-04 

I 
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6 Note that imposing the additional constmint of reversion has reduced the number of pos. 
sible solutions effectively to one (the twO solutions in Table 9· 11 differ by a factor of2 in 
tooth numbers but have the same error) and the error is much greater than that of even the 
worst of the 11 nonrever1cd solutions in Table 9·10. 

9.9 EPICYCLIC OR PLANETARY GEAR TR,..INS 

The conventional gear trains described in Ihe previous sections are all one-degree-of
freedom (DOF) devices. Another class of gear train has wide application. the epicyclic 
o r planetary train. This is a two-DOF device. Two inputs are needed to obtain a pre
dictableoutpul. In some cases, such as the automOlivedifferential, one input is provided 
(the driveshaft) and two frictionally coupled outputs are obtained (the two driving 
wheels), In other applications such as automatic transmissions, aircraft engine to pro
peller reductions. and in-hub bicycle transmissions, two inputs are provided (one usu
ally being a zero velocity. i.e .. a fixed gear), and one controlled output results, 

Figure 9-33a shows a conventional. ane-DOF gearset in which link I is immobi
lized as the ground link. Figure 9-33b shows the same gearset with link I now free to 
rotate as an arm that connect!"the two gears. Now only the joint 02 is grounded and the 
syslem DOF = 2. This has become an epicycl ic train with a sun gear and a planet gear 
orbiting around the sun. held in orbit by the arm. Two inputs are required. Typically. 
the ann and the sun gear will each be driven in some direction III some velocilY. In many 
cases. one of these inputs will be zero velocity. i.e .. a brake applied to e ither the arm or 
the sun gear. Note that a zero velocity input to the ann merely makes a conventional 
train out of the epicycl ic train as shown in Figure 9-33a. Thus the conventional gear 
train is simply a special case of Ihe more complex epicycl ic train, in which its ann is 
held stationary. 

In this simple example of an epicyclic Irain, the only gear left to take an output 
from. after pUlling inputs to sun and arm. is Ihe plane!. It is a hil difficuh to get a usable 
output from this orbiting gear as its pivot is moving. A more useful configuration is 

Input#1 

Input Itl 

w,. 

Outpul \ 
Input #2 

Pinion 
Gear Sun gear 

, 
W<)~I 

Planet gear 

(0) Conventional gearset (b) PIonetolY or epicyclic georset 

FIGURE 9 - 33 

Conventional georsets ore special cases of pIonetolY or epicyclic georsets 

.. 

• 



Ring gear 

"" 

FIGURE 9 · 34 

... w ""t 

Output 

Aml 
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Planet 

Ring gear 

Sun gear 

Bearing 

Planetary georset with ring gear used as output 

shown in Figure 9-34 10 which a ring gear has been addcd. This ring gear meshes with 
the planel and pivots at 02. so it can be easily tapped as tile output member. Most plan
etary trains wilt be arranged with ring gears to bring the planetary motion back to a 
grounded pivol. Note how the sun gear, ring gear, and ann are all brought out as concentric 
hollow shafts so that each can be accessed to tap its angular velocity and torque either as an 
input or an output. 

Epicyclic trains come in many varieties. Levail31 catalogued 12 possible types of 
basic epicyclic trains as shown in Figure 9-35. 1l1ese basic trains can be connected to
gether to create a larger number of trains having more degrees of freedom. This is done 
in automotive automatic transmissions as described in a later section. 

While it is relatively easy to visualize the power flow through a conventional gear 
train and observe the directions of mol ion for. its member gcars. il is very difficult to 
detemline the behavior of a planetary train by observation. We must do the necessary 
calculations to detennine i!s behavior and may be surprised at the orten counterintuitive 
results. Since the gears are rotating with respect to the ann and the ann itself has mo
tion. we have a ve locity difference problem here Ihat requires equation 6.5 (p. 271) be 
applied 10 this problem. Rewriting the velocity difference equation in lenns of angular 
velocities specific 10 this system , we get: 

(9.12) 

Equations 9.12 and 9.5a (p. 472) are all that arc needed to solve for the vclocities in an 
epicyclic train. provided that the tooth numbers and two input conditions are known. 
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FIGURE 9 -35 

Leval's 12 possible epicyclIC traIns (3) 

The Tabular Method 

One approach to Ihe analysis of velocities in an epicyclic train is to create a table which 
represents equation 9. 12 for each gear in the train . 

JlnEXAMPLE 9-5 

Epicyclic Gear Train Analysis by the Tabular Method. 

Problem: Consider the train in Figure 9-34. which has the following tooth numbers and ini
tial conditions: 

Sun gear 
!'Ianel gear 
Ring gear 
Input 10 arm 
Input 10 sun 

N2 '" 40-tooth cxtcnllli gear 
NJ '" 20-tooth external gear 
N4 • 80-toodl internal gear 
200 rpm clockwise 
100 rpm clockwise 

We wish to find the absolute output angular vcloci ty of thc ring gear. 

•• S 
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Solution: 

The solution table is set up with a column for each tcnu in equation 9.12 (p. 494) and a row 
for each gear in the train. It will be most convenient if we can arrange the table so that mesh
ing gears occupy adjacent rows. The table for this method. prior to data entry. is shown in 
Figure 9-36. 

2 Note that the gear ratios are shown straddling the rows of gears to which they apply. The gear 
ratio column is placed next to the column containing the velocity differences w1tiJ,/Ofm be· 
cause the gear ratios only apply to the velocity difference. The gear ratios cannot be directly 
applied to the absolu te \'elocities in the W,lOf column. 

3 The solution strategy is simple but is fraught with opponunities for careless errors. NO(e thai 
we are solving a vector equation with scalar algebra and the signs of the tenus denote the sense 
of the W vectors which are all directed along the Z axis. Great care mUSI be taken to gel lhe 
signs of the input velocities and of the gear r.lIios correct in the table. or the answer will be 
wrong. Some gear ratios may be negative if they involve external geal'Sets. and some will be 
positive if they involve an internal gear. We have both types in Ihis example. 

4 The first step is to enter the known data as shown in Figure 9-37 which in this case are the ann 
velocity (in all rows) and the absolute velocity of gear 2 in column I . The gear ratios can also 
be calculated and placed in their respective locations. Note that these ratios should be calcu· 
lated for each gearset in a consistent manner. following the power now through the train. That 
is. star1ing at gear 2 as the driver. it drives gear 3 directly. This makes its ratio-NlIN3, or input 
over output. not the reciprocal. Thil rmio il negatil"(' ~calls(, tlte gearset is t!Xternal. Gear 3 
in tum drives gear 4 so its ralio is +NYN4. This is a posilil'e ralio because of the infernal gear. 

5 Ohce anyone row has two entries. the value for its remaining column can be calculated from 
equation 9.12. Once anyone value in the velocity difference column (column 3) is found, 
the gear nltios can be applied to calculate all other values futhat column. Finally. the remain
ing rows can be calculated from equation 9.12 to yield the absolute velocities of all gears in 
column I . These computations are shown in Figure 9-38 which completes the solution. 

6 'The overall train value for this example can be calculated from the table and is. from ann to 
ring gear + 1.25: I and from sun gear 10 ring gear +2.5: I. 

In this example. the arm velocity was given. [f it is to be found as the output. then it must 
be entered in the table as an unknown. x, and the equations solved for that unknown. 

2 3 

Gear /I Wgmr : (&) /lr lll + Ul grnr/fl rlll 
G~af 
ratio 

FIGURE 9 - 36 

Table lor the solution of planetary gear halns 
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2 3 

Gear # w.'l'rII'r = W .. 1rI1I + W gfllr/Ilr"r Gear 

2 - 100 200 
Ratio 

-40/20 
J 200 

+20/80 
4 200 

FI G URE 9 -37 

GJven data for planetary gear train from Example 9-5 placed In solution table 

F .. : RG USO,\ 's PARA!>OX Epicycl ic trains have several advantages over conven
tional trains among which are higher train ratios in smaller packages. reversion by default. 
and simultaneous. concentric. bidirectional outputS available from a single unidirectional 
input. Thesc fea tures makc planct:lry trains popular as automatic transmissions in auto
mobiles and trucks. ctc. 

The so-called Ferguson's paradox of Figure 9-39 (p. 498) illustrates all these features 
of the planetary train. It is a.rompound epicyclic t rain with one 20-tooth planct gear 
(gcar 5) carried on the ann and meshing simu ltaneously with three sun gears. Th1se sun 
gears have 100 tccth (gcar2). 99tccth (gear 3). and 101 teeth (gcar 4). respectively. The 
center distances between all sun gears and the planct are the same despi te the slightly 
different pitch diameters of each sun gear. This is possible because of the propenies of the 
involute tooth form as described in Sec1ion 9.2 (p. 464). Each sun gear will run smoothly 
with the planet gear. Each gearset will merely have a slightly differem pressure angle. 

/6EXAMPlE 9-6 

Analyzing Ferguson's Paradox by the Tabular Method. 

Problem: Consider the Ferguson's puradox tmin in Figure 9-39 (p. 498) which has the fol 
lowing tooth numbers and initial conditions: 

FI G URE 9 -38 

Sun gea r # 2 

Sun gear # J 
Sun gen r # 4 

Gear 1/ 

2 

J 

4 

N2 = lOO-tooth external gear 
N ) ::: 99-IOQ(h external gear 

N4::: 101·tooth extemal gear 

2 3 

W~l'flr = W llrm + W geur/llmr 

100 200 +100 

-400 200 201l 

250 - 200 50 

Solut\o(l tor planetmy gear train from Example 9-5 

Gear 
Ratio 

-40/20 

+20/80 

. ., 

I 



''''---==:::1 DESIGN OF MACHINERY CHAPTER 9 

Planet 20t 

5 

Ann 5un#2- 100I 

AmI 

Bearing Bcaring 

234 

FIGURE 9·39 

Ferguson's pOIodox compound planetcry gear train 

Solution: 

Planet gtar 
Input to sun # 2 
Input to arm 

N!; ,. 20-tooth eXlemal gear 

o 'I'm 
100 rpm counterclockwise 

Sun gear 2 is fixed 10 the frame, thus providing one input (zero velocity) 10 the 
system. 1be ann is driven at 100 rpm counterclockwise as the second input Find the 
angular veloci ties of the two OUtputs that arc avail:\blc from this compound train. one 
from gear 3 and one from gcar 4. boIh of which are free to rotate on the main shaft. 

The tabular solution for this train is SCI up in Figure 9-40 which shows the given dam. NOie 
that the row for gear 5 is repealed for clarity in applying the gear ratio between gears 5 and 4. 

2 3 

Gear # 0) gcar '" (t) nrm + Wgl:tlr/Qrm 
Gtll f 

2 0 +'00 RUllo 

100/20 
5 .'00 

-20/99 
3 .'00 
5 .'00 

201 101 
4 .'00 

FIGURE 9 - 40 

Given dolo for Ferguson's paradoK planetary gear train from Example 9-¢ 
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2 3 

Gear # wS<"" - Warm + Wgrnr/arm Gear 

2 0 +100 
Ratio 

100 
100120 

5 +600 +100 +500 
20m 

3 - 1.01 +100 10 1.01 

5 +600 +100 +500 
20/101 

4 +0.99 + 100 99.01 

FIGURE 9-41 

Solution 10 Ferguson's paradox planetary gear train from Example 9-6 

2 The known input values of velocity arc [he ann angular velocity and the zero absolute veloc
ity of gear 2. 

3 The gear ratios in this case1ife all negative because of the external gear sets, and their values 
reflcct [he direction of power flow from gear 2 to 5, then 5to 3. and 5 to 4 in the seconeJ,branch. 

4 Figure 9-41 shows the calculated values added to the table. Note that for a counterclockwise 
100 rpm input to the ann. we get a cou nlerclockwise I rpm output from gear 4 and a clock
wise 1 rpm output from gear 3, simultaneously. 

This result accounts for the use of the word pa r adox to describe this train. Not only 
do we get a much larger rat io (100: I) than we could from a conventional tra in with gears 
of 100 and 20 teeth, but we have our choice of output directions! 

Automotive automatic transmissions use compound planetary trains, which are al
ways in mesh, and which give different ratio forward speeds. plus reverse, by simply en
gaging and disengaging brakes on different members of the lrain. The brake prov ides 
zero velocity input to one train member. The other input is from the engine. The output 
is thus modified by the application o f these internal brakes in the transmission according 
to the selection of the operator (Park. Reverse. Nelllral. Drive, etc.). 

The Formula Method 

It is not necessary to tabulate the solution 10 an epicycl ic train. The velocity difference 
formulacan be solved directly for the train ralio. We can rearrange equation 9.12 (p. 494) 
to solve for the velocity difference term. Then, let wF represent the angular velocity of 
the first gear in the train (chosen at either end). and wL represenlthe angular velocity of 
the last gear in the train (at the other end). 

For the first gear in the system: 

WF farm = {J)F - Warm 

For the last gear in the system: 

(9.l3a) 

... 

• 
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(9. 13b) 

Dividing the lasl by the firsl: 

(OLI""" = CO L - Worm 

O'JF/_ OlF-WQnIf 
R (9.13c) 

This gives an expression for the fundamental train value R which defines a velocity 
ratio for the train with the ann held stationary. The leftmost s ide of equation 9.13c in
volves only the velocity difference terms that 3rc relative to the ann. This fraction is 
equal 10 the ratio o f the products o f tooth numbers of the gears from first to laSI in the 
train as defined in equation 9.8b (p. 485) which can be substituted for the leftmost side 
of equation 9.13c. 

R = ± product of number of teeth on driver gears = rot -w",m 
product of number of teeth on driven gears W F - 00",,,, 

(9. 14) 

This equation can be solved for anyone of the variables on the right side provided 
thai the other two are defined as the two inputs to this two-OOF train . Either the veloci
ties o f the ann plus one gear must be known or the velocities of two gears. the first and 
last. as so designated, must be known. Another lim itation of this method is that both the 
first and last gears choscn must be pivoted to ground (not orbiting), and there must be a 
path of meshes connecting them, which may include orbiting planet gears. leI us use this 
method to again solve the Ferguson's paradox of Example 9-6. 

JtuEXAMPlE 9-7 
, 

Analyzing Ferguson's Paradox by the FOfmulo Method. 

Problem: 

Solution: 

-Consider the same Ferguson's paradox tT'J in as in Exwnple 9-6 which has the fol· 
lowing tooth numbers and initial conditions (see Figure 9-37. p. 497): 

Sun gear #2 
Sun gear #3 
Sun gear #4 
Planet gear 
Input to sun #2 
Input to Ilrm 

N2'" tOO-tooth external gear 

N3'" 99-tooth external gear 

N4:: IOI-tooth external gear 

Nj '" 20-tooth external gear 

o rpm 
100 rpm counterclockwise 

Sun gcar 2 is fixed to the frame. providing one input (zero velocity) to the system. 
1be ann is driven at 100 rpm CCW~ the second input. Find the angular veloci
ties of the twO outputs that are available from this compound train. one from gear 3 
and one from gear 4. both of which are free to rotate on the main shaft. 

We will have to apply equation 9.14 twice. once for each output gear. Taking gear 3 as the last 
gear in the train with gear 2 as the first. we h:lVC: 

(a) 
W",m =- + 100 
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:2 Substituting in equation 9.14 we get: 

(_!2X- N')_ "t. - .. "~ 
N j N) WF -worm 

(
_ [OO x - 20) '" w3 -100 

20 99 0 100 
(1)3 = -1.01 -3 Now laking gear 4 as the last gear in the train with gear 2 as the first. we have: 

Worm =+100 

4 Substituting in equation 9.14 we gel: 

These are the same results as were obtained with the tabular method. 

9.10 EFFICIENCY OF GEAR TRAINS 

(b) 

(d) 

The geneml definition of efficiency is OlltPllt power/input power. It is expressed as a 
fmction (decimal %) or as a percentage. The efficiency of a conventional gear Imin 
(simple or compound) is very high. The power loss per gearset is only about I to 2% de
pending on such fac tors as tooth finish and lubrication. A gearset's basic efficiency is 
tennoo Eo- An external gearset will have an Eo of about 0.98 or better and an external
internal gearsel about 0.99 or bener. When multiple gearselS are used in a conventional 
simple or compound train, the overall efficiency of Ihe train will be the product of the ef
ficiencies of all its stages. For example, a two-slage train with bolh gearset efficiencies of 
Eo = 0.98 will have an overall efficiency of 11 = 0.982 = 0.96. 

Epicyclic trains. if properly designed. can have even higher overall efficiencies than 
conventional trains. But . if the epicyclic train is poorly designed, its efficiency can be so 
low that it will generate excessive heat and may even be unable to operate at all. This 
strange result can come about if the orbiting elements (planets) in Ihe train have high losses 
that absorb a large amount of "circulating power" within Ihe train. It is possible for this 
circulating power to be much larger than the Ihroughput power for which the lrain was 
designed. resulting in excessive heating or stalling. The computation of the overall effi
ciency of an epicyclic train is much more complicated Ihan the simple multiplication indi
cated above thm works for conventional trains. Molian[4) presents II concise derivation. 

To calculatc the overall efficiency 11 of an epicyclic train we need to define a basic 
ratio p which is related to the fundamcnta ltrain value R defined in equation 9.l3c: 

, 
", 
T, 

FtGURE 9 -42 

, 

Generic epicyclic 
gear troln 

• 
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if[RI~1. Ihenp :Reiscp::::I/R (9.15) 

This constrains p to represent a speed increase rather than a decrease regardless of which 
way the gear train is intended to operate. 

For the purpose of calculating torque and power in an epicycl ic gear train, we can 
consider it to be a "black box" with three concentric shafts as shown in Figure 9·42 
(p. 50 I), These shafts arc labeled 1, 2. and am\ and connect to either "end" of the gear 
train and to its ann, respectively. Two of these shafts can serve as inputs and the lhird as 
output in any combination. The detai ls of the gear lrdin's internal configuration are not 
needed jfwe know its basic ratio p and the basic efficiency EO of its gearsels. Ailihe analy
sis is done relative 10 the ann of the train since the internal power flow and losses are only 
affected by rotation of shafts I and 2 with respect to the ann. not by rotation of the entire 
unit. We also model it as having a single planet gear for the purpose of detennining EO on 
the assumption !hatthe power and the losses are equally divided among all gears aClUally 
in the train. Counterclockwise torques and angu1:lr velocities are considered positive. 
Power is the product of torque and angular velocity. so a positive power is an input (torque 
and velocity in same direction) and negative power is an output. 

If the gear trai n is running at constanl speed or is changing speed too slowly to sig
nificantly affec t its internal kinetic energy. then we can assume stat ic equilibrium and the 
torques will sum to zero. 

(9.16) 

The sum of power in and out must also be zero, but the direction of power flow affects 
the computation. If the power flows from shaft I to shaft 2. then: , 

Eo TI (WI - ro",,,, )+ 72( W2 - ro",,,,) ~ 

If the power flows from shafl 2 to shaft 1, then: 

(9.17a) 

(9.17b) 

If the power flows from shaft I to 2, equations 9.16 and 9.17a are solved simultaneously 
to obtain the system torques. If the power flows in the other direction. then equations 
9. 16 and 9. 17b are used instead. Substitut ion of equation 9.13c (p. 5(0) in combination 
with equation 9. 15 introduces the basic ratio p and after simultaneous solution yields: 

power flow from 1 102 TI = T",,,, 
pEo - t .. 

(9.18a) 

r. _ pEoT", ... (9. 18b) ,--
pEo- 1 

T, _ EoT""" (9.19a) ,----
P-Eo 

power flow from 2 10 1 

T~ = _ pT", ... 
- p-Eo 

(9.1%) 

Once the torques are found. the input and output power can be calculated using the 
known input and output velocities (from a kinemat ic analysis as described above) and 
the efficiency then detennined from Oll/fJlII Ilower/il/pm power. 
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TABLE 9-12 Torques and Efficiencies in an Epicyclic Train (4) 

Co,. Fixed Input Train 

" " ,~ EffiCiency (Tj) p Shaft Shat! 'allo 

,., 2 I-p _ T""" pEoT""" 
To~ 

pEo-1 
l -pEo • l -pEo p-I 

2 >+1 2 T, 
T, (p~:o )r, Eo(p-I) mm -p-

I - p Eo P-Eo 

3 ,., 2 
p- I T"r", pEOT,.,,,, 

To~ 
pEo-1 

P pEo-1 pEo I Eo(p-I) 

4 > +, mm -p- _ Eo T2 T, -{ P-/o )r, ~ 
p-I P p-Eo 

5 ,-, 2 I-p 
_ T,,,,,, pEoT",,,, 

T",no 
pEo-1 

l-pEo l-pEo p-I 

T ( p~:o f. Eo(p-I) • '-I 2 mm T, - p-"-
I-p Eo p-Eo -7 ,-, 2 
P-I EoT"rm _ pT,.,.". 

To~ 
p-Eo 

P p-Eo P-£o 
, 

p-I 

- p- T, 
{PEo- I)r, Eo(p- I) 

8 ,-, mm --.- T, 
p-I pEo pEo p£o - I 

There are eighl possible cases depending on which shah is fixed. which shafl is in
pui. and whelher the basic ratio pis posiliveor negalive. These cases are shown in Table 
9_12141 which includes expressions for Ihe lrain effic iency as well as for Ihe torques. 
Note Ihnllhe IOrque on one shaft is always known from Ihe load required 10 be dri ven or 
the power available fromlhe driver. and this is needed lo caiculate the Olher two lorqucs. 

b EXAMPlE 9·8 

Determining the Efficiency of on Epicyclic Gear Train. ' 

Problem: 

Solution: 

Find the ovemll efficiency of Ihe epicyclic tmin shown in Figure 9-43 (p. 5(4).r~1 
The basic efficiency Eo is 0.9928 and the gear tooth numbers are: NA= 821. N8 '" 
&4t. Ne:: 861. NI):: 82t, NE::: 82t. and NF = &41. Gear A (slltljt 2) is fixed 10 the 
frame. providing a zero velocity inpul. The anll is driven as the second input. 

Find the basic ratio p for the gear train using equntions 9.14 (p. 500) and 9.15 (p. 502). Note 
that gears Band C have the same velocity as do gears D and E, so their rat ios are I and thus 
are omitted. 

84(82X84) • 1764 = I 7 
82(8.X82) 1763 - .0005. (u) • This example is adapted 

from reference [51. 

• 
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, , 

fiGURE 9 -43 

Epicyc lic troln for Exomple q-8 (5) 

2 The combination of p > I. shaft 2 fixed and input to the arm corresponds to Case 2 in Table 
9- 12 (p. 503) giving an effic iency of: 

TJ = Eo(p- I) = 0.992&(1.000567 - 1) = 0.073 .. 7.3% (b) 
P EO 1.000567 0.9928 

] This is a very low efficiency which makes this gearbox essent ially useless. About 93% of 
the input power is being circulated within the gear train and wasted as he:u. , 

The above example points OUI a problem with epicyclic gear trains that have basic 
ratios ncar unity. They have low effi ciency and are useless for transmission of power. 
Large speed ratios with high eflici ency can only be obtained with trains having large 
basic ratios. lSI 

9.11 TRANSMISSIONS 

CO;\1POU~U RE\'ERTEU GEAR TRJ\I\S are commonly used in manual (nonautomatic) 
automotive transmissions to provide user-selectable ratios between the engine and the 
drive wheels for torque multiplication (mechanical advantage). These gearboxes usually 
have from three to six forward speeds and one reverse. Most modem transmissions of 
this type use helical gears for quiet operation. These gears arc nol moved into and out of 
engagement when shifting from one speed to another excepl for reverse. Rather. the de· 
sired ratio gears are selectively locked to the output shaft by synchromesh mechanisms as 
in Figure 9-44 which shows a four-speed, manually shifted. synchromesh automotive 
transmission. 

The input shaft is at tOP left. The input gear is always in mesh with the leftmost gear 
on the countershaft at the bottom. This countershaft has several gears integral with it, 
each of which meshes with a different output gear that is freewheeling on the output 
shaft. The output shaft is concentric with the input shaft . making this a reverted train. 
but the input and output shafts only connect through the gears on the countershaft except 
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epicyclic 
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• 

output 
,han 

,. 

Four-speed automatic automob ile transmission CO!.Htf3$Y of Mercedfts Benz of North AmeriCa Inc. 

inpul s 'that include dri ver se lection (PRND), road speed. th rottle position. engine 
load and speed, and other factors that are automatic~ monitored and computer 
controlled. Some modern transmission controllers use arti ficial intelligence tech
niq ues to learn and adapt to the operator's style of driving by automaticall y reset
ting the shift points for gentle or aggress ive performance based on driving habi ts. 

At the left side of Figure 9-45 is a turbine-like fl uid coupling between engi ne and 
transmission. called a torque converter, a cutaway of which is shown in Figure 9-46. 
This dev ice allows sufficient slip in the coupling fluid to tet the engine id le with the 
transmiss ion engaged and the vehicle's wheel s stopped . The engine-driven impeller 
blades. runn ing in oil . transmit torque by pumping oil past a set of stationary stator 
blades and again st the turbille blades attached to the transmiss ion input shafl. The 
stator blades, which do not move. serve to redi rect the flow of oit exiting the impeller 
blades to a more fa vorable angle relative to the turbine blades. This redirection of flow 
is responsible for the torque mult ipl ication that gives the device its name, torque con
verter. Without the stator b lades. it is just a fl ll id cOllplillg that will transmit, but not 
multiply. the torque. In a torque converter, the maximum torque increase of about 2x 
occurs at stall when the transmi ssion 's IlIrbine is stopped and the engine-dri ven impeller 
is turning, creating maximum slip between the two. This torque boost aids in accelerat
ing the vehicle from rest when ils inertia must be overcome. The torque multiplication 
decreases to one at zero slip between impeller and turbine. However. the device cannot 
reach a zero slip condition on its own. It will always operate with a few percent of slip. 
This wastes energy in steady state operation. as when the vehicle is traveling at constant 
speed on level ground . To conserve this energy, most torque converters are now 



GEAR TRAINS 

lock-up clutch 

turbine 

.<.\ato r 

one-way clutch 

engine connection 

f i GU RE 9-46 

Torque converter COUI1esyof Monne:smann Sachs AG, SchwelnflHt. Germany 

impeller 

transmission 
connect ion 

equipped with an electromechanical lock-up clutch that engages above about 30 mph in 
top gear and locks the stator to the impeller, making the transmission efficiency then 
100%. When speed drops below a set speed. or when the transmission downshifts, the 
clutch is disengaged allowing the torque converter to again perform its function. 

Figure 9-47a (p. 508) shows a schematic of the same transmi ssion as in Figu re 
9-45. Its three epicyclic stages, two clutches (C t. C2), and three band brakes (8 t, 
82. 83) arc depicted. Figure 9-47b shows an act ivation table of the brake-clutch 
combinations fo r each speed ratio of thi s transmiss ion.[61 

An historically interesting example of an epicyclic train used in a manually shifted 
gearbox is the Ford Model T transmission shown and described in Figure 9-48 (p. 501). 
Over 9 million were produced from 1909 10 1927. before the invention of the synchro
mesh mechanism shown in Figure 9-44 (p. 505). Conventional (compound-reverted) 
transmissions as used in most other automobiles of that era (and into the 1930's) were 
unaffectionate1y known as "crashboxes," the name being descriptive of the noise made 
when shifting unsynchronized gears into and out of mesh while in motion. Henry Ford 
had a beller idea. His Model T gears were in constant mesh, The two forward speeds 
and one reverse were ach ieved by engaging/disengaging a clutch and band brakes in 
various combinations via foot pedals. These provided second inputs to Iheepicyclic train 
which, like the Ferguson 's paradox. gave bidirectional outputs, all without any "crash
ing" of gear teeth. This Model T transmission is the precursor to all modem automatic 
transmissions which replace the T's foot pedals with automated hydraulic operation of 
the clutches and brakes: 

• 
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B, e!# r!d-c, ~ 

C, • '[f,1]. rI, 
5 + i tt 

lNPllT OllTPllT 

Clutch/Br.lk~ Activation 
Range 

C, C, B, B, 8) 

First , , 
Second , , 
Third , , 
Fourth , , 
Reverse , , 

(0) Schematic of /I-speed automatic transmission (b) Clutch I broke octlvatlon table 

FIGURE 9 -47 

Schematic of automatic transmission from Figure 9-44 (po 505) Adapted from reference (oj 

• Fn:dericl: unchesler. a 
m~jor aUIOffiOlive plor>eer. 
actually IIwented the 
compound epicyclic manual 
Iransmis,1Ofi and patented it 
in England In 1898. well 
before Ford (from 190910 
1921) made the Model T 
(and mooey) by the 
nJIIiIOIlS. Lunchcslcr died 

CO;\,TlNUOUSLY VAR IABLE TRANSI\IISSIQ/\ (C VT) A transmission thai has no 
gears. the CVT uses two sheaves or pulleys [hal udjusl their axial widths simultaneously 
in opposite directions to change the ratio of the belt drive thai runs in the sheaves. This 
concept has been around for over a century and in fact was used on some very early au
tomobiles as the final drive and transmission combined. It is finding renewed applica
tion in the 21s1 century in the quest for higher efficiency vehicle drives. Figure 9-49 
shows a commercial automobile CVT that uses a steel. segmented '"belt" of vee cross 
section that runs on adjustable width sheaves. To change the transmission ratio, one 
sheave's width is opened and the other closed in concen such that the effeclive pitch ra
dii deliv,er the desired ralio. It thus has an infinity of possible ratios, varying continu-

The input from the engine is 10 anll 2. 
Gear 6 is rigidly auached to the output 
shaft which drives the wheels. 

There are two forward speeds. Low 
( I :2.75) is selected by engaging band 
broke 82 to lock gear 7 to the fmme. 
Clutch C is disengaged. 

High ( I: I) is selected by engaging 
clutch C which locks the input shaft 
directly 10 the outpul shafl. 

Reverse (I :-4) is obtained by engaging 
brake band 8, to lock gear 8 to the 
frame. Clutch C is disengaged. 

FIGURE 9-48 

Nl -27, N,-27 
N.-33, N,-21 
Ns-24. N.-JO 

Ford Model T epicyclic transmission From Pne/on, R. M. (1970). Fundamentals of Mecnon/col DesIgn, Jrd ed" McGtow-Hli. NY. 



GEA~ T~AINS 

output shaft 

variable-width sheave 

input shan 
. steel. segmented "vce" belt 

variable-width sheave 

FlGU~E 9 -49 

Continuously Variable Transmission (CVT) Couttesy of ZF Getrlebe GmbH. Soobrucken. Germany 

ously between two limits. 1lie' ratio is adjustable while running under load. The CVT 
shown is designed and computer controlled to keep Ihe vehicle's engine running at es
sentiall y constant speed at un rpm that delivers the best fue l economy. regardless of ve
hicle speed. Similar designs of CVTs that use conventional rubber vee bells have long 
been used in low-power machinery such as snow blowers and lawn tractors. 

9.12 DIFFERENTIALS 

A differential is a device thai allows a difference in velocity (and displacement) belween 
two elements. Thi s requires a 2-DOF mechanism such as an epicycl ic gear train. Per
haps Ihe most common applicat ion of differentials is in the final drive mechanisms of 
wheeled land vehicles as shown in Figure P9-3 (p. 516). When a four-wheeled vehicle 
turns. the wheels on the outside of the tum must travel farther thun the inside wheels due 
to their different luming radii as shown in Figure 9-50 (p. 510). Without a differential 
mechanism betwccn the inner and outer driving wheels, the tires must slip on the road 
surface for the vehicle to tum. If the lires have good traction. a nondifferentiated drive 
train wi ll attempt to go in a straight line at al1limes and will fighlthe driver in lurns. In 
a "fu ll -time" four-w heel drive· (4WD) vehicle (sometimes called "all wheel drive" or 
AWD) an additional differential is needed between the front and rear wheels 10 allow the 
wheel velocit ies at each end of the vehicle to vary in proportion 10 the traction developed 
at eilher end of the vehicle under slippery cond itions. Figure 9·5 1 (p. 5 10) shows an 
AWD automotive chassis with ils three d ifferentials. In this example, the center differ
ential is packaged with the transmission and front differential but e ffective ly is in the 
driveshaft between the front and rear wheels as shown in Figure 9-50. Differentials are 
made with various gear types. For rear ax le applications, a bevel gear epicyclic is com
monly used as shown in Figure 9-52a and in Figure P9-3 (p. 516) in the problem section. 
For center and fron t differentials, helical or spur gear arrangemelllS are often used as in 
Figure 9-52b and 9-52c. 

509 

• Non·fulHime 4WD is 
common in trucks and 
differs from Awn in that il 
lacks the center differen
tial. making il useable only 
when Ihe rood is slippery. 
Any required differences in 
rotational velocity between 
rear and from driven 
wheels is then accommo
dated by 'ire slip. On dry 
pavement. a non-full-lime 
4WD vchicle WillllOl 

handle well and can be 
dangerous . Unlike vehicles 
wilh AWn. which is 
always engaged. !lon-full
time 4WD vehicles 
normally operate in 2WD 
and require driver action 10 
obtain 4WD. Manufactur· 
ers caution against shifting 
these vehicles into 4WD 
unless traction is poor. 

• 
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£!.r : Difference 
In radius 

Turning behavior of a four-Wheel vehicle Courtesy o( Toch/gl Fuji Songyo. Japan 

An epicycl ic train used as a differential has one input and two outputs. Taking the 
rear differential in an automobile as an example, its input is from the driveshaft and its 
outputs are to the right and left wheels. The two outputs are coupled through the road 

FIGURE 9-51 

Center differential 

-FRONT 

Front differential 

r:::::;~~~::::",,",,--. Rear di !Terentia] 

REAR 

An oll-wheel-drlve (AWD) chosslS and drive train Courlesy of Tocfligl FUjI Songyo. Japan 
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via the traction (friction) forces between tires and pavement. The relative velocity be
tween each wheel can vary from zero when both tires have equal traction and the car is 
not turning, to twice the epicyclic train's input speed when one wheel is on ice and the 
other has traction. Front or rear differentials split the torque equally between their two 
wheel outputs. Since power is the product of torque and angular velocity, and power out 
cannot exceed power in. the power is split between the wheeJs accord ing to thei r veloci
ties. When traveling straight ahead (both wheels having traction), half the power goes 
to each wheel. As the car turns. the faster wheel gets more power and the slower one 
less. When one wheel loses traction (as on ice), it gets all the power (50% torque x 200% 
speed), and the wheel with traction gets zero power (50% torque X 0% speed). This is 
why 4WD or AWD is needed in slippery cond itions. In AWD, the center differential 
splits the torque between front and rear in some proportion. If one end of the car loses 
traction. the other may slill be able to cont rol it provided it still has traction. 

Ll\lIn:n SU t' DIFFERENTIALS Because of their behavior when one wheel loses 
traclion, various differential designs have been created to limit the slip between Ihe two 
outputs under those conditions. These are called limited slip differentials and typically 
provide some type of fric tion device between the two output gears 10 transmit some 
torque but still allow slip for turning. Some use a fl uid coupling belween the gears. and 
others use spring-loaded friction disks or cones as can be seen in Figure 9-52a. Some 
use an electrically controlled cl utch within the epicyclic train to lock il up on demand 
for off-road applications as shown in Figure 9-52b. The TORSEN® (from mRque 
SENsing) different ial of Figure 9-53, invented by V. Gleasman. uses wonnsets whose 
resistance to backdriving provides torque coupling between the outputs. The lead angle 
of the worm determ ines the percent of torque transmitted across the di fferential. These 
differentials are used in many AWD vehicles including the Anny's High Mobility Mul 
tipurpose Wheeled Vehicle (HMMWV) known as the "Humvee" or "Hummer." 

(a) TORSE~ Type 1 differential (b) TORSEr--flD Type 2 differential 

FIGURE 9-53 

lORSEN!! differentials Courtesy of Zexe/ Torsen Inc., Rocllester. NY 
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t All problem figures are 
provided as PDF files , and 
some are also provided as 
animated Working Model 
files; all are on the CD· 
ROM. PDF filenames are 
the same as the figure 
number. Run the file 
Animmicms.hlm/lo access 
and run the animations. 

• Answers in Appendix F. 

t These problems are 
suited 10 solution using 
Mmhcad, MOI/ab. or 
TKSo/l'ef equation solver 
programs. 

DESIGN Of MACHINERY CHAPTER 9 

9.13 REFERENCES 

DiIPa~. A. L. (1970). "A COm)l\lICr Algorithm 10 Design Compound GearTrnins fOf Arbitrary 
Ratio:' J. ofEng.f()r flllluSlr)'. 938(1). pp. 196-200. 

2 Selrridge, R. G .. a nd O. L. Riddle. (1978). "Design Algorithms for Compound GearTrain Ratios:' 
ASME Paper: 78-DET-62. 

3 Levai, Z. ( 1968). "Structure and Analysis of Planetary GearTrnins." Journal ojMI'Chimisnt'l. 3, 
pp.131-148. 

4 Molian. S. (1982). Mechanism Drsign: Air ImrOl/uclory Tal. Cmnbridge University Press: 
Cambridge, p. \48. 

5 Auk.\;mann, B~ and I). A. Morelli. (1963). "Simple P1anetary-Gear System." ASME Paper: 63-
WA-204. 

6 Pennest ri, E~ el al. (1993). "A Calalog of Automotive Transmissions willi Killemmic and Power 
Aow Analyses." Proc. of 3rd Applied MecilOltisms ornl Robotics Confert!l1u. Cincinnati. pp. 57·\. 

9.14 BIBLIOGRAPHY 

USl'fid wC'bsil(,J/or ill/OflllatiOIl 01/ gem: hell. ur chaill t/,.i,·t'J 

Iltlp://WWW.l1owstuffworks.convgears.hun 

llupJ/WWW.efwdl.CQrtVDesignSt.1I1dards/gean;lgeaI1Unuudoction.cfm 

hupJ/www.oi!.doe.goV/bestprac!iceslpdfs/molcr3.pdf 

hIl¥J/WWW.gaIt.S.COm/irdex.cfm 

hltpJ~.bc6longear.cmV 

httpJ/WWW.martinsprocket.com/ 

9.15 PROBLEMS' 
-

*t9_1 A 22·tooth gear has AGMA standard fu ll -depth involute leeth wilh diamelral pilch of 4. 
Calculate the pilch diameter. circular pitch, addendum. dedendum. tooth thickness. and 
clearance. 

t9-2 A 40·tooth gear has AGMA standard full-depth involute teeth with diametral pitch of 
10. Calculate thc pitCh diameter. circular pitch. addendum, dcdendum. tooth thickness, 
and clearance. 

t9·3 A 3O-toolh gear has AGMA standard full·depth involUlc teeth with diamelral pi lch of 
12. Calculate thc pilcb diameter. circular pilch. addendum, dcdendum, tooth thickness, 
and clearance. 

9-4 Using any available string, some tape, a pencil. and a drinking glass or tin can, generate 
and draw an involute curve on a piece of paper. With your protractor. show that all 
nonnals to the curve are I3ngent to the base circle. 

*9-5 A spur gearset must have pitch diameters of 4.5 and 12 in. What is the largest standard 
loolh size. in tcnns of diamctral pitch p,/. that can be used wilhout having any interference 
or undercutting? Find the number of teeth 00 the hob-cut gear and pinion for this Pd. 

a. For a 20° pressure angle. 
b. For a 25° pressure angle. (Note thm diamelral pitch need not be an integer.) 
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Ot9_6 Design a simple, spur gear tmin for a ratio of -9: I and diametral pitch of 8. Specify 
pitch diameters and numbers of teeth. Calculate the contact ratio. 

°t9_7 Design a simple. spur gear tra in for a ratio of +8: I and diametral pitch of 6. Specify 
pitCh di3meters and numbers of teeth. Calculate the contact ratio. 

t9-8 Design a simple. spur gear train for a ratio of -7: I and diametraJ pitch of 8. Specify 
pitch diameter.. and numbers of teeth. Calculate the contact mtio. 

t9_9 Design a simple. spur gear train for a ratio of +6.5: I an(J diamelral pilch of 5. 
Specify pilch diameters and numbers of teeth. Calculate the contact ratio. 

Ot9_10 Design a compound. spur gear lrain for a ratio of -70: I and diametrnJ pi tCh of 10. 
Specify pitch diameters and numbers of teeth. Sketch the train 10 scale. 

t9_11 Design a compound. spur gear tr.lin for a ratio of 50: I and diamelJ"',l1 pitCh of 8. 
Specify pitch diameters and numbers of teeth. Sketch the train 10 scale. 

°t9_ 12 Design a compound, spur gear train for a ratio of 150: 1 and diametral pitch of 6. 

t9-l3 

Ot9_16 

t9_17 

Specify pilch diameters .md numbers of teeth. Sketch the train to scale. 

Design a compound. spur gear train for a ratio of -250: I and diametral pitch of 9. 
Specify pitch diameters and numbers of teelh. Sketch the train to scale. -Design a compound, reverted, spur gear train for a ratio of 30: J and diametral pitch of 
10. Specify pitch diameters and numbers of teeth. Sketch the train to scale. 

Design a compound, reverted. spur gear train for a ralio of 40: I and diamelraJ pitCh of 
8. Specify pi tch diameters and numbers of teeth. Sketch the train to scale. 

Design a compound, reverted. spur gear train for a ratio of 75: J and diametral pitch of 
12. Specify pilch diameters and numbers of teeth. Sketch the lIain to scale. 

Design a compound. reverted. spur gear Ir,lin for a ralio of 7: I and diametral pilch of 4. 
Specify pitCh diameters and numbers of teeth. Sketch the train to scale. 

t 9_ J 8 Design a compound. reverted, spur gear lrain for a ratio of 12: I and dianletral pi tch of 
6. Specify pitch diameters and numbers of teeth. Sketch the train 10 scale. 

°t9.19 Design a compound. reverted. spur gear transmission that will give two shiftable ratios 
of +3: I forward and -4.5: I reverse with diametraJ pitCh of 6. Specify pitch diameters 
and numbers of teeth. Skctch the train to scale. 

t9-20 Design a compound, reverted. spur gear transmission that will give two shiftable ratios 
of +5: I forward and -3.5: I reverse with diamelral pitch of 6. Specify pitch diameters 
and numbers of teeth. Sketch Ihe train to scale. 

0'9_2 J Design a compound. reverted. spur gear transmission Ihal will give three shiftable 
ratios of +6: I. +3.5: I forward. and -4:J reverse with diamelral pitch of 8. Specify 
pitch"diametcrs and numbers of teeth. Sketch the train to scale. 

'9-22 Design a compound. reverted. spur gear transmission that will give three shiftable 
ratios of +4.5: I. +2.5: I forward. and -3.5:1 reverse with diametral pilch of 5. 
Specify pitch diameters and numbers of teeth. Skctch the train to scale. 

t9-23 DeSign the rolling cones for a -3: J ratio and a 600 included angle between the shafts. 
Sketch the train to scale. 

t9_24 Design the rolling cones for a -4.5: I ratio and a 40" included angle betwecn the shafts. 
Sketch the train to scale. 
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Tobie P9-0 

Topic/ Problem Matrix 

9.2 Fundomenlal Low of 

Goo""" 
9-4.9-46.9-47.9-49. 
9-50.9-51 

9.3 G.or Tooth 
Nomenc;:k;rIvre 

9-1.9-2.9-3.9-48. 
9-53.9-54 

9.4 Inl8l1erenee and 
Ull(Sercutting 

9·5.9-55.9·56.9-57, 
9·58 

9.5 Contacl Rollo 

9·59.9-60 

9.6 Gaor Types 

9-23.9-24.9-61. 9-62 

9.7 Simple Gear Trains 

9-6. 9-7. 9·8, 9-9 

9.8 Compound GeoI 
Trains 
9-10.9-11.9-12. 
9-13.9-14.9·t5. 
9-16.9-17.9-18. 
9-29.9-30,9-31. 
9-32.9-33 

9.9 Epicyclic Of 

PIonetory Gaor 
Trains 

9-25.9-26.9-27. 
9-28.9-36.9·38. 
9-39. 9-4t. 9-42, 9-43 

9.10 Etllc lency of Gear 
Tloins 

9-35.9-37.9-40. 
9-63.9-64.9-65 

9. 11 Tronsmtsslons 
9-19.9-20.9-21. 
9-22.9-34.9-44 

• Answers in Appendix F. 

t These problems are 
saited to sotution using 
MUlh"ad. Mat/ab. or 
TKSo/l"er equation solver 
programs. 

I 
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• Answers in Appendi ... F. 

t These problems are 
suited to solution using 
Mathcad. MIII/ab . or 
TKSo/w' r equation solver 
progmms. 
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3 

Bearing J 

FIGURE P9 - 1 

Planetary georset for Problem 9-25 

°t9_25 Figure P9-1 shows a compound planetary gear trJin (not to scale). Table P9-1 gives 
data for gear numbers of teeth and input velocities. For the row(s) assigned. find the 
variable represented by a question mark. 

Ot9_26 Figure P9-2 shows a compound planetary gear train (not to scale). Table P9-2 gives 
data for gear numbers of teeth and input velocities. For the row(s) assigned. find the 
variable represented by a question mark. 

°t9_21 Figure P9-3 (p. 5 16) shows a planetary gear train used in an aUlOmotive rear-end 
differential (not to scale). The car has wheels with a .J,J.- inch rolling radius and is 
moving forward in a straight line at 50 mph. The engine is tuming 2(x)() rpm. The 
transmission is in direct drive ( I : I) with the driveshaft. 

a. What is the rear wheels' rpm and the gear ratio between ring and pinion? 
b. As the car hits a patch of ice. the right wheel speeds up to 800 rpm. What is the speed 

of the lefl wheel? Hint: The avernge of both wheels' rpm is a constant. 
c. Calculate the fundamental train value of the epicyclic stage. 

t9-28 Design a speed-reducing planetary gearbo", to be used \0 lift a 5-lon load 50 fl with a 
motor that develops 20 Ib-ft of lorque at its operating speed of 1750 rpm. The 
available winch drum has no more than a l6-in diameter when full of its steel cable. 

d 
TABLE P9- 1 Data lor Problem 9-25 

Row N, N, - N, N, N, m, ... "'~ 
a 30 25 45 SO 200 ? 2<l -SO 

b 30 25 45 SO 200 30 ? -90 

c 30 25 45 SO 200 SO 0 ? 

d 30 25 45 30 160 ? 40 -SO 
e 30 25 45 30 160 SO ? -75 
f 30 25 45 30 160 SO 0 ? 
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• Answers in Appendix F. 

t These problems are 
suited to solution using 
MCllhcllIl. M(lI/{lb. or 
TKSQ/'·er equation solver 
programs. 
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[] Th/ Dn,,,h," 

Ring gear (3) 

q ! ~ / P;o;oo (2) 

-I ~ Planet gear (7) 

Left axle 

~ii"~ Soo.",(6) 

/ Righlall]e 

...... "'----"""--"j 

Sun gear (4) 

~ PI"o" .'" (') 

Planet carner or ann (on ring gear) 

Automotive differential planetary gear troln fOf Problem 9·27 

t9-31 

, 
t9-32 

t9-33 

Detcnnine all possible two-stage compound gear combinations thai will give an 

approximation to 1tI2. Limit tooth numbers to between 20 and 100. Delcmline the 
arrangement that gives the smallest crror. 

Detemline all possible two-stage compound gear combinations that will give an 
3pproximmion to 3lt12. LimillOOlh numbers to belw'C'fn 20 and lOll, Detemline the 
arrangement that gives the smallest error. 

Figure P9-4a shows a reverted clock Irain. DeSign il using 25° nominal pressure 
anglc gears of 24 Pd having between 12 and 150 teeth. Detennine the tooth numbers 
and nominal center distance. If the center distance has a manufacturing tolerance of 
± 0.006 in. what will the pressure angle and backlash at the minute hand be at each 
extreme of the IOlenmce? 

t 9-34 Figure P9-4b shows a three-speed shiftable transmission. Shaft F, with the cluster of 
gears E. G. and H. is capable of sliding left and right to engage and disengage the 
three gearselS in tum. Design the three revened stages to give output speeds at shaft 
F of 150, 350, and 550 rpm for an input s~ed of 450 rpm to shaft D. 

°t9_35 Figure P9-5a shows a compound epicycl ic train used to drive a winch drum. Gear A is 
driven at 20 rpm CW and gear D is fixed to ground. The tooth numbers are indicated 
in the figure. Determine the specd and direction of the drum. What is the efficiency 
of this trJ.in if the basic gearsets have Eo = 0.98? 

t9-36 Figure P9-5b shows a compound epicyclic train. The ann is driven CCW m 20 rpm. 
Gear A is driven CW at 40 rpm. The tooth numbers are indicated in the figure. Find 
the speed of the ring gcar D. 

°t9·37 Figure P9-6a (p. 518) shows an epicyclic train. The tooth numbers are indicated in 
the figure. The ann is driven CW at 60 rpm and gcar A on shaft I is fixed to ground. 
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,---11-- HOUR HAND 

FIGURE P9 -4 

/,--",.u,r, HAND 

-(0) 

WD '4507 

SHIFT L" .' ---, 

(b) 

Problems 9-33 to 9-34 From P. H. Hili ond W, P. Rule. (/960). Mechanisms: Ano!ysls Clf1d Design, wtttl permJssJon 

Find the speed of gear D on shaft 2. What is the efficiency of this train if the basic 
gearsels have Eo = 0.981 

19-38 Figure P9-6b (p. 518) shows a differential. Gear A is driven eew at 10 rpm and gear 
8 is driven ew at 24 rpm. The tooth numbers are indicated in the figure. Find the 
speed of gear O. 

°19-39 Figure P9-7a {po 518)shows a gear train containing both compound-reverted and 
epicyclic stages. The tooth numbers are indicated in the figure. The motor is driven 
eCWat 1750 rpm. Find the speeds of shafts I and 2. 

W.' 20 RPM 

(0) (b) 

FIGURE P9 -5 

• Answers in Appendix F. 

t 1bese problems are 
sui ted 10 solut ion using 
Malhcad. Mal/ab. or 
TKSo/"er equation solver 
progl1lms. 

Problems 9-35 to 9-36 From P. H. Hm and w. P. Rule. (1960). Mechonisms: Ana!ysls ond DesJQn. wfftl perm&lort 

• 
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FIGURE P9 - 6 

, 
FIXED 

(0) 
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(b) 

Problems 9-37 to 9-38 From P. H. HIlI ond W P. Rule. (/960). Mechanisms: Analysis and Design, with peFmJssion 

• Answers in Appendix F. 

t These problems are 
sui ted !O solution using 
Mar/read. MCIIlab. or 
TKSoh'u equal ion solver 
programs. 

FIGURE P9 - 7 

(0) 

Figure P9-7b shows an epicycl ic 1m in uscd 10 drive a winch drum. The amI is driven 
al250 rpm CCW and gear A. on shaft 2. is fixed 10 ground. The looth numbers are 
indicaled in the figure. Determine the speed and direclion of the drum on shaft 1. 
What is the efficiency of Ihis lrain if Ihe basic gearscts have Eo '" D.9S? 

Figure P9-8 shows a compound epicyclic tmin. Gear 2 is dri ven at 800 rpm CCW and 
gear D is fixed to ground. The tooth numbers arc indicated in the figure. Determine 
thc speed and direction of gears I and 3. -

(b) 

Problems 9-39 to 9-40 From p. H. HIB and W. P. Rule. (1960), Mechanisms: ArJo.Y!iS and Design, wiffl peFm/ssJorr 
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fiGURE P9-8 

Problem 9-41 From P. H. HIlt and W. P. Rule. (960). Moc/1anlsms; AnoIysJs: and DEtsJQn. with perm/sslo(l 

t9-42 Figure P9-9 shows a compound epicyclic lrain. Shaft I is driven at 300 rpm CCWand 
gear A is fixed 10 grou.!!'J. 'The tooth numbers are indicated in the figure. Dctennine 
the speed and direction of shaft 2. 

°t9_43 Figure P9-10 (p. 520) shows II compound epicyclic train. Shafl I is driven al 40 rpm. 
The tooth numbers are indicated in the figure. Dctennine Ihe speed and direction of 
gears G and M. 

t9-44 Calculate the ratios in the Model T transmission shown in Figure 9-48 (p. 508) and 
prove thai Ihe values shown in the figure's sidebar are correct. 

t9-45 Do Problem 7-57 on p. 371. 

9-46 Figure P9-11 (p. 520) shows an involute that has been generated from a base circle o f 
radius 'Ir Point A is simultaneously on lhe base circle and the involute. Point 8 is 
any poiJ1l on the involute curve and point C is on the base circle where a line drown 

SMoHT I 

~.' ''." , 

fiGURE P9 -9 

Problem 9·42 From P. H. HiM and W P Rule. (1960). Mechclrtlstr4: AnoIy$iS and DesIgn. wfIh perrn/s$lO(l 

0 .. 

• An.weTS in Appendi~ F. 

t ~se problems are 
suiled 10 solullOII using 
Muthcud. Murlab. or 
TKSqlr~' equalioo solver 
progmms. 

I 
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involute 
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fiGURE P9 - ll 

Problem 9-46 

t These problems are 
suited IQ SQlulion using 
M(lIhcad, Mallab. or 
TKS{)lw~r equation solver 
programs. 
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" 

FIGURE P9 · ' 0 

Problem 9-43 From P. H. HiN ond W P. Rule. (1960). Mechanisms: Ano/y$i$ and Design. with permission 

from point B is tangent 10 Ihe base circle. Point a is Ihe cenler of Ihe base cirde. 
The angle ~B (angle BOC) is known as the illl'olille pressure (Ingle corresponding to 
point B (nOI IO be confused with thepressllre ongle oitK'o gelll's in mesh. which is 
defined on page 467). The angle AOD is known as the ilJl'o/lIfe of $8 and is oftcn 
designated as illl' $8- Using the definition of Ihe involute \oolh fonn and Figure 9-5 
(p. 465), derive an equation for i/JI' $8 as a funclion"5'f ¢l8 alone. 

9-47 Using the dala and definitions from Problem 9-46. show thac when the point B is at 
the pitCh circle the im'ollile lm!ssl'rt' (Ingle is equal to the pr('SSIIrt' (Ingle oj two gears 
ill mesh. 

9-48 Using the data and defini tions from Problem 9-46 and with the point B at the pitch 
circlc where the involute pressure angle <IlB is equal to the prcssure angle <Il of two 
gears in mesh, derive equation 9.4b (p. 471). 

9-49 Using Figures 9-6 and 9-7 (pp. 466-467), derive equation 9.2 (p. 467), which is used 
to calculate the length of action of a pair of meshing gears. 

t 9-S0 For lubrication purposes it is desired to nave a backlash of 0.03 mm measured on the 
pi tch circle of a 40-mm-diameter pinion in mesh with a I OO-mm-diameter gear. If the 
gears are standard. full-depth. with 25° pressure angles. by how much should the 
center distance beincreased? 

t 9-51 For lubrication purposes it is desired to have a backlash of 0.0012 in measured on the 
pitch circle of a 2.000-in-diameter pinion in mesh with a S.OOO-in-diameter gear. If 
the gears are standard, full-depth. with 25° pressure angles. by how much should the 
center distance be increased? 

t 9-S2 A 22-tooth gear has standard full-depth involute teeth with a module of 6. Calculate 
the pi tch diameter. circular pitch. addendum. dedendum. tooth thickness. and 
cleanutCC using the AGMA specifications in Table 9-1 (p. 471) substituting m for l/Pd' 



GEAR TRAINS 

t9·53 A 4Q,coOlh gear has standard full-depth involute teeth with a module of 3. Calculate 
the pitCh diameter, circular pitCh. nddendum. dedcndum. tooth thickness. and 
clearance using the AGMA specificHtions in Table 9-1 (p. 471) substituting 11/ for III'''' 

t9_54 A 30·too\h gear has standard full-depth involute teeth with a module of 2. Calculate 
the pitch diameter. circular pitch. addendum, dedendum.tooth thickness, and 
clearance using the AGMA specifications in Table 9-1 (p. 411) substituting m for IIp,,. 

t9-55 Detcrmine the minimum number of teeth on a pinion wiih a 20° pressure angle for the 
following gear.ta-pinion ratios such that there will be no tooth· lo· tooth in terference: 
I: I. 2:1. 3: I. 4:1. 5: I. 

t9·56 Determine the minimum number of tecth on a pinion with a 25° pressure angle for the 
following gear·to·pinion T'Jt ios such that there will be no tooth·co·tooth in terference: 
1:1. 2:1. 3: I, 4:1. 5: I. 

' 9_57 A pinion with a 3.()()().in pitch diameter is [0 mesh with a ruck. What is thc largest 
standard tooth size, in tcrms of diametral pitch, thm can be used without having any 
interference? 

a. For a 20° pressure angle b. For a 25° pressure angle 

t9-58 A pinion with a 75-mm pitch diameter is to mesh with a rack. What is the largest 
standard tooth size, in re'rms of metric module. that can be used without having any 
interference? 

a. For a 20" pressure angle b. For a 25° pressure angle 

t9-59 In order to have a smooth-running gearset it is desired to have a COnt3Ct ralio of at least 
1.5. Iflhe gears have a pressure Wigle of25° and gear ratio of 4. what is the minimum 
number of teeth on the pinion that will yie ld the required minimum contact rJtio? 

' 9·60 In order to have a smooth-running gearset it is desired to have a contact ratio of at 
least 1.5. If the gears have a pressure nngle of 25° and a 20· tooth pinion. what is the 
minimum gear ratio thm will yie ld the required minimum contaCt ratio? 

' 9_61 Calculme and plol the IT'din ratio o f a nonci rcular gearset. as a function of input angle. 
that is based on the centrodes of Figure 6-15b (p. 290). The link length ratios !lIe 

LI/L-,." 1.60. LyL2 .. 1.60. and LJL2 :: 1.00. 

19-62 Repeat problem 9·61 for a fourbar linkage with link ratios o f LdL2 = 1.80. 
LYL-,. '" 1.80. and 4/L2 :: 1.00. 

t9-63 Figure 9-35b (p. 495) shows (schematically) a compound epicycl ic train. The tooth 
numbers are 50. 25. 35. and 90 for gears 2,3,4, and 5, respt."ctively. The ann is 
driven at 180 rpm CW and gear 5 is fixed to ground. Detennine the speed and dil\."'Ction 
of gear 2. What is the efficiency of this tmin if the basic gearsets have Eo:: 0.98? 

t9·64 Figure 9·35h (p. 495) shows (schematically) a compound epicyclic train. The tooth 
numbers are 80. 20, 25. and 85 for gears 2.3.4. and 5, respl.:ctively. Gear 2 is driven 
at 200 rpm CCW. Detemline the speed and direction of the linn if gear 5 is fixed to 
ground. What is the efficiency of this train if the basic geafSetS have Eo;; 0.98? 

t9·65 Figure 9·35i (p. 495) shows (schematically) a compound epicyclic train. The tooth 
numbers are 24. 18. 20. and 90 for gears 2. 3. 4. and 5. respectively. The amI is 
driven:l\ 100 rpm CCW and gear 2 is fixed to ground. Detennine Ihe speed lUld direction 
of gear 5. What is the efficiency of this train if the basic gearscts have Eo:: 0.98? 
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t 'These problems are 
§uiled 10 solution using 
Mathrad. Mal/ab. or 
TKSo/l'cr equation solv~r 
prognuns. 
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DYNAMICS 
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He luis. wI/1M tIee (Jolle /I 
who has fI1IJIk a ~g;nlling 
HORACE, 65- .C. 

10.0 INTRODUCTION 

~haPter 1 0 

ENTALS , 

Part I of this lext has deal! with the k inematics of mechanisms while temporarily ignor
ing the forces present in those mechanisms. This second part will address the problem 
of determining the forces present in moving mechanisms and machi nery. Th is topic is 
called kinetics or dynamic force a na lysis. We wil l start with a brief review of some fun
damentals needed for dynamic analysis. II is assumed thaI the reader has had an intro
ductory course in dynamics. Iflhallopic is rusty, one can review il by referring to refer
ence r 1 J or 10 any other lex! on the subject. 

10.1 NEWTON'S LAWS OF MOTION 

Dynamic force analysis involves the application of Newlon's three laws of motion 
which are: 

A body at res/lends to remain 01 rest and a body in motion at constant velocity will 
lend 10 maintain that I'e locity IInless acted upon by an external force. 

2 Tile lime rate of cllange ofmomelllum of a body is equal to the magnitude of the ap
plied force and acts in the directiOIl of the force. 

3 For every (lction force there is all eqllal and opposite reactioll force. 
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The second law is expressed in Icrms of ro le of change of mOll/emum. M = mv, 
where m is mass and v is velocilY. Mass m is assumed 10 be constant in Ihis analysis. 
The lime rate of change of mv is nm. where a is the acceleration of the mass center . 

• ";; ilia (10.1) 

F is the resultant of all forces on the system aCling at the mass center. 

We can different iate between two subclnssesof dynamics problems depending upon 
which quantities are known and which are to be found. The "forward dynamics prob
lem" is the one in which we know everything about the external loads (forces and/or 
torques) being exerted on the system, and we wish to determine the accelcralions. vc
locilies. and displacements which result from the appiic31ion of those forces and torques. 
This subclass is Iypical of the problems you probably encountered in an introductory 
dynamics course. such as determining the acceleration of a block sliding down a plane. 
acted upon by gravity. Given F and III. solve for a. 

TIle second subclass of dynamics problem. called the " inverse dynamics problem" is 
one in which we know the (desired) accelerations. velocities. and displacements to be im· 
posed upon our system and wish to solve for the magnitudes and directions of the forees and 
torques which are necessary to provide the desired mQ(ions and which result from them. This 
inverse dynamics case is sometimes also called kinetostatics. Given a and III. solve for F. 

Whichever subclass of problem is addressed. it is important to real ize that they are 
both dynamics problems. Each merely solves F = ilia for a different variable. To do so 
we mUSllirst review some fundamenta l geometric and mass propenies which are need
ed for the calculations. 

10.2 DYNAMIC MODELS 

It is o ften convenient in dynam ic analysis to create a simplified model of a complicated 
part. These mode ls are sometimes considered to be a collection of point masses connect
ed by massless rods. For a model of a rigid body to be dynamically equivalent to the 
original body. three things must be true: 

The mass of Ihe modelmliSI eqllallhal of Ihe original body. 

2 The cellll'r of gradt)' IIIIISI be in Ihe same loc(l/iol1 as Ihat oflhe original bod)'. 

3 The /I/(I.\'.f momelll ofinerlill tilliS' ('(llllIllllm oflhe original bo<ly. 

10.3 MASS 

Mass is not weight ! Mass is an invariant propeny of a rigid body. The weight of the 
same body varies depending on the gravitational system in which it si ts. See Section 1.10 
(p. 17) for a discussion of the use of proper mass units in various measuring systems. We 
will assume the mass of our pans to be constant in our calculations. For most earthbound 
machinery. this is a reasonable assumpt ion. The rate at which an automobi le or bulldoz
er loses mass due to fuel consumption. for eXllmple. is slow enough to be ignored when 
calculating dynamic forces over shon time spans. However, this wou ld not be a safe 
assumption for a vehicle such as the space shuttle. whose mass changes rapidly and dras
tically during lift-off. 
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Whcn dcsigning machincry. wc must first do a complete kinematic analysis of our 
design. as described in PHrt I of this tcxt. in order to obtain infonnation 'Ibout the accel
erations of the moving parts. We next want to use Newton's second law to calcu late the 
dynamic forces. But to do so we need to know the masses of all the moving parts which 
have these known accelerations. These parts do not ex ist yet! As wi th any design prob
lem. we lack sufficient infomlation at this stage of the design to accurately detenn ine the 
best sizes and shapes of Ihe parts. We must estimate the masses of the links and other 
pans o f the design in order 10 make a first pass aI the calcuJmion. We will then have to 
iterate to bettcr and beller solutions as we generate more infonn<ltion. Sce Section 1.5 
(p. 7) on the design process to review the use o f iteration in design. 

A first eSlim<lteofyour pans' masses can be obtaincd by assuming some reasonable 
shapes and sizes for all the pans and choosi ng appropriate materials. Then calculate the 
volume of each pan and multiply its volumc by Ihe material's mass density (nol weight 
density) to obtain a firs t approximation of its mass. Thcse mass values can then be used 
in Newton's equat ion. The densities of some common engi neering materials can be 
found in Appendix B. 

How will we know whether o ur chosen sizes and shapes of links are even accept
able. let alone optimal? Unfortunately. we will not know until we have carried the com
putations all the way through ;rcomplete stress and denection analysis of the pans. It is 
often the case. especially with long, thin e lements such as shafts or slender Iinks.tl1:lt the 
denections of the parts under their dynamic loads will limit the design even at low stress 
levels. In some cases the stresses will be excessive. 

We wil l probably discover that the parts fail under the dynamic forces. Thcn we will 
have 10 go back to our original assumptions about thc shapes. sizes. and materials of 
these pans. redesign them. and repeat the force, stress, and dcncction analyscs. Design 
is. unavoidably. an itcnllh'c process. 

The topic of stress and defleclion analysis is beyond the scope of this text and will nOi be 
funher discussed here. (See reference 2). It is mentioncd only to put our discussion of dy
namic force analysis into context. We are analyzing these dynamic forces primarily to pro
vide the infonnation needcd to do the stress and denection analyses on our parts! It is 
also worth nOling that. unlike a stat ic forcc sit uation in which <I fa iled design might be 
fixcd by adding more muss to the part to strengthen it. to do so in a dynamic force situa
tion can have a deleterious effect. More mass with the same acceleration will generate 
even higher forces and thus higher stresses! The machine designer often needs to remove 
mass (i n the right places) from parts in order to reduce the stresses and denections due to 
f = mao Thus the designer needs to have a good understanding of both material proper
ties and stress and dcflection analysis to properly shape and size pans for minimum mass 
while maximizing the strength and stiffncss nceded 10 withstand the dynamic forces. 

10.4 MASS MOMENT AND CENTER OF GRAVITY 

Whcn the mass of an object is distributed over some dimensions. it will possess a moment 
with respect to any axis of choice. Figure 10-1 (p. 528) shows a mass of general shape in an 
xy: axis systcm. A differential clcment of mass is also shown. The mass moment (first 
moment or mass) of the differential element is equal to the product or its mass and its 
distance from the axis o f intcrest. With respect to the x. y. and: axes these are: 

527 
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fiGURE 10-1 

A generalized moss element In a 3-0 coordinate system 

dM.z =xdm 

dMy =ydm 

dM:=zdm 

To obtain the mass moments of the body we integrate each of these expressions. 

M.f= J Xdm 

M y= J Y'/111 

M := J zdm 

( 1O.2a) 

(10.2b) 

( JO.2c) 

(lO.3a) 

(I0.3b) 

(1O.3c) 

If the mass moment with respect to a particu lar axis is numerically zero, then that 
axis passes through the center of mass (CM) of the object. which for eanhbound sys
tems is coincident with ils center of gravity (CG). By definition the summation of first 
moments about all axes through the center o(grav ity is 7£ro. We will need to locate the 
CG of all moving bodies in our designs because the linear acceleration component of 
each body is calculated acting at that point. 

It is often convenient to model a complicated shape as several interconnected sim
ple shapes whose indiv idual geometries allow easy computation of their masses and the 
locations of the ir local CGs. The global CG can then be found from the summation of 
the first moments of these simple shapes set equal to zero. Appendix C contains fonnu
las for the volumes and locations of centers of gravity of some common shapes. 

Figure 10-2 shows a simple model of a mallet broken inlO two cylindrical parts. the 
handle and the head. which have masses mh and Ind. respectively. The individual 
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centers of gravity of the two pans are at 1(/ and 'til , respectively, wilh respect 10 the axis 
ZZ. We want to find the location of the comJXlsite center of gravity of the mallet with 
respect to 72. Summing the fi rst moments of the individual comJXlnents about ZZ and 
setting them equal to the moment of the entire mass about ZZ: 

LMZl = /l lh '; +mid: (mh+ nld)d (l O.3d) 

This equation can be solved for the distance d along the X axis. which, in this sym
metrical example. is the only dimension of the comJXlsite CG not discern ible by inspec
tion. The y and z comJXlnenls of the composite CG are both zero. 

" nlh - +md'd 
d = 2 

(lIIh+ nld) 
( lO.3e) 

10.5 MASS MOMENT OF INERTIA (SECOND MOMENT OF MASS) 

Newton's law applies to systems in rotlltion as well as to those in translat ion. The rota
tional fonn of Newton's second law is: 

T = / a ( 10.4) 

6 .. 
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where T is resultaJlllorque about the mass center. a is angular acceleration. and I is mass 
moment of inertia about an axis through the mass center. 

Mass moment of inertia is referred to some :IX;S of rotation, usually one through the 
CG. Refer again 10 Figure 10-1 (p. 528) that shows a mass of general shape and an XYZ 
axis system. A differential element of mass is also shown. The mass moment of iner
tia of the differential element is equal 10 the product of its mass and the square of its 
distance from the axis of interest With respecllo the X, y, and Z axes they are: 

dl .. :r;dm ::(y2 +;2)dm 

dJy ::: ridm :(xI +:2)dm 

dJ: '" r}dm :(x2 + -i)dm 

(1O.5a) 

(lO.5b) 

(IO.Se) 

The exponent of 2 on the radius (enn gives this propeny its olher name of second 
moment of mass. To obtain the mass moments of inertia of the ent ire body we integrate 
eaeh of these ex pressions. 

/~, = J(i+~2)dm 

/ ,= J (X 2 +z2 )dm 

': '" J (x2 
+ i)dm 

(10.00) 

( 10.6b) 

( to.6c) 

While it is fairly intu itive to appreciate the physical significance of the first moment 
of mass. it is more diffi cult to do the same for the second moment, or moment of inertia. 

Consider equation 10.4 (p. 529). [t says thal torq ue is proportional to angular 
acceleration. and the constant of proportionality is this.moment of inertia. I . Picture a 
common hammer or mallet as depicted in Figure 10-2 (p. 529). The head, made of steel. 
has large mass compared to the light wooden handle. When gripped properly, at the end 
of the hand le. the radius to the mass of the head is large. Its contribution to the total 1 of 
the mallet is proportional to the square of the radius from the axis of rotation (your wrist 
at axis ZZ) to the head. Thus it takes considerably more torque to swing (and thus 
angularly accelerate) the mallet when it is held properly than if held near the head. As a 
child you probably chose to hold a hammer close to its head because you lacked the 
strength to provide the larger torque it needed when held properly. You also found it 
ineffective in driving nails when held close to the head because you were unable 10 store 
very much kinetic energy in it. In a translating system kinetic energy is: 

1- 2 
KE =-ml' 

2 

and in a rotating system kI netic energy is: 

(1O.7a) 

(I0.7b) 

Thus the kinetic energy stored in the mallet is also proportional to its moment of in
ertia / and to ro2. So. you can see that holding the mallet close to its head reduces the / 
and lowers the energy llVailable for driving the nail. 
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Moment of inertia then is one indicator of the ability of the body to store rotational 
kinetic energy and is also an indicator of the amount of torque that will be needed to ro
tationally accelerate the body. Unless you 3re designi ng a device intended for the stor-
3ge 3nd transfer of large amounts of energy (punch press, drop hammer. rock crusher 
etc.) you will probably be trying to minimize the momeniS of inertia of your rotating 
parts. Just as mass is a measure of resistance to linear acceler.ll ion. moment o f inertia is 
a measure of resistance to angu lar acceleration. A large 1 will require a large driving 
torque and thus a larger and more powerful motor to obt3in the same acceleration. Later 
we will see how to make moment of inerti3 work for us in rotating machinery by using 
flywheels with large I . The units of moment of inert ia can be detennined by doing a unit 
b313nce on either equati on 10.4 (p. 529) or equation 10.7 3nd 3re shown in Table 1-4 
(p. 19). In the ips system they are Ib-in-sec2 or blob-in2. Inlhe 51 system. they are N
m_sec2 or kg_rn2. 

10.6 PARALLEl AXIS THEOREM (TRANSFER THEOREM) 

The moment of inertia o f a body with respect to any axis (ZZ) can be expressed as the 
sum of its moment of inertia about an axis (GG) parallel to 12 through its CG. and the 
product of the nlllSS and the square of the perpendicular distance between those parallel 
axes. 

(10.8) 

where 12 and GG are parJ1Iel axes. GG goes through the CG of the body or assembly. 111 

is the mass of the body or assembly. and (I is the pcl'JX!ndicular distance between the parallel 
axes. This property is most useful when computing the moment ofiocrtia of a complex shape 
which has been broken into a collection of simple shapes as shown in Figure 1O-2a (p. 529). 
which represents a simplistic model of a mallet. The mallet is broken into two cylindri
cal parts, the hand le and the head. which have masses mh and 11111. and rndii rh and rd. 

respectively. 11le expressions for the mass moments o f inertia of a cylinder wilh respect 
10 axes through its CG can be found in Appendix C and are for the handle about its CG 
axis HH: 

(l0.9a) 

and for the head about its CG axis DO: 

(1O.9b) 

Using the parallel axis theorem to transfer the moment of inertia to the axis 12 at the end 
of the handle: 

(lO.9c) 
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10.7 DETERMINING MASS MOMENT OF INERTIA 

There are several ways to detennine the mass moment of inertia of a pan. If the pan is 
in the process of being designed, then an analytical method is needed. Irthe pan exists. 
then either an analytical or experimental method can be used. 

Analytical Methods 

While it is possible to integrate equations 10.6 (p. 530) numerically for a part of any 
arbitrary shape. the work involved todo Ihis by hand is usually prohibitively tedious and 
lime-consuming. If a part of complicated shape can be broken down into subpans that 
have simple geometry such as cylinders, rectangular prisms. spheres. etc .. as was done 
with the mal let of Figure 10-1 (p. 528), then the mass moments of inertia of each subpart 
about its own CG can be calculalcd. These values must each be refcrred to the desired 
axis of rotat ion us ing the transfer theorem (equation 10.8) then summed to obtain an 
approximate va lue of the com plete part's moment of inertia about the desired axis. 
FomlUlas for the mass moments or inertia or some simple geometric solids are shown in 
Appendix C. 

If a CAD solids modeling package is used to design the pan 's geometry. then the 
task of determining all its mass properties is greatly simplified. Most CAD packages will 
calculate the mass and mass moments of inertia of a solid 3-D part about any set of se
lected axes to good accuracy. This is. by far, the preferred method, and is only one of the 
many advantages of using a solids modeli ng CAD package for mechanical design work. 

Experimental Methods 

If the part has been designed and built. its mass moment of inertia can be determined 
approximately by a simple experiment. This requires that the part be swung about any 
axis (other than one that passes through its CG) parallel to that about which the moment 
is sought and its period of pendular oscillation measured. Figure 10-3a shows a part (a 
connecting rod) suspended on a knife-edge pivot at z:z and rotated through a small angle 
9 as shown in Figure 10-3b. lis weight force W acts at its CG and has a component W sin e 
perpendicular to the radius r from the pivOi to the CG. From equation 10.4: 

Tzz= l zza 

substituting equivalent expressions for T zz and 0.: 

. - d2a 
-(Wsm9)r = IZZ-:;T ,I, 

(JO.lOa) 

( IO. IOb) 

where the negative sign is used because the torque is in the opposite direction to angle a. 
For small val ues of 9, sin e = Q approximately, so: 

(lO.IOc) 
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Equation 10.IOc is a second order differential equation with constant coefficients 
that has the well-known solution: 

(1O.1Od) 

The constants of integration C and D can be found from the initial conditions defined at 
the instant the part is released and allow$d to swing. 

at: 1=0, 8= 9max • D=9m.u. 

and: ( 10.10e) 

Equation 10. 1 Oe defines the part 's motion as a cosine wave that completes a full cycle of 
period t sec whcn 

- ~ {T;;t=2n ( 10.101) 

, 
The weight of the part is easily measured. The CG location can be found by balanc

ing the part on a knife edge or suspending it from two different locations. either approach 
giving the distance r. The period of oscillation t can be measured with a stopwatch, pref
erably over a number of cycles to reduce experimental error. With these data, equation 
10.IOf can be solved for the mass moment of inertia 112 about the pivol ZZ as: 

Izz =W{2:r ( IO.lOg) 

and the moment of inertia IGG about the CG can then be found using the transfer theo
rem (equation 10.8, p. 531). 

( IO.lOh) 

10.8 RADIUS OF GYRATION 

The radius of gyration of a body is defined as the radius at which the entire mass of the 
body could be concentrated such that the resulting model will have the same moment of 
inertia as the original body. The mass of this model must be the same as that of the orig
inal body. Let 112 represent the mass moment of inertia about ZZ from equation 10.9c 
(p. 531) and m the mass of the original body. From the parallel axis theorem, a concen
trated mass m at a radius k wi ll have a momenl of inertia: 

(10.1Ia) 

41 
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Since we want Izz to be equal 10 the original moment of inertia. the required radius 
of gyration at which we will concenlrate the mass ", is then: 

J¥72 k: - ' 
m 

( IO. llb) 

Note that th is property of radius of gyration allows the construction of an even sim
pler dynamic model of the system in which all the system mass is concentrated in a "point 
mass" at the end of a massless rod of length k. Figure 1 O· 2b (p. 529) shows such a mod
el of the mallct in Figure 10-2a. 

By comparing equation 10.lln (po 533) with equation 10.8 (p. 531 ). il can be seen 
that the radius of gyration k will always be larger than the radius 10 the composite CG of 
the original body. 

, , 
'Gc+llld- = Izz : mk :.k >d (10.1 Ie) 

Appendix C contains fannulas for the moments of inertia ,md radii of gyration of 
some common shapes. 

10,9 MODELING ROTATING LINKS 

Many mechanisms contain links that oscillate in pure rotation. As a firsl approximation, 
it is possible to model these links as lumped masses in translation. The error in so doing 
will be acceptably small if the angular rotation of the link is small. Then the diffe rence 
between the length of the arc over a small angle and its chord is small . , 

The goal is to model the dis tributed mass o f the rotating link as a lumped. point mass 
placed at the point of attachment to its adjacent link , col1i'iected to its pivot by a rigid but 
massless rod. Figure 10-4 shows a link. rotating about an axis ZZ, and its lumped dy
namic model. The mass of the lump placed at the link radius,. must have the same mo
ment of inertia about the pivot ZZ as the original link. The mass momen! of inertia 172 

F F 

z z 
(a) 

FIGURE 10-4 

Modeling a rotating link as a translating mass 
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of the original link must be known or estimated. The mass moment of inel1ia of a point 
mass at a radius is found from the transfer theorem. Since a point mass, by definition, 
has no dimension, its moment of inel1ia IGC about its center of mass is zero and equation 
10.8 (p. 53!) reduces to 

The effect ive mass m,.jfto be placed at the radius r is then • 

• 
III _172 

~ff - ,2 

(lO.t2a) 

( IO.12b) 

Forsmall angles of rotation, the rotating link can then be modeled as a mass lIIl'jfin pure rec
lilinear translation for inclusion in a model such as that shown in Figure 10-11 (p. 547). 

10.10 CENTER OF PERCUSSION 

The center of percussion is a point on a body which. when struck with a force, will have 
associated with it another point cal led the center ofrolalion at which there will be a zero 
reaction force. You have pr~bly experienced the result of "missing the center of per
cussion" when you hit a baseball or softball with the wrong spot on the bat. The "right 
place on the bat" to hit the ball is the center of percussion associated with the polntlhat 
your hands grip the bat (the center of rotation). Hitting the ball at other than the center 
of percussion results in a stingi ng force being delivered to your hands. Hit the right spot 
and you feel no force (nor pain). The center of percussion is sometintes called the "sweet 
spot" on a bat, tennis racquet, or golf cl ub. In the case of our mallet example, a center of 
percussion at the head corresponds to a center of rotation near the end of the handle. and 
the handle is usually contoured to encourage gripping it there. 

The explanation of this phenomenon is quite simple. To make the example two 
dimensional and eliminate the effects of friction, cons ider a hockey stick of mass III 
lying on the ice as shown in Figure 10-5a (p. 536). Strike it a sharp blow at point P with 
a force F perpendicular to the s tick axis. The Slick will begin to travel across the ice in 
complex planar mot ion. both rotating and translating. Its complex motion at any instant 
can be considered as the superposition of two components: pure translation of its center 
of gravity G in the direction of F and pure rotation about that point G. Sct up an embedded 
coordinate system centcred at G with the X axis along the stick in its initial position as 
shown. The translating component of acceleration of the CG result ing from the force F 
is (from Newton's Jaw) 

and the angular acceleration is: 

T 
a=-

Ie<; 

(l0.13a) 

(JO.13b) 

where Icc is its mass moment of inel1ia about the line GG through the CG (out of the 
page aJong the Z ax is). Bul torque is also: 

T=Flp (IO.13c) 

.3. 

I 
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where Ip is the d istance along the X axis from point G to point P so: 

Flp 
a=-

Icc 
(10. 13d) 

The total linear acceleration at any point along the stick will be the sum of the linear 
acceleration AGy of the CG and the tangential component (ret) of the angular accelera
tion as shown in Figure IO-4b (p. 534). 

A. , =1\0 +ra 
J/<HIJ , .. 

=!:. +x( Flp ) 
m lOG 

( to.14) 

where x is the distance to any point along the stick. Equation 10. 14 can be set equal to 
zero and solved for the value of x for which the ret component exactly cancels the AGy 
component. This will be the cenler of rotation at which there is no translating acceler
ation. and thus no linear dynamic force. The solution for x when AyrorlJl = 0 is: 

I x =-Ji£ mlp (10. 15a) 
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and substituting equation 10.11 b (p. 534): 

" x=--

" 
(1O.15b) 

where the radius of gyration k is calculated with respect to the line GG through the CG. 

Note that this relationship between the center of percussion and the cenler of rota
tion involves only geometry and mass propenies. The magnitude of the applied force is 
irrelevant, but its location Ip completely detemlines x. Thus there is not just one center 
of percussion on a body. Rather there will be pairs of points. For every point (center of 
percussion) at which a force is applied there will be a corresponding center of rotation at 
which the reaction force felt will be zero. This center of rotation need not fall within the 
physical length of the body however. Consider the value of x predicted by equation 
IO.15b if you strike the body at its CG. 

10.11 LUMPED PARAMETER DYNAMIC MODELS 

Figure 10-00 shows a simple plate or disk cam driving a spring-loaded, roller follower. 
This is a force-dosed system~hich depends on the spring force to keep the cam and 
follower in contact at all times. Figure 10-6b shows a lumped parameter model of this 
system in which all the mass which moves with the follower train is lumped together as 
m, all the springiness in the system is lumped within the spring constant k, and all the 
damping or resistance to movement is lumped together as a damper with coefficient c. 
The sources of mass which contribute to m are fairly obvious. The mass of the follower 
stem, the roiler, its pivot pin, and any other hardware attached to the moving assembly all 
add together to create m. Figure 10-6c shows the free-body diagram of the system acted 
upon by the cam force F C' the spring force F So and the damping force F d. There will of 
course also be the effects of mass limes acceleration on the system. 

Follower 

Spring 

Roller 

C,m 

FtGURE 10- 6 

00" , 

(0) Physlcol system 

, 

m 

(b) Lumped model 
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(c) Free-body diagram 
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Spring Constant 

We have been assuming all links and parts to be rigid bodies in order to do the kinematic 
analyses, but to do a more accurate force analysis we need to recognize that these bodies 
are not truly rigid. The springiness in the system is assumed 10 be linear, thus describable 
by a spring constant k. A spring constant is defined as the force per unit deneclion. 

k = F£ (10.16) 
x 

The total spring constant k of the system is a combi nation of the spring constants of 
the actual coil spring, plus the spring constants of all other parts which are deflected by 
the forces. The roller, its pin, and the follower stem are all springs themselves as they 
are made of elastic materials. The spring constant for any part can be obtained from the 
equation for its deflection under the applied loading. Any deflection equation relates 
force to displacement and can be algebraically rearranged to ex press a spring constant. 
An individual part may have more than one k if it is loaded in several modes as. for ex
ample, a camshaft with a spring constant in bending and also one in torsion. We will dis
cuss the procedures for combining these various spring constants in the system together 
into a combined, effective spring constant k in the next section. For now let us just as
sume that we can so combine them for our analysis and create an overall k for our lumped 
parameter model. 

Damping 

The friction. more generally called damping, is the most difficult parameter of the three 
to mQdel. It needs to be a combinat ion of all the damping effects in the system. These 
may be o f many fonns. Coulomb friction results from two dry or lubricated surfaces 
rubbing together. The contact surfaces between cam arrtrfol1ower and between the fol
lower and its sliding joint can experience coulomb frict ion. It is generally considered to 
be independent of velocity magnitude but has a different, larger value when velocity is 
zero (static friction force FSI or stictioll) than when there is relat ive motion between the 
parts (dynamic friction F tI). Figure 10-7a shows a plot of coulomb friction force versus 
relative velocity I ' at the contact surfaces. Note that friction always opposes motion. so 
the friction force abruptly changes sign at v = O. The stiction PSI shows up as a larger 
spike at zero v than the dynam ic friction value Ft!. Thus, this is a nonlinear friction func
tion. It is multi valued at zero. In fact. at zero velocity. the friction force can be any val
ue between -Fsi and +Fsi. It will be whatever force is needed to balance the systcm forc
es and create equilibrium. When the applied force exceeds Fsi• motion begins and the 
friction force suddenly drops to Pd. This nonl inear damping creates difficulties in our 
simple model since we want to describe our system with linear differential equations 
having known sol utions. 

Other sources of damping may be present besides coulomb frict ion. Viscous damp
ing results from thc shearing o f a fluid (lubricant) in the gap between the moving parts 
and is considcred to be a lincar function of relative velocity as shown in Figure 1O-7b. 
Quadratic damping resul ts from the movement of an object through a fluid medium as 
with an automobile pushing through the air or a boat through the water. This factor is a 
fairly negligible contributor to a cam-follower 's overall damping unless the speeds are 
very high or the fluid medium very dense. Quadratic damping is a function ofthc square 
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of the relative velocity as shown in Figure 10-7c. The relationship of the dynamic damp+ 
ing force F d as a function of relative velocity for all lhese cases can be expressed as: 

(1O.17a) 

where c is the constant damping coefficient. v is the relative velocity, and r is a constant 
which defines the Iype of damping. 

For coulomb damping. r = 0 and: 

For viscous damping, r = I and: 

For quadratic damping. r = 2 and: 

(0) Coulomb domping 

,. 

Sum 

(b) Viscous domplng 

---+----, 

(lO.17b) 

(lO.17c) 

(JO. 17d) 

(el Quodrotic damping 

I1Inge 
- .-0 

c 

(d) Combined domplng (e) SUm of o. b. ond c (f) Linear opproxlmotlon 

FIGURE 10- 7 

Modeling domping 
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!(we combine these three forms of damping. their sum will look like Figure 1()"7d 
and e (p. 539), This is obviously a nonlinear function. But we can approximate it over a 
reasonably small range of velocity as a linear function with a slope c which is then a pseu
dO'I'iscoIISlJoIIIIJing coefficient. This is shown in Figure 1O-7f. Whi le not an exact meth
od to account for the true damping, this approach has been found to be acceptably aceu
f'lIe for a first approximation during the design process. The damping in these kinds of 
mechanical systems can vary quite widely from one design to the next due to different 
geometries. pressure or transmission angles. types of bearings. lubricants or their absence, 
elc. It is very difficult to accumtely predict the level of damping (i.e .. the value of c) in 
advance of the construction and testing of a prototype. which is the best way to detennine 
the damping coefficient. If similar devices have been built and tested. their history can 
provide a good prediction. For the purpose of our dynamic modeling. we will assume 
pselldo-viscolls dampillg and some value for c. 

10.12 EQUIVALENT SYSTEMS 

More complex systems than that shown in Figure 10-6 (p. 537) wil l have multiple mass
es, springs. and sources of damping connected together as shown in Figure 10- 11 (p. 547). 
These mode ls can be analyzed by writing dynamic equations for each subsystem and then 
solving the set of differential equations si multaneously. This allows a multi-degree-of
freedom analysis. with one-OOF for each subsystem included in the analysis. KosterPI 
found in his extensive study of vibrations in cam mechanisms that a five-OOF model 
which included the effects of both torsional and bending deflection of the camshaft. back
lash (see Section 10.2. p. 526) in the driving gears, squeeze effects of the lubricant . non
linear coulomb damping, and motor speed variation gave a very good prediction of the 
actual.'measured follower response. But he'llso fou nd that a single-OOF model as shown 
in Figure 10-5 (p. 536) gave a reasonable simulation of "he same system. We can then 
take the simpler approach and lump all the subsystems of Figure 10- 11 togcther into a 
single-OOF eq ui valent system as shown in Figure 10-6. The combining of the various 
springs. dampers. and masses must be done carefully 10 properly approximate their dy
namic interdctions with each other. 

There are only two types of variables active in any dynamic system. These are given 
the general names of throllgh mriable and across \·ar;able. These names are descriptive 
of their actions within the system. A thro ugh varia ble passes throllgh Ihe system. An 
across varia ble exist.f across Ihe system. The power in the system is the product of the 
through and across variables. Table 10-1 lists the through and across variablcs for vari
ous types o f dynam ic systems. 

We commonl y speak otthe voltage across II circuit and the current flowing through 
it. We also can speak of the velocity across a mechanical "circuit" or system and the force 
which flows through it. Just as we can connect e lectrical elements such as resistors. ca
pacitors. and inductors together in series or parallel or a combination of both to make an 
electrical circuit, we can connect their mechanical analogs, dampers. springs, and mass
es together in series, parallel, or a combination thereof to make a mechanical system. 
Table 10-2 shows the analogs between three types of physical systems. The fundamen
tal relationships between through and across varillbles in electrical, mechan ical, and flu 
id system s are shown in Table 10-3. 
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TABLE 10- 1 Through and Across Variables in Dynamic Systems 

SyslemType 

Electrical 

Mechonlcol 

Ruld 

Through Variable 

Current (I) 

Force (F) 

Flow(Q) 

Across Variable 

Voltoge (e) 

Velocity ( v) 

Pressure ( P) 

TABLE 10-2 PhysJcal Analogs In Dynamic Systems 

SyslemType 

Electocol 

Mechanical 

Fluid 

Erwtrgy Olssipotor 

ResIstor ( R) 

Damper ( c) 

Fluid resistor (Rr) 

Energy Storage 

Capacitor ( C) 

Mass (m) 

AccumuJator (Cr) 

Power Units 

eI .. woHs 

Fv • (In-Ib)/sec 

PQ • (In-Ib)/sec 

Energy Storage 

Induclor ( L) 

Spring (k) 

Fluid Inductor ( Lr) 

TABLE 10-3 Relationships ~etween Variables In Dynamic Systems 

System Type Ileslstance Copacltance Illductonce 

Electocal 
, 

i:Cd~ i::± J~dl i=-~ 
R d, 

Mechanical F=cv 
d,' 

F= tJ vdt F = m-
</, 

Fluid 
, 

Q :C, dP Q=-'-J I' dl Q=-P 
Rr d, Lr 

Recognizing a series or parallel connection between elements in an e lectrical circuit 
is fairly straightforward, as their interconnections are easily seen_ Dctennining how me
chanical clements in a system are interconnected is more difficult as their interconnections 
are sometimes hard to see_ The test for series or parallel connection is best done by ex
amining the forces and velocities (or the integral of velocity, displacement) that e~ i st in 
the panicular elements. If twO elements have the same force passing through them. they 
are in series. If two elements have the same velocity or displacement. they are in parallel. 

Combining Dampers 

DA \IPERS I' S ERIES Figure 10-8a (p. 542) shows three dampers in series. The force 
passing through each damper is the same, and the ir individual displacements and veloc
ities are different. 

F =q(XI -Xl) ::Cli"2 -i3)= C3.i) 

F . F . 
or : -=x,-xl: -=x2-·1): 

CI cl 

combining: 

F 
-=.1) 
'3 

.. , 
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(0) Series 

(b) Parallel 

FIGURE 10·8 

Dampers In series and 
In porallel 
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then: XU,IIJI = F _ I_= j ~+...!...+-.!...l 
c~ff ' l CI C2 C3 

I 1 I I 
-=-+-+-
c~ff CI Cz C3 

Cr/f 1 1 1 
- + - +
ci Cz c3 

(10. 18a) 

The reciprocal of the effective damping of the dampers in series is the sum of the recipro
cals of their individual damping coefficients. 

DAMPERS IN ,JARALLEL Figure IO-8b shows three dampers in parallcl. The force 
passing through each damper is different. and their displacements and velocities are all 
the same. 

F=Ft +F2+fj 

F= cl.i"+c2x+c).i" 

F=(C\+C2+ C3)'{ 

F=c4Ji 

( IO. ISb) 

The effective damping of the three is the sum of their individual damping coefficients. 

Combining Springs -
Springs are the mechanical analog of electrical inductors. Figure 10-9a shows Ihree 
springs in series. The force passing through each spring is the same. and their individual 
displacements are different . A force F applied to the system wi ll create a total deflection 
which is the sum of the individual defl ections. The spring force is delined from the rela
tionship in equation 10.16 (p. 538): 

where : 
( IO.19a) 

(1O.19b) 

SubslitUling, we lind (hat the reciprocal of the effec tive k of springs in series is the 
sum of the reciprocals of their individual spring constants. 

ktff= ' 1 J 
~+-+

kl k2 k3 

(10.1%) 
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Figure I 0-9b shows three springs in paral lel. The force passing through each spring 
is different. and their displacements are all the same. The total force is the sum of the 
individual forces. 

(10.203) 

Substituting equation 10.19b we find that the effective k ofsprings in parallel is the 
sum of the individual spring constants. 

k~/fx::: £;.r+k2x+k3X 
(1O.20b) 

Combining Masses 

Masses are the mechanical analog of electrical capacitors. The inertial forces associated 
with all moving masses are referenced to the ground plane of the system because the ae· 
celeration in F = ma is absolute. Thus all masses are connected in parallel and combi ne 
in the samc way as do capacitors in par-dllel with one terminal connected to a common 
ground. - (10.2 1) 

lever and Gear Ratios 

Whcnever an elemen t is separated from the point of application of a force or from 
another clement by a lever ratio or gear ratio, its effective value will be modified 
by that ratio. Figure 10·IOa (p. 544) shows a spring at one end (A) and a mass at the 
other end (8) of a lever. We wish to nllXiel this system as a single-DOF lumped parameter 
system. There are two possibilities in this case. We can e ither transfer an equivalent 
mass nlrfflO point A and attach it to theexisting spring k. as shown in Figure IO·IOb, 
or we can transfer an equiva lent spring krllto point B and attach it to the existi ng 
mass III as shown in Figu re I a-JOc. In either case, for the lumped model to be eq uiv
alent to the original system, it must have the same energy in it. 

First find the effective mass that must be placed at point A to eliminate the lever. 
Equating the kinetic energies in the masses al points A and 8: 

The velocities at each end of the lever can be related by the lever ratio: 

substituting: 

I'A = (;)vB 

mfjl'~ ::: mtA{*f vi 

m'/f:::(;fIl18 

( 1O.22a) 

(l0.22b) 

===:; ... 

k, ~x' 

F 

(0) Series 

F 

(b) Parollel 

Springs In series and In 
parOlIe! 



DESlGN OF MACHlNERY CHAPTER 10 

8 

A 

a- +--- b 

(0) Physical system 

8 

mt:ff 

! x.x.x at B 
x.x .x at A 

-(0) Equlvolent moss at point A (e) Equivalent $pring at point B 

8 

m,. 8 

A ~ a-+- X.X " f at B b 

(d) Physical system (e) Equivalent damper o t point B 

FIGURE 10- 10 

l ever or gear ralios affect the equivalent system 
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The effective mass varies from the original mass by the square of the lever ratio. Note 
that if the lever were instead a pair of gears of rodii II and b, the result would be the same. 

Now find the effective spring that would have to be placed at B to e liminate the le
ver. Equating the potential energies in the springs at points A and B: 

I 2 I 2 
'2 k"x" ::: '2 k

1/XB 

The deflection at B is related to the defl~tion at A by the lever ratio: 

substituting : 
'. :(~}, 

k"A'~ == k"b-(~ r·d 
k"ff ==(*J\" 

(1O.23a) 

( IO.23b) 

The effective k varies from the original k by the square of the lever ratio. If the lever 
were instead a pair of gears oftadii a and h. the resul t would be the same. So. gear or 
lever ratios can have a large effect on the lumped parameters' values in the simplified 
model. 

Damping coefficients are also affected by the lever ratio. Figure 10-1 Od shows a 
damper and a mass at opposite ends of a lever. If the damper at A is to be replaced by a 
damper at B. then the two dampers must produce the same moment aboUlthe pivot. thus: 

Fdlo°=fdllb (1O.23c) 

Substitute the product of the damping coefficient and velocity for force: 

(1O.23d) 

The velocities at points A and B in Figure 10- 1 Od can be related from kinematics: 

w=~=!!. 
u b 

(1O.23e) 

Substituting in equat ion 1O.23d we get an expression for the effective damping coeffi 
cient at B resulting from a damper al A. 

(,,'.~}:h,',~ 

CB., ::c,,(*y (1O.23f) 

Again. the square of the lever ratio detennines the effective damping. The equi valent 
system is shown in Figure 10-1 Oe. 

... 
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b XAMPLE 10-1 

Creating a Single-OOFEqurvolent System Model of a Multielement Dynamic System. 

Given: 

Problem: 

Solution: 

An automotive valve cam with trans lating fiat follower, long pushrod, rocker ann. 
valve. and valve spring is shown in Figure 10- [1 a, 

Create a suitable, approxim3!C, single-DOF, Jumped parameter model of the sys
tem. Define its effect ive mass. spring conSlam, and damping inlerms of the indi
vidual elemcnls' parameters. 

Break the sys tem imo individual elements as shown in Figure 10-11 b. Each significant mov
ing part is assigned a lumped mass element which has a connect ion to ground through a 
damper. There is also elasticity and damping within the individual e lements. shown as con
neeting springs and dampers. The rocker arm is modeled as twO lumped masses at its ends. 
connected with a rigid. massless rod for the crank and conrod of the slider-crank linkage. 
(See also Section 13.4. p. 653.) The breakdown shown represents a six -OOF model as there 
are six independent displacement coordinates. Xt through X6. 

:2 Define the individual spring constants of each element which represents the elastic ity of a 
lumped mass from the elastic denection fonnula for the particular part. For example. the 
pushrod is loaded in compression. so its relevant deflection fonnu la and its k are. 

FI 
x=-

AE 
t =f..= At 

P' I 
(0) 

where A is the cross-sectional area of the pushrod.1 is it~Jengt h. and £ is Young's modulus 
for the material. The t of the tappet element will have the same expression. The expression 
for the k of a helical coil compress ion spring. as used for the valve spring. can be found in 
any spring design manual or machine design text and is: 

(b) 

where d is the wire diameter. 0 is the mean coil diameter. N is the number of coils. and G is 

the modulus of rupture of the material. 

The rocker ann also acts as a spring. as it is a beam in bending. It can be modeled as a dou
ble canti lever beam with its denection on each side of the pivol considered separately. These 
spring effects are shown_in the model as if th~ey were compression springs. but that is just 
schematic. They really represent the bending deflection of the rocker anns. From the de
flection fonnu la for a cantilever beam with concentrated load: 

F/' 
x=--

3E/ 
(e) 

where I is the cross-sectional second moment of area of the beam. I is its length. and £ is 
Young's modulus for the material. The spring constants of any other elemcnts in a system 
can be obtained in similar fash ion from their deflection fom\Ulas. 
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J TIle dampers shown connected to ground represenl the frict ion or viscous damping at the in
terfaces between the elements and the ground plane. The dampers between the masses rep
resent the in temal damping in the parts . which typically is quite small. These values will 
ei ther have to be estimated from experience or measured in prototype assemblies. 

Rocker 

Pushrod 

Tappet 

(a) PhysICal model 

k , 

Valve 

Valve 
spring 

A Rocker 

Pushrod 

k 

Tappet 

Camshaft and bearings 

(b) SIx-DOF model 

B 

Valve 

, 

(c) One-DOF model with !ever arm Cd) One-DOFlumped model 

FIGURE 10- 11 

lumped parameter models of on overhead valve engine com-follower system 

14' 
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SA. 

• This analysis ItSsumes 
thai the !luemlt damping 
values (c's) of the elcrnems 
arc very small and vary 
npproximately proportion
ally 10 the sliffnesses (.1:'5) 
of the respecti ve elements 
10 .... hich they appl)-. 
Because damping is 
typically small in these 
s)'blems, its effect on the 
equivalent spring rate is 
small. but the reverse is no! 
true si llCe high stiffness 
will affect damping kve ls. 
A very stiff element will 
tlcllecl less under a given 
load than a less stiff ooc. If 
damping is propotlionallo 
ve locity across the ciemcol. 
lhoen a small deflection will 
have small velocity. Even 

if the damping coefficient 
of thaI element is large. il 
will have liu le effect 00 the 
system dlle 10 the element's 
n:lallvely high stiffness. A 
more accurate way 10 

estimate damping must 
lake the imernclion 
between the 1,:'5 and c's into 

:wxounl. For II springs k,. 
.1:2 •.•.• t" in series. placed 
in parallel with n dampers 

('1.£'2 •.•.• ('~ in series. thot 
eff«ti ve damping can be 
.hown 10 be: 

As a practical maner. 
ho .... ever. it is usually quite 
difficult to determine the 
values of tlte individual 
damping clements that an: 
lICeded to do a ca1culmion 
such as shown above and 
in equDtion (h). 

DESIGN OF M .... CHINERY CH .... PTER 10 

4 The rocker ann provides a lever ra tio which must be takcn into account. The strategy will 
be [0 combine all elements on each side of the lever separately into two lumped parameter 
models as shown in Figure IO- l lc (p. 547). and then tr.lIlsfer one of those across the lever 
pivOi to create one, single-DOF model as shown in Figure IO-lld . 

, The next step is to determine the types of connections. either series or paralle l. bet ..... een the 
elements. The masses are all in parallel as they each communicate their inenial force di rect
ly to ground and have independent displacements. On the left and right sides. respectively, 
the effective masses are: 

(d) 

NOIe that nr~ includes about one-third of the spring's mass to account for thaI panion of the 
spring thaI is moving. The two springs shown representing the bending dencction of the 
camshaft split the force between them. so they are in parJlIe l and thus add directly. 

Note th3l. for completeness. the torsional denection of the camshaft should also be included 
but is omitted in this example to reduce complexity. The combined camshafl spring rate and 
all the OIher springs shown on the left side are in series as they each have independent de
fleclions and the same force passes through them all. On lhe right side. the spring of the 
rocker ann is in series wi th that of the left side, but the physical valve spring is in parallel 
with the effective spring of the followe r-train e lements as it has a separate path from the ef
fec tive mass at the valve to ground. (The fo llower-train elements all communicate back to 
ground through the cam pivots.) The effective spring rates of the follower-tmin clements for 
each side of the rocker arm are then: 

(f) 

The d:unpcrs are in a combination of series and porJllel. The pai r of dampers c('s l and Ces2 

shown suppaning the camshaft represent the friction in the two camshaft bearings and arc in 
parallel. 

(g) 

1be ones representing internal damping are in series wi th one anolher and with the combined 
shafl damping.· 

CitlL = I I I I 
--t-+-+
crp cpr cra ccs 

(h) 

wherec"'L is all internal damping on the lefl side and emit is all internal damping on the right 
side of the rocker arm pivot. The combined imernal damping C'~L goes to ground through c,., 
and Ihe combined imernal damping e"~11 goes to ground through the valve spring cs. 11lese 
two combinations are then in pamllel with all the other dampers that go to ground. The com
bined dampings for each side of the system are then: 

(0 
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6 The syStem can now be reduced to a single-DOF model with masses and springs lumped on 
either end of the rocker arm as shown in Figure tO-tt c (p. 547). We will bring the elements 
at point 8 across to point A. Note that we have reversed the sign convention across the pivot 
SO that positive motion on one side results also in positive motion on the other. The damper, 
mass, and spring constant are affected by the square of the lever ratio as shown in equations 
10.22 and 10.23 (pp. 543-545). 

m~ =-.!'IL +(; r "'R 

kr/f = kL +(;r kR 

ctIf =cL +(;r cR 

(j) 

These are shown in Figure 10-11 d on the final, one-DOF lumped model of the system. It 
shows all the elasticity of the follower-train e lements lumped into the effective spring kr/fand 
the d3mping as crff The cam's displacement input sr,) acts against a massless but rigid shoe, 
1be valve spring and the valve's damping against groond provide forces that keep the joint 
between cam and followercJosed . If the cam and follower separate. the system changes dy
namically from that shown. 

Note that this ooe-DOF model provides only an approximation of this complex system's 
behavior. Even though it may be an oversimplification, it is nevertheless still useful as a first 
approximation and serves in this COnlext as an example of the general metlxxl involved in 
modelling dynamic systems. A more complex model with multiple degrees of freedom will 
provide a better approx.imation of the dynamic system's behavior. 

10.13 SOLUTION METHODS 

Dynamic force analysis can be done by any of several methods. Two will be discussed 
here, superposition and linear simull a neous equa tion solution . Both methods require 
that the system be linear. 

These dynamic force problems typically have a large number of unknowns and thus 
have multiple equations to solve. The method of superposit ion attacks the problem by 
solving for parts of the solution and then adding (superposing) the partial results togeth
er to get the complete result. For example, if there are two loads applied to the system, 
we solve independently for the effects of each load, and then add the results . In effect 
we solve an N-variable system by doing sequential calculations on pans of me problem. 
It can be thought of as a "serial processing" approach. 

Another method writes all the relevant equations for the entire system as a set of lin
ear simultaneous equations. These equations can then be solved simultaneously to ob
tain the results. This can be thought of as analogous to a "parallel processing" approach. 
A convenient approach to the solution of sets of simultaneous equations is to put them in 
a standard matrix. fonn and use a numerical matrix solver 10 obtain the answers. Matrix 
solvers are built into most engineering and scient ific pocket calculators. Some spread
sheet packages and equat ion solvers will also do a matrix solution, A brief introduction 
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to matrix solution of simuhaneous equmions was presented in Section 5.5. Appendix A 
describes Ihe use of Ihe computer program MATRIX. included on CD-ROM with this tex!. 
This program allows the rapid calculation of the solution to syslems of up to 18 simulta
neous equations. Please refer to the seclions in Chapter 5 to review these calculation pro
cedures and Appendix A for program MATRIX. Reference 14) provides an introduction 
to matrix algebra. 

We will use both superposition and simullaneous equal ion solution to solve various 
dynamic force analysis problems in the remaining chapters. Both have their place, and 
one can serve as a check on the resulls from Ihe other. So it is useful to be fami liar wilh 
more than one approach. Historically. superposition was the only practical method for 
syslems involving large numbers of equations until compUiCrs became available 10 solve 
large sets o f simultaneous equations. Now Ihe simullaneous equation solution method 
is morc popular. 

10.14 THE PRINCIPLE OF O'ALEMBERT 

Newton 's second law (equal ions 10. 1, p. 526 and 10.4, p. 529) are all that are needed to 
solve any dynamic force system by Ihe newtonian method. Jean Ie Rond d' Alembert 
(171 7-1783). a French mathematician, rearranged Newton's equations to create a "qua
si-static" situation from a dynamic one. D'Alembert's versions of equations 10.1 and 
lOA are: 

LF-ma = O 
( 10.24) 

All d'Alembert did was to move the terms from tbe right side to the left, changing 
their algebraic signs in the process as required. These arc obviously sti ll the same equa
tions as 10.1 and lOA, algebraically rearranged. The motivation for this algebraic ma
nipui:ltion was to make the sySlem look like a statics problem in which, for equilibrium, 
all forces and torques must sum 10 zero. Thus, Ihis is sometimes called a quasi-static 
problem when expressed in this fonn. The premise is Ihat by placing an " inertia force" 
equal 10 -1II1I and an "inertia torque" equal to - l a on our free-body diagrams. the system 
will then be in a state o f "dynamic eq uilibrium" and can be solved by the fmniliar meth
ods of statics. These inertia forces and torques are equal in magnitude, opposite in sense. 
and along the same line of aClion as /lUI and /0.. This was a useful and popular approach 
which made the solution of dynamic force analysis problems somewhat easier when 
graphical vector solut ions were the methods..of choice. 

With the avai labili ty. literally in your pocket or on your desk. of calculators and 
computers which can solVe the simultaneous equations for these problems, there is now 
little motivation to labor through the complicated tedium of a graphical force analysis. 
It is for this reason that graphical force analysis methods are not presented in Ihis text. 
However. d' Alembert 's concept of "inertia forces ;md torques" still has, at a minimum. 
historical value and, in many instances, can prove useful in understanding what is going 
on in a dynamic system. Moreover, the concept of inertia force has entered the popular 
lexicon and is often used in a lay context when discussing motion. Thus we present a 
simple example of ils use here and will use it again in our discuss ion of dynamic force 
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analysis later in Ihis te"t where it helps us to understand some topics such as balancing 
and superposit ion. 

The popular tenn centrirugal rorce, used by laypersons everywhere to ex plain why 
a mass on a rope kecps the rope taut when swung in a circle, is in fact a d ' Alernben iner
tial force. Figure 1O-12a shows such a mass, being rotated at the end of a nexible but 
ine"tensible cord al a constant angular veloc ity wand constant radius r. Figure IO- 12b 
shows "pure" free-body diagrmns of both members in this system. the ground link ( 1) 
and the rotating link (2). The only real force acting on link 2 is the force of li nk I on 2, 
Frz. Since angular acceleration is zero in this example. the acceleration acting on the 
link is only the r!.Jil component, which is a centripetal acceleration . i.e., directed toward 
the ceflter. The rorce at the pin rrom Newton's equation 10.1 (p. 526) is then: 

(1O.25a) 

Note that this force is directed toward the center, so it is a cemripera/ not a cenrrif
uga/ (away from center) force. The force F21 which link 2 exerts on link I can be found 
from Newton's third law and is obviously cqual and opposite to F 12. 

( 10.25b) 

Thus it is the reaction force on link I which is centrifugal, nOl the force on link 2. 
Of course. it is this reaction force thaI your hand (li nk I) fee ls, and this gives ri~ to the 
popular conception of something pulling centrifugally on the rotating weight . Now let 
us look at this through d'Alembert 's eyes. Figure 10- 12c shows another sel of free-body 
diagrams done according 10 the principle of d 'AJembert. Here we show a negative ma 
inert ia fo rce applied to the mass on link 2. The fo rce at the pin from d ' Alembert 's 
equation is: 

FI 2 _ mrwz_ O 

Fi z = mrw2 (lO.25c) 

'" 2 2 

'" 
fa = rw

2 

2 
F" 

, e F" , 
( a ) ( 0 ) (e) 

FIGURE 1 0 - 12 

Centripetal and centrIfugal forces 

.. , 

-11/,1 • / 
'" 
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Not surprisingly. the result is the same as equation 10.253 (p. 551). as it must be. 
The only difference is that the free-body diagmm shows an inertia force applied 10 the 
rotating mass on link 2. This is the centrifugal force of popular repute which takes the 
credit (or blame) for keeping the cord taul. 

Clearly, any problem can be solved for the right answer no matter how we may al
gebraically rearrange the correct equations. So. if it helps OUT understanding to think in 
terms of these inert:a forces being appl ied to a dynamic system. we will do so. When 
dealing wi th the lopic of balancing. this "pproach does, in fact. help 10 visualize the ef
fects o flhe balance masses on the system. 

10.15 ENERGY METHODS-VIRTUAL WORK 

The newtonian methods of dynamic force analysis of Section 10.1 (p. 525) have the ad
vantage of providing complete infonnalion about all interior forces al pin joints llS well 
as about the external forces and torques on the system. One consequence of this fact is 
the relative complexity of their application which requires the simultaneous solution of 
large systems of equmions. Other methods are availllble for the solution of these prob
lems which are easier to implement but give less infonnation. Energy methods of solu
lion are oflhis type. Only the external. work producing. forees and torques are found by 
Ihese methods. The internal joint forces are not computed. One chief value of the ener
gy approach is its use as a quick check on the COJTe(;tness of the newtonian solution for 
input torque. Usually we are forced to use the more complete newtonian sol ution in or
der to obtain force infonnation at pin joints so thaI pins and links can be analyzed for 
failure due to stress. 

'the law of COl/sen'atiOIl of energy states that energy can neither be created nor de
stroyed, only convened from one fonn to another. MosLmachines are designed specifi
cally to conven energy from one fonn to another in some controlled fashion. Depend
ing on the efficiency of the machine, some portion of the input energy will be convened 
to heat which cannot be completely recaptured. But large quantities of energy willlyp
ically be stored temporarily within the machine in both potential and kinetic fonn. It is 
not uncommon for the magnitude of this internally stored energy. on an instantaneous 
basis. 10 far exceed the magnitude of any useful external work being done by the ma
chine. 

Work is defined as the dot p/'Ot/llct offorce and displacement. It can be positive. 
negative, or zero :lIld is a scalar quantity. 

W = F-R (IO.26a) 

Since Ihe forces al the pin joints between the links have no relative displacement 
associated with them. the1do no work on thesyslem. and thus will nOI appear in the work 
equation. The work done by the system plus losses is equal to the energy delivered 10 

the system. 

E= W+Losses (1O.26b) 

Pin-jointed linkages with low-frict ion bearings al the pivots can have high efficien
cies, above 95%. Thus it is not unreasonable. for a first approximation in designing such 
a mechanism. to assume the losses 10 be zero. Power is the time rale of change of energy: 
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(10.260) 

Since we are assumi ng the machine member bodies to be rigid, only a change of 
position of the CGs of the members witt alter the stored potential energy in the system. 
The grav itat ional forces of the members in moderate- to high:speed machinery often tend 
to be dwarfed by the dynamic forces from the accelerating masses. For these reasons we 
witt ignore the weights and the gravitational potential energy and consider only the ki
netic energy in the system fo r this analysis. The time !".lte of change of the kinetic ener
gy stored within the system for linear and angular motion, respectively, is then; 

ma·v (1O.27a) 

and: 

i "-/00') 
"\2 ", /0. '00 ", ( IO.27b) -These are, of course, expressions for power in the system. equivalent to: 

p ", F·v (lO.27c) 

and: 

(IO.27d) 

The rate of change of energy in the system at any instant must balance between that 
which is externally supplied and that which is stored within the system (neglecting losses). 
Equation 1O.27a and b represent change in the energy stored in the system . and equation 
IO.27c and d represent change in energy passing into or out of the system . In the absence 
of losses, these two must be equal in order to conserve energy. We can express this rela
tionship as a summat ion of all the de lta energies (or power) due to e:lch moving element 
(or link) in the system. 

n n n n 

L/ k · Vt + LT/:. Wt = L lllj;at ' Vt + L 'ko. k· Wt (IO.28a) 
ka 2 t _2 h2 *=2 

The subscript k represents each of the n links or mov ing elements in the system. 
starting with link 2 because link I is the stationary ground link. Note that all the angular 
and linear velocities and accelerations in this equation must have been calculated. for all 
positions of the mechanism of interest, from a prior kinematic analysis. Likewise. the 
masses and mass moments of inertia of all moving links must be known. 

If we use the principle of d' Alembert to rearrange this equation. we can more easil y 
"name" the terms for discussion purposes. 

n n n n 

Lrt ' Vt + L Tk ' W k - L mkat ' Vt - Lho. J; , w J; =0 (to.28b) 
t _2 *_2 *_1: j;.. 2 
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The first two lenns in equation 1O.28b (p_ 553) represent, respectively. the change 
in energy due to alt exlerna l forces and all external torques applied to the system. 
These wou ld include any forces or torques from other mechanisms which impinge upon 
any of these links and also includes the driving IOrque. The second two temlS represent, 
respectively, the change in energy due to all inertia forces and all inertia torques 
present in the system. These last two tenns define the change in stored kinetic energy in 
thesystcm at each time step. The only unknown in this equation when properly sel up is 
the driving torque (or driving force) to be supplied by the mechanism's motor or actu
ator. This driving torque (or force) is then the only variable which can be solved for with 
this approach. The intcrnal joint forces are not present in the equation as they do no net 
work on the system. 

Equation 1O.28b is sometimes called the virtual work equation , which is somc
thing of a misnomer, as il is in faci a power equation as can be seen from its units. When 
this analysis approach is applied to a statics problem, there is no motion. The term vir
tual work comes from Iheconcept of cach force causing an infinitesimal, or vinual. dis
placement of the static system element to wh ich it is appl icd over an infinitesimal delta 
time. The dot product of the force and the virtual displacement is the vinual work. In 
the lim it. this becomes the instantaneous power in the system. We will present an exam
ple of the use of this method of vinual work in the next ch:tptcr along with examples of 
the newtonian solution applied to linkages ill motion. 
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10.17 PROBLEMS' 

·t 10-1 The mallet shown in Figure 10-2 (p. 529) has the following specifications: The steel 
head has a I· in diameter and is 3-in toll; the wood handle is 1.25-in diameter ond lO
in long and necks down to 5/8-in wide ..yhere it enters the head. Find the location of 
its composite CG. and its moment of inenia and r.adius of gyration about axis ZZ. 
Assume the wood has a density equal toO.9times thaI of water. 

·tlO-2 Repeal Problem 10.1 using a wooden mllilet head of2-in diameter. Assume the wood 
has a density equal to 0.9 limes thaI of water . 

t l0-3 Calculate the location of the composite CG, the mass moment of inenia and the 
mdius of gyration with respect to the specified axis, for whichever of the following 
commonly available items that are assigned. (Nole these arc not shon problems.) 

a. A good-quality writing pen. about the pivot point at which you grip it to write. 
(How does placing the cap OIl the upper end of the pen affect these parameters 
when you wri te?) 
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b. Two table knives. one metal and one plastic. about the pivot axis when held forcut
ting. Compare lhe calculated results and comment on what they tell you about the 
dynamic usability of the two knives (ignore sharpness considerations). 

c. A ball-peen hammer (available for inspection in any university machine shop). 
about the center of rotat ion (aft er you calculate its location for the proper center of 
percussion). 

d . A baseball bat (see the coach) about the center of rotation (after you calculate its 
location for the proper center of percussion). 

e. A cylindrical coffee mug. about the handle hole. 

°t lO-4 Sci up these equations in matrix (onn. Use program MAllI.lX. Mathcad. or a 
calculator which has matrix math capability to solve them. 

, -5.1" - 2y + 12t -w = -. 
x + 3y -2: +411' = [. 

-x -y +, = -7 

1, - 3)' + 7: +911' = - 6 

b. 3x -5y + 17: -511' = -5 --2x +., - 14t +611' = 22 

- x -y -2w = 13 
4x -7y + 8: +411' :-9 

t lO-S Figure PIO· I shows a bracket made of Sleel. 

a. Find the location of its centroid referred to point B. 
b. Find its mass momenl of inertia I~ about the X axis through point B. 
c. Find its mass moment of inertia 1)7 about the Y axis through point B. 

°t 10-6 Two springs are connected in series. One has a k of 34 and the other a k of 3.4. 
Calculate their effective spring constant. Which spring dominmes? Repeat with the 
tWO springs in parallel. Which spring dominates? (Use any uni t system.) 
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tlO-7 Repeat Problem 10-6 with kl '" 125 and 1:2 = 25. (Use any unit system.) 

tlO-S Repeal Problem 10-6 with 1.:/ '" 125 and 1.:2 = 115. (Use any unit system.) 

"t10-9 Two dampers are connected in series. One has a damping foclOr CI = 12.5 and the 
other, C2 '" 1.2. Calculate their effective damping conStant. Which damper dominates? 
Repeal with the two dampers in parallel. Which damper dominates? (Use any unit 
system.) 

t lO-lO Repeal Problem 10-9 with CI = 12.5 and C2 =2.5. (Use any unit system.) 

tlO- l 1 Repeal Problem 10-9 with c, = 12.5 and C2 = 10. (Use any unit system.) 

°t 10-12 A mass of m '" 2.5 and a spring with Ie = 42 are attached 10 one erw:! of a lever al a radius 
of 4. Calculate the effective mass and effective spring COfman! at a radius of 12 on the 
same lever. (Use any unit system.) 

t l0-13 A m:lSs of", '" 1.5 and a spring with k = 24 are attached to one end of a lever at a radius 
of 3. Calculate the effective mass :lnd effective spring constant at a radius of 10 on the 
same lever. (Use any unit system.) 

· t 10-14 A mass of m :: 4.5 and a spring with k:: 15 are auoched to one end of a lever at a 
radius of 12. Calculate the effective mass and effective spring constant at a radius of 3 
on the same lever. (Use any unit system.) 

t l0-15 Refer to Figure 10-11 (p. 547) and Example 10-1 (p.546). The dimensions forthe 
valve tn,in are. (in ips unit system): 

Tappet is a solid cylinder 0.75 diameter by 1.25 long 
Pushrod is II hollow tube. 0.375 outside diameter by 0.25 inside diameter by 12 long. 
Rocker ann has an average cross section of I wide by 1.5 high. Length a '" 2. b '" 3. 
Camshafl is I diameter by 3 between bearing suppons. cam in center. 
Valve spring k '" 200. All parts are steel -Calculate the effective spring constant and effective mass of a sing[e-OOF equivalent 
system placed on the cam side of the rocker arm. 

2 

Am' 

Oil 

Section A·A 

Problems [Q.[6. lQ.17. 10-21. lQ.26 and 10-29 
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t 10-16 Figure P 10-2 shows a cam-follower system. The dimensions of the solid, rectangular 
2 x 2.5 in cross-section aluminum arm are given. The cutout for the 2-in dia by 1.5-
in wide steel roller follower is 3-in long. Find the aml's mass, center of gravity 
location, and mass moment of inertia about both its CO and the arm pivot. Create a 
linear, one-DOF lumped mass model of the dynamic system referenced to the cam
follower. Ignore damping. 

t lO-l7 The cam in Figure PIO-2 is a pure eccentric with eccentricity = 0.5 in and turns aI 

500 rpm. The spring has a mte of 123 Ib/in and a preload of 173 lb. Use the method 
of virtual work to find the torque required to rotate the cam through one revolution. 
Use the dala from the solution to Problem [0- 16. 

t 10-18 The cam in Figure P 10-3 is a pure eccentric with eccentricity = 20 mm and turns at 
200 rpm. The mass of the follower is [ kg. The spring has a rate of 10 N/m and a 
preload of 0.2 N. Use the method of virtual work to find the torque required to rotate 
the cam through one revolution. 

t l0-19 Repeal Problem 10-18 using a cam with a 20-mm, symmetric, double harmonic rise 
in 1800 and double hamlonic fall in 180". See Chapter 8 for cam formulas. 

°t lO_20 

t lO_22 

t lO-23 

t lO-24 

A 3000 lb automobile has a final drive mtio of 1:3 and transmission gear ratios of 1:4. 
I :3. I :2. and 1: I in firs.!..'JIrough fourth speeds, respectively. What is the effective 
mass of the vehicle as felt at the engine nywheel in each gear? 

, 
Determine the effective spring constant and effective preload of the spring in Figure P10-2 
as renected back to the cam-follower. See Problem 10-17 for addit ional data. 

What is the effective inertia of a load applied at the drum of Figure P9-5a (p. 517) as 
renected back to gear A? 

What is the effective inertia of a load applied aI the drum of Figure P9-7b (p. 518) as 
reflected back to the ann? 

Refer 10 Figure 10-9a (p. 543). Given a = 100 mm. b = 150 mm, kA = 2000 N/m, and 
IIIB = 2 kg, find the equivalent mass at point A and the equivalent spring al point B. 

"t10-25 Repeat Problem 10-24 with a = 50 mm. b = 150 mm, kA = 1000 N/m, and 1118 = 3 kg. 

ot 10_26 For the cam-follower arm in Figure PI0-2, determine a new location for its fixed 
pivot that will have zero reaction foree when the cam applies its force to the fol lower. 

t 10_27 Figure PIO-4 shows a fourbar mechanism. The crank is 1.00 in wide by 0.5 in thick. 
The coupler and rocker are both 0.75 in wide by 0.5 in thick. All links are made from 
steel. The ends of the links have a full radius equal to one half of the link width. The 
pivot pins all have a diameter of 0.25 in. Find the moment of inertia of the crank and 
the rocker about their fixed pivots and the moment of inertia of the coupler about its CG. 

t 10-28 The rocker in Figure 10- l la (p. 547) has the followi ng dimensions: a = 50.8 mm, b = 
76.2 mill. Its total weight is 10. 1 N and. when supported on knife-edges at A and B. 
the weights atlhe supports were found to be 4,3 N and 5.8 N. respectively. The 
rocker was supported at its pivot point with a low-friction ball bearing and the period 
of oscillation was found to be 0.75 sec. What is the approximate moment of inertia 
of the rocker with respect to its pivot axis'? 

t 10-29 The arm in Problem 10-16 (p. 557) and Figure PIO-2 (p. 556) has been redesigned 
such that the cross-section is no longer uniform and the material changed from 
aluminum to steel. However, the dimensions shown in the figure remain unchanged. 

s = acosWi 

{ 

a 

FIGURE P10 -3 
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t These: problems arc: 
suited 10 solution using 
Mil/head. Mariah. or 
TKSofl'tr equntion solver 
programs. 

The new arm has a total weight of 15.3 Ib and. when supported on knife-edges at 
points 9.5 in to the left of the pivot and 17.5 in to the right of the pivol. the weights at 

the supportS were fou nd 10 be 7.1 Ib and 8.2 lb. respec tively. The ann was supported 
at its pivot point wi th a low-friction ball bearing and the period of oscillation was 
found to be 2.0 sec. What is the approximate moment of inertia of the: arm with 
respect to its pivot axis? 

t I 0.3'0 Figure P10·5 shows a cam-follower system that drives slider 6 through an external 
output ann 3. Anns 2 and 3 are both rigidly IIl1ach¢-to the 0.75·in·dia shllft X-X. 
which rotates in bearings that are supported by the housing. The: pin-to-pin dimen
sions of the: links are shown. The: cross-section of arms 2. 3. and 5 are solid. 
rectangular 1.5 x 0.75 in steel. The ends of these links have a full radius equal to one 
hlil f of the link width. Link 4 is I- in-dia x 0. 125 wall round steel tubing. Link 6 is a 
2-in-dia x 6·in long solid steel cylinder. Find the effective mass and effective spring 
constan t of the follower train referenced to the cam·follower rolle r if the spring at A 

has a rate of ISO Ib/in. 

t 10-3 1 The spring in Figure PIO-5 has a rate of 150 lb/in with a preload of 60 lb. Detennine 
the effective spring const:mt and preload of the spring as reflected back to the cam· 
fo llower. See Problem 10-30 for a description of the system. 

tlO-32 A company wants to manufacture chimes that are made from hollow tubes of various 
lengths. Regardless of length they wi ll be hung from a hole that is 25 mm from one 
end of the tube. Qevelop an equation that will give the distance from this hole to the: 
point where the chime should be st ruck such that there will be 1.ero reaction force at 
the hole where the chime is hung. The distance should be a function o f the length 
(L ). outside diameter (00). and inside diameter (ID) of the chime as well as the 
distance from the end to the hanging hole (25 mOl) only. Solve your equation for the: 
following dimensions: L '" 300 mm. OD '" 35 mm. ID '" 30 mm. 

t l ~33 What is the amount by which the roller ann of Problem 10-30 must be extended on 
the opposi te side of the pivot axis O2 in order to make the pivot axis a center of 
ro/OIiOlI if the point where the cam· follower is mounted is a cell/er of perCllssioll'! 
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DYNAMIG FORCE ANALYSIS 
Dotl'flora:;!! 
Use a bigger hammer 
ANONYMOUS 

11.0 INTRODUCTION 

o· 

When kinematic sYnihesis and analysis have been used to define a geometry and set of 
motions for a par1iculardesign task. it is logical and convenient to then use a kinelostat
ie, or im'crse dynamics, solution 10 detennine the forces and torques in the system. We 
will take thaI approach in this chapter and concentrlllc on solving for the forces and 
torques that resul t from, and arc requ ired to dri ve. our kinematic system in such a way as 
10 provide the designed accelerations. Numerical examples are presented throughout this 
chapter. These examples are also provided us d isk files for input to either program MA
TRIX or FOUR BAR. These programs are described in Appendix A. The reader is encour
aged to open the referenced files in these programs and investigate the examples in more 
detail. The file names are noted in the discussion of each example. 

11 .1 NEWTONIAN SOLUTION METHOD 

Dynamic force analysis can be done by any of several methods. The one wh ich gives 
the most infornliuion about forces internal to the mechani sm requires on ly the use of 
Newton's law us defined in equations 10.1 (p. 526) and 10.4 (p. 529). These cun be wril
len as a summation of all forces and torques in the system. 

559 
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L F=ma 

It is also convenient to separately sum force components in X and Y directions. with 
the coordinate system chosen for convenience. The torques in our two dimensional sys
tem are all in the Z direction. This lets us break the two vector equations into three sca
lar equations: 

( t Llb) 

These three equations must be wrillen for each moving body in the system which 
will lead to a set of linear simultaneous equations for any system. The set of simulta
neous equations can most conveniently be solved by a matrilt method as was shown in 
Chapter 5. These equations do not account for the gravitational force (weight) on a link. 
If the kinematic accelerations are large compared to gravity, which is often the case. then 
the weight forces can be ignored in the dynamic analysis. If the machine members are 
very massive or moving slowly with small kinematic accelerations. or both. the weight 
of the members may need to be included in the analysis. The weight can be treated as an 
external force acting on the CG of the member at a constant angle. 

11 .2 SINGLE LINK IN PURE ROTATION 

As a simple example of this solution procedure. consider the single link in pure rotation 
shown in Figure II - Ia. In any of these kinetostatic dynamic force analysis problems. 
the kinemmics of the problem must first be full y defined. That is, the angular accelera
tions pf all rowting members and the linear accelerations of the eGs of all mov ing mem
bers must be found for all positions of interest. The mass of each member and the mass 
moment of inenia Ie with respect to each member's CG""must also be known. In addi
tion there may be external forces or torques applied to any member of the system. These 
are all shown in the fi gure. 

While this analysis can be approached in many ways, it is useful for the sake of con
sistency to adopt a panicular arrangement of coordinate systems and stick with it. We 
present such an approach here which. if carefully fo llowed. will tend to minimize the 
chances of error. The reader may wish to develop his or her own approach once the prin
ciples are understood. The underlying m:lthematics is invariant. and one can choose co
ordinate systems for convenience. The vectors wh ich are :lcting on the dynllmic system 
in any loading situation are the same III a panicular timc regardless of how we may de
cide to resolve them imo components for thc jake of computat ion. 1lle solution result 
will be the slime. 

We will first set up a nonrOiating,local coordinate system on each moving member. 
located al its CG. (In this simple example we have only one moving member.) All ex
te rnall y applied forces, whether due to other con nected members or to o ther systems 
must then have their points of application located in this local coordi nate system. 
Figure II-Ib shows a free-body diagram of the moving link 2. The pin joi nt at 02 on 
link 2 has a force F t2 due to the mating link 1. thex and y components of which are F 12r 
and F 12]. These subscripts are read "force of link I on 2" in the x or y direction. This 
subscript notation scheme will be used consistently to indicate which of the "act ion
reaction" pair of forces at each joint is being solved for. 
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Note: x,y is a loca.J. nonrot3ting coordinme system (LNCS). auached to the link 

P 
CG J' 

Rn 
F, 

0, 

Note: x.r is the fixed. global coordinate system (GCS) 

(0) KinematiC diagram (b) Force (free·body) diagrams 

FIGURE 11 · 1 

DynamIC force anolysis of a Single link In pure rotation 

There is also an externally applied force Fp shown at point P. with components F px 

and F P,. The points of applicat ion of these forces are defined by position vectors R l2 
and Rp, respectively. 1l1ese position vectors are defined with respect to the local coordi· 
nate system at the CG of the member. We will need to resolve them into x and y compo· 
nents. There will have to be a source torque available on the link to drive it at the kine· 
malically defined accelerations. This is one of the unknowns to be solved for. The 
source torque is the torque delivered/rom Ihl! grollluJ 10 'he dr;\'er link 2 and so is la· 
beled T 12. The other two unknowns in this example are the force components althe pin 
joint FI2.rand FI2,.. 

We have three unknowns and three equat ions. so the system can be solved. Equa· 
tions 11.1 can now be wriuen for the moving link 2. Any applied forces or torques whose 
directions are known must retain the proper signs on their components. We will assume 
all unknown forces and torques to be positive. Their true signs will "come out in the 
wash." 

Lf = Fp+ FI1= m2 3o 

L,T = Til +(Rll xfI2)+(Rp x Fp) = loa (11.2) 

The force equation can be broken into its two components. The torque equation can· 
tains two cross product tenns which represent torques due to the forces applied at a dis· 
tance from the CG. When these cross products are expanded, the system of equalions 
becomes: 

p 
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Fp~ + F12, :: "'20G~ 

Fp +Fi2 ::"'2aG , , , 
T\2 +(RI2 fi 2 - R12 Fi2 )+(Rp Fp - Rp Fp ):: IGCt ., , .. , ,. 

CHAPTER 11 

( 11.3) 

Thi s can be put in malrix fonn with the coeffi cients of the unknown variables form
ing the A matrix. the unknown variables the 8 vector, and the constant terms the C vec
tor and then solved for 8 . 

[AJ x [IIJ = [e] 

[-}" 
0 

0] [F" ] 
11120G ... - FI', 

~ x ~::= 1112QG - Fp (11.4) , , 
R12• 

IGa -(Rp Fp - Rp Fp ) 
'1 l' 

Note that the A matri x contains all the geometric information and the C matrix con
tains all the dynamic information about the system. The n matrix contains all the un
known forces and torques. We will now present a numerical example to reinforce your 
understanding of this method. 

JtnEXAMPlE II-I 

Dynolnlc Force Analysis of a Single Unk In Pure Rotation. (See Figure 11·1, p. 561 ) 

Given: The I O-in-Iong link shown weighs 4 lb. Its cG'fs on the line of centers at the 5·in 
point. Its mass moment of inenia about its CG is 0.08 Ib_in_sec2. Its kinematic 
data are: 

(1)2 rad/sec 

20 

An external force of 40 lb at 0° is applied at point P. 

Find: The rorce F l2 at pin joinl O2 and the driving torque T I2 needed to maintain mo
tion with the given acceleral ion for this instantaneous posi tion of Ihe link. 

Solution: 

Conven the g iven weight to proper mass units. in Ihis case blobs: 

weight 4 lb 
IIIOS5=--= 2 =0.0104 blobs 

g 386 in/sec 
(a) 

2 Set up a local coordinate system at the CG of the link and draw all applicable VCC IOrs acting 
on the system as shown in the figure. Draw a free-body diagram a~ shown. 

3 Calculate !hex and y components of the posiltoo vectors R12 and Rp in this coordinate system: 
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R12 =5 in@L2100; 

Rp::5 in@L300; 

RI2J =-4.33, 

HpJ = +4.33, 

R, .. =-2.50 -, 
Rp =+2.50 , (b) 

4 Calculale Ihe x and y components of the accclemiion of the CG in this coordinate system: 

aG, '" -1766.78. ao '" -939.41 , 
5 Calcuiale Ihe x and y componenls of the external force at P in this coordinate system: 

Fp ",40@LOO; F,. =0 , 
6 SubJititute Ihese given and calculated values into the matrix equation 11 ,4 

[2~0 o 0] [F"' ] [ (O.OIX-1766.78)-40 1 
lOx Fl2 '" (0.0 IX-939.4 1)-0 

-4.33 I T,, ' (0.08XIS) -{(4.33XO)-(2.'X40)) 

o 
I 

-4.33 

0] [F"'] [-" .• '] o x Fi2 = -9.39 , 
I T. 101.2 

" 

(0) 

(d) 

7 Solve this system ei ther by invening malrix A and premultiplying thai inverse times matrix 
C using II pockel calculator with matrix capabili lY, wi th MatI/cad. Mat/ab. or by putting the 
values for malrices A and C into program MATRtX provided with this text. 

Progmm MATRIX gives the followi ng solution: 

Fl2J = - 57.67 lb. Fi2 :: -9.39 lb. , Tt2 = 204.72 Ib - in (f) 

Converting the force to polar coordinates: 

Ft2 = 58.43@L I89.25° (g) 

Open the disk fi le E I I-OI.mtT in program MATRIX to exercise this example. 

11.3 FORCE ANALYSIS OF A THREEBAR CRANK-SLIDE LINKAGE 

When there is more than one link in the assembly, the solution simply requires Ihalthe 
three equations 11 .1 b (p. 560) be wriuen for each link and then solved simultaneously. 
Figure 11-2a shows a threebar crank-slide linkage. This linkage has been simplified from 
the fourbar slider-crank (see Figure 11 -4) by replacing the kinematically redundant slid
erblock (link 4) with a half joint as shown. This linkage uansfonnation reduces the num
ber of links to three with no change in degree of freedom (see Section 2.9, p. 42). Only 
links 2 and 3 arc moving. Link I is ground. Thus we should expect to have six equa
tions in six unknowns (three per movi ng link). 

I 
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F l! 
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"'11 = - FI2 
X 0 , 

• X 
'" , 

X , T I2 
2 0, J , 

3 G2 

(0) linkage and dimensions (b) Free·bodv diagrams 

fiGURE 11 · 2 

Dynamic force analysiS of a sllder-cronk IInkoge 

Figure 11-2b shows the linkage "exploded" into its three separate links, drawn as 
free bodies. A kinematic analysis must have been done in advance of this dynamic force 
analysis in order to delennine, fcreach moving link, its angular acceleration and the Jin
ear acceleration of ils CG. For the kinematic a.nalysis, only the link lengths from pin to 
pin were required. For a dynamic analysis the mass (m) of each link, the location of ils 
ee, and ils mass moment~of inertia (lc ) about that CG are also needed. 

The CG of each link is initially defined by a position vector rooted at one pin joint 
whose angle is measured with respect to the line of centers of the link in the local , rotat
ing coordinate system (LRCS) x',), '. This is the most convenient way to establish the 
CG location since the link line of centers is the kinematic definit ion of the link. Howev
er, we will need to define the link 's dynamic parameters and force locations with respect 
to a local, nonrotating coordinate system (LNCS)x. y located at ils CG and which is al
ways parallel to the global coordinate system (GCS) XY. The position vector locations 
of all attachment points of other links and points of applicat ion of e xternal forces must 
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be defined with respect to the link 's LNCS. Note thai these kinematic and applied force 
data must be aVllilablc for all positions of the linkage for which a force analysis is de
sired. Ln the following d iscussion and examples. only one linkage position will be ad
dressed. TIle process is identical for each sucreeding position and only the calculations must 
be repeated. Obviously. a computer wi ll be a valuable aid io accomplishing the task. 

Link 2 in Figure 11 -2b shows forces acting on it at each pin joint, designated F 12 
and F32. By convention their subscripu; denote the force that the adjoining link is exert
ing on the link being analyzed: that is. F [2 is the force of I on 2 and F32 is the force of3 
all 2. Obviously there is also an equal and opposite force at each of these pins which 
would be designated as F2t and F23, respectively. The cho ice of which of the members 
of these pairs of forces to be solved for is arbitrary. As long as proper bookkeeping is 
done, thei r identities will be maintained . 

When we move to link 3, we maintain the same convention of showing forces act
ing all the link in its free-body diagram. Thus at instant centcr /23 we show F23 act ing 
on link 3. I-Iowever. because we showed force F)2 acting at the same point on link 2. 
this introduces an addi tional unknown to the problem for which we need an additional 
equat ion. The equation is available fro m NewlOn's third law: - , (11.5) 

Thus we are free to subst itute the negative reaction force for any action force at any 
joint. This has been done on link 3 in the figure in order to reduce the unknown forces at 
Ihal joint to one, namely F32. The saille procedure is followed at each joint with one of 
the action-reaction forces arbitrarily chosen to be solved for and its negative reaction ap
plied to the mating link. 

The naming convention used for the posit ion vectors ( Rap) which locate the pin 
joints with respect to the CG in the link's nonrotating local coordinate system is as fol 
lows. The first subscript (a ) denotes the adjoining link to which the position vector 
poi nts. The second subscript (p) denotes the parent link 10 which the position vector 
belongs. Thus in the case of link 2 in Figure 11 -2b. vector R I2 locates Ihe attachmem 
point of link I to link 2, and R32 the attachment point of link 3 to link 2. Note that in 
some cases these subscripts will match those of the pin forces shown acting al those 
points. but where the negative reaclion force has been substituted as described above. the 
subscript order of the force and its position vector will not agree. This can lead to confu
sion and must be carefully watched for typographical errors when setting up the problem. 

Any external forces acting on the links are located in similar fashion with a position 
vector to a point on the line of application of the force . This point is given the same let
ter subscript as that of the external force. Link 3 in the figure shows such an external 
force Fp acting on it at poi nt P. The posit ion vector Rp locates that point wi th respect to 
the CG. It is important to note that the CG of each link is consistently taken as the point 
of reference for all forces acting on that link. Left to its own devices. an unconstrained 
body in complex motion will spin about its own CG: thus we analyze its linear acceler
ation at thaI point and apply the angular acceleration about the CG as a center. 

Equations 11 .1 (p. 560) are now written for each movi ng link. For link 2, with the 
cross products expanded: 
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Fi2 . +F32• ""1112"02. 

F12, + FJ2 , = 11I2" G2, 

11 2+(RI 2 F12 - Rl'l Fj .. )+(R32 FJ2 - RJ2 FJ2 )=IG, o." 
., 1 1 -.. • 1 " .-

(11.00) 

For link 3, with the cross products expanded, note the substitution of the reaction 
force - F 32 for F 23 : 

FI) - FJ2 + Fp :111)(10 • 
..- .r x ~. 

FI ) - F32 + Fp '" IIIl"a. 
1 " .. 

(i1.6b) 

Note also that T1 2. the source torque. only appears in the equation for link 2 as that 
is the driver crank to which the motor is attached. Link 3 has noextemally applied torque 
but does have an external force F p which might be due to whatever link 3 is pushing on 
to do its external work. 

There are seven unknowns present in these six equat ions, FI 2.," F 12y' F 32 .... F32)" F 13 ... . 

F13y' and T12. But, F 13}' is due only to friction at the joint between link 3 and link I. We 
can write a relation for Ihe friction force/allhat interface such asf = ±~. where ±).I is 
a known coefficient of coulomb friction. The friction force always opposes motion. The 
kinematic analysis will provide the velocily of the link al lhe slidingjoinl. The direction 
of/will always be the opposite oflhis velocity. Note that).l is a nonlinear function which 
has a discontinuity al zero velocity; thus at the linkage positions where velocity is zero, 
the inc~us ion of).l in these linear equations is not valid. (See Figure 10-5a. p. 536.) In 
this example, the nonnal force N is equal to Fl 3x and theIriction force/ is equal to F t3,' 
For linkage positions with nonzero velocity. we can eliminate F13, by substituting into 
equation 11.6b, 

(1 1.6c) 

where the sign o f F t3}' is taken as the opposite o f the sign of the ve locity at that poin!. 
We are then left with six unknowns in equations 11.6 and can solve them simultaneous
ly. We also rearrange equations 11.6a and 11.6b 10 put all known temlS on the right side. 

FI2 x +1--32 ,. =1112002, 

Fil + Fn = 11/2(10, 
1 1. 1 

7i 2 +R1 2 Fj~ - R1 2 FI2 + Rn F32 - R32 F32 = 10 ,0.2 '-y .. x 'Y Y}f _ 

FI3 , -PJ2• = IIIJ(/0lx -Fp, 

±Il PI3 - P32 = f113(/0. - PI' 
.< Y " 1 

(±IlR13 - R13 )Fi3 - R23 F32 +R~3 F3~ = Io. a )- RI' Fp + Rp Fp 
x y • • 1 - Y - .' J • Y Y}f 

Putting these six equations in matrix fonn we get: 

( 11.6d) 
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0 

0 
- R12 , Rt2• 

0 0 

0 0 

0 0 

1 

0 

-R3~ -, 
- I 

0 

R2J , 

0 0 

0 

R32• 0 

0 
- I " - Rfl, (~RU, - RU, ) 

1I12a02 .. 

111 2(1°2 , 

102 a 2 

IIIJ(lO, - Fp , , 
111 3(10, - Fp , , 

IG,«) - Rp Fp + Rp Fp . , , . 

-

0 fi2 , 
0 F" -, 
1 F32 .. 
0 X • 

F" 
0 

, 
Fu. 

0 T" 
(11.7) 

This system can be solved by using progr.un MATRIX or any other matrix solving calculator. 
As an example of this solution consider the following linkage data. 

;lnEXAMPLE 11 -2 

Dynamic Force Analysis of a Threebor Cronk-Slide Unkoge with Hotf Joint. (See 
Figure 11-2, p. 564.) 

Given: The 5-in long crank (link 2) shown weighs 2 lb. lis CG is at 3 in and 30° from the 
line of centers. lIS mass mo ment of inertia about its CG is 0.05 lb-in-sec2. Its 
acceleration is defined in its LNCS. x.y. lis kinematic data are: 

""' , tlGz UI/sec 

- 10 2700.17 @ - 89.4" 

The coupler (link 3) is 15 in long and weighs 41b. Its CG is at 9 in and 450 from 
the line of cenlers. lIS mass momenl o f inertia about its CG is 0.1 0 Ib-in·sec2. lis 
acceleration is defined in its LNCS, x,y. lis kinematic data are: 

WJ rod/sec 

-8.78 

"-, , GOl 1."seC 

3453.35@ 254.4° 

The sliding joint on link 3 has a velocity o f 96.95 in/sec in the +Y direction. 

There is an external force of 50 lb at - 45°, applied at point P which is located at 
2.7 in and 10 I 0 from the CG of link 3, measured in the link's embedded, rotating 
coordinate system or LRCSx', y' (origin til A and .r axis from A to 8). Thecoeffi· 
eient of friction I.l is 0 .2. 

•• 7 

I 
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Find: The rorces F 12. F)2. 1-' 13 at the joints and the driving torque T 12 needed to main
lain mOlion with the given acceleration for Ihis instantaneous position of the link. 

Solution: 

Convert lhe given weights to proper mass units. in this case blobs: 

... ejght 2 1b 
ma.u/;..J:.2 '" --. 2 - O,(Xt52 blob! 

g 386 in/sec 
(a) 

(b) 

2 Sel up a local . nonrolating -'Y coordinate system (LNCS) althe CG of each link, and draw all 
applicable position and force v«tors act ing within oron that system as shown in Figure 11·2 
(p.564). Draw II free-body diagram of each moving link as shown. 

3 Calculate the x and y components of the position vectors R 12. R)2. R2). R 13. and Rp in [he 
LNCS coordinate system: 

R L2 '" 3.00 @ L 270.00; R l2A = 0.000, RIl "" -3.0 , 
R)2 '" 2.83 @ L 28.0°; R32~ = 2.500, RJ2 = 1.333 , 
R 23 = 9.00 @ L 324.5°; R23~ = 7.329. N2J = , -5.224 (e) 

R I3 = 10.72 @L 63.14°; R13, = 4,843. NI) = 9.563 , 
Rp= 2.70 @L 201.0~ Rp, = -2.52 1. Rp = -,>.968 , -These posilion vector angles are measured with respect to the LNCS which is always paral-

lei to the global coordinate system (OCS). making the angles Ihe same in both systems. 

4 Calculale Ihe x and)' components of the acceleration of the CGs of all moving links in the 
global coordinate system: 

a G2 "'" 2700.17 @ L _89.4°; °G2, = 28.28. OGl l = -2700 

(d) 

aG) = 3453.35 @ L 254.4°; DGh 
= -930.82. DGl

l 
:::: -3325.54 

5 Calculate the x and)' components o f the e1ttemal force at P in the global coordinate system: 

Fp = - 35.36 , 
6 Substitute these given and calculated values into the malrix equation 11 .7 (p. 567). 
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1 0 1 

0 1 0 

3 0 -1.333 

0 0 - I 

0 0 0 

0 0 - 5.224 

0 0 0 

1 0 0 

2.' 0 

0 0 
- I 0.2 0 

-7.329 1(0.2)4.843- (9.'63)1 0 

(O.OO'X28.28) 
(O.OO'X-2700) 

(O.O'X-IO) 
(0.01)(-930.82) - 35.36 

(0.0IX-332S.S4)-(-35.36) 

F12~ 

F" , 
FJ2 • x 
FJ2 , 
Fi 3 .. 
r" 

(0.1 X-I 36. 16) - ( - 2.52 1 X -35.36) + (-O.968X35.36) 

= 

= 

0.14 1 

- 13.500 
-.500 

-44.668 

2.105 

-136.987 

(f) 

7 Solve this system e ither by invening matrix A and premultiplying that inverse times matrix 
C using a pocket calculator with matrix capabililY. or by inputting the values for matrices A 
and C to program MAl1U~rovided with this text which gives the following solution: 

Fi z. -39.232 

F" -10.336 , 
Fn. 39.373 

= 
FJ2 -3.164 , 
Fi l .. -5.295 

r" 177.590 

Convening the rorces to polar coordinates: 

"'12:: 4O.57 1b @ L 194.76° 

"32:: 39.501b @ L -4.60° 

F13 :: 5.40 Jb @ L 191.3 1° 

Open the disk fi le E I l·02.mtr in program MATRIX to exercise this example. 

11.4 FORCE ANALYSIS OF A FOURBAR LINKAGE 

(g) 

(h) 

Figure 11·3a (p. 570) shows a fourbar linkage. All dimensions of link lenglhs, link posi· 
lions. locations of lhe links' CGs. linear accelerations of those CGs. and link angular ac· 
celerations and veloci ties have been previously detennined from a kinematic analysis. 
We now wish to find the forces aCling at ailihe pin join!s of !he linkage for one or more 
positions. The procedure is exactly the same as !hat used in the previous two examples. 
This linkage has three moving links. Equation 11. 1 (p. 560) provides !hree equations for 
any link or rigid body in motion. We should expect to have nine equations in nine un
knowns for this problem. 

Figure 11·3b shows the frce·bodyd iagrams for al l li nks, with all forces shown. Note 
that an external force Fp is shown acting on link 3 at point P. Also an extemaltorque T4 

.6. 
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Dynamic force analysis of 0 lourbor linkage. (See also Figure Pll-2. p. 599) 



DYNAMIC FORCE ANALYSIS 

is shown acting on link 4. These externlilloads are due to some other mechanism (de
vice. person. thing. etc.) pushing or twist ing ugainst the motion of the linkage. Any link 
can have any number of extcrnalloads and torques acting on it. Only olle extcrnal torquc 
and one external force are shown here to serve as examples of how they are handled in 
the computation. (Note that a more complicated force system, if present. could also be 
reduced to the combination of a single force and torque on..each link.) 

To solve for the pin forces it is necessary that these applied external forces and 
torques be defined for all positions of interest. We will solve for one member of the pair 
of action-reaction forces at each joint. and also for the driving torque T 12 needed to be 
supplied at link 2 in order to maintain the kinematic state as defined. The force subscript 
convention is the same as that defined in the previous example. For example. Ft 2 is the 
force of I on 2 and F)2 is the force of 3 0 11 2. The equal and opposite forces at each of 
these pins are designated F21 and F23. respectively. All the unknown forces in the figure 
are shown at arbitrary angles and lengths as their true values are still to be detennined. 

The linkage kinemlltic parameters are defined with respect to a global XY system 
(GCS) whose origin is at the driver pivot 0 2 and whose X axis goes through link 4's fixed 
pivot 04. The mass (11/) of each link, the location of its CG, and its mass moment of in
ertia (lG) about that CG are also needed. The CG of each link is initially defined within 
each link with respect to a lOCal moving and rotating axis system (LRCS) embedded in 
the link because the CG is an unchanging physical property of the link, The origi'Tl of this 
x',y' axis system is at one pin joint and the x ' axis is the line of centers of the link. The 
CG position within the link is defined by a position vector in thi s LRCS. The instanta
neous location of the CG can easi ly be detennined for each dynamic link position by 
adding the angle of the internal CG position vector 10 the current GCS angle of the link. 

We need to define each link's dynamic parameters and force locations with respect 
to a local. moving. but nonrotating axis system (LNCS) .r.y located at its CG as shown 
on each free-body diagram in Figure 11 -3b. The position vector locations of all attach
ment points of other links and points of applicat ion of external forces must be defined 
with respect to this LNCS axis system. These kinematic and applied force data differ 
for each position of the linkage. In the fo llowing discussion and examples, only one link
age position will be addressed. The process is identical for each succeeding position. 

Equations 11.1 (p, 560) are now written for each moving link. For link 2. the result 
is identical to that done for the slider-crank example in equation 11.00 (p. 566). 

fi2, +Fn, "" 1II2oG1, 

F12.1 + Fn , ::: 11/ 20 0 2, 

TI2 +(HI2 . fil , - R12, Fi2. )+(R32~ Fn , - Rn , FJ2 , )::: 10!(l2 

(J 1.811) 

For link 3, with substitution of the reaction force - F32 for F23. the result is similar 
to equation 11.6b with some subscripi changes to reflect the prcsence of link 4. 

F,u - F32 +Fp ::m3(IO, 
• ". x 

F,u - FJ2 +Fp =m3aO, (I L8b) 
1 .1 1 1 

(R,u F43 - No F43 )-(R23 FJ2 - R2J FJ2 )+(Rp Fp -Rp Fp )=Io,a, 
' .11' ".1 " .1.1 ' 

~:::::::'_..!'71 
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For link 4, substituting the reaction force-F43 for F34. a similar set of equations 11.1 
(p. 560) can be written: 

FI4 - Fo = m400 z , 4 .. 

FI4 - F41 = 1I/40c 
y 1 4, 

( 11.8c) 

(R14 Fi4 - R14 FI4 )-(R34 F43 - R34 Fo )+T4 =10,., ""-' ' J,.< 

Note again thai T 12. the source torque, only appears in the equation for link 2 as that 
is the driver crank to which the motor is attached. Link 3, in Ihis example. has no exter
nally applied torque (though it could have) but does have an external force F p. Link 4, 
in this example, has no external force acting on it (though it could have) but does have 
an external torque T 4. (The driving link 2 could also have an externall y applied force on 
it though it usually does nol.) There are nine unknowns present in these nine equations, 
F12x' F 12y• F 32x. F32)" F43x' F43)'. F 14x' F 14y' and Til, so we can solve them simultaneous
ly. We rearrange tenns in equations 11,8 to put all known constant tenns on the right 
side and then pUI them in matrix fonn. 

1 0 1 0 0 0 0 0 0 F12~ 
0 0 0 0 0 0 0 F" , 

-RI, R1 2 ~ -R3~ R32", 0 0 0 0 F32 ..--, -, 
0 0 -1 0 1 0 0 0 0 F)2 , 
0 0 0 -1 0 0 0 0 X F4J ..-
0 0 R" -R2J ~ - R43 R4J~ 0 0 0 F" , , , 
0 0 0 0 -1 0 1 '"'0 0 Fi4x 
0 0 0 0 0 -1 0 0 F" , 
0 0 0 0 R" -R34~ - R14 R14 .. 0 T" , , 

(11.9) 

1112(IOZ, 

m2(1021 

102 0.2 

mJIlO -Fp " , 
m3 Q O -Fp " , 

l o ) o.)-Rp Fp -i'Rp Fp x, 1 ~ 

m41l04x 

111 4(10°
1 

IG• 0.4 - T4 

This system can be solved by using program MATRIX or any matrix solving calcula
tor. As an example of this solution consider the following linkage data. 
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;tn'XAMPLE 11 -3 

Dynamic Force Analysis of a Fourbar Unkage. (See Figure 11-3. p. 570) 

Given: The 5-in-long crank (link 2) shown weighs 1.5 lb. Its CG is at 3 in @ +30" from 
the line o f centers (LRCS). Its mass momenl o f inertia about its CG is 0.4Ib-in
sec2. Its kinematic data arc: 

0)2 rad/sec 

25 

'" , 
001 I" .. sec 

1878.84 @ 273.66° 

The coupler (link 3) is 15 in long and weighs 7.7 lb. Its CG is at 9 in @ 450 off 
the line o f centers (LRCS). Its mass moment o f inertia about its CG is 1.5 lb-in· 
sec2. lis kinematic data are: 

9) deg 

20.92 

0)3 r.ad/sec 

-5.87 

(lOl in/sec
2 

3646.1 @ 226.5° 

The ground link is 19 in long. The rocker (link 4) is 10 in long and weighs 5.8 lb. 
Its CG is at 5 in @ 0" on the line of centers (LRCS). Its mass moment of inertia 
about its CG iSO.S lb-in-sec2. There is an extemal torque on link 4 of 120 lb·in 
(OCS). An external force of 80 lb@ 3300 acts on link 3 in the GCS, applied at 
point P at 3 in@ 100° from the CG of link 3 (LRCS). The kinematic data are: 

94 deg 

104.41 

<il4 rad/sec 

7.93 

D." rad/sec
2 

276.29 

(10. in/sec
2 

l41 6.8@207.2° 

Find: Forces F 12. f J2• ro. r 14• at thejoinlsand the driving torqueTt2 needed to main
tain motion with the given acceleration for this instantaneous posit ion of the link. 

Solution: 

Convert the given weight to proper mass units, in this case blobs: 

M'~igh' 1.5 Ib 
m(lsS'mt2 '" -- '" . 2 - 0.004 blobs 

g 386 In/seC 
(al 

weighl 7.71b 
maSSlml:.J '" -- '" . 2 0.020 blobs 

g 386 In/sec 
(bl 

w~;gh/ 5.81b 
mass/inN'" --'" • 2 0.015 blobs 

g 386 In/sec 
(e) 

:2 Set up an LNCS.t)· coordinate system at the CG of each link. and draw all applicable vectors 
acting on that system as shown in the figure. Draw a free-body diagram of each moving link 
as shown. 

3 Calculate thex and y components of the posit ion vectors R 12. R)2. R23. R..3. Rl4. R14. and 
Rp in the link's LNCS. R43. R)4. and R14 wi ll have to be calculated from the given link 
geometry da ta us ing the law of cosines and law of sines. Note that the curren t value of link 
3 's poSit ion angle (93) in the GCS must be added to the angles of all position vectors before 
creating their.r,y components in the LNCS if their ang les were originally measured with re
spectto the link's embedded, local rotating coordinate system (LRCS). 
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R I2 = 3.00 @L 270.00°: N12 ... = 0.000. Ni l = -3 , 
R32 = 2.83 @ L 28.00": R 32 .. = 2.500, R 32 = 1.333 , 
R 23 = 9.00 @ L 245.92°: R2J ... = -3.672. R2) = -8.2 17 , 
R4J = 10.72 @ L - 15.46°: R 43 ... = 10.332, R4J = -2.858 Id) , 
RJ4 = 5.00 @ L 104.41": R34 ... = - 1.244. R14 = 4.843 , 
R I4 = 5.00 @ L 284.41": R14, = 1.244, Rl4 = -4.843 , 
Rp = 3.00 @L 120.92°; Rp, = - 1.542. Rp = 2.574 , 

4 Calculate the x and y components of the acceleration of the eGs of all moving links in the 
global coordinate system (GCS): 

a C2 = 1878.84@ L273.66°: u02• = 1\9.94, uOz, ; - 1875.Ql 

a G) = 3646.10@ L 226.51 °; aGh = -2509.35, uGl y = -2645.23 I,) 

aC4 = 1416.80@ L207.24°; 004 , = - 1259.67, uC4y = --648.50 

5 CalculillC the x and y components orlhe external force at P in Ihe GCS; 

FpJ =80 @ L 330°: Fp3 ... =69.28, Fp) =-40.00 , If) 

6 Substitu te these given and calculated values into Ihe rnalrix equatioll 11 .9 (p. 572). 

1 0 1 0 0 0 0 0 0 Fi2 k 

0 1 0 1 0 0 0 0 0 F" , 
3 0 - 1.330 2.5 0 0 0 0 1 Fn , 
0 0 - I 0 0 0 0 0 F" , 
0 0 0 -I 0 0 0 0 X F'H. ; 

0 0 - 8.217 3.673 2.861 10.339 0 0 0 F" , 
0 0 0 0 - I 0 0 0 F14 , 

0 0 0 0 0 - I 0 0 F" , 
0 0 0 0 4.843 1.244 4.843 1.244 0 T" 

Ig) 

(0.004)(119.94) 0.480 

(0.004)(-1875.01) -7.500 

(OAX-40) - 16.000 

(0.02X -2509.35)-(69.28) - 11 9.465 

(0.02 X - 2645. 23) - (-40) ; - 12.908 

(1.5XI20.9)- [( - 1.542X -40) - (2.574X69.28) [ 298.003 

(0.0I5X- I259.67) - 18.8% 

(O.015X --648.50) -9.727 

(0.8X276.29)- (120) 101.03 1 
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7 Solve this system either by inverting matrix A and premultiplying that inverse times matrix 
C using a pocket calculator with matrix capability. or by inputting the values for matrices A 
and C to program MATRIX provided with this text, which gives the fo llowing solution: 

fi 2. - 11 7.65 

F" - 107.84 , 
F32• 118.13 

F" 100.34 , 
F4J• • - 1.34 (h) 
F., 87.43 , 
F 14• -20.23 

F" 77.7 1 , 
T" 243.23 

Convening the forces 10 polar coordinates: 

F12 := 159.60 Ib @ L 222.52" 

,. 154.99 lb @ L 40.35" 

F4J =' 87.44lb @ L 90.88" (i) 

Fl4 = 80.301b @ L 104.59" 

8 TIle pin-force magnitudes in (i) are needed 10 size Ihe pivot pins and links against failure and 
to select pivol bearings that wi ll iasl for Ihe required life of the assembly. The driving torque 
TI2 defined in (h) is needed to select a motor or Olher device capable of supplying the power 
to drive the system. See Section 2.18 (p. 66) for a brief discussion of motor selection. Is
sues of stress calculation and failure prevention are beyond the scope of this text. but note 
that those calculations cannot be done until a good estimate of the dynamic forces and 
torques on the system has been made by methods such as those shown in this example. 

This solves the linkage for one position. A new set o f values can be pul into the A 
and C matrices for each position of interest at which a force analysis is needed. Open 
Ihe disk fil e EII -03.mlr in program MATRIX to exercise this example. The disk file 
E11-03.4br can also be opened in program FOURBAR and will run the linkage Ihrough a 
series of positions slarting with the stated parameters as initial condit ions. The linkage 
will slow to a stop and then run in reverse due 10 the negati ve acceleration. The matrix 
for equation (g) can be seen within FOURBAR using DYllamics/Solve/Show Matrix. 

II is worth noting some general observations aboul Ihis method at this point . The 
solution is done using cartesian coordinates o f all forces and position vectors. Before 
being placed in Ihe matrices, these vector components must be defined in the global co
ordinate system (GCS) or in nonrotating, local coordinate systems, parallel to the global 
coord inate system, with their origins at the links' CGs (LNCS). Some of the linkage pa
rameters are nonnally expressed in such coordi nale systems. but some are not, and so 
must be transfornled 10 the proper coordinate system. The kinematic data should all be 
computed in the global system or in parallel, non rotating, local systems placed al the 
CGs of indi vidual links. Any external forces on the links must also be defined in the 
global system. 

671 
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However, the position vectors that define imralink locations. such as the pin joints 
versus the CG, or which locate points of application of external forces versus the CG are 
defined in local, rota ting coordinate systems embedded in the links (LRCS). Thus these 
position vectors must be redefined in a non rotating, parallel system before being used 
in the matrix. An example of this is vector Rp. which was initially defined as 3 in at 1000 

in link 3's embedded. rotating coordinate system. Note in Example! 1-3 (p. 573) that its 
cartesian coordinates for use in the equations were calculated after adding the curren! 
value of 63 to its angle. This redefined Rp as 3 in at 120.920 in the nonrola ting local 
system. The same was done for position vectors R t2. R)2. R23, R43, R34. and R1 4• In 
each case the intralink angle of these vectors (which is independent of linkage position) 
was added to the current link angle to obtain its position in the..ry system at the link's 
CG. The proper definition of these position vector components is critical to the solution, 
and it is very easy to make errors in defining them. 

To funher confuse things. even though the position vector Rp is initially measured 
in the link's embedded. rotating coordinate system, the force F p. which it locates. is not. 
The force Fp is not pan of the link. as is R", but rather is pan of the external world, so it 
is defined in the global system. 

11.5 FORCE ANALYSIS OF A FOURBAR SLIDER-CRANK LINKAGE 

The approach taken for the pin-jointed fourbar is equally valid for a fourbar slider-crank 
linkage. The principal difference will be that the slider block will have no angular ac
celeration. Figure 11-4 shows a fourbar slider-crank with an external force on the slider 
block, link 4. This is representative of the mechani sm used extensively in pislOn pumps 
and internal combustion engines. We wish to detennine the forces at the joints and the 
driving torque needed on the crank to provide the specified accelerations. A kinematic 
analysis must have previously been done in order to determine all position. velocity, and 
acceleration infonnation for the positions being analyzed. Equat ions 11.1 (p. 560) are 
written for each link. For link 2: 

Fi2 +FJ2 =1II2uG, • • • 
Fi~ + F)2 = nl2aG - , 1 2y 

(! 1.I0a) 

TI2 +(RI2_Ji21 - RI2, FI2-, )+(R32-, F32 y - R32 , F32 .. ) = IG2 CJ.2 

This is identical to equation 11.8a (p. 571) for the "pure" fourbar linkage. For link 3: 

F4J - F32 =-m3uG, .. , 
F43, - F32 , = mY/Gl! (1 LtOb) 

(<<43 F4' - R43 F43 )-(R'>3 F)2 - R2J F)2 )=IG CJ.3 -' y 1 x - x 1 1 -' l 

This is similar to equation II.Sb, lacking only the tenns involving F p since there is no 
external force shown acting on link 3 of our example slider-crank. For link 4: 
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FIGURE 11 -4 

Dynamic force analysis of the fourbar sllder-cronk linkage 

(ll.lOc) 

These contain the external force F p shown acting on link 4. 

For the inversion of the slider-crank shown, the slider block. or piston, is in pure 
translation against the stationary ground plane; thus it can have no angular acceleration 
or angular velocity. Also, the position vectors in the torque equation (equation 11.10e) 
are all zero as the force Fp acts at the CG. Thus the torque equation for link 4 (third ex
pression in equation II.l Oc) is zero for this inversion of the slider-crank linkage. Its lin
ear acceleration also has no y component. 

x 
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00 '" 0 (l1.I0d) 
" 

The only x directed force that can ex ist at the interface between links 4 and I is fric
lion. Assuming coulomb fri ction. the x component can be expressed in lenns of the y 
component of force at this interface. We can write a relat ion for the friclion forcefat 
that interface such as/= ±~N. where i ll is a known coefficienl of friction. The plus and 
minus signs on the coeffi cient of friction are to recognize the facllhallhe fric tion force 
always opposes motion. T he kinematic analysis will provide the velocity o f the link at 
the sliding joint. The sign of J.l will al ways be the opposite of the sign of this velocity. 

(11.l0e) 

SubSliluting equations 1 J.lOd and II.I Oe inlO the reduced equation 11.1Oc (p. 577) 
yields: 

( I LlOf) 

This last subSlilution has reduced the unknowns 10 eight. F 12 .... F 12y' F 32x. F 32y. F43 .... 
F43Y' FI4 .... F 14y• and T l2: thus we need only eight equations. We can now use the eight 
equations in 11 . 1 Oa. b, and f to assemble the matrices for solution. 

0 1 0 0 0 0 0 F1 2~ 

0 0 0 0 0 0 F" , 
- R12 R12• - R32 Rn. 0 0 0 1 F32 , , , 

0 0 - 1 0 1 0 ...9 0 F" x , = 
0 0 0 - 1 0 0 0 F43, 

0 0 R" - R23• - R43 R43• 0 0 F" , , , 
0 0 0 0 - 1 0 '. 0 F" , 
0 0 0 0 0 -1 0 T" 

( I !.l Og) 

"'2oG2, 

"'20 Cl , 

' G2a 2 

11130G) ,,-

11130C), 

I G) a ) 

m4 Q G •• - Fl'. 

- F, , 
Solution of this mim i" equation II . lag plus equation 11 . IOe will yield complete dynam
ic force infonnation for the fourbar slider-crank linkage. 
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11.6 FORCE ANALYSIS OF THE INVERTED SLIDER-CRANK 

Another inversion of the fou rbar slider-crank was also analyzed kinematical ly in Part I. 
It is shown in Figure 11 -5 (p. 580). Link 4 does have an angular acceleration in this in
version. In fact. it must have the same angle, angular velocity, and angular acceleration 
as link 3 because they are fOiationally coupled by the sliding joint. We wish to deter
mine the forces at al l pin joints and at the sliding joint as well as the driving torque need
ed to create the desired accelerations. Each link's joints are located by position vectors 
referenced to nonrotating local xy coorilinate systems at each link 's CG as before. The 
sliding joint is located by the position vector R4J to the center of the slider, point B. The 
instamaneous position of point B was determined from the kinematic analysis as length 
b referenced to instant center f2J (point A). See Sections 4.7 (p. 180),6.7 (p. 295), and 
7.3 (p. 336) to review the position, velocity. and acceleration analysis of this mechanism. 
Recall that this mechanism has a nonzero Canalis component of acceleration. The force 
between link 3 and link 4 within the slid ing joint is distri buted along the unspecified 
length of the slider block. For this analysis the distributed force can be modeled as a force 
concentrated at paim B within the sliding joint. We will neglect fri ction in this example. 

Theequations for links 2 and 3 are identical to those for the noninverted slider.-crank 
(Equations 11 . IOa and b, p. 5]6). The equations for link 4 are the same as equations 
1l.l0c (p. 577) except fOf the absence of the tenns involving Fp since no external force 
is shown acting on link 4 in th is example. The slider joint can only transmit forte from 
link 3 to link 4 or vice versa along a line perpendicular to the axis of slip. This line is 
cal led the axis of transmission. In order to guarantee that the force FJ4 or F4J is always 
perpendicular to the axis of slip, we can write the following relation: 

( I 1.1 l a) 

which expands to: 

(1J.J lb) 

The dot product of two vectors will be zero when the vectors are mutually perpen
dicular. The unit vector Il IIat is in the direction of link 3 which is defined from the kine
matic analysis as OJ. 

( I J.J Ie) 

Equation 11. l lb provides a tenth equation. but we have only nine unknowns, F I2A·• 

F 12r F Jb. F J2r F Ho:. F 4J)" F 14.0:' F 14)" and T 12. so one of our equations is redundant. 
Since we must include equation 11 .11, we will combine the torque equations for links 3 
and 4 rewritten here in vector form and without the external force F p' 

( I 1.I2a) 

Note that the angular acceleration of link 3 is the same as that of link 4 in this link
age. Adding these equat ions gives: 

(11.I2b) 
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(b) fre&-body diagrams 

FIGURE 1 1- 5 

Dynamic forces In fhe Inverted slider-crank fourbar linkage 

Expanding and collecting tenns: 

(<<.OX - R34 .., )F.u , + (R14y - R43, )F43 .. - R23" F32 , 

+ R23 FJ2 + RI4 FI4 - R I4 FI 4 =:: (IG, + IG la, Y' . , l ' • 
(l1.12c) 
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Equations II . IDa, 11 . llb. 11.12e. and the four force equations from equations 
II. JOb and II.JOe (pp. 576 - 580) (excluding the external force F p) give us nine equa
tions in the nine unknowns which we can put in matrix fonn for solution. 

1 0 1 0 0 0 0 0 0 

0 0 0 0 0 0 0 

- RI2• RIl , - R)2 Rn , 0 0 0 0 1 , 
0 0 -I 0 1 0 0 0 0 

0 0 0 - I 0 1 0 0 0 x 
0 0 Rn -RD, (R34,-R4)y) (Ro,-R",) -RL4 RI. , 0 , , 
0 0 0 0 -1 0 1 0 0 

0 0 0 0 0 - 1 0 1 0 

0 0 0 0 "x ", 0 0 0 

F L2 , m2oOl. 

F" , mlo02, 

F32 , f Gl a.2 

F" , /1/JaG) ... 

F43, : m3aO), (1 1.1 3) 

F" ( fo) + fG~)a4 , 
F" /7/4 aG . ... , 
F" 1114 0G. , , 
T" 0 

11 .7 FORCE ANALYSIS-LINKAGES WITH MORE THAN FOUR BARS 

This matrix method offorce analysis can easily be extended to more complex assemblag
es of links. The equations for each link are of the same fonn. We can create a more gen
eral notation for equations 11.1 (p. 560) to apply them to any assembly of II pin-connect
ed links. Let} represent any link in the assembly. Let i =} - I be the previous link in the 
chain and k =} + I be the next link in the chain; then. using the vector fonn of equations 11.1: 

F;j + F;t+ L, ...... ", =/7/j 30; (11.14a) 

(Rrj x F.; )+(R Jk X F;d+ L,Tj +(Rr.uj x L, Fr_<lj)= IGi a. ) ( I J.14b) 

where: 

j:=2.3 ..... n; i=j- I; k=j+ 1. j ~ n; if j=n.k= 1 

and Fj ; = - Fij: FV =-Fjl (l1.14c) 

The sum of forces vector equat ion 11 .14a can be broken into its two x and y compo
nent equations and then applied, along with the sum of torques equmion Il . 14b, to each 
of the links in the chain to create the set of simultaneous equations for solution. Any link 

I 
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may have cltlemal forces ancVor eXlemal torques applied to it. All will have pin forces. 
Since the mh link in a closed chain connects (0 the first link. the value of k for the /IIh 
link is set to I. In order \0 reduce the number of variables to a tractable quantity. substi
tute the negative reaction forces from equation \1. 14c where necessary as was done in 
the examples in Ih is chapter. When sliding joints are present, i1 wil l be necessary 10 add 
constraints on the allowable directions of forces at lhosejoinls as was done in the ioven
cd slidcr-crank derivation above. 

11.8 SHAKING FORCES AND SHAKING TORQUE 

It is usually of interest to know the net effect of the dynamic forces as felt on the ground 
plane as this can set up vibrations in the structure that suppons the machine. For our sim
ple examples of three- and fourbar linkages, there are only two points at which the dy
namic forces can be delivered to link I. the grou nd plane. More complicated mecha
nisms will have more joints with the ground plane, The forces delivered by the moving 
links 10 the ground at the fixed pivots 02 and 0 4 are designated F21 and F41 by our sub
script convent ion as defined in Section 11.1 (p,559). Since we chose to solve for F I2 
and F 14 in our solutions, we simpl y negale those forces to obtain their equal and oppo
site counterpans (see also equation 11.5. p. 565). 

( I 1.1 Sa) 

The slim of all tlte forces actillg 011 tlte groll1ld plal/e is called the shaking rorce (F s) 
as shown in Figure 11 -6.- In these simple examples it is equal to: 

( I!.I Sb) 

The reactiol/torque felt by the groulld plane is also ,S;I"ed Ihe shaking torque (T s) 
as shown in Figure 11 -7: This is the negative o f the source torque T 12 which is deliv
ered to the driving link from the ground. 

y 

-440 
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(ll.ISc) , 
The shaking force will tend to move the ground plane back and forth, and the shak

ing torque will tend to rock the ground plane about the driveline axis. Both will cause 
vibr3lions. We are usually looking to minimize the effects of the shaking forces and 
shaking torques on the frame. This can sometimes be done by balancing. sometimes by 
the addition of a Oywhcel to the system. and sometimes by shock mounting the frame to 
isolate the vibrations from the rest of the assembly. Most often we will use a combina
tion of all three approaches. We wil l investigate some of these techniques shortly. 

11 .9 PROGRAM FOURBAR 

The matrix methods introduced in the preceding sections all provide force and torque 
infonnation for one position of the linkage assembly as defincd by its ki nematic and 
geometric parameters. To do a complete force analysis for multiple positions of a ma
chine requires that these computations be repeated with new input data for each position. 
A computer program is the obvious way to accomplish this. Program FOUR BAR, on thc 
enclosed CD-ROM. compules the kinematic parameters for any fourbar linkage over 
changes in lime or driver (crank) angle plus the forces and torques concomitant with the 
linkage kinematics and link geometry. Examples of its output are shown in Figures 11-6 
and 11-7. Please refer to Appendix A for infonnation on the use of program FOURBAR. 

11.10 LINKAGE FORCE ANALYSIS BY ENERGY METHODS 

In Section 10.15 (p. 552) the method of virtual work was presented. We wi ll now use 
that approach to solve the linkage from Example 11-3 (p. 573) as a check on its solution 
by the newtonian method used in that cxample. Thc kinematic data given in Example 
11-3 did not include infonnation on the angular velocities of all the links, the linear ve
locities of the centers of gravities of the links, and the linear velocity of the point P of 
application of the extemal force on link 3. Velocity data were not needed for the newtonian 
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solution but are for the virtual work approach and are detailed below. Equation 10.28a is re
peated here and renumbered. 

n n n n 

I.I<* ' Yk + I.Tt ·rot "" Lmk 8 k 'Yk + L'klXk -(Ok ( 11.100) 
,-, ,-, .. , 

Expanding the summations. still in vector fann: 

( F p1 - Yp) +Fp4 - YP4 )+(TI2 -002 +T3 ' (03 +'14 ow.) = 

(11121102 ' '' 0 2 +m)803 ' ''Ol +11148 0. '\'0.) 
+ (IG2 (X2 -002 +IO] CX 3 'W 3 + 'o.Ct4 ' 00.) 

(11.l6b) 

Expanding the dot products to create a scalar equation: 

(I Ll6c) 

b XAMPlE 11 -4 

Analysis of a Fourbor Unkoge by the Method of Virtua! Work (See Figure 1 1-3, p. 570.) , 
Given: The 5-in-long crank (link 2) shown weighs 1.5,]!. Its CG is at 3 in at +30" from 

the line of centers. Its mass moment of inertia about its CG is 0.4 tb-in-sec1, Its 
kincm:lIic data are: 

-40 

Val in/sec 

75@ 180" 

The coupler (l ink 3) is 15 in long and weighs 7.7 lb. Its CG is at 9 in al 45° off 
the line of centers. Its mass moment of inenin about its CG is 1.5 lb-in-sec2. Its 
kinematic data are: 

9) deg 

20.92 

W 3 Tad/sec 

- 5.87 

Val in/sec 

72.66@ 145.7° 

There is an external force on link 3 of 80 lb at 3300
, applied at point P which is 

located 3 in ~ H)O° from the CG of link 3. The linear veloci ty of thaI point is 
67.2 in/sec at 131.94°. 

The rocker (link 4) is 10 in long and weighs 5.8 lb. Its CG is at 5 in at 0° off the 
line of centers. Its mass moment of inenia about its CG is 0.8 Ib_in_scc2. Its ki
nematic data are: 

9" deg 

104.41 

W" rad/sec 

7.93 

Va. in/sec 

39.66@ 194.41 ° 

1l1ere is an extemallOTque on link 4 of [20 Ib-in. "The ground link is 19 in long. 
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Find: The driving torque T 12 needed to maintain motion with the given acceleration for 
this instnntaneou5 posit ion of the link. 

Soluffon: 

The torque, angular velocity, lind angular acceleration vector.; in this two-dimensional prob
[em are all di rected along the Z axis, so their dot products each have only one leon. Note 
that in this particular example there is no force .' P4 and no IOrque T J . 

:2 The cartesian coordinates of the acceleration data were calculated in Example 11-3 (p. 573). 

a~ :: 1878.84 @L 273.66"; OG2~ "" 11 9.94. 002] "" - 1875.01 

ao) '" 3646. 10 @L 226.5 1°; (10 3..: :::: - 2509.35. (0), :::: -2645.23 (a) 

aG, "" 141 6.80 @L 207.24°; ° G,.z "" - 1259.67. oG" = -648.50 

3 Thex and y components of the external force al P in the global coordinate system were also 
calculated in Example 11·3: 

r 1'.! "" 80 @ L330": 

--4 Converting the velocity data for this example to cartesian coordinates: 

VGl :::: 75 @L 180°; VG2 .. :::: -75. Vo "" 
" 

VGl "'" 72.66 @L 145.70°; VGl .. = - 60.02. VG = 
" 

VG, '" 39.66 @L 194.4 1"; VG, .. = - 38.41. VG = 
" 

V~ "" 67.20 @L 13 1.94°; v~, :::: -44.91, V~, :::: 

5 Substituting the example data into equation 11. 16<;; 

[(69.28X -44.9 1)+ (-40X49.99)] +[OJ + [25T" + (0) +(120X7.93)] = 

;;~ [ (1 1 9.94X-75)+(-I875.OI XO)] 

+ ;~ [(- 2509.35X -60.02)+ (-2645.23X 40.95)] 

+ :;~ [( - 1259.67X-38.4 I)+ (-648.50X -9.87)] 

0 

40.95 

- 9.87 

49.99 

+ [(0.4 X -40X25) + (I ·SXi20.9X - 5.87) + (O.8X276.29X7 .93) J 

6 The only unknown in this equution is the input torque T t2 which calculates to: 

TI2 = 243.2 k 

which is the same as Ihe answer obtained in Example 11-3. 

(b) 

« ) 

(d) 

(,) 

This method of virtual work is usefu l if a quick answer is needed for the input torque, 
but it does not give any information about the joint forces. 

... 

I 
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11.11 CONTROLLING INPUT TORQUE-FLYWHEELS 

The typically large variat ion in accelenllions within a mechan ism can cause significant 
osci llations in the torque required to drive it at a conslant or near conslant speed. The 
peak torques needed may be so high as to require an overly large motor 10 deliver them. 
However, the avcmge torque over the cycle, due mainly to losses and eXlcmal work done, 
may often be much smaller than the peak torque. We would l ike to provide some means 
to smooth Olll these oscillations in torque during the cycle. This will allow us to size the 
motor to deliver the average torque rather than the peak torque. One convenient and rel
atively inexpensive means to this end is the addition of a fl ywheel to the system. 

TORQUE VA RIATION Figure 11-8 shows Ihe variation in the input torque for a 
crank-rocker fourbar linkage over one full revolution of the drive crank. It is running at 
a constant angular velocity of 50 rad/sec. The torque varies a great deal within one cy
cle of the mechanism, going from a positive peak of 341.7 lb-in to a negative peak of 
-166.41b-in. The average value of this torque over the cycle is only 70.2 Ib-in, being 
due to the external work done plus losses. This linkage has only a 12-lb external force 
applied to link 3 at the CG and a 25 lb-in external torque applied to link 4. These small 
external loads cannot account for the large variation in input torque required to maintain 
constant crank speed. What then is the explanation? The large variations in torque are 
evidence of the kinetic energy that is stored in the links as they move. We can think of 
the positive pulses of IOrque as representing energy delivered by the driver (motor) and 
stored temporarily in the moving links, and the negative pu lses of torque as energy at
tempting to return from the links 10 the driver. Unfonunately most motors are designed 
10 deliver energy but not to take it back. Thus the "returned energy" has no place to go. 

Figure 11-9 shows the speed torque characteristic of a pemlanent magnet (PM) DC 
electric motor. Other types of motors will have different!x shaped func tions that relate 
motor speed to torque as shown in Figure 2-39 and 2-'40 (pp. 69-70), but all drivers 

Unbalanced Input Torque Jb.~ "'. Length "'" Inertia CO " Ext. Force " No. m Units U"'" Posit Dog • Dog 
I 5.5 
2 2.0 .002 .004 1.0 0 
3 60 .030 .060 2.5 30 12 270 
4 30 .010 020 15 0 60 -45 

0r---~ __ ---t-----T---T-t 
Coupler pt .• 3 in@45Q 

OponlCrossed • open 

E~. Force 3 acts al 5 in@ 30Q YS. CG 01 Unk 3 
Ext. Force 4 acts al 5 in@ 90Q YS. CG 01 Unk 4 
E~. Torque 3. - 2(1 Ib-in 
Ext. TorQ08 4 • 25 boin 
Start Alphal • 0 radlsec2 
Start 0mega2 • 50 rad/sec 

90 180 270 360 
Start Theta2 • 0" 
Final Thela2 • 360" 
Delta Theta2 • 2" 

FI G URE 11-8 

Unkage data and input lorque curve for an unbalanced crank-rocker fourbar linkage from program FOURBAR 
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Speed Speed 
Operating points 

~ 
0 

11. 100 ~ 

¥ " '" 50 -0 25 

" Torqlle 00 100 200 300 400 

1. 100 
I G"";" load 

~ 

~ " / ' ' 
'" 50 .,{,.-'---0 25 "':j ""-.. 

Torqlle 00 100 200 300 400 

% of Rated Torque % of Rated Torque 

(a) Spee(j-forque charocl8fl$tlc of a PM electric malor (b) lood Nnes superposed on speed-torque curve 

FIGURE 11-9 

DC permanent magnet (PM) electric motor's typical speed-torque characteristic 

(sources) will have some such characteristic curve. As the torque demands on the motor 
change, the motor's speed must also change according to its inherent characteristic. This 
means that the torque curve being demanded in Figure 11 -8 will be very difficull for a 
standard motor to deliver without drastic changes in its speed. 

The computation of the torque curve in Figure 11-8 was made on the assumption that 
the crank (thus the motor) speed was a constant value. All the kinemat ic data used in the 
force and torque calculation was genemted on that basis. With the torque variation 
shown we would have to use a large-horsepower motor to prov ide the power required to 
reach that peak torque at the design speed: 

POM'er '" lorqlle x (./IIgll far I'docir)' 

. rad in - lb 
Peak power = 34 1.7Ib- m x50- = 17085--=2.59hp 

'" "" 
The power needed to supply the average torque is much smaller. 

. Tad in - lb 
AI'erage power = 70.21b-m x 50-= 3510-- ",0.53 hp 

'" '" 
It would be extremely ine fficient to spec ify a motor based on the peak demand of 

the system, as most of the time it will be underutilized. We need something in the sys
tem which is capable of storing kinetic energy. One such kinetic energy storage device 
is called a nywheel . 

F'Lyn lin:!. E'I,~:HGY Figure 11-10 (p. 588) shows a nywheel. designed as a nat 
circular disk. auached 10 a malar shaft which might also be the driveshaft for the crank 
of our linkage. The motor supplies a lorque magnitude T M which we would like to be as 
constant as possible. i.e .. 10 be equal 10 the average torque TaI•g. The load (our linkage), 
on the other side of the flywheel. demands a torque TL which is time varying as shown in 
Figure 11-8. The kinetic energy in a rotating system is: 

I 
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Motor 

Shafl 

Flywheel 

FtGURE 11 -10 

Flywheel on a drlveshoft 

(11.17) 

where I is the moment of inertia of all rotating mass on the shaft. This incl udes the I of 
the motor rotor and of the linkage crank plus that of the fl ywheel, We want to detennine 
how much I we need to add in the foml of a flywheel 10 reduce the speed variation of the 
shaft, to an acceptable level. We begin by writing Newlon's law for the free-Ixxiy dia
gram in Figure I I · 10, 

but we want : 

so: 

substituting: 

gives: 

and integrating: 

I T:ta 

h - TM=/a 

TM =T"", 

TL-T"" , =/a 

-

a '" doo '" lloo ( dO 1 = w dOl 
dl ill dO de 

dro 
T, - T =Iw-"V, dO 

(TL - Tu", )d9= JWdW 

(11.I8a) 

( 11.I 8b) 

(J l.lSc) 
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The left side o r this expression represents the change in energy E between the max
imum and minimum shan ro's and is equal to the area under the torque-lime diagram
(Figures I I-S, p. 5S6, and II - II ) between those extreme values of w. The right side of 
equation 11.ISc is the change in energy stored in the flywheel. The only way we can 
extract energy from the flywheel is to slow it down as shown in equation 11.17. Adding 
energy will speed it up. Thus it is impossible to obtain exactly constant shaft velocity in 
the face of changing energy demands by the load. The best we can do is to minimize the 
speed variation (Wm.u- Wmill) by providi.!tg a fl ywheel with sufficiently large I . 

$n'XAMPLE 11 -5 

Determining the Energy Variation In a Torque-Time Function. 

Given: 

Find: 

Solution: 

An input torque·time function which varies over itS cycle. Figure I I- I I shows 
the input torque curve from Figure 11 -8 (p. 586). The torque is varying during 
the 3600 cycle about its average value. 

The t()(al energy variation over one cycle. -
Calculate the average value of the torque· time fu nction over one cycle. which in th is case is 
70.2 lb-in. (Note that in some cases the average value may be zero.) 

2 Note that the integration on the 1('1t side of equation II ./Bc is done with respecI to the aver· 
age /iI/(' a/the torquefimction. /10/ with respect/a the a axis. (From the definition of the 

Torque • 

341.7 

A 

Area 
+ 200.73 

Area 
+ 153.88 

• There is often confusion 

between torque and energy 

because they appear to have 

the same units of Ib-ill (ill' 

tb) or N·m (m·N}. This 

leads some students to think 

that they are the same 
quaIllity, but they IIrt not. 

Torque'#.energy, 1bc: 

intq;rat of torque with 

respect to WIgle, measured 

in nidilln$. Is equal to 

energy. This integral has 

the uniTS of '"·/b·n/d. The 

nidiantenn is usually 

omincd since it is in fact 

unity. Power in a mlating 

system is equal to torque '" 
angular velocity (measured 

in radlstc). and the power 

units IIrt then (jll· lh·rod)l 
su. When power is 
integntcd venus time 10 

get energy, the resulting 

units are ill·lb·rad, the same 
as me imegnll of torquc 

versus angle. 1bc: radians 

are again usual ly dropped, 

conuibuting to me 
confusion. 

\ ,,-~-7-, ~ RMS Areas 01 torque pulses 
in Older OVe!" one cycle 

70.2 
_____ Avg. 

0 r-~~---++-----~+-----' 

CI) """ 

-341.7 
o 

FIGURE 11 - 11 

Area 
- 26 1.05 

A", 
- 92.02 

Crank Angle a 

360 

1 

2 

Intewotng the pulses above and below the overage value In the Input tOfque function 

NegAlea 

- 261.05 
-92.02 

""". 
200.73 
153.88 

Energy units ara b-4'Had 

• 
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average, the sum of positive area above an average line is equal 10 the sum of negative area 
below that line.) The integration limits in equation 11.18 are from the shaft angle 9 at which 
the shaft 00 is a minimum to the shaft angle 9 at which w is a maximum. 

3 The minimum w will occur after the maximum positive energy has been delivered from the 
motor to the load, i.e., at a point (9) where the summation of positive energy (area) in the 
torque pulses is at its largest positive value. 

4 The maximum 00 will occur after the maximum negative energy has been returned to the load. 
i.e., at a point (9) where the summation of energy (area) in the torque pulses is at its largest 
negative value. 

5 To find these locations in 9 corresponding to the maximum and minimum w's and thus find 
the amount of energy needed 10 be stored in the fl ywheel. we need to nLlmerically integrate 
each pulse of this function from crossover to crossover with the average line. The crossover 
points in Figure 11 -11 (p. 589) have been labeled A. B. C, and D. (Program FOURBAR does 
this integration for you numerically, us ing a trapezoidal rule.) 

6 The FOURBAR program prints the table of areas shown in Figure II-I I. The positive and 
negative pulses are separately integrnted as described above. Reference to the plot of the 
torque function will indicate whether a positive or negative pulse is the first encountered in 
a par1icularcase. The first pulse in this example is a positive one. 

7 The remaining task is to accumulate these pulse areas beginning at an arbi trary crossover (in 
this case point A) and proceeding pulse by pulse across the cycle. Table 11 - I shows this pr0-

cess and the result. 

8 Note in Table 11 - I that the minimum shaft speed occurs afte r the largest accumulated posi
tive energy pulse (+200.73 in-Ib) has been delivered from the driveshaft to the system. This 
delivery of energy slows the motor down. The maximufushaft speed occurs after the largest 
accumulated negative energy pulse (-60.32 in-Ib) has been rece ived back from the system 
by the driveshaft. This retum of stored energy will speed up the motor. 1lle total energy 
variation is the algebraic difference between lhese two extreme values, which in this exam
ple is -26 1.05 in-lb. This negative energy coming oot of lhe system needs to be absorbed by 
the flywheel and then returned to the system during ~ach cyck to smooth the varialions in 
shaft speed. 

TABLE 11 -1 Integrating the Torque Fund'ion 

From 

A toB 

BlOC 

C loD 

DtoA 

+200.73 

-261.05 

+ 153.88 

-92.02 

TOial 6. Energy 

Accum. Sum = E 

+200.73 

--60.32 

+93.56 

+ 1.54 

oo"",,@B 

w ....... ,@C 

'" £@w""u-E@w,wn 

"" (--60.32) - (+200.73) "" -26 1.05 in -Ib 
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SIZI"G TIlE FLYWHEEL We now must delennine how large a flywheel is needed 
to absorb this energy with an acceptable change in speed. The change in shaft speed dur
ing a cycle is called itsjlllctllalioll (FI) and is equal to: 

F/ :: W /IJ/U- W mlll (l1.19a) 

We can nomlalize this to a dimension less ratio by dividing it by the average shaft 
speed. This ratio is called the c(}(![ficil!nr of jlllClII(ltiofl (k). 

(1 1.19b) 

This coefficient offluctl/llIioll is a design parameter 10 be chosen by the designer. It 
typically is set (0 a value between 0.01 and 0.05. which correspond to a I to 5% fluCIU
alion in shaft speed. The smaller this chosen value . the larger the fl ywheel will have to 
be. This presents a design trade-off. A larger flywheel will add more cost and weight to 
the system. which fac tors have to be weighed against the smoothness of operation de
sired. 

We found the required change in energy E by integrating the torque curve .... 
I'@o-' ( ) h -Til," dQ::£ 

&@w ... ~ 

and can now set it equal to the right side of equation 11 .18c (p. 588): 

I (' ') £::'2' wma,r - wm,'n 

Factoring this expression: 

( I 1.20.) 

(11.20b) 

( 11 .2Oc) 

If Ihe torque-time function were a pure hannonic. then its average value could be 
expressed exactly as: 

( 11.21 ) 

Our torque functions will seldom be pure hannonics. but the error introduced by 
using this expression as an approximation of the average is acceptably small. We can 
now substilute equations I [.19b and 11 .21 into equation 11.2Oc 10 get an expression for 
the mass moment of inertia Is of Ihe system fl ywheel needed. 

E· ~ I (200". X '000 ,,) 

E 
IJ::~ 

kw",., 
( 1l.22) 

Equat ion 11.22 can be used to design the physical flywheel by choosing a desired 
coefficient of fluctuation k. and using the value of E from the numerical integration of 

,., 
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Flywneet-Smoothe<llnpul Torque Ib-ln 

873 ~.~~ .. ,. __ .... : .. -""=." ... ::;" ... =~ 

k. 0.05 

o c-----~--~~--~----~ 
o 90 180 270 360 

FIGURE 11 - 12 

Input torque curve for the fourbor linkage In Figure 11-8 otter smoothing with a flywheel 

the torque curve (see Table 11-1, p. 590) and the average shaft 0) to compute the needed 
system Is. The physical flywheel's mass moment of inertia If is then set equal to the re
quired system Is. But if the moments of inertia of the other rotating elements on the same 
driveshaft (such as the mOlor) are known, the physical flywheel's required Ifeun be re
duced by those amounts. 

The mosl efficient flywheel design in tenns of maximizing f[ for minimum material 
used is one in which the mass is concentrated in its rim and its hub is supported on 
spokes. like a carriage whee\. This puts the majori ty of the mass at the largest radius 
possible and minimizes the weight for a given If Even if a flat , solid circular disk fly
wheel design is chosen, either for simpl icity of manuf5'Cture or to obtain a flat surface 
for other funct ions (such as an automobi le clUlCh), the design should be done with an eye 
to reducing weight and thus cost. Since in general. I = 1111.2, a th in disk of large diame
ter will need fewer pounds of material to obtain a given Ilhan will a thicker disk of small
er diameter. Dense materials such as cast iron and steel are the obvious choices for a fly
wheel. Aluminum is seldom used. Though many melals (lead, gold, silver, platinum) are 
more dense than iron and steeL one can seldom gel the accounting department's approv
allo use them in a flywheel. 

Figure 11 -12 shows the change in the input torque T 12 for the linkage in Figure 11-8 
(p. 586) after the addition of a flywheel sized to provide a coeffi cient of fluctuation of 
0.05. The oscillation in torque about the unchanged average value is now 5%, much less 
than what it was without the flywheel. A much smaller horsepower motor can now be 
used because the flywhc:el is available to absorb the energy returned from the linkage 
during its cycle. 

11.12 A LINKAGE FORCE TRANSMISSION INDEX 

The transmission angle was introduced in Chapter 2 and used in subsequent chapters as 
an index of merit to predict the kinematic behav ior of a linkage. A too-small transmis
sion angle predicts problems with motion and force transmission in a fourbar linkage. 
Unfortunately, the transmission angle has limited application. It is only useful for four-
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bar linkages and then only when the input and output torques are applied to links that are 
pivoted to ground (i.e .. the crank and rocker). When external forces are applied to the 
coupler link. the transmission angle lells nothing about the linkage's behavior. 

Holte and Chase III define a joint-force index OFI) which is useful as an indicator 
of any linkage's abilit y to smooth ly transmit energy regardless of where the loads are 
applied on the linkage. It is applicable to higher-order linkages as well as to the fourbar 
linkage. The JFI at any instamaneous position is defined as the ratio of the maximum 
static force in any joint of the mechanism to the applied external load. If the external 
load is a force. then it is: 

~
. 

}Ff=MAX oj 
FUI 

If the extemalload is a torque. then it is: 

}FI = MAxi Fij I 
T,rr 

for all JKlirs i. j (11 .23a) 

for all pairs i. j ( l l.23b) 

where. in both cases. F.j is thelorce in the linkage joint connecting links i and}. 

The Fij are calculated from a stat ic force analysis of the linkage. Dynamic forces 
can be much greater than static forces if speeds are high. However. if this static force 
transmission index indicates a problem in the absence of any dynamic forces. then the 
situation will obviously be worse lit speed. The largest joint force at each position is used 
rather than a composite or average value on the assumption that high friction in anyone 
joint is sufficient to hamper linkage performance regardless of the forces al OIher joims. 

Equation 11.23a is dimensionless and so can be used to compare linkages of differ
em design and geometry. Equation 11.23b has dimensions of reciprocal length. so cau
lion must be exercised when comparing designs when the external load is a torque. Then 
the units used in any comparison must be the same. and the compared linkages should 
be similar in size. 

Equations J 1.23 apply to anyone instantaneous position of the linkage. As with the 
transmission angle. this index must be evaluated for all positions of the linkage over its 
expected range of motion and the largest value of thol set found. The peak force may 
move from pin 10 pin as the linkage rotates. If the external loads vory with linkage posi
tion, liley can be [lccounted for in the calculation. 

Holle and Chase suggest that the JFI be kept below a value of about 2 for linkages 
whose output is a force. Larger values may be tolerable especially if the joints are de
signed with good bearings that are able 10 handle Ihe higher loads. 

There are some linkage positions in which the JFI can become infinite or indetermi
nale as when Ihe linkage reaches an immovable position, defined as the input link or in
put joint being inactive. This is equivalent to a stationary configuration as described in 
earlier chapters provided thai the input joint is inactive in the particular slalionary con
figuration. These positions need to be identified and avoided in any event, independent 
of the determination of any index of merit. 1n some cases the mechanism may be im
movable but sti ll capable of supporting a load. See reference 11 J for more detailed infor
mation on these special cases. 

• 
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11.13 PRACTICAL CONSIDERATIONS 

This chapter has presented some approaches to the computat ion of dynamic forces in 
moving machinery. The newtonian approach gives the most infonnation and is neces· 
sary in order to obtain the forces at all pin joints so that stress analyses of the members 
can be done. Its application is really qu ite straightforward . requiring only the creation 
of correct free-body diagrams for each member and the application of the two simple 
vector equations wh ich express Newton's second law to each free-body. Once these 
equations are expanded for each member in the system and placed in standard matrix 
fonn, their solution (with a computer) is a trivial task. 

The real work in designing these mechanisms comes in the detennination of the 
shapes and sizes of the members. In addition to the kinematic data, the force computa
tion requires only the masses, CG locations. and mass moments of inertia versus those 
CGs for its completion. These three geometric parameters completely characterize the 
member for dynamic modell ing purposes. Even if the link sh.lpes and materials are com
pletely defi ned at the outset of the force analysis process (as wilh the redesign of an ex
ist ing system), it is a tedious exercise to calculate the dynamic properties of complicated 
shapes. Current solids modelling CAD syStems make this step easy by computing these 
parameters automatically for any part designed within them. 

If. however. you are starting from scratch with your design. the blank-paper syn
drome will inevitably rear its ugly head. A first approximation of link shapes and .selec
lion of materials must be made in order to create the dynamic parameters needed for a 
"first pass" force analysis. A stress analysis of those parts. based on the calculated dy
namic forces. will invariably find problems that require changes 10 the part shapes. thus 
requIring recalculation of the dynamic properties and recomputation of the dynamic forc
es and stresses, This process will have to be repeated i~ircu lar fash ion (irerarioll-see 
Chapter I , p. 8) until an acceptable design is reached. The advantages of using a com
puter to do these repetitive calculations is obvious and cannot be overstressed. An equa
tion solver program such as TKSofl-er or Mathcad will be a useful aid in this process by 
reducing the amount of computer programming necessary. 

Students with no design experience are of len not sure how to approach this process 
of designing parts for dynamic applications. The following suggestions are offered to 
get you started. As you gain experience, you will develop your own approach. 

It is often useful to creale complex shapes from a combination of simple shapes. at 
least for first approximation dynamic models. For example. a link cou ld be considered 
to be made up of a hollow cylinder at each pivot end. connected by a rectangular prism 
along the line of centers. It is easy to calculate the dynamic parameters for each of these 
simple shapes and then cpmbine them. The steps would be as follows (repeated for each 
link): 

Calculate the volume, mass, CG location, and mass moments of inenia with respect 
to the local CG of each separate part of your buil t. up link. In our example link these 
parts would be the two hollow cylinders and the rectangular prism. 

2 Find the locat ion of the composite CG of the assembly of the parts into the link by 
the method shown in Section 11.4 (p. 569) and equation 11.3 (p. 562). See also Fig
ure 11 ·2 (p. 564). 
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3 Use the parallel axis theorem (equation 10.8, p. 531) 10 transfer the mass momenlS 
of inenia of each pan to the common, composite CG for the link. Then add the in
diyidual. transferred I's of the pans 10 get the total 1 of the link about its composite 
CG. See Section 11.6 (p. 579). 

Steps I to 3 will create the link geometry data for each link needed for the dynamic 
force analysis as derived in this chapter. -

4 Do the dynamic force analysis. 

5 Do a dynamic stress and denection analysis of all pans. 

6 Redesign the pans and repeat steps I to 5 until a satisfactory result is achieved. 

Remember that lighter (lower mass) links will have smaller inenial forces on them 
and thus could have lower stresses despite their smaller cross sections. Also. smaller 
mass moments of inertia of the links can reduce the driving torque requirements. espe
ciallyat higher speeds. But be cautiOlls about the dynamic deOectionsofthin, light links 
becom ing too large. We are assuming rigid bodies in these analyses. That assumption 
will not be valid if the links are too nexible. Always check the deOections as well as the 
stresses in your designs. -
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11.15 PROBLEMS' 

11-1 Draw free-body diagrams of the links in the geared fivebar linkage shown in Figure 
4-11 (p. 183) and write the dynamic equations to solye for all forces plus the driving 
torque. Assemble the symbolic equations in matrix form for solution. 

11-2 Draw free·body diagrams of the links in the sixbar linkage shown in Figure 4- 12 
(p. 185) and write the dynamic equations to solve for all forces plus the driving 
torque. Assemble the symbolic equations in matrix form for solution. 

Ott 11 -3 Table PI I-I (p. 596) shows kinematic and geometric data for several slider-crank 
linkages of the type and orientation shown in Figure PI I- I (p. 597). The point 
locations are defined as described in the text. For Ihe row(s) in the table ass igned. 
use the matrix melhod of Section 11.5 (p. 576) and program MATRIX, M(llilcad. 
MUllah, TKSo/l't'r. or a matrix solving calculator to solve for forces and torques althe 
position shown. Also compute the shaking force and shaking torque. Consider the 
coefficient of friction ~ between slider and ground to be zero. You may check your 
solution by opening the solution files (located in the Solutions folder on the CO
RaM) named PI I-03x (where x is the row lctter) in to program SUDER. 

0, 11-4 Repeal Problem 11 -3 using the method of vinual work to solve for the input torque 
on link 2. Additional data for corresponding rows are given in Table PII -2 (p. 596). 

ot ll_5 Table PII -3 (p. 598) shows kinematic and geometric data for several pin-jointed 
fourbar linkages of the type and orientation shown in Figure PII -2 (p. 599). All have 

TABLE Pl1-0 
Topic / Problem Matrix 

11,4 Force Anoty$IS 01 0 

'oww 
","ooloneous 
11-8.11-9.11-10, 
tl-Il. 11-12. 11-20 
Con""",", 
11 · 1), 11-15, 11 -21 

11.5 FOice Anaty_ 01 A 
Slidet-Cronk 

11-16.11-17. II-IS 

11 .7 lkIIo:oges wIIh More __ Bon 

11-1.11-2 

11 .8 Shaking FOIc .. and 

'-11-3.11-5 

11 .10 Force AnoIysIs by 

"*gy-
11-4,11-6.11-22. 
11-23.11-24 

11.11FtywhHb 

11 -7.11-19 

11 . 12 Unk.oge Force 
Tronsmlulon Index 

11· 14 

* All problem figufe$ are 
provided as PDF files. and 
some are also provided lIS 
animated Working Model 

files: all are on !he CD
ROM. PDF filelUlmes an: 
the same as the figure 
number. Run the file 
AninwriQII$.hrmllO access 
and run the animations. 

• Answers in Appendix F. 

t lbese problems arc: 
suitcd to solution using 
M(JlhclJd. Mat/ab. ~ 
TKSo/\'~' equalion solver 
programs. 

* "These pmblems are 
suilcd to solution using 
progrnm SUDER which is 

on the anachcd CD-ROM. 
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TABLE PII · I Dota IOf Problem 11·3 (See Figure PII·I rOf Nomenclature) 
Port 1 lengths n nches, oogles i1 degrees. mCJ$$ n blobs. or'IQlb velocity i1 rod/sec 

Row 

o. 
b. 

c. 

d. 

8. 

f. 

g. 

Part' 

Row 

o. 

b. 

c. 
d. 

8. 

f. 

g. 

link 2 

4 

3 
5 

• 
2 

10 
7 

link 3 

12 

10 

15 
20 

8 
35 
25 

oflset 

o 

·1 

1 

o 
2 

·2 

9, 

45 
30 

260 

-75 
135 
120 

-45 

10 20 

15 -5 

20 15 
-10 -10 

25 25 

5 -20 

30 -15 

m, 
0.002 
0.050 
0.010 

0.006 

O.CK)] 

0.150 

0.080 

0.020 
0.100 

0.020 
0.150 

0.004 
0.300 

0.200 

0.060 
0.200 
0.030 
0.050 
0.014 

0.050 
0.100 

Angular acceleration n rod/~. moments of Ioeftio n bIob-In2. tOfQUe n b-In 

I , ' 3 R"2 li 2 R"3 03 FP3 fl FP3 Rp) ORP3 T3 
mag ang mag ong mag ong mag OI"IQ 

0.10 0.2 2 0 
0.20 0.4 1 20 
0.05 0.1 3 -40 

0.12 0.3 3 120 
0.30 0.8 0.5 30 

0.24 0.6 • 45 

0.45 0.9 4 -45 

5 
4 

9 

12 

3 
15 
10 

o 
-30 

50 
60 

75 
135 
225 

o 
10 
32 

15 

• 
25 

9 

o 
45 

270 

180 
-60 

270 

120 

o 
4 

o 
2 

2 

o 
5 

o 
30 

o 
60 

75 
o 

45 

20 

-35 
-65 
-12 

40 

-75 
-90 

Port 3 , FQlces n lb. linear accelefatioN n Inches/sec"2 

Row 

o. 
b . 

c. 
d. 

8. 

f. 

g. 

9, 

166.40 

177.13 

195.17 

199.86 

169.82 

169.03 

186.78 

-2.40 

34.33 

-134.76 

- 29.74 

113.12 

3.29 

- 172.20 

203.96 
225.06 

1200.84 

301.50 

312.75 

192.09 

36CXJ.50 

TABLE PII-2 Data lor Problem 11 -4 

213.69 

231.27 

37.85 

230.71 

- 17.29 

23.66 

90.95 

371.08 
589.43 

2088.04 
511.74 

976.79 

302.50 
8052.35 

200.84 
200.05 
43.43 
74.52 

-58.13 

-29.93 

134.66 

See otso Table PI I-I . lJnIt system is the some os n that table. 

o. 
b. 
c. 
d. 
8. 

f. 
g. 

-2.43 
-3.90 

1.20 
0.83 
4.49 
0.73 

-5.98 

20.0 
15.0 
60.0 
30.0 
12.5 
30.0 

120.0 

135 
140 
310 
315 
255 
255 

o 

35.24 
40.35 
89.61 
69.10 
5M2 
60.89 

211.46 

152.09 
140.14 
-8.23 

191.15 
211.93 
210.72 
61.31 

35.14 
24.45 
93.77 
63.57 
29.01 
38.46 

166. 14 

180 
180 

o 
180 
180 
180 

o 

357.17 

711.97 

929.12 

23.97 

849.76 

301.92 

4909.27 

180 
180 

o 
180 

o 
o 

180 

35.24 152.09 
26.69 153.35 
89.61 -8.23 
70.63 191.01 
61 .36 204.87 
60.89 210.72 

208.60 53.19 
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2 

p 

~~~-~G-C-S ----------~ 

y 

co, 

(0) Unkoge and dimensions 

LNCS paralk:ltoXY , 

x 

y 

FIGURE PI I - I 
(b) Free-body diagrams 

Unkoge geometry and free body diagrams for problems 11-3 to 11-4 

9, = O. The point locations are defined as described in the text. For the row(s) in the 
table assigned. use the malrix method of Section 11.4 (p. 569) and program MATRIX 
or a malrix solving calculator 10 solve for forces and torques al the position shown. 
Also compute the shaking force and shaking torque. Work in any units system you 
prefer. You may check your solution by opening Ihe solution files from the CO
RaM named PII ·05x (where x is the row letter) inlO program FOURBAR. 

Ot l l _6 Repeat Problem 11·5 using the method of vinual work to solve for the inputlOrque 
on link 2. Addi tional data for corresponding rows are given in Table PII-4 (p. 600). 

°f ll·1 For the row(s) assigned in Table PII·3 (a.f) (p. 598). input the associated disk file to 
program FOUR8AR. calculate the linkage parameters for crank angles from zero to 
360D by 5D incremeniS. and design a steel disk flywheel to smooth the input torque 
using a coefficienl of fluctuation of 0.05. Minimize the flywheel weight. 

*11.8 Figure PII ·3 (p. 6OO) shows a fourbar linkage and its dimensions. The steel erank 
and rocker have unifonn cross sections I in wide by 0.5 in thick. The aluminum 
coupler is 0.15 in thick. In the instantaneous position shown. the crank 02A has 

LNCS pantllelto XY 

10 4 

\ 

• Answers in Appendix F. 

, 1llese problems are 

suited to solution uSln, 
MQ/hcad. MQ//Qb. or 
TKSo/\'cr equation solver 
"..._. 

* These problems are 
su ited to solution using 
program FouRBAR which 

is on !he lUUIChcd CD
ROM. 

• 

I 
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TABLE P 11 -3 Data for Problems 11 -5 and 11 -7 
PorT 1 Lengths in inches. angles in degtees, ongUor accelefotlon In rodlsec2 

'ow 
a 
b. 

c . 
d . 

e. 
f. 

g. 

link 2 

4 

3 

5 

• 
2 

17 

7 

link 3 

12 
10 
15 
19 , 
35 

25 

link 4 , 
12 
14 ,. 
7 

23 
10 

link 1 

15 

• 
2 

10 
9 

4 

19 

" 
45 
30 

260 
-75 
135 

120 

100 

" 
24.97 

90.15 

128.70 

91.82 

34.02 

348.06 
4.42 

" 
99.30 

106.60 

151.03 

124.44 

122.71 

19.01 

61.90 

20 

-5 
15 

-10 
25 

-20 

-15 

75.29 

140.96 

78.78 
- 214.84 

71 .54 
- 101.63 

- 17.38 

", 
244.43 

161.75 

53.37 
- 251.82 

-14.19 

-ISO.86 

-168.99 

PorT 2 AngUor velocity in rod/sec, moss In blobs, moment ollneflio In~, 'OIqua In Ib-ln 

'ow 

o. 
b. 

c. 
d . 

e. 
f. 

g. 

OJ, 

20 

10 
20 

20 

20 

20 

20 

-5.62 

-10.31 

16.60 

3.90 

1.06 

18.55 
4.10 

3.56 
-7.66 
14. 13 

-3.17 

5.61 

21.40 

16.53 

0.002 

0.050 
0.010 

0.006 

0.001 

0.150 

0.060 

0.02 

0.10 

0.02 

0.15 

0.04 
0.30 

0.20 

0.10 

0.20 

0.05 

0.07 

0.09 
0.25 

0.12 

" 
0.10 

0.20 

0.05 

0.12 

0.30 

0.24 

0.45 

Port 3 Lengths In Inches. ongles in degrees. linear accelerations in inches/sec2 

'ow 

o. 
b 

c. 
d. 

e. 
f. 

g. 

'g, 
mag 

2 

1 

3 
3 
05 

• 
4 

'g, 
""" 

o 
20 

-40 

120 

30 

45 

-45 

, 
'g, 
mag 

5 
4 

9 

12 
3 

15 
10 

'g, 
""" 

o 
-30 

50 

60 
75 

135 

225 

'g. 
mag 

4 

• 
7 

• 
2 

10 
4 

'g. 
""" 

30 
40 

o 
-30 
-40 

25 
45 

801.00 

100.1 2 

1200.84 

1 200.87 

200.39 

2403.00 

1 601.12 

0.20 

0.40 

0.10 

0.30 

0.90 

0.60 
0.90 

m.14 

232.86 

37.85 

226.43 

341.42 

347.86 

237.15 

" 
0.50 

0.40 

0.13 

0.15 

0.30 

0 .. 12 

0.54 

I, 

-15 
12 

-10 

o 
25 
o 
o 

I, 

25 

o 
20 

30 
40 

-25 
o 

1 691.49 208.24 

985.27 194.75 

3120.71 22.45 

4543.06 81.15 

749.97 295.98 

12064.20 310.22 

2562.10 -77.22 

Port 4 Ur.eor accelerations In Inch9$/sec2.lorces In lb. ~ngths In Inches. ongl9$1n degrees 

'ow 

o. 

b. 

c . 
d . 

e. 
f. 

g . 

979.02 

1032.32 

1446.58 

1510.34 

69.07 

4820.72 

1 284.55 

m.27 
256.52 

316.06 

2.15 

286.97 

242.25 

-41.35 

o 
4 

o 
2 

9 

o 
12 

-o 
30 

o 
45 

o 
o 

-60 

o 
10 

o 
15 

• 
o 
9 

o 
45 

o 
190 

-60 
o 

120 

40 

15 
75 
20 

1. 
23 
32 

-30 

-55 

45 

270 

60 
o 

20 

'Po 
mag , 

12 
14 1. 
7 

23 
10 

o 
o 
o 
o 
o 
o 
o 
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p LRCS parallel fo AB 

y 

CG, 

FIGURE P11 - 2 

FIl = - F l~ 

y 

CG, 

2 

0, -

--:-a °2 

" . 
• 

(0) The Nnkage and dimensions 

y 

LNCS 

p---' 

I {5 0' 

(b) Free-body diagrams 

Unkage geometry and free-body diagrams fOf Problems 11-5 to 11-6 

LRCS parallclw O~8 

LNCS parallclfO XV 

.),--l _ _ ~ X 

GCS 
0, 

y • 

R u 

CG, 

' G, 

F u : - F,n 

F"4 

T, 

-----R,. 

x 
LNCS 

.. 
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TABLE Pll-4 Data for Problem 11-6 

Row V" 2 mago V"2 0fIQ V"3 mag V"3 CJfIQ V". mago V" . ang VP3 mogo VP3 0fIfI VP• mag VP. 0fIfI 

o. "'.00 135.00 

b. 10.00 140.00 

c. 60.00 -50.00 

d . 60.00 135.00 

e. 10.00 255.00 

f. 120.00 255.00 

g. 80.00 145.00 

x 

0, 0, 

Dimensions in inches 

FIGURE P 11 -3 

Problem 11-8 

~ These problems ~ 
suited to solutioo using 
program FOURBAR on the 
attached CD-ROM. 

54.'" 145.19 14.23 219.30 54.'" 145.19 41.39 -160.80 

21.46 14.74 45.94 56.60 122.10 "'.04 130,51 29.68 
191.94 299.70 98.91 241,03 191.94 -<>0.30 296,73 -118.97 

94.36 353.80 19.03 4.'" 152.51 -3,13 67,86 26.38 

42.89 223.13 11.22 172.71 37.01 -140,37 48.41 -155.86 

618.05 211.39 213.98 134.01 618.03 -148.61 692.08 116.52 

118.29 205.52 66.10 196.90 154.85 -152.36 217.15 164,33 

00:= 40 rad/sec and 0: = -20 rad/sec2. There is a horizontal force at P of F = 50 lb. 

Find all pin forces and the torque needed to drive the crank at this instant. 

* 11 -9 Figure PII-4a shows a fourbar linkage and its dimensions in meters. The steel crank 
and rocker have uniform cross sections of 50 mOl wide by 25 mm thick. The 
aluminum coupler is 25 mm thick. In the instantaneous position shown, the crank 
OzA has 00:: 10 radfsec and 0: = 5 rad/sec2. There is a vertical force at P of F "" 100 N. 
Find all pin forces and the torque needed to drive the crank at th is instant. 

* 11-1 0 Figure P II-4b shows a fourbar linkage and its dimensions in meters. The steel crank 
and rocker have uniform cross sections of 50 mm wide by 25 mm thick. The 
aluminum coupler is 25 mm thick. In the instantaneous position shown. the crank 
02A has 00 = 15 rad/sec and (l = -I 0 rad/sec2. There is a horizontal force at P of F:: 
200 N. Find all pin forces and the torque needed to drive the crank at this instant. 

tll_1 I Figure P I I-Sa shows a fourbar linkage and its dimen~ons in meters. The steel crank, 
coupler, and rocker have uniform cross sections of 50 mm wide by 25 mm thick. In 
the instantaneous position shown, the crank OzA has 00 "" 15 rad/sec and a. = -10 rad/ 
sec2. There is a vertical force at P of F = 500 N. Find all pin forces and the torque 
needed to drive the crank at this instant. 

8 F--Q 

p 

8 

L-t = 2.33 

L1 = 2.22 
0, 0, 0, 0, 

(a) (b) 

FIGURE PII-4 

Problem 11-9 to 11-10 
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AP = 1.09 
p L) = 1.85 

L ] = 0.356 

A F F-

AP = 1.33 
0; 

_360 

L2 = 0.785 
L4 = 0.950 

0, L2 = 0.86 A 

( a ) 

FIGURE Pll - 5 

Problems 11-11 10 11-12 

.f* 11-12 Figure PII -5b shows a fourbar linkage and its dimensions in meters. The steel crank, 
coupler, and rocker have uniform cross sections of 50 mm diameter. In Ihe inslanla
neous posit ion shown, the cr.mk 02A has w::: - 10 rad/sec and 0:::: 10 rad/sec2. There 
is a horizontal force at P of F = 300 N. Find all pin forces and Ihe lorque needed to 
drive the crank al thiS"rnstant. 

·t* 11-13 Figure PII -6 (p. 602) shows a waler jet loom laybar drive mechanism driven by a 
pair of Grashof crank rocker fou rbar linkages. The crank rotales at 500 rpm. The 
laybar is carried between the coupler-rocker joints of the two linkages at their 
respective instant centers h.4' The combined weight of the reed and laybar is 29 lb. 
A 540-lb beat-up force from the cloth is applied to Ihe reed as shown. The steel links 
have a 2 x I-in unifonn cross section. Find the forces on the pins for one revolut ion 
of the crank. Find the torque-time function required 10 drive the system. 

·f 11- 14 Figure P 11-7 (p. 603) shows a crimping tool. Find the force F hand needed to generate 
a 2000-lb Frr;,.,p' Find the pin forces. Whal is this linkage's joint force transmission 
index (JFI) in Ihis position? 

til l- IS Figure P 11 -8 (p. 603) shows a walking-beam conveyor mechanism Ihat operates at 
slow speed (25 rpm). The boxes being pushed each weigh 50 lb. Delermine the pin 
forces in the linkage and the torque required to drive the mechanism through one 
revolut ion. Neglect the masses of the links. 

t§ 11-16 Figure PII -9 (p. 603) shows a surface grinder lable drive that operates at 120 rpm. 
The crank radius is 22 mm. the coupler is 157 mOl. and its offset is 40 mm. The mass 
of table and workpiece combined is 50 kg. Find the pin forces. slider side loads, and 
driving torque over one revolution. Neglect the mass of the crank and connecting rod. 

f§ 11-17 Figure PII - IO (p. 6(4) shows a power hacksaw that operates at 50 rpm. The 
balanced crank is 75 mm, the unifornl cross section coupler is 170 mOl long, weighS 2 
kg, and ils offset is 45 mm. Link 4 weighs 15 kg. Find the pin forces, slider side 
loads, and driving lorque over one revolulion for a CUlling force of 250 N in the 
forward direction and 50 N during the return stroke. 

tt 11 -18 Figure PII - I I (p. 6(4) shows a paper roll off-lOading station. The paper rolls have a 
0.9-m 00, 0.22-m JD, are 3.23 m long, and have a density of984 kglm3. The forks 
that support Ihe roll are 1.2 m long. The motion is slow so inenial loading can be 
neglected. Find Ihe force required of the air cylinder to rotate the roll through 90°. 

P 

0, 
L I = 2.22 

(b) 

• Answers in Appendix F. 

t These problems are 
suiled 10 solulion using 
Marlrcad. Mallab. or 
TKSo/I'er equaliOl1 solver 
programs. 

t These problems are 
$uited to sotution using 
program FoURBAR which 
is on the anached CD· 
ROM. 

t These problems are 
suiled 10 solution using the 
Working Model program. 
which is on the allached 
CD-ROM. 
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recd watcr-jet orifice 

~shot ~ thread (,,-eave) 

crank 

4-bar linlllge 

(0) Warp. weave.laybar. reed. and Ioybar drive for a waler-Jet loam 

~ coopler 
beat-up 
fo= 

500 rpm beat-up force _ reed 

CiJin 8.375" 

r;i=::::::::;":Y~b.~'" crank 
2" 

r:: 3.75" !~~;;;;~I~ __ 540lb 

ground 
9.625~ 

@-43° 

ir"ICnia 
force 

rocker 
7.181" 

1Ilcnia 
fo= 

7834 
in/sec2 

4169 
in/sec2 

(b) Unkage.laybar. reed. and dimensions (c) Acceleration on laybar and force on reed 

FIGURE P11 -6 

Problem 11-13 - Fourbar linkage fClf IOybar drive. showing forces and accelerations on IOybar 

t lllese problems are 
suited to solution using 
M(llhc(ld. MUI/(lb. or 
1'KSolI"u equation $Olver 
programs. 

tll_ 19 Derive an expression for the relationship between flywheel mass and the dimension
less parameter radius/thickness (rlt) for a wlid disk flywheel of moment of inenia I. 
Plot this fUr"lCtion for an arbi trary value of 1 and determine the optimum rlt ratio to 
minimize flywhee l weight for that I . 

11-20 Figure P II -12 (p. 605) shows an oil field pump mechanism. The head of the rocker 
ann is shaped such that the lower end of a flexible cable auached to it will always be 
directly over the well head regardless of the position of the rocker ann 4. The pump 
rod. which connects to the pump in the well casing. is connected to the lower end of 
the cable. The force in the pump rod on the up stroke is 2970 lb and the force on the 
down stroke is 2300 lb. Link 2 weighs 59S.3 lb and has a mass moment of inertia of 
I1.S Ib-in-sec2 (blob-jn2); both include the counlerweight. Its CG is on the link 
centerline. 13.2 in from 02' Link 3 weighs lOS Ib and its CG is on the link center-



DYNAMIC FORCE ANALYSIS 6.3 

Alllcngths in inches 

2 

AB ::: O.SO.Be:: 1.23. CD:: 1.55. AD ". 2.4 

FIGURE PII - 7 

Problem 11-14 

\ 0111 __ 

, 

/ B 

L J :: 2.06 '\ ... ;:. ~~= .... ~. ::===15 ====j:::~ ..•. 

All lengths in inches 
FIGURE P l l -8 

Problem 11-15 

CI 
Grinding wh"r, 

Table 4 

B 

FIGURE Pll -9 

Problem 11-16 
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FIGURE Pll·IO 

V b/utlt . -

workpiece 

DESIGN OF MACHINERY 

Lz ::75 mm 

LJ =170mm 2kg 

3 2 

CHAPTER 11 

5 

Problem 11 -17 Power hacksow Adoplecl from P. H. HIlI and W. P Rule. (1900). Mechon/$n1$: Ano/y$is and DesIQn. IMtI'l perrraJon 

t These prublems are 
~uiTed 10 solution using 
M(Jlilc(Jd, M(ll/(Jh. or. 
1"KS(lIl'~r equation solver 
progrnms. 

t l l -2~ 

t l l -22 

line. 40 in from A. [t has II mass moment of inertia of 150 lb-in-sec2 (blob-jnl ). Link 
4 weighs 2706 Ib and has II mass moment of inertia of 10 700 lb-in·sec2 (blob-in2): 
both include the counterweight. lis CG is on the link centerline where shown. The 
crank !Urns at a constant speed of 4 rpm CCIV. Al lhe instant shown in the figure the 
cl'1lnk angle is al 450 with respect to the glob31 coordinate system. Find all pin forces 
and the torque needed 10 drive the crank for the posi lion shown. Include gravity forces 
because the links are heavy and the speed is low. 

Use the information in Problem 11-20 to fin d and plol all pin forces and the torque 
needed to drive the crank for one revolut ion of the cr.lnk. -Usc the information in Problem 11-20 to fi nd the torque needed to drive the cronk for 
the posit ion shown using the method of virtual work . 

....... ...... , ...... ; . .... ;. __ ._ ; .... -; .. . 

mm", i \\1 : ~\, 
mac1rnc! .... ,::.~:+::~~;>~ 

A 

Rod (3) Off-looding station 

····f .. ·· 
.... f· .. · 
······f···· 

Air cylinder (2) 
FIGURE Pll - l1 

Problem 11 -18 
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3 

y 

76 

FIGURE PI1 - 12 

80 

counterweight 

8-CG4 =: 32.00 

P-CG4 =: 124.44 

04-CG4'" 79.22 

12 

Problems 11 -20 to 11-23 An otnield pump - dimensions In Inches 

t ll_23 Usc the infomlalion in Problem 11 -20 to find and plot the torque needed to ddve the 
crank for one revolution of the crank using the method of vinual work. 

tl ll-24 In Figure PII - 13. links 2 and 4 each weigh 2 Ib and there are 2 of each (another set 
behind). Their CGs are at their midpoints. Link 3 weighs 10 lb. The mass moments 
of inenia of links 2. 3. and 4 are 0.071. 0.430. and 0.077 lb-in-sec2 (blob-in2) 
respeclively. Find the torque needed to begin a slow CCW rOlation of link 2 from the 
position shown using the method of vinual work. Include gravity forces because the 
links are heavy and the speed is low. 

y 
1---t- 2.79 

x 

p 

6.948 

9.573~ 9. 174 

I 
FIGURE Pll - 13 

Problem 11-24 An aircraft overhead bin mechanism - dimensions In Inches 

t These problems arc 
suited to solution usillg 
Mathcad. Mal/ab. or 
TKSo/l't!r «jU8lion solver 
programs. 

f These problems arc 
suited 10 solutioll usillg Ihe 
Working Model program. 
which is on the attru;hed 

CD-ROM. 
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11.16 PROJECTS 

The following problem statement applies to ailihe projects listed. 

Tllnt! lorger-scale project statements delibi'rmely lack dNa;i and Slrtlct/fre and are loosely de
fintll. Thlls. they are similar 10 Ihl! hnd of "ilielllijiC(l/ioll of need" or problem sWlemenl com
monly encOl/l1Iered in engineering practice. II is left to Ihe stutlel1l to strUC/IIre Iht problem 
through Iulckground research and /0 creole a clear goal Sloltmenl and sel a/performance 5p«
ijicatiolls bl'jore allen/prillg to desi8" a sol",ioll. This dl'Sign proct!Ss is spelled alit in Chapuf J 
and should be [al/owell ;" all of Ihut' examples. All resllfts sho/.td be docl/men/ed in a I"oies
siOlw/ t'llginl!erill8 report. See the Bibliography ill Chapter / for rejert!lIct'S all reVOrl writing. 

Some of Illeu projecI problt'ms are baud On Iht' kil/tmalic dtsiRn projtCIS in Chapltr 3. 
Those kinemlllic dedces C(1II1101<' be designe(/ more realistically w;lh considl'rot;Oll o/the d)'namic 
farces /lWI tht'y generate. The strategy ill most o/the/ol/owillg project problems is 10 keep Iht' 
d),namic pin/ofCes alld thus the shaking/orees to 0 minimum and abo kup the inpm IOrqllt" lime 
curve as SIllOOIII as possible 10 millimi:e power requirtmtllls. Ailihese problems can be SOh 'M 
with a pin.jointed fourbar linkage. This/act will af/oMi ),01110 lise program FOURBAR to do Iile 
kinematic and (/),lIoll1ic computations all a large number (lIId \'ariety 0/ desiglls in a short time. 
T/lere art infinities 0/ dablt' soilltions to tilt'st' problems. Iterale 10 find the besl one! All links 
must be designe(/ in detail as to their geometry (muss. momelll o/int'rtia. etc.) . All equolion SOil" 
er sllch as Mmhcad or TKSolvcr will be Ilse/ul here. Determille all pin/orees. s/I(I/.:.ing/oree, slwk· 
illg IOrqlle. alld inplII horsepower required for your desiglls, 

PI I-I The tennis coach needs a bener tennis ball server for practice. This device must fire a 
sequence of standard tennis balls from one side of a standard tennis coun over the net 
such that they land and bounce within each of the three court areas defined by the 
coun's while lines. The order and frequency of a ball's landing in anyone oftbe 
three coun areas must be random. The device should operate automatically and 
unanended except for the refil l of balls. [t should be capable of firi ng 50 balls 
between reloads. The timing of ball releases should-vary. For simplici ty. a motor
driven pin-jointed linkage design is preferred. This project asks you 10 design such a 
device to be mounted upon a tripod stand of 5-foot height. Design it. and the stand. 
for stability against tipover due to the shaking forces and shaking torques which should 
also be minimi7.ed in the design of your linkage. Minimize the input torque required. 

PII ·2 The "Save the Skeet" foundation has requested a more humane skeet launcher be 
designed. While they have not yet succeeded in passing legislmion to prevent the 
wholesale slaughter o f these lillie devils. they are concerned about the inhumane 
aspects of the large accelerations imparted to the skeet as it is launched into the sky 
for the sportsperson to shoot it down. The need is for a skeet launcher that will 
smoothly accelerate the clay pigeon onto its desired Imjectory. De~ign a skeet 
launcher to be mounted upon a child 's "li ttle red wagon." Control your design parnmeters 
so as to minimize tho shaking forces and torques 50 that the wagon will remain as nearly 
stat ionary as possible during the launch of tile clay pigeon. 

PII-3 TIle coin-operJ.ted "kid bouncer" machines found outside supcnnart.:ets typically provide 
a very unimaginmive rocking motion to the occupant. 'Olere is a need for a superior 
"bouncer" which will give more interesting motions while remaining safe for small 
chi ldren. Design this device for mounting in the bed of a pickup truck. Keep the shaking 
forces to a minimum and the input lorque-time curve as smooth as possible. 

PII -4 NASA wants a zero-G machine for astronaut tmining. It must carry one person and 
provide a negative I_g accelerat ion ror as long as possible. Design this dcviccand ilS 
mounting hardware to the ground plane minimizing the dynamic foo:es and driving torque. 
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PII-5 The Amusement Machine Co. Inc. wants a portable "WHIP" ride which will give two 
or four passengers a thrilling but safe ride and which can De trailed Dehind a pickup 
trock from one location to another. Design this device and its mount ing hardware to 
the trock bed minimizing the dynamic fon;es and driving torque. 

P I I-6 The Air Force has requested:1 pilot training simula tor that will give potential pilots 
exposure to G forces similar to those they will experience in dogfight maneuvers. 
Design this device and its mounting hardware to the ground plane minimizing the 
dynamic forces and driving torqu~. 

PII -7 COcers nceds a Deiter "mechanical boll" simulator for their "yuppie" bar in Boston. It 
must give a thrilling "bucking bronco" ride but be safe. Design this device and its 
mounting hardware 10 the ground plane minimizing the dynamic forces and driving torque. 

PII -8 Gargantuan Motors Inc. is designing a new light military transport vehide. Their 
current windshield wiper linkage mechanism develops such high shaking forces when 
run at its highest speed that the engines are falling out! Design a superior windshield 
wiper mechanism to sweep the 20-Ib amlored wiper blade through a 90" an; whi le 
minimizing both input torque and shaking fon;es. The wind load on the blade. 
perpendicular to the windshield, is 50 lb. The coefficient of fri ction of the wiper 
blade on glass is 0.9. 

PII-9 The Anny's llllest herrc'opter gunship is to be lilled with the Gatling gun. which fires 
50-nun-diameter. 2-cm-Iong spent umnium slugs at a rate of 10 rounds per seoond. 
The reac tion (recoil) fon;e may upset the chopper's stabili ty. A mechanism is needed 
which can be mounted to the fmme of the helicopter and which will provide a 
synchronous shaking force, 180" out of phase with the recoi l force pulses, to 
countcmct the recoil of the gun, Design such a linkage and minimize its torque and power 
drawn from the aircrnJ,'s engine. Total weight of your device should also be minimized. 

P 11 - 10 Steel pilings are universally used as foundations for large buildings. These are often 
driven into the ground by hammer blows from a "pile driver," [n certain soils (sandy, 
muddy) Ihe piles can be "shaken" in to the ground by attaching a "vibralory driver" 
thai impa.rtS a vertical. dynamic shaking fon;e at or near the natuml frequency of the 
pile-earth system, The pi lc can literally be made to "fall into the ground" under 
optimal condi tions. Design a fourbar linkage-based pi le shaker mechanism which, 
when its ground link is limlly attached to the top of a piling (supported from a crane 
hook), will impart a dynamic shaking fon;e Ihat is predominant ly directed along the 
piling's long. vertical axis. Opemting speed should be in the vicinity of the natura] 

frequency of the pile-ear1h system. 

P I I- I I Paint can shaker mechanisms are common in paint and hardware stores. While they do a 
good job of mixing the paint. they are also noisy and trnnsmit their vibrations to the 
shelves and counters, A better design of the painl can shaker is possible using a balanced 
fourbar linkage. Design such a portable device to sit on the floor (not bolted down) and 
minimize the shaking forces and vibrations while still effect ively mixing the paint. 

P 11 · 12 Convertible automobiles are once again popular, While offering the pleasure of 
open-air motoring, they offer lillie protection to the occupants in a rollover accident. 
Pennanent roll bars are ugly a.nd delract from the open feeling of a true convertible. 
An automatically deployable roll bar mechanism is needed that will be out of sight 
until needed. In the event that sensors in the vehicle detect an imminent rollover, the 
mechanism should deploy within 250 ms. Design a collapsible/deployable roll bar 
mechanism 10 retrofit to the convertible of your choice, 

60' 
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BALANCING 
Moderation is bes{, 
olld to avoid all extremes 
PLUTARCH 

12.0 INTRODUCTION 

Chapter 12 

Any link or member that is in pure rotation can. theoretically, be perfectly balanced (0 

el iminate all shaking forces and shaking moments. It is accepted design practice to bal
ance all rotating members in a machine unless shaking forces are desired (as in a vibrat
ing shaker mechanism. (or example). A rotating member can be balanced either statical
ly or dynamically. SIal ic balance is a subset of dynamic balance. To achieve complete 
balance requires that dynamic balancing be done. In some cases, stat ic balancing can be 
an acceptable substitute for dynamic balancing.,.and is generally easier to do. 

Rotating parts can, and generally should. be designed to be inherently balanced by 
their geometry. However, the vagaries of produclion tolerances guarantee that there will 
still be some small unbalance in each part. Thus a balancing procedure will have to be 
applied to each part after manufacture. The amount and location of any imbalance can 
be measured quite accurately and compensated for by adding or removing material in the 
correct locations. 

In lhis chapter we will investigate the mathematics of determining and designing a 
state of static and dynamic balance in rotating elements and also in mechanisms having 
complex mOlion, such as the fourbar linkage. The methods and equipment used to measure 
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and correct imbalance in manufactured assemblies will also be discussed. It is quite 
convenient to use the method of d 'Alembert (see Section 10. 14, p. 550) when discussing 
rotating imbalance, applying inertia forces to the rotating elements, so we will do that. 

12.1 STATIC BALANCE 

Despite its name, sia lic balance does apply to things in motion. The unbalanced forces 
of concern are due to the accelerations of masses in the system. The requirement for 
slatic ba lance is simply that the Slim of all forces on the mOl·ing system (inc/luling 
d' A/l'mbert inerlial forces) mllst be :ero. 

(12. 1) 

This,ofcoorse, is simply a restatement of Newton's law as discussed in Section 10.1 (p.525), 

Another name for static balance is single-pla ne bala nce. which means that Ihe 
masse.~ which are generating Ihe inertia forces are in, or nearly in, Ihe same plane. It is 
essentially a two-dimensional problem. Some examples of common devices which meet 
this criterion, and thus can successfull y be statically balanced, are: a single gear or pul
ley on a shaft. a bicycle or ,wptorcycle tire and wheel. a thin nywheel. an airplane pro
peller, an indi vidual turbine blade-wheel (but not the entire turbine). The common de
nominator among these dev ices is that they are all short in the axial direction compared 
to the radial direction. and thus can be considered to exist in a single plane. An automo
bile tire and wheel is only marginally suited to static balancing as it is reasonably thick 
in the axial direction compared to its diameter. Despite this facl. auto ti res are sometimes 
statically balanced. More often they are dynamically balanced and will be discussed 
undcr that topic. 

Figure 12-1 a (p. 6 I I) shows a link in the shape of a vee wh ich is part of a linkage. 
We want to statically balance it . We can model this link dynamically as two point mass
es nl( and niz concentrated at the local CGs of each "leg" of the link as shown in Figure 
12-1 b. These point masses each have a mass equal to that of the " leg" they replace and 
are supported on massless rods at the position (R I or R2) of that leg's CG. We can sol ve 
for the required amount and location of a third "balance mass" "'h to be added to the 
system at some location Rb in order to satisfy equation 12.1. 

Assume that the system is rotating at some constant angu lar velocity roo The accel
erat ions of the masses will then be strictly centripetal (toward the center) , and the iner
tia forces wi ll be centrifugal (away from the center) as shown in Figure 12- 1. Since the 
system is rotating, the figure shows a "freeze-fmme" image of it. The position at which 
we "stop the action" for the purpose of drawing the picture and doing the calculations is 
both arbitrary and irrelevant to the computation. We will set up a coordinate system with 
its origin at the center of rotation and resolve the inertial forces into components in that 
system. Writing vector equation 12. 1 for this system we get: 

( 12.2a) 

Note thai the only forces acting on this system are the inenia forces. For balancing, 
it does not matter what external forces may be acting on the system. External forces 
cannot be balanced by making any changes to the system's internal geometry, Note that 
the ro2 te rms cancel. For balancing, it also docs not matter how fast the system is 

609 



D 

DESIGN OF MACHINERY CHAPTER 12 

rotating, only that it is rotating. (The ro will determine the magnitudes of Illese forces , 
but we are going to force their sum to he zero anyway.) 

Dividing 0", 

( 12.2b) 

Breaking into x and y components: 

(t2.2c) 

The tcnns on the right sides are known. We can readily solve for the mR;{ and mR)' 

products needed to balance the system. It will be convenient to convert the results to 
polar coordinates. 

(12.2d) 

Rb = (Rb•
2 

+ R", 2) 

m/JRb=m" J(Rbx2+R/)12) -

= /1/
2(R 2+ R 2) ( 12.2e) b b.. by 

The angle al which the balance mass must be placed (with respect to our arbitrarily 
oriented freeze-frame coordinate system) is ab. (Qund from equat ion 12.2d. Note that the 
signs of the numerator and denominator of equation 12.2d must be individually main
tained and a two-argument arctangent computed in order to obtain 9b in the correct quad
rant. Most calculators and computers will give an arctangent result only between ±900

• 

The mtfib product is found from equation 12.2e. There is now an infinity of solu
tions avai lable. We can either select a value for I11b and solve for the necessary radius Rb 

at which it should be placed, or choose a desired radius and solve for the mass that must 
be placed there. Packaging constraints may dictate the maximum radius possible in some 
cases. The balance mass is confined to the "single plane" of the unbalanced masses. 
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fiGURE 12- 1 

Static bolanclng a link In pure rofatlOn 
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counterweight 

, 
(c) Statically bolanced link 

Once a combination or mb and Rb is chosen. it remains to design the physical coun
terweight. The chosen radius Rb is the distance rrom the pivot to the CG or whatever 
shape we create ror the counterweight mass. Our simple dynamic model. used to calcu
late the mR product. assumed a point mass and a massless rod. These ideal devices do 
not exist. A possible shape ror this counterweight is shown in Figure 12-1c. Its mass 
must be mb. distributed so as to place its CG at radius Rb at angle ab. 

;tnEXAMPLE 12-1 

Static Balancing. 

Given: The system shown in Figure 12- 1 has the following data: 

ffl, = 1.2 kg 

ffl2 = 1.8 kg 

(I) '" 40 radlsec 

R, = 1.135 m@LI13.4° 

R2 =0.822 m @L48.8° 

Find: The mass-radius product and its angular location needed to statically balance the 
system. 

II 

• 
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Solu'ion: 

Resolve the posit ion veclOrs inlo .ry components in the arbitrary coordinate system associat
ed with the freeze-frame posit ion of the linkage chosen for analysis. 

R~ =-H).54 1. -, 

2 Solve equat ions 12.2c (p. 610). 

mbRb~ :::: - mtRt .. -11I2 R2 ~ = -(1.2)(-o.451) - (1.8)(0.541) '" --0.433 

mbRb, :-mtR1, -m2 R2, :-(1.2)( 1.042) - (1.8)(0.6 18)=-2.363 

3 Solve equations 12.2d and 12.2e (p. 610). 

-2.363 
9& '" atClan~ 0: 259.6° 

mbRb = J( -0.433)2 +(-2.363)2 :z 2.402 kg - In 

(a) 

(b) 

k) 

4 This mass-radius product of 2.402 kg-m can be obtained with a varielY of shapes appended 
\0 the assembly. Figure 12- lc (p. 61 1) shows a particular shape whose CG is at a radius of 
R" :::: 0.806 m al the required angle of 259.6°. The mass required for th is countel"\\'eight de
sign is then: 

at a chosen CC radius of: 

nib ::: 2.402 kg - m _ 2.980 kg 
0.806 m 

Nil = 0.806 m 

(d) 

Many other shapes are possible. As long as they provide the required mass-radius 
product at the required angle. the system will be statically balanced. Note that the value 
of w was not needed in the calculation. 

12.2 DYNAMIC BALANCE 

Dynamic balance is somelimes called Iwo-plane balance. It requires that two criteria 
be met. The sum of the forCes must be zero (static balance) plus the sum of the moments" 
must also be zero. 

(12.3) 
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FIGU~E 12-2 

Balanced forces-unbolanced moment 

These moments act in planes that include the axis of rotation of the assembly such 
as planes XZ and YZ in Figure 12-2. The moment's vector direction, or ax is, is perpen
dicular to the assembly's axis of rotation, 

Any rotating object or assembly which is relatively long in the axial direction com
pared to the radial direction requires dynamic balancing for complete balance. It is pos
sible for an object to be statically balanced but not be dynamically balanced. Consider 
the assembly in Figure 12-2. Two equal masses are at identical radii, 180" apart rota
tionally. but separated along the shaft length. A summation of -ma forces due to their 
rotation will be always zero. However. in the side view. their inertia forces fonn a cou
ple which rotates with the masses about the shaft. This rocking couple causes a moment 
on the ground plane, alternately lifting and dropping the le ft and right ends of the shaft. 

Some examples of dev ices which require dynamic balancing are: rollers, crank
shaft s, camshafts, axles, clusters of multiple gears, motor rotors, turbines, propeller 
shafts. The common denominator among these devices is that their mass may be uneven
ly distributed both rotationally around their ax is and also longitudinally along their axis. 

To correct dynamic imbalance requires e ither adding or removing the right amount 
of mass at the proper angular localions in two correction planes separated by some dis
tance along the shaft. This will create the necessary counter forces to statically balance 
the system and also provide a counter couple to cancel the unbalanced momen!. When 
an automobi le tire and wheel is dynamically balanced, the two correction planes are the 
inner and outer edges of the wheel rim, Correction weights are added at the proper loca
tions in each of these correct ion planes based on a measurement of the dynamic forces 
generated by the unbalanced, spinning wheel. 

, 
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It is always good practice to first statically balance all individual components that 
go into an assembly, if possible. This will reduce the amount of dynamic imbalance that 
must be corrected in the final assembly and also reduce the bending moment on theshaf1. 
A common example of th is situation is the aircraft turbine which consists of a number of 
circular turbine wheels arranged along a shaft. Since these spin at high speed, the inertia 
forces due to any imbalance can be very large. The individual wheels are statically bal
anced before being assembled \0 the shaft. The final a.'\sembly is then dynamically balanced. 

Some devices do not lend themselves \0 this approach. An electric mOlor rOlor is 
essentially a spool of copper wire wrapped in a complex pattern around the shaft. The 
mass of the wire is not uniformly distributed ei ther rotationally or longitudinally, so it 
will not be balanced. It is not possible to modify the windings' local mass distribution 
after the fact without compromising electrical integrity. Thus the entire rotor imbalance 
must be countered in the two correction planes after assembly. 

Consider the system of three lumped masses arranged around and along the shaft in 
Figure 12-3. Assume that, for some reason. they cannot be individually statically bal
anced within their own planes. We then create two correction planes labeled A and B. In 
this design example. the unbalanced masses 1111. m2, m3 and their radii R t• R2. R3 are 
known along with the ir angular locations 6 .. 62• and 63. We wam to dynamically bal
ance the system. A three-dimensional coordinate system is applied wi th the axis of rota
tion in theZ direction. Note that the system has agai n been stopped in an arbitrary freeze
frJme position. Angular acceleration is assumed to be zero. The summation of forces is: 

R ' R 2 ., ., ., -1111 100 -1112 200 - mJ R3oo~ - IIIA R "w~ - IIIB R Boo~ = 0 

Di vidittg out the 002 and rearranging we get: 

//l AR A +mIlR B :-//I1 R1 - 1II2 Rl ~IJR 3 

Breaking into x and y components: 

(l2.4a) 

(12.4b) 

( 12.4c) 

Equations 12.4c have four unknowns in the fo ml of the mR products at plane A and 
the mR products at plane 8. To solve we need the sum of the moments equat ion which 
we can take about a poim in one of the correction planes such as point O. The moment 
amI z d istances of each force measured from plane A are labeled 'I. '2. '3,'n in the figure: 
thus W 

(1II8 R 8002')/8 : -(1111 R 1W2 )/1 - (1112 R2oo2 )/2 - (nlJRJoo2 )/3 

Dividing out the (02. breaking into x and y components. and rearranging: 

The moment in the XZ plane (i.e .. about the Y axis) is: 

(12.4<1) 

(12.4e) 
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Two-plone dynamic balancing 

The moment in the yz plane (Le., about the X axis) is: 

(12.4D 

Thcse can be solved for the mR products in x and y dircctions forcorreclion plane B 
which can then be substituted into equation 12.4c 10 find the values needed in plane A. 

Equations 12.2d and 12.2e (p. 6 10) can then be appl ied to each correction plane to find 
Ihe angles al which the balance masses must be placed and the mR products needed in 
each plane. The physical counterweights can then be designed consistent with the con
straints outlined in Section 12.1 (p. 609) on static balance. Note that the radii RA. and R8 
do not have to be Ihe same value. 

b 'XAMPlE 12·2 

Dynamic Balancing. 

Given: The system shown in Figure 12-3 has the following data: 

ml = I.2I;g 

m2 = 1.8 kg 

1113 =2.4 kg 

Rt = 1.1 35 m@LI13.4° 

Rz =0.822 m @L48.8° 

R3 = 1.04 m @L251.4° 

I. 

II 
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The z distances in meters from plane A are: 

11=0.854, 13 :: 2.396, 18 = 3.097 

Find: The mass-radius products and their angular locations needed to dynamically bal
ance the system using the correct ion planes A and 8. 

Solution: 

Resolve the position vectors into xy components in the arbitrary coordinate system associat
ed with the freeze-frame position of the linkage chosen for analys is. 

HI := 1.135@LI 13.4c; Rl ~ =-{l.4S !. RI =+1.042 , 
R1 = O.822@L48.8c

; R2x =+0.54 1. R2 =+0.6 18 , 
R) = 1.04@ L25I Ac; ", = -0.332. " =-0.986 , 

2 Solve equation 12.4e (p. 614) for summation of moments about point O. 

= - 1.2(-0.45 J}(O.854) - 1.8(O.54 1}(1. 70 I) - 2A{ -o.332}(2.396) = 0.230 
3.097 

-
= - 1.2(1.042}(O.854)- 1.8(O.61 8}(1.701)-2.4(-O.986}(2.396) '" 0.874 

3.097 

3 Solve equations 12.2d and 12.2e (p. 610) for the mass radius product in plane B. 

0.874 e8 = arctan 0.230 _ 75.27 ° 

4 Solve equations 12.4c (p. 6 14) for forces in .~ and y direct ions. 

mARA, - -mt Rt.r - m2R2A - m3R3.r - m8RB, 

mARA - - mtRt - m~ R2 - m3R3 - m8Rs 
J , - , Y 1 

mARA = - J .2(--0.451) - J .8(0.541) - 2.4(--0.332) - 0.230 = 0.134 
" 

mARA = - 1.2( I.M2) - 1.8(0.618) - 2.4(--0.986)- 0.874 = --0.870 , 

(a) 

(b) 

(e) 

(d) 
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5 Solve equations 12.2d and 12.2e (p. 6 10) for the mass radius product in plane A. 

-0.870 
OA =arctan ---=-81.25° 

0.134 
(f) 

6 These mass-radius products can be obt~ined with a variety of shapes appended to the assem
bly in planes A and B. Many shapes are possible. As long as they provide the required mass
radius products at the required angles in each correction plane. the system will be dynami
cally balanced. 

So. when the design is still on the drawing board. these simple analysis techniques 
can be used 10 delennine the necessary sizes and locations of balance masses for any 
assembly in pure rotation for which the mass distribution is defined. This two-plane 
balance method can be used to dynamically balance any system in pure rotat ion. and all 
such systems should be balanced unless the purpose of the device is to create shaking 
forces or moments. 

12.3 BALANCING LINKAGES 

Many methods have been devised 10 balance linkages. Some achieve a complete bal
ance of one dynamic factor, such as shaking force. at Ihe expense of other fac tors such 
as shaking moment or driving torque. Others seek an optimum arrangement that collec
tively minimizes (but does nOI zero) shaking forces. moments . and torques for a best 
compromise. Lowen and Berkof. [I J and Lowen. Tepper. and Berkof [2] give compre
hensive reviews of the literature on this subject up to 1983. Addit ional work has been 
done on the problem since that time. some of which is noted in the references at the end 
of this chapter. Kochev[ 15 J presents a general theory for complete shaking moment bal
ancing and a cri tical review of known methods. 

Complete balance of any mechanism can be obta ined by creating a second "mirror 
image" mechanism connected to it so as to cancel all dynamic forces and moments. 
Certain configurationsofmulticylinder internal combust ion engines do this. The pistons 
and cranks of some cylinders cancel the inenial effec ts of Olhers. We will explore these 
engine mechanisms in Chapter 14. However. this approach is expensive and is only jus
ti fi ed if the added mechanism serves some second purpose such as increasing power, as 
in the case of additional cylinders in an engine. Adding a "dummy" mechanism whose 
only purpose is to cancel dynamic effects is seldom economically justifiable. 

Most practical linkage balancing schemes seek to minimizeor el iminate one or more 
of the dynam ic effects (forces. moments, torques) by redistributing the mass of the ex· 
isting links. This typically invol ves adding coumerweights and/or changing the shapes 
of links to relocate Iheir CGs. More elaborate schemes add geared counterweights to 
some links in addition 10 redistributing their mass. As with any design endeavor. there 
are trade-offs. For example, elimination of Shaking forces usuall y increases the shaking 
moment and driving torque. We can only present a few approaches to this problem in 
the space available. The reader is directed to the literature for infonnation on other methods. 

6" 
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Complete Force Balance at Linkages 

The rol:lling links (cranks. rockers) of a linkage can be individually balanced by the r0-

tating balance methods described in Section 12.2 (p. 612). The effects of the couplers. 
which arc in complex motion, are more difficult to compensate for. Note that the pro
cess of statically balancing a rolating link, in effect. forces its mass center (CG) to be al 
ils fixed pivol and th us stationary. In other words the condition of sta tic balance can 
also be defined as one of making 'he mass CCllfe,. stalioll(uy. A coupler has no fixed pivot. 
and thus its mass center is, in gencml, always in motion. 

Any mechanism, no matter how complex, will have, for every instantaneous posi
lion, a single. overall. global mass c:enrer located at some particular point. We can cal
culate its location knowing only the link masses and the locations of the CGs of the indi
vidual links at that instant. The global mass center nonnally will change position as the 
linkage moves. If we can somehow force this global mass center to be stationary. we 
will have a state of static balance for the overall linkage. 

The Berkof-Lowen method of linearly independent vectors]3] provides a means to 
calculate the magnitude and location of counterweights to be placed on the rotat ing links 
which wi ll make the global mass center stationary for al l positions of the linkage. Place
ment of the proper balance masses on the links will cause the dynamic forces on the fixed 
pivots 10 always be equal and opposite. i.e .. acouple. thus creating static balance (IF = 0 
but IM * 0) in the mov ing linknge. 

This method works for any II-link planar linkage having a combination of revolute 
(pin) and prismatic (slider) joints. provided that there exists a palh 10 the ground from 
every link which only contains revolute joints.14] In other words. if all possible paths 
from' any one link to the ground contain s liding joints. then the method fails. Any link
age of II links that meets the above criterion can be balanced by the addit ion of 11/2 bal
ance weights. each on a different Iink.14J We will apply the method from reference (3J 
to a fourbar linkage. Unfortunately. doing so will increase the 10lal mass of Ihe original 
linkage by a factor of 2-3 for fou rbar linkages and substantially more for complex mech
anisms.IIS J 

Figure 12-4 shows a fou rbar linkage with its overall global mass center located by 
the position vCClor R I . T he individual CGs of the li nks are located in the global system 
by position vectors R2• R), and R4 (magnitudes R2. R3. R4). rooted at its origi n. the crank 
pivot 02. T he li nk lengths are defined by position vectors labeled LJ, L2. L). L4 (mag
nitudes '1./2./3./4). and the local position vectors which locate the CGs withill each (jllk 
are 82. n). 8 4 (magnitudes ~. b). b4 ). The angles of the vectors 8 2. 8 ). 84 are $2. $). 
$4 measured internal to the links with respecl to the links' lines of centers L2. L3. L4. 
T he instantaneous link angles which locate ~. L3. L4 in the global system are 92. 93. 
94. The total mass ofthe-systcm is s imply the sum of the individual link masses: 

( 12.Sa) 

The total mass moment about the origin must be equal to the sum of the mass moments 
due to the ind ividual links: 

(12.Sb) 

The position of the global mass center is then: 
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0 , 

FIGURE 12-4 

static (force) balancIng a foutpar linkage 

and from Ihe linkage geomelry: 

Rl =b:2eJ(92+.2) ="-2ei92 t!~2 

R) =/2efo1 +~t'j(eJ+.l) =/2ei92 +~efoJe~l 

R4 = II efol + b4 e
i (9. +.4) = II ei91 + b" ei9• e~4 

Global mass center 

/'-- 8. 

0, 

(12.5c) 

(12.5<1) 

We can solve for Ihe location of the global mass cemer for any link position for 
which we know the link angles 82. 83. 84. We wam 10 make this position vector R, be a 
constam. The fi rst step is to substitute equations 12.Sd imo 12.5b. 

m, R, = m2(b:2 eJ92 e~2 ) + m3(/2 ei91 + ~ eJ91e~1 )+ m,,(/1 eJ91 + b4 e i94 e~4 ) (12.5e) 

and rearrange to group the constant terms as coeffic ients of the time-depcndenttcrms: 

m, R, = (m4/1 eJ91 )+ (mlb:2e~2 + mh )e.i62 + (m)bJ e;'l rJ91 + (m4b .. e;'4 )e.i94 (l2.5f) 

Note that thc lenns in parentheses are all constant wilh time. The only lime-dependent 
lenns are the ones containing 82_ 83. and 84, 

We can also wri te the vector loop equation for the linkage, 

12 ei92 +/) efo] -I" efo • -II efol = 0 (12.00) 

and solve it for one of the unit vectors thai define a link direction, say link 3: 

• 
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(l2.6b) 

Substitute Ihis into equation 12.5f (p. 619) 10 eliminate the 93 term and rearrange: 

nI, R, '" (nr2b2l'if2 + nt3/2 )l')62 + I~ (mJ~ t'itJ XI, eJfJ , -/2 ei62 + 14 eJ6• ) 

+ (n/4b4 ei04 riO. +(m4/1l'J6I) (l2.7a) 

and collect terms: 

m, R, =(m2b,.e .... 2 +m312 -m3h:t~t.itl )t.i81 +(",4b4t' ..... +m)bJ ~: {'.itJ }.194 

+ /1/4/. ei61 +m3b)ieifl ei81 (l2.7b) 
IJ 

This expression gives us the 100110 force R, to be a constant and make the linkage 
mass center stationary. For that 10 be so, the terms in parentheses which multiply the only 
two time-dependcnt variables. 92 and 94. must be forced to be zero. (The fixed link an
gle 9, is a constant.) Thus the requirement for linkage force balance is: 

(12.8a) 

Rearrange to isolalc one link 's terms (say link 3) on one side of each of these equations: 

m2~e.it! =m3(bJ~t'''''l -(2) 

m4b4 t:~4 '" -m)b) ~t'';'J 
IJ 

( 12.8b) 

We now have two equations involving three links. The parameters for anyone link 
can be assumed and the other two solved for. ~ linkage is typically first designed to sat· 
isfy the requi red motion and packaging constraints before th is force balancing procedure 
is attempted. In that event, the link geometry and masses are already defined, at least in 
a preliminary way. A usefUl strategy is to leave the link 3 mass and CG location as orig· 
inally designed and calculate the necessary masses and CG locations or links 2 and 4 to 
satisfy these conditions for balanced forces. Links 2 and 4 are in pure rotation. so it is 
straightforward to add counterweights to them in order to move their CGs to the neces· 
sary locations. With this approach. the right sides of equations 12.gb are reducible to nurn· 
bers for a designed linkage. We want to solve for the mass radius products m2~ and mJJ4 
and also for the angular locations of the CGs within the links. Note thai the angles ~ and 414 
in equations 12.8 are measured with rcSpecilO the lines of centers of their respective links . 
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EquAtions 12.8b are vector equations. Substitute the Euler identity (equation 4.4a, 
p. 173) to separate into real and imaginary components, and solve for the x and y com
ponents of the mass-radius products. 

(m2b:2t = m3(~ ~COS.3 -12) 
I, . 

(m2~) =m3(b3isinth ) , I, 

(m4b4t =-m3~ ~: eOS.3 

(m4b4) =-m3~!!.sin .3 
, I, 

(12.8c) 

( 12.8d) 

These components of the mR product needed to force balance the linkage represent 
the entire amount needed. If links 2 and 4 are already designed with some individual 
unbalance (the CG not at pivot), then the existing mR product of the unbalanced link must 
be subtracted from that fountfi"n equalions 12.Sc and 12.8d in order to determine the size 
and location of additional counterweights to be added to those links. As we did with the 
balance of rotating links, any combination of mass and radius that gives the desired prod
uct is acceptable. Use eq uations l2.2d and l2.2e (p. 610) to convert the cartesian mR 
products in equations l2.8c and 12.8d to polar coordinates in order to find the magni
tude and angle of the counterweight 's mR vector. Note that the angle of the mR vector 
for each link will be referenced to that link's line of centers. Design the shape of the 
physical counterweights to be put on the links as discussed in Section l2.J (p.609). 

12.4 EFFECT OF BALANCING ON SHAKING AND PIN FORCES 

Figure 12-5 shows a fourbar linkage- to which balance masses have been added in ac
cord with equations 12.8. Note the counterweights placed on links 2 and 4 al the calcu
lated locations for complete force balance. Figure 12-00 (p. 622) shows a polar plot of 
the shaking forces of this linkage without the balance masses. The maximum is 462 Ib 
at 15°, Figure 12-6b shows the shaking forces after the balance masses are added. The 

ll.19in 
l2. 5 
l3. 15 
l4. 10 

CJ*pt.13 
@63' 

ftGURE 12-5 

A balanced l ourbor II'lkoge showing balance mosses app6ed fa nnks 2 and 4 

- Open the disk file 
Ft2.(l5.4br in program 
FouRBAR to see rfIOfC 

detail on thb tinkage and 
its balancing. 

I 
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y 0.01 1:1 

-0.01 

X 

0.01 

(a) Shoking force with linkage unbalanced (b) Shaking force with linkage balanced 

FIGURE 12· 6 

POlar plot of unbalanced shaking forces on ground plane of the fourbor linkage of Figure 12-5 

-770 

FIGURE 12-7 

shaking forces are reduced 10 essentially zero. The small residual forces seen in Figure 
12-6b are due 10 computational round-off errors-the method gives theoretically exact 
results. 

The pin forces al the crank and rocker pi vots have not disappellred as a result of 
adding the balance masses. however. Figures 12-7a and 12-7b. respectively, show the 
forces on crank and rocker pivots after balancing. TheS6forces are now equnl and oppo-

y 770 • 

-770 

(a) Crank pivot force F21 

X 

770 

770. 

-770 

-no 

(0) Rocker pivot force F41 

X 

770 

Polar plots of forces F21 and F41 octlng on the ground plane of the force-balanced fourbor linkage of Figure 12-5 
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site. After balancing. the pattern of forces at pivot 02 is the mirror image of the pattern 
at pivol 0 4. The net shaking rorce is the vector sum of these two sets of forces fOTeach 
time step (Section 11.8. p. 582). The equal and opposite pairs or rorces acting at the 
ground pivots at each time step create a time-varying shaking couple that rocks the 
ground plane. These pin forces can be larger due to the balance weights and ir so will 
increase Ihe shak ing couple compared to its fomler value i.n the unbalanced linkage
one trade-off for reducing the shaking forces 10 z.ero. The stresses in the links and pins 
may also increase as a result of force-t>:!lancing. 

12.5 EFFECT OF BALANCING ON INPUT TORQUE 

Individually balancing a link which is in pure rotation by the addition of a counterweight 
will have the side effect of increllsing its mass moment of inertia. The "nywheel effect" 
ofthe link is increased by this increase in its moment or inertia. 1llUS the torque needed 
to accelerate that link will be greater. The input torque will be unaffected by any change 
in the I of the input crank when it is run at constant angular velocity. But. any rockers in 
the mechanism will have angular accelerations even when the crank does not. Thus. in
dividually balancing the rockers will tend to increase the required input torque even at 
constant input cmnk velocit):.. 

Adding counterweights to the rotating links. necessary to force balance the entire 
linkagc, both increases the links' mass moments of inertia and also (individually) III/lull
(J1ICf'S those rOlaling links in order to gain the global balance. Then the CGs of the rotat
ing links will not be at their lixed pivots. Any angular acceleration of these links will 
add to the torque loading on the linkage. Balancing an entire linkage by this method then 
can have the side effect of increasing the variation in the required input torque. A larger 
nywheel may be needed on a balanced linkage in order to achieve the same coefficient 
of nuctuation as the unbalanced version of the linkage. 

Figure 12-8 shows the input torque curve for the unbalanced linkage and for the 
same linkage afler complete force-balancing has been done. The peak value of the re
quired input torque has increased as a result of force·ba lancing. 

Torque lb-in 

'600 

'200 .. 
• 

-<00 

.... - ... -
/ \ 

/ 
__ J __ .~\.~""'b*cng 
-- -t - _._-\_. ~bellnllllla'lor4l 

• 
-'200+---~--~--~--~ 

o 90 180 270 J60 

Crank angle e deg 
FtGURE 12-8 

Unbatanced and balanced Input tOfque curves for the fourbar linkage of Figure 12-5 
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FIGURE 12-9 

M lnllne fourbar 
Hnkoge (6), (7) 

with o ptimally 
located circular 
counterweights. (5) 

• NOie thal1his Slatcmem 
is on ly true jf lhe linta.ge is 
fOftt NJano::ed which 
makes the moment of the 
shaking c()Uplc II free 
yettor. OIherwjsc i1 is 

referenced 101m: chosen 
global coordinate system. 
See rden:nce 16] for 
complete derivations of 
the shak ing moment for 
both force-balanced and 
unbalanced linkages. 
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Note, however, Ihnt the degree of increllse in the input torque due to force-balanc
ing is dependent upon the choice of radii at which the balance masses are placed. The 
extra mass moment of inertia Ihal Ihe balance mass adds to a link is proportional to the 
square of the radius 10 the CG of the balance mass. The force balance algorithm only 
computes Ihe required mass-radius product. Placing Ihe balance mass at as small a radi
us as possible will minimize the increase in input torque. Weiss and Fenton (jl have 
shown that acircular counterweight placcd tangent to the link's pivot center (Figure l 2-9) 
is a good comprom ise between addcd wcight and increased moment of inertia. To re
duce the torque penalty further. one could also choose to do less than a complete force 
balance and accept some shaking force in trade. 

12.6 BALANCING THE SHAKING MOMENT IN LINKAGES 

The shaking moment M s in a forcc -balanced linkage is the sum of the reaction torque TZI 

and the shaking couple (ignoring any extcrnally applied IO:Lds).IW 

(12.9) 

where T2] is the negative of the driving torque T 12. R] is the position vector from 02 to 
0 4 (i.e .. link I), and F41 is the force of the rocker on the ground plane. In a general link
age, the magnitude of the shaking moment can be reduced but cannot be eliminated by 
means of mass redistribution within its links. Complete balancing of the shaking mo
ment requires the addition of supplementary links and/or rotating counterweights. 17 ] 

Many techniques have been developed that use optimization methods \0 lind a linkage
mass tonfiguration that will minimize the shaking moment alone or in combination with 
minimizing shaking force and/or input torque. Hockey 181. [91 shows that the fluctuation 
in kinetic energy and inputlOrque of a mechani sm maybe reduced by proper distribu
tion of mass with in its links and that this approach is more weight efficient than adding 
n flywheel to the input shaft. Berkof [ tOI also describes n method to minimiz.e the input 
torque by internal mass rearrangement. Lee and Cheng 1III and Qi and PenneslTi [IZI 
show methods 10 optimally balance the combined shaking force. shaking moment. and 
input torque in high-speed linkages by mass redistribut ion and addition of counter
weights . Porter [131 suggests us ing a genetic algorithm to optimize the same set of pa
rameters. Bagci [141 describes several approaches to balancing Shaking forces and shak
ing moments in the fourbar slider-crank linkage. Kochev!lj) provides a generallheory 
for complete force and moment balance. Esat and Bahail161 describe a theory for com
plete force and moment balance thai requires rotating counterweights on the couplcr. Ar
akelian and Smith!]71 derive a method for the complete force and moment balance of 
Wan's and Stephenson's sixbar linkages. Most of these methods require significant com
puting resources. and space does not pennit a complete discussion of them all here. The 
reader is directcd \0 the references for more infonmllion. 

Berkof's method for complete moment balancing of the fourbar linkage [7J is sim
ple and useful even though it is limited 10 "inline" linkllgcs, i.e., Ihose whose link CGs lie 
on their respective link centerlines as shown in Figure 12-9. This is nO! an overly re
strictive constraint since many practical linkages are made with straight links. Even if a 
link must have a shape that deviates from its line of centers. its CG can still be placed on 
that line by adding mass to the link in the proper location. increased mass being the trade-off. 
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1---- U ----I 
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(0) Rectangular coupler link (b) Dogbone coupler link 

FIGURE 12- 10 

Making the coupler link 0 physJcol pendulum .... 
Forcomplele moment balancing by Berkof's method. in addition to being an in line 

linkage, the coupler must be reconfigured to become a physical pendulum* such that it 
is dynamically equivalent to a lumped mass model as shown in Figure 12-10. The cou
pler is shown in Figure 12-IOa as a uniform rectangular bar of mass m, length a and width 
"and in Figure 12-10b as a "dogbone." These are only two of many possibilities. We 
want the lumped masses to be at the pivot pins, connected by a "massless" rod. Then the 
coupler 's lumped masses will be in pure rotation e ither as pan of the crank or as pan of 
the rocker. This can be accomplished by lidding mass as indicated by dimension e at the 
coupler ends. t 

The three requirements for dynamic equivalence were stated in Section 10.2 (p. 526) 
and are: equal mass, same CG location. and smne mass moment of inert ia. The first and 
second of these are easily sat isfied by placing 111/ = mn at each pin. The third require
ment can be Slated in terms of radius of gyration k instead of moment of inertia using 
equation 10.llb (p. 534). 

"It V";, (12.10) 

Taking each lump separately as if the massless rod were split at the CG into two rods 
each of length h. the moment of inertia h of each lump will be 

and 

then 

I , 
1/ =-:::nllb 

2 

1= 2n1/b1 ::: mb2 (12. 113) 

(12. l lb) 

• This method of momenl 
balancing is "recogniud as 
• superior Ie<:hnique and 
reoornmeOOed \lhen 
applicable."1 "I 

t Note Ihal this arrange
menl also makes each pin 
joint the center of 
percussion for the other pin 
as the center of roIalion. 
This means thaI a force 
applied at either pin will 
M\'e a 7.ero reaction force 
at the other pin. effe<:ti vely 
decoupling them 
d)·namical1y. See Section 
10.8 (p. 533) and also 
Figure 13·10 (p. (56)for 
further discussion of this 
eff«t. 
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For the link configuration in Figure 12-IOa (p. 625). this will be satisfied if the link 
d imensions have the following dimensionless ratio (assuming constant link thickness). 

( 12. 12) 

where e defines the length of Ihe material that must be added at each end to satisfy equa
tion 12.11 b (p. 625). 

For the link configuration in Figure 12·1 Db, the length e of the added material of 
widlh II needed to make it a physical pendulum can be found from 

(12. [3) 
where: A:::S 

B ::: 12(~)+24 

C:::24(~)+26 

D=-2(~r +1\~)+121t-IO 

The second step is to force balance the linkage with its modified coupler using the 
methOd of Section 12.3 (p. 617)and define the required counterweights on links 2 and 4. With 
the shaking forces eliminated, the shaking moment is a free-vector, as is the input torque. 

Then as the third step, the shaking moment can be counteracted by adding geared 
inertia counterweights to links 2 and 4 as shown in Figure 12-1 1. These must tum in the 
opposite d irection to the Jinks, so they require a gear ratio of - I. Such an inertia coun
terweight can balance any planar moment that is proportional to an angular acceleration 
and does not introduce any net inertia forces to upset the force balance of the linkage. 
Trade-offs include increased input lOrque and larger pin forces resulting from the torque 
required to accelerate the additional rotational inertia. There can also be large loads on the 
gear teeth and impact when torque reversals take up Ihe gearsets' backlash, causing noise. 

The shaking moment of an inline fourbar linkage is derived in reference L6] as 

where: 

, 
M, = L A;(X; 

;,.2 

A2 =-m2(k£ +rl +02r2) 
AJ '" -m3(kr +rl-a3r3) 
A4 '" -m4(kl +r; +04(4) 

(12.14) 

Uj is the angular acceleration of link i. The other variables are defined in Figure 12-11. 
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Inen ia etrw! __ -... 

(nywheel) / 2/'- ' '~rh: 

Force balance mass 
1.---- '" ---~.j 

FIGURE 12- 11 

Physical pendulum 
mass (2 places) 

lne n ia C!rw! 

_-"'(.nywheel) 

Completely force and moment balanced InOne fourbar Unkoge with physical pendulu m 
coupler and inertia counterweights on rotating links 

Adding the effects of the two inertia counterweights gives 

• 
M, = L A,a; + i 2a2 + i 4a4 

;_2 

The shaking moment can be forced to zero if 

12 = - A2 
14 =-A4 

A) =0. or kj ='J(aJ-'3) 

(12.15) 

( 12. 16) 

This leads 10 a set of fi ve design equations that must be satisfied for complete force 
and momem balancing of an inline fourbar linkage.· 

(12. 173) 

(l2. l7b) 

( 12. l7c) 

( 12.l7d) 

(12.l7e) 

Equations 12.17a and 12. 17b are the force-balance criteria o f equation 12.8 (p. 620) 
wrillen for the inline linkage case. Equatio n 12. 17c defi nes the coupler as a physical 

627 

• 1bese components of the 

mR product needed 10 fOKe 
batance lhe linkage 
represent the emire amoont 
needed. If linh 2 and 4 are 
al ready des igned wilh 
some ind ividual unbalance 

(i.e .. lhe CO IKM al pivOl:). 
then the ell isting mR 
product of the unbalanced 
link must be sulKncted 
from that found in 
equatioos t2.t7a and 
l2.17b in ordcr to 
determine the sin and 
location of addidonal 
counterweights to be added 
10 those links. 

• 

• 
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pendulum. Equations 12.17d and 12.17e (p. 627) define thc mass moments of inertia re
qui red for the two inertia counterweights. Note that if the linkage is run at constant an
gular velocity, u2 wi ll be zero in equation 12.14 (p. 626) and the inertia counterweight 
on link 2 can be omitted. 

12.7 MEASURING AND CORRECTING IMBALANCE 

While we can do a great deal 10 ensure balance when designing a machine, variations 
and tolerances in manufacturing wi ll preclude even a well-balanced design from being 
in perfect balance when built. Thus there is need for a means to measure and corrccllhe 
imbalance in rotating systems. Perhaps the best example assembly to discuss is that of 
the automobile lire and wheel, with which most readers will be fami liar. Certainly the 
design of thi s device promotes balance, as it is essent ially cylindrical and symmetrical. 
If manufactured to be perfectly unifornl in geometry and homogeneous in material, it 
should be in perfect balance as is. But typically it is nol. The wheel (or rim) is more 
likely to be close to balanced, as manufactured, than is thc tire. The wheel is made of a 
homogeneous metal and has fairly unifornl geometry and cross section. The tirc, how
ever, is a composite of synthetic rubber e lastomer and fabric cord or metal wire. The 
whole is compressed in a mold and stearn-cured at high temperature. The resulting ma
terial varies in density and distribution, and its geometry is often distorted in the process 
of removal from the mold and cooling. 

STATIC B ALANCING After the tire is assembled to the wheel, the assembly must 
be balanced to reduce vibration at high speeds. The simplest approach is to statically bal
ance )t, though it is nOl really an ideal candidate for this approach as it is thick ax ially 
compared to its diameter. To do so it is typically suspended in a horizontal plane on a 
cone through ils center hole. A bubble level is attachett"to thc wheel, and wcights are 
placed at positions around the rim of the wheel until it sits level. Thcse weights are then 
attached to the rim at those points. This is a single-plane balance and thus can only can
cel the unbalanced forces. It has no effect on any unbalanced moments due to uneven 
distribution of mass along the axis of rotalion. It also is not very accurate. 

D YNAMI C B AL ANC ING The beller approach is to dynam ically balance it. This 
requires a dynamic balancing machine be used. Figure 12-12 shows a schematic of such 
a device used for balancing wheels and tires or any other rotating assembly. The assem
bly to be balanced is mounted temporarily on an axle, called a mandrel. which is sup
ported in bearings within the balancer. These two bearings are each mounted on a sus
pension which contains a transducer that meqsures dynam ic force. A common type of 
force transducer contains a piezoelectric crystal which delivers a vol tage proport ional to 
the force applied. This voltage is amplified electronically and delivered to circuitry or 
software which can compute its peak magnitude and the phase angle of that peak with 
respect to some time reference signal. The reference signal is suppl ied by a shaft encod
eron the mandre l which prov ides a short duration electrical pulse once per revolution in 
exactly the same angular location. This encoder pulse triggers the computer to begin 
processing the force signal. The encoder may also provide some large number of addi
tionaJ pulses equ ispaced around the shaft circumference (often 1024). These are used 10 
trigger the recording of each data sample from the transducers in exactly the same loca
tion around the shaft and to prov ide a measure of shaft velocity via an electronic counter. 
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Bearing Correction planes 

l1re Shaft encoder 

- Force transdllcen 
FIGURE 12- 12 

A dynamic wheel balancer 

The assembly to be balanced is then "spun up" to some angular velocity, usually 
with a friction drive contacting its circumference. The drive torque is then removed and 
the drive motor stopped, allowing the assembly to '·freewheel." (This is to avoid mea
suring any forces due to imbalances in the drive system.) The measuring sequence is 
begun, and the dynamic forces at each bearing are measured simultaneously and their 
waveforms stored, Many cycles can be measured and averaged to improve the quality 
of the measurement Because forces are being measured at two locations displaced along 
the axis, both summation of moment and summation of force data are computed, 

The force signals are sent to a buill-in computer for processing and computation of 
the needed balance masses and locations. The data needed from the measurements are 
the magnitudes of the peak forces and the angular locations of those peaks with respect 
to the shaft encoder 's reference angle (which corresponds to a known point on the 
wheel). The axial locations of the wheel rim's inside and outside edges (the correction 
planes) with respect to the balance mnchine's transducer locations nre provided to the 
machine's computer by operator measurement . From these data the net unbnlanced force 
and net unbalanced moment can be calculated since the distance between the measured 
bearing forces is known, The mass-mdius products needed in the correction planes on 
each side of the wheel can then be calculated from equations 12.3 (p. 612) in terms of 
the mR product of the balance weights, The correction radius is Ihat of the wheel rim. 
The balance masses and angular locations nre calculated for each correction plane to put 
the system in dynam ic balance. Weights having the needed moss are clipped onto the 
inside and OUlside wheel rims (which <Ire the correction planes in this case), at the proper 
angular locntions, The resull is a fairl y accuratel y dynamically balanced tire and wheel. 

6 .. 
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TABLE P1 2-0 

Topic/ Problem Motrlx 

12.1 Statle Bolooce 

12-1. 12-2.12-3.12-4 

12.2 Dvnamlc lklla!'ICe 

12-5.12-13,12-14. 
12-15. 12-16.12-17. 
12-18.12-19 

12.3 Bolooclng Unkoges 

12-8a. 12-12. 12-27. 
12-29.12-31.12-33. 
12-35 

12.5 Etfect 01 BoIo!'IC1ng 
on Input TO/que 

12-8b. 12-9. 12-10. 
12-11 

12.6 Balancing Shoklng 
Moment in Unkaoes 

12-20, 12-21. 12-22. 
12-23. 12-28.12-30. 
12-32.12-34.12-36 

12.7 Meowrtng aod 
COrrecting 
ImbolollCe 

12-6.12-7.12-24. 
12-25. 12-26 

• Answers in Appendix F. 

t These problems are 
suited to solution using 
M/IIhcatf. Mal/ab. or 
TKSo/l"<'f equation solver 

programs . 
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12.9 PROBLEMS 

°t 12- 1 A syste m of two coplanar anllS on a common shaft. as shown in Figure 12· I (p. 611), 

is to be des igned. For the row(s) a.~signed in Table P1 2-1, find the shaking force of 
the linkage when run unbalanced at 10 rad/sec and design a countcrweightto 

statically balance the system. Work in a ny consistent uni ts system you prefer. 

t 12-2 The minute hand on Big Ben weighs 40 Ib and is 10 ft long. It s CC is 4 ft from the 

pivot. C alculate the mR product and angular locatio n needed to statically balance this 

link and design a physical counlerweighl . positioned close to the center. Select 
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TABLE P12· \ Data for Problem 12· 1 

Row m, m, " " 
o. 0.20 0.40 1.25@30" 2.25@ 120" 

b . 2.00 '.36 3.oo@45° 9.00 CD 320" 

c. 3.50 2.64 2.65@ 100" 5.20 CD-¢O" 

d . 5 .20 8.60 7.25@ 150" 6.250220" 

•• 0.96 3.25 5.50 CD-3O" 3.55 CD 120" 

material and design the detailed Sh3pe of the counlcrv.'cighl which is of 2 in unifornl 
thickness in the Z direction. 

t 12.3 A "V for victory" advenising sign is being designed to be oscillated about the apex of 
the V, on a billboard. as the rocker of a fourbar linkage. The angle between the legs 
of the V is 200

, Each leg is 8 n long and 1.5 ft wide. Material is O.25-in-thick 
aluminum. Design the V link for sialic balance. 

t 12-4 A three-bladed ceilinjJan has 1.5 ft by 0.25 ft equispaced rectangular blades thai 
nominally weigh 2 Ib each. Manufacturing tolerances will cause the blade weight 10 
vary up 10 plus or minus 5%. 11K: mounling accuracy of the blades will vary Itle 
location of the CG versus the spin axis by plus or minus 10% of the blades' diame
ters. Calculate the weight o f the largest sleel counterweight llCeded at a 2-in radius to 
statically balance the worst-case blade assembly if the minimum radius of the blades 
is 6 in. 

°t 12-5 A system o f three noncoplanar weights is arranged on a shaft gencrJ.lly as shown in 
Figure 12-3 (p. 6 15). For the dimt.:nsions from the row(s) assigned in Table PI 2-2. 
find the shaking forces and shaking moment when run unbalanced at 100 rpm and 
specify the mR product and angle of the counterweights in correction planes A and 8 
needed to dynamically balance the system. 1bc: correct ion planes are 20 units apart. 
Work in any consistent un ilS system you prefer. 

ot 12-6 A wheel and lire assembly has been run al 100 rpm on a dynamic balWlcing machine 
as snown in Figure 12- 12 (p. 629). The force measured allhe lefl bearing had a peak 
of 5 Ib at a phase angle of 450 with respecllo the zero reference angle on the tire. 
The force measured at the right bearing had a peak of 2 lb at a phase angle of - 120" 
with respect to the reference zero on the tire. The center distance between the two 

TABLE P12-2 Data for Problem 12·5 

Row m, m, m, 
" " " " " " 

o. 0.20 0 .40 1.24 2 8 17 1.25030" 2.25 C 120"' 5.50 0-30" 

b. 2.00 ' .36 3.56 5 7 16 3.00045· 9.00 0 320"' 6.250220" 

c. 3.50 2.64 8.75 , 9 11 2.6501000 5.20C-6C1' 1.25030" 

d. 5.20 8.60 4.77 7 12 16 7.250150" 6.250220" 9.00 0 320" 

•• 0.96 3.25 0.92 3 18 5.50 C 30" 3.55@ 120" 2.65@ 1000 

• 
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I 
• Ans .... CB in AppendIX F. 

t These probtems :are 
suited to solution using 
Mmhcod. Mm/(lb. O!" 

TKSQ/I"(! r equation solver 
programs. 
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9.625" 
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FIGURE P12-1 

Problem 12-9 

• Answers in Appendix F. 

t These problems are 

sui led 10 solulion using 
MUliJcad. MUllab. or 
TKSoll"t"r equalion solver 

programs. 

* These problems are 
suiled 10 solulion using 
program Fou RBAR which 
is on Ihe Bl!ached CD
ROM. 
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bearings on the machine is 10 in. The lefl edge of the wheel rim is 4 in from the 
centerline of the closest bearing. The wheel is 7 in wide at the rim. Calculate the 
size and location with respect to the ti re's zero reference angle, of balance weights 
needed on each side of the rim to dynamically balance [he tire assembly. The wheel 
rim diameter is 15 in. 

°t 12-7 Repeat Problem 12-6 for measured forces of 6 Ib at a phase angle of ...6ff> with 
respect to the reference zero on the tire, measured at the left bearing, and 4 Ib at a 
phase angle of 1500 wi th respect to the reference zero on the lire. measured at the 
right bearing. The wheel diameter is 16 in. 

·UJ2-8 Table PII ·3 (p. 598) shows the geometry and kinematic data for several fourbar 
linkages. 

a. For the row(s) from Table PII -3 assigned in this problem. calculate the size and 
angular local ions of the counterbalance mass-radius products needed on links 2 
and 4 to completely force balance the linkage by the melhod of Berkof and Lowen. 
Check your manual calculation with program FOURBAR. 

b. Calculate the input torque for the linkage both with and without the added balance 
weights and compare the results. Use program FOURBAR. 

ot 12_9 Link 2 in Figure P12-1 rotates at 500 rpm. The links are steel with cross seclions of I 
X 2 in. Half of the 29-lb weighl of the laybar and reed are supported by the linkage at 
point B. Design counterweights to force balance the linkage and detennine its change 
in peak torque versus the unbalanced condi tion. See Problem 11- 13 (p. 601) for more 
infonnation on the overall mechanism. 

t* 12.1O Figure P1 2·2a shows a fourbar linkage and its dimensions in meters. The steel crank 
and rocker have unifonn cross sections of 50 mm wide by 25 mm thick. The 
aluminum coupler is 25 mm thick. The crank 02A rotates at a constant speed of ro '" 
40 rad/sec. Design counterweighls to force balanc~e linkage and delennine its 
change in peak torque versus the unbalanced condition. 

t* 12-11 Figure P1 2-2b shows a fourbar linkage and its dimensions in meters. The steel crank 
and rocker have uni fonn cross sections of 50 mm wide by 25 mm thick. The 
aluminum coupler is 25 mm thick. The crank 02A rotates at a constant speed of (t) '" 

50 rad/sec. Design counlerweighls to force balance the linkage and dctennine its 
change in peak torque versus the unbalanced condiTion. 

8 
AP =0.97 

L3 = 2.06 

\~-~P 
AP = 3.06 B 

L4 = 0.85 A 
L~ '" 2.33 

L2 ", 0.34 

L t = 1.3 
0, 0, 

(a) (0) 

FIGURE P 12·2 

Problems 12-10 to 12-11 
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t12· 12 Write II computer program or use an equation solver such as Mathcad, Mat/ab, or 
TKSolI'er to solve for the mass·radius products that will force balance any foumr 
linkage for which the geometry and mass propenies are known. 

t 12·13 Figure P12·3 shows a systcm with two weights on a rolating shafl. WI = 15 Ib@ 0 0 

at a 6-in radius and W2 = 20 Ib @270" 3t35-in radius. Detemline the magni tudes 
and angles o r the balance weights needed to dynamically balance Ihe system. The 
balance weight in plane 3 is placed at 3 radius of 5 in 3nd in plane 4 of 8 in. 

·t I2· 14 Figure P1 2-4 shows a system with' two weights on a rotating shaft. Wt = IS Ib @ 30" 
at a 4-in radius 3nd 1V2 '" 20 lb @ 2700 at 3 6·in radius. Detennine the radii and 
angles of the balance weights needed to dynamically balance the system. The 
balance weight in plane 3 weighs 15 Ib and in plane 4 wcighs 30 lb. 

t \2. 15 Figure P1 2-5 (p. 634) shows a system wi th two weights on a rotating shaft. WI"" 10 
Ib@ 90" at a 3-in radius and W2:: IS Ib @ 240" at a 3·in radius. Detennine the 
magnitu<ics and angles of the balance weights needed to dynamically balance the 
system. The balance weights in planes 3 and 4 are placed at a 3-in radius. 

°t 12. 16 Figure P1 2·6 (p. 634) shows a system wi th three weights on a rotating shaft. IVI "" 9 
Ib@ 90" at a 4-in radius. W2 "" 9 Ib@ 225" 31 a 6·in radius. and IV} :: 6 Ib@ 3 15" 3t 
a I().. in radius. Detennine the m3gnitu<ics and angles of the balance weights needed 
to dynamically balanc-eihe syslcnl. The balance weights in planes 4 and 5 are placed 
at a 3-in radius. 

t 12· 17 Figure P 12-7 (p. 635) shows a system with three weights on a rotating shaft . W2 :: 10 
Ib @ 90" at a 3· in radius. IV} '" 10 Ib @ 1800 at a 4-in radius. and W4 :: 8 Ib@ 3 150 

al a 4-in radius. Detennine the magnitudes and angles of the balance weights needed 
to dynamically balance the system. The balance weight in plane 1 is placed at a 
radius or 4 in and in plane 5 of 3 in. 

·t 12· 18 The 400-mm·dia steel roller in Figure P1 2-8 (p. 635) has been tested on a dynamic 
balancing machine at 100 rpm and shows an unbalanced force of F t "" 0.291 N@6t 
= 450 in thex·y plane at I and F4 = 0.514 N@ 64 '" 2100 in thex.y plane at4. 
Detennine the angular locations and required diameters of 25·mm-deep holes drilled 
radially inward from the surface in planes 2 and 3 to dynamically balance the system. 

t 12- 19 The 500·mm·dia steel roller in Figure P 12-8 (p. 635) has been tested on a dynamic 
balancing machine at 100 rpm and shows an unbalanced force o f FI = 0.23 N@6, = 
30" in the x·y plane at I and F 4 = 0.62 N @ 64 :: 135 <> in the x·y plane at 4 . Deter-

IV , IV , 

9 

3 4 
IV, IV, 

FIGURE P12 -4 

Problem 12-1 4 

r;. 0 
IV , 

4 -- -}---I)--

IV, 
3 --_L-, ---J- -

FIGURE P12 -J 

Problem 12-13 

• Answers in Appendix F. 

, Thc.se probtems are 
SUlled 10 5OIulion using 
Mlllhead. Mllllab. or 
TKSoll·tr cqumion $Olver 
progrnms. 

• 
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IV, 
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FIGURE P12 · 5 

Problem 12-15 

t These problems are 
suited to solution using 
MCllhcud. MClllub. or 
TKSoIw" equation solver 
progl1lfTls. 

* 1"hese problems are 
su ited to solution using 
progl1lfTl FouRBAR which 
is on the auached CD
ROM . 

DESIGN OF MACHINERY CHAPTER 12 

10 4 

IVl 

IV, 4 

FIGURE P12 -6 

Problem 12-16 

tt 12-20 

tf. 12_21 

H 12-22 

U 12-23 

t l2-24 

mine the angular locations and required diameters of 25-mm-deep holes dri lled 
radially inward from the surface in planes 2 and 3 to dynamically balance the system. 

The linkage in Figure P1 2-9a has rectangular steel links of 20 x 10 mm cross section 
similar to that shown in Figure 12- lOa (p. 625). Design the necessary balance 
weights and other features necessary to complete ly eliminate the shaking force and 
shaking momenl. Slate all assumptions. 

Repeat Problem 12-20 using links configured as in Figure 12- IOb (p. 625) with the 
same cross section but having "dogbone" end diameters o f 50 mm. 

The linkage in Figure P 12-9b (p. 625) has rectangular steel links o f 20)( 10 mm cross 
scclion similar to that shown in Figure 12- IOa. Design the necessary balance weights 
and other features necessary to completely eliminate the shaking force and shaking 
moment. State all assumplions. 

Repeat Problem 12-22 using steel links configured tlnn Figure 12· IOb (p. 625) with 
a 20)( 10 mm cross section and having "dogbone" end diameters of 50 mm. 

The device in Figure P12- 10 is used to balance fan blade/hub assemblies running at 
600 rpm. The center dislance between lhe tWO bearings on the machine is 250 mm. 
The left edge of the fan hub (plane A) is 100 mm from the centerline of the closest 
bearing (a t FiJ. The hub is 75 mm wide along its axis and has a diameter of 200 mm 
along the surfaces where balancing weights are fastened. The peak magnitude of 
force 1-"1 is 0.5 N at a phase angle of 300 with respect to the rotating x' axis. Force F2 
had a peak of 0.2 N at a phase angle of - 130". Calculate the magnitudes and 
locations wi th respect to the x' axis o f balance weights placed in planes A and 8 of 
the hub to dynamically balance the farl assembly. 

t 12-25 Repeat Problem 12-24 using the following data. The hub is 55 mm wide and has a 
diameter of 150 mm along the surfaces where balancing weights are fastened. The 
force F 1 measured 8t the left bearing had a peak o f 1.5 N at a phase angle of 6lJ> wi th 
respecllo lhe rotaling x' axis. The force 1-"2 measured al the right bearing had a peak 
of 2.0 N at a phase angle of - 180" with respect to the rotating x' axis. 

t 12-26 Repeat Problem 12-24 using the following data. The hub is 125 mm wide and has a 
diameter of 250 mm along the surfaces where balancing weights are faslened. 1be 
force F I measured at the left bearing had a peak of 1.1 N at a phase angle of 1200 

with respect to the rotatingx' axis. The force F2 measured at the right bearing had a 
peak of 1.8 N at a phase angle of _930 wi th respect to Ihe rotating x' axis. 
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Problems 12-18ond 12-19 
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, These problems are 
sUIted to solution using 
Mutllcud. MUllab. or 
TKSol\'~r equation solver 
progrnms. 

* These problems ~ 
sui ted 10 solution using 
progrum FOUR BAR which 
i$ on Inc anachcd CO
ROM. 

0, 

(d) 

FIGURE P12 - 11 

Problems 12-27 to 12-30 

L[,. 174 

L2 = 116 

L3 = lOS 

~= 110 

0, 
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/J 

A 

L] '" 4.46 L2 = 2.75 
L3 = 3.26 L4 = 2.75 
AP = 1.63 

(0) 

H 12_27 Figure P12· 11a shows a fourbar linkage and its dimensions in mm. All links are 
4-mm-thick steel. Link 3 has a uniform cross section and is 20 mm wide with ends 
that extend 10 mm beyond Ihe pivot holes. Links 2 and 4 have a IO-mm radius al 
each end. Design counterweights to force balance the linkage using the method of 
BeTkor and Lowen. 

H 12-28 Use Ihe dma of Problem 12-27 10 des ign the necessary balance weights and other 
features 10 completely el iminllle the shaking force and shaking moment the linkage 
exerts on the ground link. 

t* 12_29 Figure P12- l lb shows II fourbar linkage and its dimensions in inches. All links have 
a unifoml O.5-in wide x O.2-in thick cross-section IImh1re made from steel. Link 3 
has squared ends that eXlend 0.25 in from the pivol point centers. Links 2 and 4 have 
rounded ends Ihal have a rJdi us of 0.25 in. Design counterweights to force balance 
the linkage us ing the method of Berkof and Lowen. 

/I 

0, 

A 

FIGURE P12-12 

Problem 12-3110 12-32 
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LI :2.72 in 

L2: 5.52 in 

L3 '" 4.88 in 

L4 '" 6.48 in 

FIGURE P12 - 14 

Problems 12-35000 12-36 

H 12-30 Use the data of Problem 12-29 to design Ihe necessary balance weights and olher 
fealures to completely eliminale the shaking force and shaking moment the linkage 
exerts on the ground link. -H 12-31 Figure P 12-12 shows a fourbar linkage and its dimensions in inches. All links have a 
unifonn 0.5-in wide x 0.2-in thick cross-section and are made from aluminurt,. Link 
3 has squared ends that extend 0.25 in from the pivot point centers. Links 2 and 4 
have rounded ends that have a radius of 0.25 in. Design counterweights 10 force 
balance the linkage using the method of Berkof and Lowen. 

H 12-32 Use the dala of Problem 12-31 10 design the necessary balance weights and other 
features to completely eliminate the shaking force and shaking moment the linkage 
exerts on the ground link. 

H 12-33 Figure P12- 13 shows a fourbar linkage and its dimensions in inches. Links 2 and 4 
are rectangular steel with a I-in wide x 0.12-in thick cross-section and 0.5-in radius 
ends. The coupler is 0.25-in- thick aluminum with 0.5-in radii al pointsA. 8, and P. 
Design counterweights to force balance the linkage using the method of Berkof and 
Lowen. 

H 12_34 Use thed:lIa of Problem 12-33. changing link 3 to be steel with the same cross
section dimensions as links 2 and 4. to design the necessary balance weights and 
other features necessary to completely eliminate the shaking force and shaking 
moment the linkage e;>;erts on the ground link. 

tt 12-35 Figure P12- 14 shows a fourbar linkage and its dimensions in inches. All links are 
O.OS-in-thick steel and have a unifonn cross-section of 0.26-in wide x 0.12-in thick. 
Links 2 and 4 have rounded ends with a 0.13-in radius. Link 3 has squared ends that 
extend 0. 13-in from the pivot point centers. Design counterweights to force balance 
the linkage using the method of BeTkof and Lowen. 

H 12-36 Use the data of Problem 12-35 to design the necessary balance weights and other 
features to completely eliminate the shaking force and shak.ing moment the linkage 
e;>;erts on the ground link. 
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Problems 12-33 to 12-34 

t These problems are 
suited \0 solulion using 
Mathcad. Mm/ah. or 
TKSal\'~r equation solver 
programs. 

~ These problems are 
suited to solution using 
program FOURBAR which 
is on the attached CO
ROM. 
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ChaPte(13 
ENG NEtDYNAMICS 
I 'wv~/K'ays.lholight that the Slibstitllli Ii of tlie 
imemal combustion machine for the horse marked 
a very gloomy milestone ill the progress of mallkUyj. 
WINSTON S. CHURCHill 

13.0 , INTRODUCTION 

The previous chapters have introduced analysis techniques for the dctenninalion of dy
namic forces, moments. and torques in machinery. Shaking forces. moments, and their 
balancing have also been discussed. We will now allempt to integrate all these dynamic 
considerations into the design of a common device, the slider-crank linkage as used in 
the internal combustion engine. This deceptively simple mechanism will be found to be 
actually quite complex in tenns of the dynamic considerations necessary to its design for 
high-speed operation. Thus it will serve as an excellem example of the application of 
the dynamics concepts just presented. We will not address the thennodynnmic aspects 
of the internal combustion engine beyond defining the combustion forces which are nec
essary to drive the device. Many other texIS. such as those listed in the bibliography at 
the end of Ihis chapter. deal with the very complex thennodynnmic and nuid dynnmic 
aspects of this ubiquitous device. We wi ll cOIt"centrate only on its kinematics and me· 
chanical dynamics aspects. It is not our intention to make an ';engine designer" of the 
student so much as to apply dynamic principles to a realistic design problem of general 
interest and also to convey the complexity and fascination involved in the design of an 
apparently simple dynamic device . 

Some students may have had Iheopportunity 10 disassemble and service an internal 
combustion engine. but many will have never done so. Thus we will begin with very 
fundamental descriptions of engine design and operation. The program ENGINE. sup
plied with this tex t, is designed to reinforce and amplify the concepts presented. It will 
perform all the tedious computations necessary to prov ide the student with dynamic 
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FIGURE 13- 1 

Cutaway cross sectlon 01 a vee-eight engine 
AdOPted "om a drowInQ by Lone I'homos. v.tastern Carolina University, Dept. ar Industrial Edl.lcal'lon. wltIl permission 

information for design choices and trade-offs. The student is encouraged to use this pro
gram concurrent with a reading of the texl. Many examples and illustrations within the 
text will be generated with this program and reference wi ll frequently be made to it. A 
user manual for program ENGINE is provided in Appendix A which can be read or re
ferred to at any time in order 10 gain familiarity with the program's operation. Examples 
used in Chapters 13 and 14 which deal with engine dynamics are built into program 
ENGINE for student observation and exercise. They can be found on a drop-down menu 
in that program. Other example engine f'iles for program ENGINE are on Ihe CD-ROM. 

• Carburel0rs have been 
reptaeed by fuet injection 
sy~tems OIl automotive and 
other engines that ate 
required to meet increas
ingly stringent exhaust 
emission oomrol regula
ti005 in the United States. 
Fuel injection gives bener 
con trol o,'er the fuel·air 
mixture than a carburetor. 

I 
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(0) 

(e) 

FIGURE 13· 2 

Flnlte-element models of an engine piston (0). connecting rod (b). and crankshaft (c) Courtesy of General Motors Co_ 

-13.1 ENGINE DESIGN 

Figure 13-\ (p. 639) shows a detailed cross section of an internal combustion engine. 
The basic mechanism consists of a crank, a connecting rod (coupler). and piston (slider). 
Since this figure depicts a multicylinder vee-eight engine configurntion. there are fOUf 

cranks arranged on a crankshaft, and eight sets of connecting rods and pistons. four in 
the Icf! bank of cylinders and four in the right bank. Only two pislon-connecting rod 
assemblies are visible in this view, both on a common crank pin. The others are behind 
those shown. Figure 13-2 shows finite-element models of a pislon. connecting rod. and 
crankshaft for a four-cylinde r inl ine engine. The most usual arrangement is an inline 
engine with cylinders all in a common plane. Thrce-. four-. five-. and six-cylinder in
line engines are in production the world over. - Vee e ngines in four-. six-. eight-. ten-. 
and twelve-cylinder versions are also in production. with vee six and vee eight being the 
mosl popu lar vee configurlilions. The geomelric arr.lngemenls of the crankshaft and 
cylinders have a significant effeci on the dynamic condition of the engine. We will ex
plore these efTects of mullicylinder arrangemelliS in the next chapter. At this Slage we 
wish to deal only with the design of a si ngle-cylinder engine. After optimizing the ge
ometry and dynamic condit ion of one cylinder. we will be ready to assemble combina
tions of cylinders into mul ticylindcr configunltions. 

A schemlll ic of the basic one-cylinder slider-crank mechanism and the tcnninology for 
its principal p..1/1S are shown in Figure [3-3. Note that it is "back-<lriven" compared to the 
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FtGURE 13-3 

Fourbor sllder-cronk mechanism (Q) for Single-cyllnder Internal combustion engine (b) Mahle Inc .• Motristown. NJ 

linkages we have been anal1Zing in previous chapters. That is. the explosion of the com
bustible mixture in the cylinder dri ves the piston to the le(t in Figure 13-3 or ~down in 
Figure 13-4 (p. 642), turning the crank. The crank torque that results is ultimately deliv
ered to the drive wheels of the vehicle through a transmission (see Section 9.11, p. 504) 
to propel the car, motorcycle, or other device. The same slider-crank mechanism can also 
be used "forward-driven," by motor-dri vi ng the crank and taking the output energy from 
the piston end. It is then called a piston pump and is used to compress air, pump well 
water, gasoline. and other liquids. 

In the internal combustion engine of Figure 13-3. it should be fairly obvious that at 
most we can only expect energy [0 be delivered from the exploding gases to the crank 
during the power stroke of the cycle. The piston must return from bottom dead center 
(BOC) to top dead center (TOC) on its own momentum before it can receive another 
push from the next explosion. In (acl. somc rotational kinctic energy ntust be stored in 
the crankshaft merely to carry it through the TDC and BDC points as the moment ann 
for the gas force at those points is zero. This is why an internal combustion engine must 
be "spun-up" with a hand crank, pull rope. or stnner motor to get it running. 

There are two common combustion cycles in use in internal combustion engines, the 
Clerk two-stroke cycle and the Otto four-stroke cycle, named after their nineteenth 
century inventors. The four-stroke cycle is most common in automobile. truck, and sta
tionary gasoline engines. The two-stroke cycle is used in motorcycles, outboard motors, 
chain saws. and other applications where its better power-Io-weight ratio outweighs ils 
drawbacks of higher pollution levels and poor fuel economy compared to the four-stroke, 

FOUR-SnOKE Cl'CI.E The OUo four-stroke cycle is shown in Figure 13-4 (p. 642). 
It takes four full strokes of the piston to complete one Otto cycle. A piston stroke is de
fined as its travel from TOC to SOC or the reverse. Thus there are two strokes per 360° 
crank revolution and it takes 720° of crankshaft rotat.ion to complete one four-stroke 
cycle. This engine requires at least two valves per cylinder. one for intake and one for 
exhaust. For discussion, we can start the cycle at any point as it repeats every two crank 
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(Q) Intake stroke (b) Compression stroke (c) Power stroke (d) EKhaust stroke 
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The ONo four-stroke combustion cycle 

revolutions. Figure 13-4a shows the intake stroke which starts with the piston at TDC. 
A mixture of fuel and air is drawn into the cylinder from the induct ion system (the fuel 
injectors, or the carburetor and intake manifold in Figure 13-1, p. 639) as the piston ~ 
scends to BOC, increasing the volume of the cyl inder and creating a slight negative pressure. 

During the compression stroke in Figure 13-4b, all valves are closed and the gas is 
compressed as the piston travels from BDC to TOe. Slightly before TDC. a spark is 
ignited to explode the compressed gas. The pressure from this explosion builds very 
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quickly and pushes the piston down from TOC to SOC during the power stroke shown 
in Figure 13-4c. The exhaust valve is opened and the piston 's exhaust stroke from BOC 
to TOC (Figure 13-4<1.) pushes the spent gases oul oflhe cylinder into the exhaust mani
fold (see also Figure 13-1, p. 639) and thence to the calalytic convener for cleaning be
fore being dumped out the tailpi pe. The cycle is then ready to repeat with another intake 
stroke. The valves are opened and closed at the right tim~ in the cycle by a camshart 
which is driven in synchrony with the crankshart by gears, chain. or toothed belt drive. 
(See Figure 9-25. p. 482.) Figure 13-4e shows the gas pressure curve for one cycle. With 
a one-cylinder Otto cycle engine. power is delivered to the crankshart. at most. 25% of 
the time as there is only I power stroke per 2 revolutions. 

T\\ o-STROKE CYCLE The Clerk two-sIroke cycle is shown in Figure 13-5 (p. 644). 
This engine does nol need any valves. though to increase its efficiency it is sometimes 
provided with a passive (pressure differential operated) one aI the intake pon. It does 
not have a camshaft or valve train o r cam drive gears to add weight and bulk to the en
gine. As its name implies. it requires only two-strokes. or 360°, to complete its cycle. 
There is a passageway. called a transfer pon. between the combust ion chamber above 
the piston and the crankcase below. There is also an exhaust pon in the side of the cyl
inder. The piston acts to sequentially block or expose lhese pons as it moves up and 
down. The crankcase is se~d and mounts the carburetor on it. serving also as the in
take manifold. , 

Staning at TOC (Figure 13-5a), the two-stroke cycle proceeds as fo llows: The spark 
plug ignites the fuel-air charge. compressed on the previous revolution. The expansion 
of the burning gases drives the piston down, delivering torque to the crankshaft. Part
way down, the piston uncovers the exhaust pon, allowing the burned (and also some 
unburned) gases to begin to escape to the exhaust system. 

As the piston descends (Figure l3-5b), it compresses the charge of fuel -air mixture 
in the scaled crankcase. The piston blocks the intake pon preventing blowback through 
the carburetor. As the piston clears the transfer pon in the cylinder wall, its downward 
motion pushes the new fuel-air charge up through the transfer pon to the combustion 
chamber. The momentum of the exhaust gases leaving the chamber on the other side 
helps pull in the new charge as well. 

The piston passes BOC (Figure 13-5c) and stans up. pushing out the remaining ex
haust gases. The exhaust port is closed by the piston as it ascends, allowing com
pression of the new charge. As the pi ston approaches TOC, il exposes the intake port 
(Figure 13-5d), sucking a new charge of air and fuel into the expanded crankcase from 
the carburetor. Slightly before TOC. the spark is ignited and the cycle repeats as the pis
ton passes TOC. 

Clearly, this Clerk cycle is not as efficient as the Otto cycle in which each event is 
more cleanly separated from the others. Here there is much mixing of the various phases 
of the cycle. Unburned hydrocarbons are exhausted in larger quantities. This accounts 
for the poor fuel economy and dirty emissions of the Clerk engine: It is nevenheless 
popular in applications where low weight is paramount. 

Lubrication is also more difficult in the two-stroke engine than in the four- stroke as 
lhe crankcase is not available as an oil sump. Thus the lubricating oil must be milled with 
the fuel. This furt her increases the emissions problem compared to the Otto cycle engine 
which bums raw gasoline and pumps its lubricating oil separately throughout the engine. 

• Research and develop-

men! is under way to clean GI 
up \be emissions of the 
two-stl'Ok:e engine by using 

fuet injection and 
compressed air scavengmg 
of the cylindef'$. 'Thelie 
efforts may yel bring this 
pocentially more powerful 
engine dcsign into 
comptiam;e with air quality 

specificacions. 
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Olt:St]. eve .... : The diesel cycle can be either two-stroke or four-stroke. It is a 
compression-ign ition cycle. No spark is needed to ignite the air-fuel mixture. The air 
is compressed in thc cylinder by a factor of about 14 to 15 (versus 8to 10 in the spark 
engine). and a low volatility fuel is injected into the cylinder just before TDC. The heat 
of compression causes the explosion. Diesel engines are larger and heavier than spark 
ignition engines for the same power output because the hii!;her pressures and forces at 
which they operme requ ire stronger. heavier pans. Two-stroke cyclc Diesel engines are 
quite common. Diesel fuel is a beller I~bricant than gasoline. 

GAS FORe t: In alilheengines discussed here. the usable output torque is crealed 
from the explosive gas pressure generated within the cylinder either once or twice per 
two revolutions of the crank. depending on the cycle used. The magnitude and shape of 
this explosion pressure curve will vary with the engine design. stroke cycle. fuel used. 
speed of operation. and other factors related to the thennodynamics of the system. For 
our purpose of analyzing the mechanical dynamics of the system, we need to keep the 
gas pressure function consistent whi le we vary other design paramcters in order to com
pare the resul ts of our mechanical design changes. For this purpose. program ENGINE 
has been provided wi th a built-in gas pressure curve whose peak value is about 600 psi 
and whose shape is similar 10 the curve from a real engine. Figure 13-6 (p. 646) shows 
the gas force cun'e that rew,Lls from the built-in gas pressure funclion in program EN
GINE applied to a piston of panicular area. for both IWO- and four-stroke engines. 
Changes in piston area will obviously affect the gas force magnitude for Ihis cohsistent 
pressure function, but no changes in engine design parameters input to this program will 
change its buill-in gas pressure curve. To see this gas force curve. run program ENGINE 
and select anyone of the example engines from the pull-down menu. Then calculate and 
plot Gas Foret'. 

13.2 SLIDER-CRANK KINEMATICS 

In Chaplers 4. 6. 7, and II we dcveloped general equmions for the exact solution of the 
positions. velocilies. accelerations. and forces in Ihe pin-jointed fourbar linkage. and also 
for two inversions of the slider-cra nk linkage. using vector equations. We could again 
apply that method to the analysis of the "standard" slider-crank linkage. used in the ma
jority of internal combustion engines. as shown in Figure 13-7 (p. 647). Note that ils 
slider motion has been aligned with the X axis. This is a "nonoffset" slider-crank. be
cause the slider axis extended passes through the crank piVOL It also has its slider block 
translating against the stationary ground plane: thus there wilt be no Coriolis component 
of acceleration (see Sect ion 7.3. p. 339). 

The simple geometry of this p:lnicular inversion or the slider-crank mechanism al
lows a very straightforward approach to the exact analysis of its slider's position. veloc
ity. and accelemtion. using only plane trigonometry and scalar equalions. Because of Ihis 
method's simplicity and 10 present an alternative solution approach wc will analyze this 
device again. 

Let thccrank radius be r and the conrod length be I. The angle of the crank is 9. and 
the angle thnt the conrod makes with the X axis is ¢I. For any const1111t crank angular 
velocity (0. the crank angle 9 = <01. The instantaneous piston posit ion isx. Two right tri
angles rq.'i and Iql/ arc constructed. Then from geometry: 

... 

I 
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Gas force functions In the two-stroke and four-stroke cycle engines 

q = rsin9 = lsin41 

e = WI 

. , . 
Slnq> = ,SlnOll 

s = I'OOSWI 

II = {COS$ 

.I' = s+ u = rcosWi + /cos4l 

.r = rcQs/))/+1 1-(.ySinw r 

(1 3.ln) 

(13.1b) 

(13.l e) 

(13.ld) 

Equation 13.1d is an exact expression for the pislon position x as a funct ion of r, I, 
and ror. This can be differentiated versus lime to obtain exact expressions for the veloc
ity and acceleration of the piSIOI1. For a steady-state analysis we will assume to to be 
constant. 

. . , _F~'~;"~2~""::....,.,--x "'- rw SlnOOI+-

21 1_( fSillWl r (13.le) 

(13.1f) 
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Equations [3.1 (p. 646) can casily be solved with a computer for all values of WI 

nceded. But, il is rather d ifficult 10 look at equation 13.lf and visualize the effects of 
changes in the design parameters r and Ion the acceleration. It would be useful if we 
could derive a simpler expression, even if approximate, that would allow us 10 moreeas· 
ily predict the results of design decisions involving these variables. To do so, we will 
use the binomial theorem to expand [he radical in equation 13.1d for piston position 10 
put the equations for position, velocity, and acceleration in simpler, approxim'lIc rOnTIs 
which will shed some light on the dynamic behav ior of the mechanism. 

The general fann of the binomial theorem is: 

( bi
n n n-l

b 
11(11-1) n-2

b
2 11(11-IXI1-2) 11-3

b
3 

0+ =0 +110 +---0 + (I + ... 
2! 3! 

(13.2a) 

The radical in equation 13.ld is: 

2 [ 'l~ 1-(fsin(l)t) = I-(fsin(l)t) . ( 13.2b) 

where. for the binomial expansion: 

0=1 b=-(fsin(l)t r 1/=-
2 

( 13,2c) 

It expands 10: 

(l3.2d) 

or: ('J ('J ('J '·2 '.4 '·6 
,- - Sin (I)t+ - Sin (I)t - -- Sin Wl+ ... 

2/2 8/4 16/6 (13.2e) 

Each nonconstant tenn contains the cr a nk-conrod ratio rll to some power. Apply
ing some engineering common sense to the depiction of the slider-crank in Figure 13-7a 
(p. 647), we can see that if,lI were greater than I the crank could not make a complete 
revolut ion. In fact if rll even gets close to 1, the piston will hit the fixed pivot 02 before 
the crank completes its revolution. If rl/ is as large as In, the transmission angle (rt/2-
$) wil l be too small (see Sections 3.3, p. 90 and 4.10, p.IS7) and the linkage will not run 
well . A practical upper limit on the value of rli is about 1/3. Most slider-crank linkages 
will have this cra nk-conroo ra tio somewhere between 1/3 and 1/5 for smooth opera
tion. If we substitute this .practical upper limit of rll = 1/3 into equation 13.2e. we get: 

,(').' (').' ( ' l·' - - Sin (I)t+ - Sin (I)t- -- Sin (I)t+. 
18 648 \1.664 

(\3.2f) 

\-0.05556sin 2 (I)t + 0.00154s;n 4 (I)t - 0.OOOO9s;n 6 WI + ... 
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Clearly we can drop all tenns after the second with very small errOT. Substituting 
this approximate expression for the radical in equation 13.ld (p. 646) gives an approxi
mate expression for piston displacement with only a fraction of one percent error . 

. f =rcosWi +{I -( ;/22 } in 2 WI ] (13.3a) 

Substitute the trigonometric identity: 

. 2 l -cos2W1 
sm WI= 2 (13.3b) 

and simplify: 

" { , ) x = /--+ cos(()l+-cos2W1 
41 41 

(1 3.3c) 

Differentiate for velocity of the piston (with constant w): 

i = -rw(SinWl+ ;/ sin 2W1) (13.3d) 

.... 
Differentiate again for acceleration (with constant (0): 

(l 3.3e) 

The process of binom ial expansion has, in this particular case, led us to Fourier se
ries approximat ions of the exact expressions for the piston displacement, velocity, and 
acceleration. Fourier· showed that any periodic func tion can be npproximated by a se
ries of sine and cosine terms of integer multiples oflhe independent variable. Recall that 
we dropped the fourth, sixth, and subsequent power terms from the binomial expansion, 
which would have provided cos 4(0(, cos 6rot. elc. , terms in this expression. These mul
tiple angle functions are referred to as the harmonics of the fundamen tal cos Wlteml. 
The cos roJ teml repeats once per crank revolution and is called the fundamental fre
quency or the primary component. The second harmonic. cos 2Ul1, repeats twice per 
crank revolution and is called the secondary component. Thc highcr harmonics were 
dropped when we truncated the series. The constant term in the displacement function 
is the DC componenl or average value. The complelc (unclion is the sum of its har
monics. The Fourier series foml of the expressions for displaccment and its derivatives 
lets us see the relative contributions of the various harmonic components of the func
tions. This approach will prove to be quite valuable when we al1empt to dynamically 
balance an engine design. 

Program ENGINE calculates thc posilion, velocity, and acceleration of the piston ac
cording to equations 13.3c, d, and e. Figure 13-8a, b, and c (p. 650) shows these func
tions for this example engine in the program as planed far constant crank waver two fu ll 
revolutions. The acceleration curve shows the effects of the second harmonic lerm most 
clearly because that term's coefficient is larger than its correspondent in e ither of the 
other two functions. TIle fundamental (--cos (Il() term gives a pure hannonic fUllClion with a 
period of36O", This fundamental term dominates the function as it has the largest coefficient 
in equation t 3.3e. The nat top and slight dip in the positive peak acceleration of Figure 13-Se 

... 

• BIl/'Oll Jean Bapliste 
Joseph Foorier (1768-
t83O) PIlbtis~d the 
description of the 
mathematical series which 
bears hi S name: in Th, 
Ano/Yllt: Thnvy of HtOI in 
1822. 1lIe Fourier se ries is 
wk\('ty usc<l in hannonic 
analysis of alllypes of 
physkal sys tems. Its 
gcneru.l form is: 

.;. ("1 C062x.;. h1 .. n 2x) 
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Position. velocity, and acceleration functions tor a slngle-cylif"lde( engine 

is caused by the cos 2001 second hanno nic adding or subtracting from the fundamental. 
Note the very high value of peak accelcmlion oflhe piston even at the midrange engine 
speed 0( 3400 rpm. It is 747 g's! AI 6000 rpm [hi s increases to nearly 1300 g's.* This is 
a moderately sized engine. of 3-in (76 mm) bore and 3.54-ln (89 nun) stroke, with 25-
in) (400-cc) d isplacement per cylinder (3 1.6L 4-cylindcr engine). 
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SL I'ER I'OSITlO," We will now analyze the dynamic behavior of the single-cylin
der engine based on the approximate kinematic model developed in this section. Since 
we have several sources of dynamic excitation to deal with. we will use the method of 
superposition to separately analyze them and then combine their effects. We will first 
consider the for ces a nd torques wh ich are due to the presence of the explosive gas 
forces in the cylinder. which drive the engine. Then we will analyze the inertia forces 
a nd lorques that result from the high-speed motion of the eiements. The total force and 
torque state of the machine at any inSlant wil l be the sum of these components. Finally we 
will look at the sha king forces a nd torques on the ground plane and the pin forces within 
the linkage that result from the combination of applied and dynamic forces on the system. 

13.3 GAS FORCE AND GAS TORQUE 

The gas force is due to the gas pressure from the exploding fuel-air mixture impinging 
on the top of the piston surface as shown in Figure 13-3 (p. 641). Lei Fg = gas force. Pg 
= gas pressure. Ap = area of piston. and 8 = bore of cylinder. which is also equal to the 
piston diameter. Then: 

F ::::-!£p 82 i 
, 4 ' 

1(13.4) 

The negative sign is due to the choice of engine orientation in the coord inate system 
of Figure 13-3. The gas pressure Pg in this expression is a function of crank angle ().)l 
and is defined by the thermodynamics of the engine. A typical gas pressure curve for 
a four-stroke engine is shown in Figure 13-4 (p. 642). The gas force curve shape is iden
tical to that of the gas pressure curve as they d iffer only by a constant multiplier, the pis
ton areaAp. Figure 13-6 (p. 646) shows the approximation of the gas force curve used in 
program ENGINE for both four- and two-stroke engines. 

The gas to rque in Figure 13-9 (p. 652) is due to the gas force acting at a moment 
arm about the crank center 02 in Figure 13-7 (p. 647). This moment arm varies from 
zero to a maximum as the crank rotates. The distributed gas force over the piston sur
face has been resolved to a single force acting through the mass center of link 4 in the 
free-body diagrams o f Figure 13-7b. The concurrent force system at point B is resolved 
in the vector diagram showing that: 

. . ",l4::::-F, i -F, tun4tj 

From the free-body d iagrams in Figure 13-7 (p. 647) we can see that: 

so: 

",.41 =-",,4 
F,o'" - F,l4 

",23 ::-F,43 

F,n :-F,l3 

( 13.5a) 

( 13.5b) 

(l3.5c) 
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Gas torque functions In the two-slrOke and lour-stroke cycle engines 

The driving torque T g2l allink 2 due to the gas force can be found from Ihe cross 
prOOucl of the position veclor to point A and the force at poim A. 

( 13.00) 

This expression can be expanded and will involve the crank length r and the angles 
e and ¢I as well as the gas force Fg• Note from the free-body diagram for link 1 that we 
can also express the torque in lenns of lhe forces Fgl4 or Fg41 which act always perpen
dicular to the malion of the slider (neglecting frict ion). and the distancex. which is their 
instantaneous moment arm about 02. The reaction torque T g12 due to the gas force try
ing td rock the ground plane is: 

T, 1l =F,41 ·.f k - (l3.6b) 

If you have ever abruptly opened the throttle of a running automobile engine while 
working on it, you probably noticed the engine move to the side as it rocked in its mounlS 
from the reaction torque. The driving torque 1'g21 is the negative of this reaction torque. 

T, 21 = - Tg12 

T, 21 =-F, 41 ' x k ( 13.6c) 

and: F,14 = -F, 41 

so: 1,21 = FgI4 ·X k ( 13.611) 

Equation l3.6d gives us an expression for gas torque which involves the displace
ment of the piston x for ~hich we have already derived equation 13.3a (p. 649). Substi
tuting equation 13.3a for x and the magnitude of equation 13.5a (p. 651) for Fgt4 we get: 

TlI ll = (Fg Ian ~{/- :: + { cOSfl)I + ;/ COS2ffi1)] k (13.&) 

Equation 13.6e contains the conrod angle $ as well as the independent variable. 
crank angle rot. We would like to have an expression which involves only rot. We can 
substitute an expression for tan $ generated from the geometry of Figure 13-7a (p. 647) . 
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Ian¢! "'!! '" rsinw 
II leos¢! 

Substitute equation 13.lc (p. 646) for cos $: 

(13.7a) 

(l3.7b) 

The radical in the denominalOrcan be expanded using the binomial theorem as was 
done in equations 13.2 (p. 648). and the first two teons retained for a good approxima
lion to the exact expression. 

_ r2 . 2 
...,.-..:.-"'"'" = I + ::;-;r Sin w 

I-(Tsinw r 21 

( IDe) 

giving: 

( 13.7d) 

Substitute this into equation 13.6e for the gas torque: 

'1',21 :: F.{ TSinw( 1+ ;;2 sin2 
w ) 1/- ~: + {eosw + ;, oos2w )] k (l3.8a) 

Expand this expression and neglect any teons containing the conrod crank ratio rl/ 
raised to any power greater than one since these will have very small coefficients as was 
seen in equation 13.2. This results in a simpler. but even more approximate expression 
for the gas torque; 

'1',21 :: F, rSinw( I +TcOS(I)I ) (13.Sb) 

Note that the exact value of this gas torque can always be calculaled from equa
tions l3.ld (p. 646). 13.5a (p. 65 1) and 13.6d (p. 652) in combinalion. or from the ex
pansion of equation 13.00, if you require a more accurate answer. For design purposes 
the approximate equation I3.Sb wi ll usually be adequate. Program ENGtNE calculates 
the gas torque using equation 13.8b and its built-in gas pressure curve to generate the gas 
force function. Plots of the gas torque for two- and four-stroke cycles are shown in 
Figure 13-9. N()(e the similarity in shape to that ofme gas force curve in Figure 13-6 (p. 646). 
Note also that the two-stroke has theoretically twice the power available as the four-stroke, 
all other factors equal. because there are twice as many torque pulses per unit time. 1be 
poorer efficiency of the two-stroke significantly reduces this theoretical advanrage, however. 

13.4 EQUIVALENT MASSES 

To do a complete dynamic force analysis on any mechanism we need to know the geo
metric properties (mass. center of gravity. mass moment of inertia) of the moving links 
as was discussed in previous chapters (see Sections 10.3 to 10.10. pp. 526 - 536, and 
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Chapter 11 ). This is easy to do if the link already is designed in detail and its dimensions 
are known. When designing the mechanism from scratch. we typically do not yet know 
that level of detail about the links' geometries. But we must nevenheless make some 
estimate of their geometric parameters in order to begin the iteration process which will 
eventually converge on a detailed design. 

In the case of this slider-crank mechanism, the crank is in pure rolation and the 
piston is in pure translation. By assuming some reasonable geometries and materials 
we can make approximations of thei r dynamic parameters. Their kinematic motions are 
easily detennined. We have already derived expressions for the piston motion in equa
tions 13.3 (p. 649). Funher, if we balance the rotating crank, as described and recom
mended in the previous chapter. then the CG of the crank will be motionless at its center 
02 and will not contribute to the dynamic forces. We wi ll do this in a later section. 

The conrod is in complex motion. To do an exact dynamic analysis as was derived 
in Section 11.5 (p. 576), we need to detemline the linear acceleration of its CG for all 
positions. At the outset of the design, the conrod's CG location is not accurately defined. 
To "bootstrap" the design. we need a simplified model of this connecting rod which we 
can later refine, as more dynamic infonnat ion is generated about our engine design. The 
requirements for a dynamically equivalent modcl were stated in Section 10.2 (p. 526) and 
are repeated here as Table 13-1 for your convenience. 

~f we cou ld model our still-to-be-designed conrod as two, lumped. point masses, 
concentrated one at the crank pin (point A in Figure 13-7, p. 647). and one at the wrist 
pin (point B in Figure 13-7), we would at least know what the motions of these lumps 
are. The lump at A would be in pure rotation as pan of the crank. and the lump at point 
8 woyld be in pure translation as part of the piston. These lumped. point masses have no 
dimension and are assumed to be connected with a magical. massless but rigid rod.· -OYNAM tCALJ.Y EQUlV,\LENT MonEL Fi gure 13-lOa (p. 656) shows a typical 
conrad. Figure 13-l0b shows a generic two-mass model of the conrod. One mass fill is 
located at distance II from the CG of the original rod, and the second mass flip at distance 
Ip from the CG. The mass of the original part is f113. and its moment of inertia about its 
CG is 103' Expressing the three requirements for dynamic equivalence from Table 13-1 
mathematically in temlS of these variables. we get: 

IIIp+IIII"'1II3 

IIIplp "' 1111' 1 

" " - I IIIpp+mll - G3 

( \3.9a) 

( \3.9b) 

( 13.9c) 

There are four unknowns in these three equations, IIIp. 'II' fill' 'I' which means we 
must choose a value for al)Y one variable to solve the system. lei us choose the distance 

TABLE 13-1 Requirements for Dynamic Equivalence 

The mass of the model must equal that of the anginal body. 

2 The center of gravity must be In the same location as that of the ollglnal body. 

3 The moss moment of Inertia must equal thai of the ollglnol body. 
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I, equal to the distance to the wrist pin. I". as shown in Figure 13- IOe (p. 656). This will 
put one mass ut a desired location. Solving equations 13.9a and 13.9b simultaneously 
with that substitution gives expressions for the two lumped musses: 

I" 111/>..""/113 __ 

I" +1" 

Substituting equation 13.9d into 13.9c gives a relat ion between I" and I,,: 

(1 3.9<1) 

( 13.9<) 

Please refer to Section 10. 10 and equation 10.13 (p. 535) that define the cell1er of 
percl/ssiol/ and its geolllctrio-relationship to a corresponding cellTer of I"Olm;OIl. Equa
tion 13.ge is the same as equation 11 .13 (p. 581) (except for sign which is due to qn arbi 
trary choice of the link 's orientation in the coordinatc system). The distance Ip is the 
locat ion of the center of percussion corresponding to a center of rotation at lb. Thus our 
second mass fII" must be placed al the link 's cenler of percussion P (using point 8 as its 
center of roHltion) to obtain exact dyllnmic equivnlence. The masses must be as defined 
in equntion 13.9d. 

The geomctry of the typical connxJ. as shown in Figures 13-2 (p. 640) nnd 13- 1 Oa 
(p. 656). is large at the crank pin end (A) and small at the wrist pin cnd (8 ). This puts the 
CO close to the "big cnd." The center of percussion P will be evcn closer to the big end 
than is the CG. For this reason. we can place the second lumped mass, which belongs at 
p, at point A with relatively small error in our dynamic model's accuracy. This approxi
mate model is adequate for our initial design calculations. Once a viable design geom
etry is establishcd, we will have to do a complete alld exact force :malysis with the meth
ods of Chapter II before considering the design complete. 

Making this substitution of distance lu for I" and renaming the lumped masses at 
those distances f113a and 1113b' to reflect both their identity with link 3 and with points A 
and B. we rewrite equations 13.9d. 

leI I" "" I" 

then: I, 
(13.lOa) "')" ;"'3--

I" +1" 

and: '0 ( 13. 1Ob) IIIlb; 111)--

- 10+ 1" 

These dcfine the amounts of the tOlal conrod mass to be placed at each end. to ap
proximately dynamically modellhat link. Figure 13- 1Od shows this dynamic model. In 
the absence of any data on the shape of the conrod at the outset of a design. preliminary 
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(a) Original connecting rod 

CG~~ B 

(b) Generic two moss model 
I, 

//I
r 

Center of 
percussion P 

(c) Exact dynamic model 

IllJu 

(d) Approximate model 

FIGURE 13· 10 
n 

Lumped mass dynamic models of a connecting rod 

dynamic force information can be obtained by using (he ru le of thumb of placing two
thirds of the conrod's mass at the crank pin and one·third at the wrist pin. 

STATICALLY EQUIVAI.Jo:NT MODEL We can create a similar lumped mass model 
of the crank. Even though we intend to balance the crank before we are done. for gener
ality we wil l inilially model it unbalallced as shown in Figure 13- 11. Its CG is located at 
some distance rG2 from the pivot. 02. on the line to the crank pin, A. We would like to 
model it as a lumped mass at A on a massless rad pivOied at 02. If our principal concern 
is with a steady-state analysis, then the crank..velocilY w will be held constant. An ab
sence of angular acceleration on the crank allows a slatically equivalent madelto be used 
because the equation T = la will be zero regardless oflhe value of I . A statically equi va
lent model needs only to"have equivalent mass and equivalent first moments as shown 
in Table 13-2. The moments of inertia need not match. We model it as two lumped 
masses, one at point A and one at the fixed pivot 02. Writing the two requirements for 
static equivalence from Table 13-2: 

1/J2"f = 1112'02 

'G, 
1112,, =1112 - , 

(13.1 J) 
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TABLE 13-2 Requirements tOf Static Equivalence 

The moss of the model must equal that of the original body. 

2 The center of gravity must be In the some location os that of the original body. 

The lumped mass 1112t, can be placed at point A to represent the unbalanced crank . 
The second lumped mass, at the fixed pjvot 02. is not necessary to any calculations as 
that point is stationary. 

These simpl ifications lead to the lumped parameter model of the slider-crank link
age shown ill Figure 13- 12 (p. 658). The cr:mk pin. poim A, has two masses concentrated 
at it, the equivalent mass of the crank 1112a and the portion of conrad 11/30' Their sum is 
mA.' At the wrist pin, point B. two masses are also concentrated, the piston mass 1114 3.Ild 
the remaining portion of the conrod mass m3b. Their sum is m8' This model has masses 
which are e ither in pure rotation (mA) or in pure translation (1118)' so it is very easy to dy
nam icallyanalyze. 

(13. 12) 

V"Lut: OF MOt>EI.5 The mlue of constructillg simple , lumped mass 11I0Jiels of 
complex systems increases with the complexity of Ihe system btillg designed. II makes 
lillie sense to spend large amounts of time doing sophisticated. detailed analyses of de
signs which are so ill-defined at the outset that their conceptual viability is as yet un
proven. Better to get a reasonably approxi mate and rapid answer that tells you the con
cept needs to be rethought. than to spend a greater amount of time reaching the same 
conclusion to more decimal places. 

13.5 1NERT1A AND SHAKING FORCES 

The simplified. lumped mass model of Figure 13- 12 can be used to develop expressions for 
the forces and torques due to the accelerations of the masses in the system . The method 
of d'Alembert is of value in visualizing the effects of these moving masses on the sys
tem and on the ground plane. Accordingly. the free-body diagrams of Figure 13-12b 
show the d'Alembert inertia forces acting on the masses at points A and B. Friction is 
again ignored. The acceleration for point 8 is given in equation 13.3e (p. 649). The ac
celeration of point A in pure rotation is obtained by differentiating the position vector RA 
twice. assuming a constant crankshaft w. which gives: 

" " 
R .... = rcosWl i + rsinWl j 

(13.13) 

The total inertia force F; is the sum of the centrifugal (inertia) force at point A 3.Ild 
the inertia force at point B. 

(13.14a) 

... 

CG, 

f iG URE 13-11 

Statically equlvatent 
lumped moss model of 
a crank 
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Breaking it into x and y components: 

F;x =-mA (-roi cosUlf)-mB x ( 13.14b) 

Fiy =-mA (-rro2sinUlf) (13. 14c) 

Note that only the x component is affected by the acceleration of the piston. Substi
tuting equation 13.3e (p. 649) into equalion 13.14b: 

Fix == -mA (-roi COSUlf)- m8 [ _ro>2( COSUlf + .yCOS2Ulf )] 

(13.14<1) 

Notice that thexdirected inertia forces have primary components at crank frequency 
and secondary (second hamlonic) forces at twice crank frequency. There arc also smaIJ
magnitude. higher. even hannonics which we truncated in the binomial expansion of the 
piston displacement func tion. The force due to the rotating mass at point A has only a 
primary component. -The shaking force was defined in Section 11 .8 (p. 582) to be rhe SlIm of aff forces 
acting 011 the ground plane. From the free-body diagram for link I in Figure 13-12: 

(13. I4e) 

Note that the side force of the piston on the cylinder wall Fi41 is cancelled by an 
equal and opposite force Fil4 passed through the connecting rod and crankshaft to the 
main pin at 02. These two forces create a couple that provides the shaking torque. The 
shaking force F s is equal to the negative of the inertia force. 

Fs =-Fj ( 13.140 

Note that the gas force from equation 13.4 (p. 65 1) does nOi contribute to the shak
ing force. Only inertia forces and external forces are felt as shaking forces. The gas force 
is an internal force which is cancelled within the mechanism. It acts equally and oppo
sitely on both the piston lOp and the cylinder head as shown in Figure 13-7 (p. 647). 

Program ENGINE calculates the shaking force at conslant W. for any combinalion of 
linkage parameters input to it. Figure 13- 13 (p. 660) shows the shaking force plol for 
the same unbalanced built-in example engine as shown in the acceleration plol (Figure 
13-&. p. 650). The linkage orientation is the same as in Figure 13-12 with the x <uis 
horizontal. The x component is larger Ihan the y component due to the high acceleration 
of the piston. The forces are seen to be quite large despite this being a relatively small 
(0.4 titer per cylinder) engine running at moderate speed (3400 rpm). We will soon in
vest igate techniques to reduce or elimi nate this shaking force fronl the engine. It is an 
undesirable feature which creates noise and vibration. 

I 
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FIGURE 13-13 

Shaking force In an unbalanced slider-crank linkage 

13.6 INERTIA AND SHAKING TORQUES 

The inertia torq ue results from the action of the inertia forces at a moment ann. The 
inenia force at point A in Figure 13- 12 (p. 658) has two components. radial and tangen
tiaL The radial component has no moment arm. The tangential component has a mo
ment ann o f crank radius r. If the crank ro is constant. the mass at A will not contribute 
to in~rtja torque. The inenia force at B has a nonzero component perpendicular to the 
cylinder wall except when the piston is at TOe or BOQ-- As we d id for the gas torque, 
we can express the inenia torque in tenns of the couple -Fi41. F i41 whose forces act always 
perpendicular to the motion of the slider (neglecting friction), and the distance x, which is their 
instantaneous moment ann (see Figure 13- 12, p. 658). The inertia torque is: 

(13. ISa) 

Substi tuting for Fil4 (see Figure 13- 12b, p. 658) and for x. (see equation 13.3a. p. 649) 
we get 

Tj :: -(-IIIB i tan $ J /_.c. + {cosw + "':'cos2wl] k 
21 t ~ _ 4/ 

(13. ISh) 

We previously developed ex pressions for .r dOl/ble (101 (equation 13.3e. p. 649) and 
tan 1\1 (equation 13.7d. p. 65 3) which can now be substituted. 

T ill :: IIlB [ -ru/( cosw + 7COS2WI)] 

[7sinUV(I+ ;/: Sin
2 (1)t)] (13.ISc) 

[,- ~: + {COS(l)t + ;, cos2(1)t )] k 
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Expanding this and then dropping all terms with coefficients containing r/l to pow
ers higher than one gives the fo llowing approximate equation for inertia torque with con
stant shaft ro: 

( 13. 15d) 

This contains products of sine and cosine terms. PUlling it entirely in terms of har
monics will be instructive. so substitute-the identities: 

toget: 

2sin OOIcos2001 = sin 300t - sin 001 

2sinOOIcosOOI =sin 2001 

(1J.ISe) 

This shows that the inertia torque has a third harmonic term as well as a first and 
second. The second harmonic is the dominant term as it has the largest coefficient be
cause r/l is always less than 2(3. 

The shaking torque is ~al to the inertia torque. 

(13. 15f ) 

Program ENGINE calculates the inertia torque from equation 13.15e. Figure 13- 14 
(p. 662) shows a plot of the inertia torque for this built-in example engine. Note the 
dominance of the second hannonic. The ideal magnitude for the inertia torque is zero, 
as it is parasitic. Its average value is always zero. so it contribwes nothing 10 the net 
driving torque. It merely creates large positive and negative osc illations in the total 
torque which increase vibration and roughness. We will soon investigate means to re
duce oreliminate this inertia and shaking torque in our engine designs. It is possible to 
cancel the ir effects by proper arrangement of the cylinders in a multicylinder engine, as 
wilt be explored in the next chapter. 

13.7 TOTAL ENGINE TORQUE 

The total engine torque is the sum of the gas torque and the inertia torque. 

(13. 16) 

The gas torque is less sensiti ve to engine speed than is the inert ia torque, which is a 
func tion of oil. So the relative contributions of these two components 10 the total torque 
will vary with engine speed. Figure 13-15a (p. 664) shows the total torque for this ex
ample engine ploued by program ENGINE for an idle speed of 800 rpm. Compare this to 
the gas torque plot of the same engine in Figure 13-9a (p. 652). The inertia torque com
ponent is negligible at this slow speed compared to the gas torque component. Figure 
13- ISc shows the same engine run at 6000 rpm. Compare this to the plot of inertia torque 
in Figure 13-14 (p. 662). The inertia torque component is dominating at this high speed. 
At the midrange speed of 3400 rpm (Figure 13- ISb), a mix of both components is seen. 

CI 
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Inert10 tOfque in the slider-crank linkage 

13.8 FLYWHEELS 
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We saw in Section 11.11 (p. 586) thaI large oscillations in the torque-time function can 
be significantly reduced by the addition of a Oywhccl [0 the system. The single-cylinder 
engine is a prime candidate forlhe use of a flywheel. The intemliUcnl nalureof its power 
stroke~ makes one mandatory as it will store the kinetic energy needed 10 carry the pis
ton through the Otto cyc le's exhaust, intake, and compression strokes during which work 
must be done on the system. Even the two-stroke cngini!"'needs a flywheel to drive the 
piston up on the compression woke. 

The procedure for designing an engine flywheel is identical to that described in Sec
tion 11.11 for the fourbar linkage. The total torque function for one revolution of the 
crank is integrated, pulse by pul se, with respect to its average value. These integrals 
represent energy nuctuations in the system. The maximum change in energy under the 
torque curve during one cycle is the amount needed to be stored in the nywheel. Equa
tion Il .20c (p. 591)expresses this relationship. Program ENGINE does the numerical in
tegration of the total torque function and presents a table sirnilarto the one shown in Fig
ure 11-1 J (p.589). These data and the designer's choice of a coefficient of fluctuation k 
(see equation I J . 19, p. 591) are all that are ne&ded \0 solve equations 11.20 and 11.21 
for the required moment of inenia of the nywheel. 

TIle calculation must be done at some average cnlllk 00. Since the typical engine 
operates over a wide range of speeds. some thought needs to be given to the most appro
priate speed to use in the flywhee l calculation. The nywhceJ"s stored kinetic energy is 
proponionalto 0)2 (see equation 11 . 17, p. 588). Thus at high speeds a nywheel can have 
a small moment of inenia and still be effective. 1lte slowest operating speed will require 
the largest flywheel and should be the one used in thc computation of required fl ywheel size. 

Program ENGINE plols the flywheel-smoothed tOlaltorque for a user-supplied coef
ficient of fluc tuation k. Figure 13- 16 (p. 665) shows the smoothed torque funct ions for 
k = 0.05 corresponding to the unsmoothed ones in Figure 13- 15 (p. 664). Note that the 
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smoothed curves shown for each engine speed are whal would resuh with the nywheel 
size necessary 10 obtain that coeflicient of nuctuation at that speed. I.n other words. the 
nywheel applied to the 800-rpm engine is much larger than the one on the 6000-rpm engine. 
in these plolS. Compare corresponding rows (speeds) between Figures 13-15 (p. 664) and 
13- 16 (p. 665) to see the effect of the addition of a nywheel. But do not directly com
pare parts a. b. and c within Figure 13-16 as 10 the amoum of smoothing since the ny
wheel sizes used are different at each operating speed. 

An engine nywheel is usually designed as a nat disk. bolted to one end of the crank
shaft. One nywheel face is typically used for the clutch to run against. The clutch is a 
friction device which allows di sconnect ion of the engine from the drive train (the wheel s 
of a vehicle) when no output is desired. The engine can then remain running at idle speed 
with the vehicle or output device stopped. When the clutch is engaged. all engine torque 
is transmitted through it. by friction. to the output shaft. 

13.9 PIN FORCES IN THE SINGLE-CYLINDER ENGINE 

In addition 10 calculat ing the overall effects on the ground plane of the dynamic forces 
present in the engine. we also need to know the magnitudes of the forces at the pin joints. 
These forces will dictate the1esign o f the pins and the bearings atlhejoints. Though we 
were able to lump the mass due to both conrod and piston, or conrod and crank. at points 
A and B for an overall analysis of the linkage's e ffects on the ground plane. we cannot do 
so for the pin force calcu lations. This is because the pins feel the effect of the conrod 
pulling on one "side" and the piston (or crank) pulling on the other "side" of the pin as 
shown in Figure 13- 17 (p. 666). Thus we must separate the effects of the masses of the 
links joined by the pins. 

We will calculate the effect of each component due to the various masses. and the 
gas force and then superpose them to obtain the complete pin force al each joint. We 
need a bookkeeping system to keep track of all these components. We have already used 
some subscripts for these forces. so we will retain them and add others. The resultant 
bearing loads have the following components: 

The gas force components, with the subscript g. as in Fg• 

2 The inertia force due 10 the piston mass, with subscri pt ip. as in Fip' 

3 The inertia force due to the mass of the conrad at the wrist pin , with subscript iw, as 
in Fi .... 

4 The inertia force due to the mass of the conrad at the crank pin, with subscript ie, as 
in F it;. 

5 The inertia force due to the mass of the crank at the crank pin. with subscript ir, as 
in F ir' 

The link number designations will be added to each subscript in the same manner as before, 
indicating the link from which the force is coming as the first number and the link being ana
lyzed as the second. (See Section 11.2, p. 560 for runher discussion or this notation.) 

Figure 13-18 (p. 667) shows the rree-body d iagrams for the inenia force FiPB due 
only \0 the acceleration of (he mass of the piston, f114. Those components are: 
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The total torque function 's shope and mognttude vary with crankshaft speed 
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Forces on 0 plvof pin 

FiPII =-1II4GB i 

t lpl4 = - F'PIJ tan, l= 1114 uB tanfjl j 
. . 

F1p)4 =-FiPB - Fipl4 =m4u,. I- m"un,an$ j 

F1pJ2 = -Fip3ol = - m,,(Js i +111408 tan, j 
F1pl2 = - Fip32 '" F,p34 

, 

Piston 

(13. 17a) 

(13. I 7b) 

( 13.17e) 

( 13.17d) 

(13.l1e) 

Figure 13-19 (p. (68) shows the free-body diagrams for the forces due only to the accel
eration of the mass of the conrod located at the wrist pin, Alrb. Those components are: 

FI",. = - m 3boSi 

Fi ... 34 = F/ .. '41 = Fi"'B Inn q. j = - 17I3bUB Ian 4t j 

rl .. ·4) =-F, ... 34 =m3boBlanq. j 
. . 

F,,,'13 = - Fi ",,, - F'",43 = m)b0S i - m3bOB Ian¢' j 

rio•oil = - Fiw32 = F,,,·n 

(13.18a) 

( 13.ISb) 

(13.18c) 

(l3.ISd) 

( 13.18e) 

Figure 13-20a (p. 668) shows the free-body diagrams for the forces due only to Ihe 
acceleration of the mass of the conrod iocaled ':1.1 the crank pin. 11J3a' Thai component is: 

(13.\9a) 

Substitute equation J3.J 3 (p. 657) for a,4: 

( \3.19b) 

Figure 13·20b (p. 668) shows the free-body diagrams for the forces due only 10 the 
acceleration of the lumped mllss of the cronk al the crank pin, "'2a. These affect only 
the main pin al 02. That component is: 
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Free-body diagrams for forces due to the piston moss 

Fir = - Firl2 = Fir21 = - 111208 " 

Fir21 = 1II20rw2 (COS WI i+ sinror J) 

,/ 

( 13.19c) 

The gas force components were shown in Figure 13-7 (p. 647) and defined in equations 
13_5 (p. 651 l. 

We can now sum the components of the forces at each pin joint. For the sidewall 
force F41 of the piston against the cylinder wall: 

- - -= - Fg tan q> j - 1114QB tanq> j - IIIy,QJj tan q> j (13.20) 

= - {(m4 +l1I3/> )(/8 + Fg ltafl q> j 

The lotal force F 34 on the wrist pin is: 

F • i/1.\4 I 

~ 
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Free-body dlOgroms lor forces due to the camed moss concentrated at the wrist pin 
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FIGURE 13·20 

Free-body diagrams for forces due to masses at the cronkpln 
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F34 = FA'34 + Fip34 + Fi",34 

= (-F, i - F, tan ~ J) + (m40.ll i - 1I140B tan ~ J) + (-1113b 08 tan ~ J) 

= (-FA' +111408) i - {F, +(1114 + 1I13b )On ltan~ J 

The total force F32 on the crank pin is: 

1"32 = Fg32 + F"p31 + F,· ... 31 + F;rJ2 

= (F, i + F, tan~ J)+(-1II40n i +m4oB tanq. J) 
+ (- fI13bOB i +fI13bOn tanq. J) + [m:wrw2(cos WI i +sinWi J)l 

[ , [ , = "'Jafro cOSWI-(fI13b+1II4)On+F, I 

+ {1I130frol sin WI +{(/l/3b + 1114 )08 + Fg 1 tan 4t} j 

The total force F 21 on the main journal is: -
F 21 = 1")2 + Fi,21 = 1"31 + fI12drt02(COSWI i + sin WI j) 

(13.2 1) 

(13.22) 

I (13.23) 

Note that, unlike the inertia force in equation 13.14 (p. 659). which was unaffected 
by the gas force. these pin forces are a function of the gas force as well as of the inertia 
forces. Engines with larger piston diameters will experience greater pin forces as a re· 
suit of the explosion pressure acting on the ir larger piston area. 

Program ENGINE calcu lates the pin forces on al l joims using equations 13.20 (p. 667) 
to 13.23. Figure 13· 21 (p. 670) shows the wrist-pin force on the same unbalanced en
gine example as shown in previous figures, for three engine speeds. The "bow tie" loop 
is the inertia force and the "teardrop" loop is the gas force portion of the force curve. An 
interesting trade-off occurs between the gas force components and the inertia force com
ponents of the pin forces. At a low speed of 800 rpm (Figure 13-2Ia), the gas force domi
nates as the inertia forces are negligible at small roo The peak wrist-pin force is then about 
4200 lb. At high speed (6000 rpm), the inertia componenls dominate and the peak force 
is about 4500 Ib (Figure 13-2 Ic). But at a midrange speed (3400 rpm). the inertia force 
cancels some of the gas force and the peak force is only about 3200 Ib (Figure 13-2 Ib). 
These plols show that the pin forces can be quite large even in a moderately sized (0.4 
liter/cylinder) engine. The pins, links, and bearings all have to be designed to withstand 
hundreds of millions of cycles of these reversing forces wi thout fai lure. 

Figure 13-22 (p. 671 ) shows further evidence of the interaction of the gas forces and 
inertia forces on the crank pin and the wrist pin. Figures 13-22a and 13-22c show the 
variation in the magnitude of the inertia force component on the crank pin and wrist pin, 
respectively. over one fu ll revolution of the crank as the engine speed is increased from 
idle to redJine. Figure 13-22b and d show the variation in the total force on the same 
respective pins with both the inertia and gas force components included. These two plots 
show only the first 90° of crank revolution where the gas force in a four-stroke cylindcr 
occurs. Note that the gas force and inertia force componenls counteract one another re
sulting in one particu lar speed where the lolal pin force is a minimum during the power 
stroke. This is the same phenomenon as seen in Figure 13-21 . 

... 
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(a) 800 rpm 

(b) 3400 rpm 

(c) 6IXJO rpm 

FIGURE 13·21 

Wnsl·pin Force Ib Y, 4178 

-4178 ... · ............ ............... ~ .. ' ~1:a 

-4178 

y 3221 

-3221 
........ ~ ... X 

3221 

-
Wrisl'pin Force Ib 

..•••....•.... X 
-4488. 4488 

Forces on the wrist pin of the single-cyllnder engine at various speeds 

1 """'" 4 Siroke Cycle 

Boto .. 3.00 in 

Stroke" 3.54 

BIS .. 0.85 

UR .. 3.50 

RPM 3400 
m;>, O.OI50bI 

"'J, 0.0134 bI 

"'J, 0,0066 til 

"" .. 0.0050 bI 

Pm.»: " 600 psi 
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Figure 13-23 (p. 672) shows the forces on the main pin :md crank pin at three en
gine speeds for the same unbalanced single-cylinder engine example as in previous fig
ures. These forces are plotted as hodographs in a local rotating coordi nate system 
(LRCS) xy emlx!dded in the crankshaft. Figure 13-23a shows that at 800 rpm (id le 
speed) the crank pin and main pin forces :Ire essentially equal and opposite because the 
inertia force components are so small in comparison to the gas force components, which 
dominate at low speed. Only half the circumference of either pin sees any force. At 3400 
rpm (Figure 13-23b), the inertia force effects [Ire evident and the angular portions of the 
main pin and crank pin that see any fo-;Ce m'e now on ly 39° and 72°. respectively. The 
effects of the gas force create asymmetry of the force hodographs about the x' axis. The 
differences between the mllin pin and crank pin forces are due to the different mass tenns 
in thei r equations (e.g .. compare equations 13.22 and 13.23. p. 669). 

In Figure 13-23c the engine is at redline (6000 rpm) and the inertia force compo
nents arc now dominant . ruising the peak force levels and making the hodographs nearly 
sym metrical about the x' axis. TIle angu lar portions of muin pin and crank pin thut see 
any force arc now reduced to 30° and 54°. respectively. Thi s force d istribution causes 
crank pins to wear only on a portion of their circumference. As shown in the next sec
tion, crank balancing affccts the force d istribution on the main pins. 

Note that the numerical~a l ues of force and torque in the figures of this chapter are 
unique to the arbitrary choice of engine parameters used for their example engine and 
should not be extrapolated to any other engine design, Also, the gas force function used in 
program ENGtNE to generme the figures is ooth approximate and invarial11 with engine speed, 
unlike in a real engine. Use the equations of this chapter to calcul[lte forces and torques 
using mass, geometry. and gas force data appropriate to your particular engine design, 

13.10 BALANCING THE SINGLE-CYLINDER ENGINE 

The derivations and figures in the preceding sections have shown that sign ificant forces 
are developed both on the pivot pins lind on the grou nd plane due to the gas forces and 
the inertia and shak ing forces. Balancing will not have any e ffect on the gas forces. 
wh ich are intemal. but it can have a dramatic effect on the inertia and shaking forces, 
The main pin force can be reduced. but the crank-pin and wrist-pin forces wi ll be unaf
fected by any crankshaft bal:lI1cing done. Figure 13-13 (p. 660) shows the unbalanced 
shaking force as felt on the ground plane of our 0.4-liter-si ngle-cylinder example en£ine 
from program ENGINE, lt is about 9700 Ib even at the moderate speed of 3400 rpm. At 
6CK)() rpm it increases to over 30 000 lb. The methoos of Chapter 12 can be :Ipplied to this 
mechanism to txllance the members in pure rotation and reduce these large shaking forces, 

Figure 13-24;\ (p. 673) shows the dynamic model of our slider-crank with the COIl 

rod mass lumped at both crank pin A and wrist pin I) , We can consider this sing le-cylin
der engine to be a single-plane device, thus suitable for stat ic balancing (see Section 13.1. 
p.640). It is straight forward to statically balance the crank. We need a balance mass at 
some radius. 180° from the lumped mass at point A whose m/' product is equal 10 the 
product of the mass at A and its radius r, Applying equation 12.2 (p. 6(9) to this simple prob
lem wegct: 

(13.24) 

6" 

Force 

Angte 2n 

(a) Cronk pin 
Inertia force 

Force 

(b) Crankpin 
total force 

Force 
I 

(e) Wnst-pln 
Inertlo force 

"" 
(d) Wrist-pin 

tolat farce 

FIGURE 13-22 

Pin force vanatlon 



D 

.72 DESIGN OF MACHINERY CHAPTER 1 J 

348 1 lb max 

x' 

main pin 34R ll bmax 

(0) 800rpm 
1 Cylinder 

4 Stroke Cycle 

""" • 3.00 In 

9710 lb tllaJI Stroke. 3,~ 

BIS • 0,85 
WR • 3.SO 

x' RPM 3400 

"", 0.0150 bI 

"'J, 0.0134 bI 

main pin 
crank pin 6347 lb max "'J, 0.0066 bI 

m, 0.0050 bI 

(b) 3400rpm pmax • 600 psi 

.-

x' 

main pin 
crank pin 19 787 1bmax 

(c) 6000rpm 

FIGURE 13- 23 

Hodogrophs of dynamic forces on moln pin and cronk pin of on unbalanced. on&-Cyllnder, four-stroke engine 
running at various speeds 

Any combination of m<ass and radius that gives this product. placed al 1800 from 
point A will balance the crank. For simplici lY of example. we will use a balance radius 
equal to r. Then a mass equal to filA placed at A 'will exactly balance lhe rolming masses. 
The CG of the crank will then be at the fixed pivol 02 as shown in Figure 13-243. In a 
real crankshaft. actually placing the counterweight CG at this large a radius will not 
work. The balance mass has to be kept close to the centerline to clear the piston al 
BDC. Figure 13-2c (p. 640) shows the shape of Iypical crankshaft counterweights. 
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FIGURE 13· 24 

Balancing and overbalancing the s1ngle-cytlnder engine 



D 

6" 

Shailing FOI'ce fb 

• 
-334' 

DESIGN OF MACHINERY CHAPTER 13 

Figure 13-25a shows the shaking force from the same engine as in Figure 13- J3 
(p. 660) after the crank has been exactly balanced in this manner. The Y component of 
the shaking force has been reduced to zero and IheX component to 3343 Ib aI 3400 rpm. 
This is a factor of three reduction over the unbalanced engine. Note that the only source 
of Y directed inertia force is the rotaling mass at point A of Figure 13-24 (see equations 
13.14. p. 659). What remains after balancing the rotaling mass is the force due to the 
acceler.ttion a fthe piston and conrod masses at point 8 of Figure 13-24 which are in linear 
translation along the X axis, as shown by the inertia force - 111838 al point B in that figure. 

To completely eliminate this reciprocating unbalanced shak ing force would require 
the introduction of another reciprocating mass, which oscillates 1800 out o f phase with 
the piston. Adding a second piston and cylinder, properly arranged, can accomplish this. 
One of the principal advantages of multicylinder engines is their ability to reduce or 
eliminate the shaking forces. We will investigate this in the next chapter. 

In the single-cylinder engine, there is no way to completely elimi nate the recipro
cating unbalance with a single, rotating counterweight. but we can reduce the shaking 
force still further. Figure 13-24b shows an additional amount of mass nip added to the 
counterweight at point A '. (Note that the crank's CG has now moved away from the 
fixed pivot .) This extra balance mass creates an additional inertia force (-mpl'r02) as is 
shown, broken into X and Y components, in the figure. The Y component is not opposed 
by any other inertia forces present, but the X component will always be opposite to the 
reciprocating inertia force at point B. Thus this extra mass, flip. which OI'erfJalallces 
rhe crallk, will reduce theX directed shaking force at the expense of adding back some Y 
directed shaking force. This is a useful trade-off as the direction of the shaking force is 
usually of less concern than is its magnitude. Shaking forces create vibrations in the 
support\ng structure which are transmitted through it and modified by it. As an example, 
it is unlikely that you could define the direction of a motor.eyc1e engine's shaking forces 

y 3343 

-3343 

Balanced with 
IHl24 III rna!.!; al 
I.n radius@18O" 

X 

"" 

Shaking FOfce Ib 

-\684 

y 16" 

i 

~ 

-\684 

Balanced WIth 
0.0358 bI mass at 
I ,n radillS @ 180~ 

X 
\684 

I Cylinder 

4 Stroke Cycle 

"", .. 3.00 in 
Stroke .. 3,54 

BIS .. 0.85 

lJ!1 .. 3,50 

RPM 3400 

rnA 0.0284 III 

rn, 0.01161l1 

(a) Crank exacNy balanced (b) Crank overbalanced 

f iG URE 13-25 

ENacts of balancing and overbalancing on the shaking force In the slider-cronk linkage 
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by feeling their resultant vibrat ions in the handlebars. But you will detect an increase in 
the magnitude of the shaking forces from the larger amplitude of vibration they cause in 
the cycle frame. 

The correct amount of additional "overbalance" mass needed to minimize the peak 
shaking force. regardless of its direction, will vary with the particular engine design. It 
will usually be between one-half and two-thirds of the reciprocating mass at point B (pis
ton plus conrod at wrist pin), if placed at the crank radius r. or course, once this mass
radius product is determined. it can ~ achieved with any combination of mass and ra
dius. Figure 13-25b shows the minimum shaking force achieved for this engine with the 
addition of 65.5% of the mass at B acting at radius r. The shaking force has now been re
duced to 1684lb at 3400 rpm, which is 17% of its original unbalanced value of9710 lb. 
The benefits of balancing. and of overbalancing in the case of the single-cyl inder engine, 
should now be obv ious. 

Effect of Crankshaft Balancing on Pin Forces 

Of the pin forces. only the mainpin force is affected by the addition of balance mass to 
the crankshaft. This is because ils equation (13.23, p. 669) is the only one of the pin
force equations ( 13.20 to 1.lJ3) that contains the mass of the crank. Table 13-3 shows 
the magnitudes of the shaking forces and mainpin forces for the single-cylinder example en
gine of Figure 13-23 (p. 672) at three engine speeds and under three conditions oflbaJance: 
unbalanced. exactly balanced with a counterweight mass equal to the total mass I1IA at me 
crank pin (Figure 13-25a), and overbalanced with the mass needed to minimize the shaking 
force (Figure 13-25b). Note that both balancing and overbalancing reduce the mainpin 
force. though to a lesser degree than they reduce the shaking force in some cases. At idle 
speed the gas force far exceeds the inertia force and, since balancing can only affect the 
lauer, the reduction in mainpin force is less at idle speed man at higher engine speeds. 
The mainpin forces in the overbalanced case most closely track the shaking forces at the 
redline speed where inertia force dominates gas force. Note that overbalancing the crank 
reduces the mainpin force below that of the exact balancing case at all speeds: 

Figure 13-26 shows the effect of balancing and overbalancing on the mainpin force 
magnitude and its d istribulion. Not only is the peak unbalanced mainpin force (Figure 
13-26a) nearly 3 times the magnitUde of the exactly balanced case (Figure 13-26b) but 
the forces in the unbalanced case are concentrated over a small portion of the pin cir
cumference. (See also Figure 13-23, p. 672.) The exactly balanced crankshaft has its 
mainpin force distributed over more than half its circumference and me overbalanced crank
shaft puts the force completely around the pin circumference as shown in Figure 13~26c. 

TABLE 13-3 Effect of Crank Balance Mass on Shaking Force and Mainpin Force 

Peak Shaking Force Mag. (lb) Peak Malnpln Force Mag. (Ib) 
Balance Mode 

Idle Midrange Redllne Idle Midrange Redllne 

Unbolanced 538 9710 30239 3481 9710 30239 

Exact balance 185 3343 10412 '095 3343 10412 

Overbalanced 33 1684 5246 3675 2868 5886 

\. 

\. 
\'" 

.... 

.... 

main pin 

675 

(0) Unbalanced 

(b) Exact bolance 

ec) Overbalanced 

FIGURE 13-26 

Force on main pin at 
3400 rpm with different 
cronk balance states. 
shown at some scale 

.. See footnote 011 neX1 
page. 
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• (From previous pase) 
Overbalancing a 4-cylinder 
inline cngine thaI uses 
eigllt balance masses (twO 
per cylinder split on either 
side of each crank IlIrow) 
with l(J()%of",,,,R,,,plus 
50% of "'BRA per cyl inder 
will minimize its main 
bearing forces. If four 
crankshaft counlerb.l1ance 
weights are used (one per 
cylilldcr on one side of 
cach crank throw in a 
particular arrangement ) 
then the optimum balance 
condilioo to minimize main 
bearing forces is 61% of 
nI",NII plus 33% of III8R" 

per cylinder. 
(SOltrr: .. : Oo;m/erChrys/er). 
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13.11 DESIGN TRADE-OFFS AND RATIOS 

In the design of any system or device, no matter how simple. there will always be con
nieting demands, requirements, or desires which must be traded off to achieve the best 
design compromise. This single-cylinder engine is no exception. There are two dimen
sionless design ratios which can be used to characterize an engine 's dynamic behavior 
in a general way. The first is the crank/conrod ratio rll, introduced in Section 13.2 (p. 645), 
or its inverse. the conrod/crank rat io IIr. The second is the bore/stroke ratio BIS. 

Conrad/Crank Ratio 

The crank/conrad ratio rtf appears in all the equations for acceleration. forces, and 
torques. In general, the smaller the rll ratio. the smoother will be the acceleration func
tion and thus all other factors which it influences. Program ENGINE uses the inverse of 
this ratio as an input parameter. The conrod/crank ratio fir must be greater than about 
two to obtain acceptable transmission angles in the slider-crank linkage. The ideal value 
for fir from a kinematic standpoint would be infinity as that wou ld result in the piston 
acceleration function being a pure hamlOnic. The second and all subsequent hannon ic 
temlS in equations 13.3 (p. 649) would be zero in this event, and the peak value of accel
e ration would be a minimum. However, an engine this tall would not package very well. 
and package considerations of len dictate the maximum value of the IIr ratio. Most en
gines will have an fir ra tio between three and five which values give acceptable smooth
ness in a reasonably short engine. 

Bore/Stroke Ratio 
, 

The bore 8 of the cylinder is essentially equal 10 the diameter of the piston. (There is a 
small clearance.) The stroke S is defined as the distance'1raveJled by the piston from 
TDC to BDC and is twice the crank radius, S = 2r. The bore appears in the equation for 
gas force (equation 13.4, p. 651) and thus also affecls gas torque. The crank radius ap
pears in every equation. An engine with a 81S ratio of I is referred to as a "square" en
gine. If SIS is larger than I, it is "oversquare"; if less, "undcrsquarc." The designer's 
choice of this ratio can have a significant effect on the dynamic behavior of the engine. 
Assuming that the displacement, or stroke volume V, of the engine has been chosen and 
is to remain constant, this displacement can be achieved with an infinity of combinations 
of bore and stroke ranging from a "pancake" piston with tiny stroke to a "penci l" piston 
with very long stroke. 

rrB ' v=-s 
4 

(13.25) 

There is a classic design trade-off here between Band S for a constant stroke vol
ume V. A large bore and small stroke will result in high gas forces which will affect pin 
forces adversely. A large stroke and small bore will resul t in high inertia forces which 
will affect pin forces (as well as other forces and torques) adversely. So there should be 
an optimum value for the BIS ratio in each case, which will minimize these adverse ef
fects. Mosl production engi nes have BIS ratios in the range of about 0,75 to 1.5. 

It is left as all exercise for the student to investigate the effects of variation in the 
BIS and IIr ratios on forces and torques in the system. Program ENGINE will demonstrafe 
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the effects of changes made independently to each of these ratios, while all other design 
parameters are held constant. The student is encouraged to experiment with the program 
to gain insight into the role of these ratios in the dynamic perfonnance of the engine. 

Materials 

There will always be a strength/weight tmde-off. The forces in this device can be qu ite 
high. due both 10 the explosion and to the inertia of the moying elements. We would like 
10 keep the masses of the parts as low as possible as the acceleml ions are typically very 
high. as seen in Figure t3-Sc (p. 650). But the pans musl be strong enough 10 withstand 
the forces, so material s with good strength-Io-weight ratios are needed. Pistons are usu
ally made of an aluminum alloy. e ither cast or forged. Conrods are most often cast duc
tile iron or forged steel. except in very small engines (lawn mower, chain saw, motor
cycle) where they may be alum inum alloy. Some high-perfonnance engines (e .g. Acura 
NSX) have ti tanium connecting rods. Crankshafls are usually forged steel or cast duc
tile iron. and wrist pi ns are of hardened steel tubing or rod . Plain bearings of a special 
soft , nonferrous metal alloy called babbitt are usually used. In the fou r-stroke engi ne 
these are pressure lubricated with oil pumped through drilled passageways in the block. 
crankshaft. and connecting rods. In Ihe two-stroke engine. the fuel carries the lubricant 
to these parts. Engine bloc~are cast iron or cast aluminum alloy. The chrome-plated 
steel piston rings seal and wear well against gray cast iron cylinders. Most aluminum , 
blocks are lilted with cast iron liners around the cylinder bores. Some are unlined and 
made ofa high-silicon aluminum alloy which is specially cooled after casting to precipi
tate the hard silicon in the cylinder walls for wear resistance. 
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13.13 PROBLEMS-

°t I3_1 A slider-crank linkage has r '" 3 and I" 12. It has an angular velocity of200 rad/sec al 
lime 1=0. Its initial cr.ll1k angle is zero. Calculate the piston acceleralion al l'" 1 sec. 
Use twO methods, the exact solution. and the approximate Fourier series solulion and 
compare the results. 

t J3-2 Repeat Problem 13-1 for r = 4 and I = 15 and 1= 0.9 sec. 

°t 13-3 A slider-crank linkage has r = 3 and I", 12, and a piston bore B = 2. The peak gas 
pressure in the cylinder occurs at a crank angle of 10" and is 1000 pressure unilS. 
Calculate the gas force and gas lorque at this position. 

t 13-4 A slider-crank linkage has r '" 4 and 1= 15. and a pislon bore B = 3. The peak gas 
pressure in the cylinder occurs at a crank angle of 5" aod is 600 pressure units. Calculale 
the gas force and gas torque at this position. 

6" 

TABLE P1 3-0 
TopIc / Problem MatrIx 

13.2 SI~·Clonk 

KInematics 
13- 1. 13-2.13-34. 
13-35. 13-36.13-31 

13.3 Gos FOIce olld Gos 
T,",~ 

13-3. 13-4.13-5. 
13-6. 13-38. 13-39. 
13-40. 13-4 1. 13-42 

13.4 EqulYo'-nl Mosses 
13-1. 13-8. 13-9. 
13-10. 13-43.13-44. 
13-45. 13-46 

13.6 lneltlo and Shoklng 
T ...... 

13- 11 . 13- 12.13- 13. 
13-14.13-41.13-48. 
13-49. 13-50 

13.9 Pin Forces 

13-15.13-16.13- 11. 
13-18.13-23.13-24. 
13-25. 13-26.13-21. 
13-28.13-33.13-51. 
13-52.13-53. 13-54 

13.10 Bolonc::lng the 
Slngle-Cyllndel 
EngIne 
13-19.13-20. 13-21. 
13-22.13-29.13-30. 
13-31.13-32.13-55. 
13-56.13-51.13-58 

* All problem figures are 
provided as PDP files. and 
some are also provided as 
animated Working Model 
fi les; all are on the CD-
ROM. PDP fi lenames are 
the same as the fi gure 
number. Run the fi le 
A",·mmiQ/u.h/ml to access • 
_,,_,_ru_' __ 'h_,_,,_;_m_,,_;,_,_,.___ ~ 

° Answers in Appendi~ F. 

t "These problems are 
suited to solution using 
MalJrcad. Mal/ab. or 
TKSo/>'rr equation solver 
programs. 
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• Answers in Appendix F. 

t These problems are 
suited 10 solution using 
M(JIiJcud. MOl/lib, or 
TKSull'l'r equ:Uion solver 
programs. 
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·t 13-5 Repeal Problem 13-3 using the exact method of calculation of gas torque and compare irs 
result to Ihm obtained by the approximate expression in equation 13.Sb (p. 653). What is 
the percenl enur? 

t13-6 Repeal Problem 13-4 using the exact method of calculation of gas torque and compare its 
result [0 Ihal oblained by Ihe approximate expression in equmion 13.8b (p. 653), What is 
the percent error? 

-tI3_7 A connecting rod of length I '" 12 has a mass IIIJ = 0.020. [!.~ mass momenl of inenia is 
0.620. Its CG is locatt."<I al 0.41 from the crunk pin. point A. 

u. Calculate an exact dynamic model using two lumped masses. one at Ihe wrist pin. 
point B. and one at whatever other point is required. Define the lumped masses 
and their locations. 

b. Calculate an approximate dynamic model using tWO lumped masses. one at the 
wrist pin, point B. and one althe crank pin, point A. Define lhe lumped masses 
and their locations. 

c. Calculate the error in Ihe mass moment of inertiu of the approximme model as a 
percentage of the originalmas~ moment of inenia. 

t 13-8 Repem Problem 13-7 for these data: {= 15, muss 1113 = 0,025, mass moment of incnia is 
1.020. Il~ CG is localed at 0.25 {from the crank pin, point A. 

· t I3-9 A crank oflenglh r= 3.5 has a mass 1112 = 0.060. Its mass moment of incni:l about its 
pivot is 0.300. lis CG is located at 0.30 r from the main pin. poim 02. Calculate a 
statically cqu;vulenllwo-Iumped mass dynamic model with the lumps placed at the main 
pin and crank pin. What is the percenl error in the model's moment of inertia about the 
crank pi VOl. 

t ]3_ [0' Repeal l>rob[em 13-9 for:1 crank length r = 4, a mass 1112 = 0.050. a mass moment of 
incnia ubout its pivot of 0.400. Its CG is locatl."d at O.4Q.fo-from lhe main pin. point O2• 

-t I3_ 1 I Combine the data from problems 13-7 and 13·9. Run the linkage al a constant 2000 rpm. 
C;Llculate the inertia force and inenia torque al WI = 45°. Piston mass = 0.0[2. 

t 13_ 12 Combine the data from problems 13-7 and [3-10. Run the linkage at a constant 3000 
rpm. Calculate the incnia force and incnia torque at WI = 30". Piston mass = 0.019. 

tl3_ 13 Combine the data from problems [3-8 and 13-9. Run the linkage at a constant 2500 rpm. 
Calculate the inertia force and incnia torque at ffi( = 24°. Piston mass: 0.023. 

- t I3_14 Combine the data from problems 13-8 and 13-10. Run the linkage at a constant 4(XX} 

rpm. Calculate the inertia force and inenia IOrque at ffi(: 18°. Piston mass = 0,0]5. 

t 13_15 Combine thedat:1 from problems 13-7 and 13-9. Run the linkage OIl a constant 2000 rpm. 
Calculate the pin fOftes at WI =45°. Piston mass: 0.022. Fg = 300. 

; I 3-16 Combine the data from problems! 3-7 :Ind 13- [0. Run the linkage 3t a con~tant3000 
rpm. Calculate the pin forces at WI = 30". Piston mass = 0.019. Fg =601 

t 13_ 17 Combine the data from problems 13-8 and 13-9. Run the linkage .. 1 a con~tanl 2500 rpm. 
Calculate the pin forces at ffi( '" 24°. Piston ma~s = 0.032. F g = 'XlO. 

t [3-18 Combine the d:Lta from problems 13-8 and 13-10. Run the linkage at a constant 4(0) 

rpm. Calculate the pin forces at WI = 18°. Piston mass = 0.014. Fg = 1200. 
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°tt l3_19 Using the data from Problem 13-11: 

a. Exactly b;llance the cmnk and recalculate the inertia force. 
b. Overbalance the crank with approximately two-thirds o f the mass at the wrist pin 

placed at radius -r on the crank and recalculate the inertia force. 
c. Compare these results to those for the unbalanced crank. 

'*13-20 Repeat Problem 13- 19 using the data from Problem 13- 12. 

t* 13.21 Repeat Problem 13- 19 using the dat:tfrom Problem 13- 13. 

t* 13_22 Repeat Problem 13- 19 using the data from Problem 13- 14. 

t I3-23 Combine the necessary equations to develop expressions that show how each of these 
dynamic parmncters varies as a funct ion of the cmnk/conrod mtio alone: 

a. Piston acceleration 
c. Inertia torque 

b. Inertia force 
d. Pin forces 

Plot the functions. Check your conclusions with program ENGINE. 

Hinl: Consider 0/1 other parameter$ to M temporarily cOIIStant. Sn the crank angle to 
$(}fIle l'Olue stich 111m Ille gO$forr:e i$ nOI/:ero. 

t 13-24 Combine the necessary etruations to develop expressions that show how each of these 
dynamic parameters varies as a function of the bore/$lrOk:e ratio alone: 

a. Gas force h. Gas torque c. Inertia force 
d. Ine rt ia torque e. Pin forces 

Plot the functions. Check yoor conclusions with program ENGlNE. 

Hint: Consider all otller paramtolers 10 /)(' temporarily COnstallf. Set tile cral/k angle to 
some I'a/lle slIcll Ilmt the gtlSforce is /lOl/zero, 

t I3·25 Develop an expression to detennine the optimum OOre/stroke ratio to minimize the wrist
pin force. Plot the function. 

t* 13-26 Use program ENGtNE., yoor own computer program. or an equation solver to calculate the 
maximum value and the polnr-plot shape of tile force on the main pin of a l·in3 displace
ment. s inglc:-cylindcr engine with bore '"' 1,12838 in for the following situations. 

a. Piston. conrod, and crank. masses" 0 
b. Piston mass = I blob. conrod and crank masses = 0 
c. Conrod mass = I blob. piston and crank masses = 0 
d. Crank. mass = I blob. conrad and piston masses = 0 

Place the CG of the crank. at 0.5 rand lhe conrod al 0.33 I. Compare and explain the 
differences in the mainpin force under these different conditions with reference 10 the 
goveming equations, 

t 13-27 Repeat Problem 13-26 for the crank pin. 

t 13.28 Repeat Problem 13·26 for the wrist pin. 

t1 13_29 Use program ENGlNE. your own compuler program, or an equ:lIion solver 10 calculale the 
maximum value and the poInr.plot shape of the force on the main pin of a l_in3 single
cylinder engine with bore '" 1.12838 in for the following situations, 

a. Engine unbalanced. 
b. Crank. exactly balanced against mass at crank. pin. 
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t 11Icse problems are 
suiled to solul ion using 
Mwhcali. MllIfub. or 
TKSofl'tr equatioo solver 
progroms, 

* n.c:sc: problems are 
suited 10 solu tion using 
program ENGINE which is 
00 the: attached CD·ROM. 
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FIGURE P13-1 

Problem 13-33 

t The.o;e problems are 
sui ted to solution using 
Malhcad. Mill/ab. or 
TKSo/n' , equation solver 
programs. 

* 1lH:se problems are 
suited to solution using 
program ENGINE which is 
on the auached CD-ROM. 
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c. Crank optimally overbalanced against masses at crank pin and wrist pin. 

Pislon. conrod. and crank masses = I. Place the CG of lhe cnmk at 0.5 rand Ihe conrod at 

0.33 I. Compare and explain the differences in the mainpin force under these conditions 
with reference to the governing equations. 

t* 13_30 Repeal Problem 13·29 for the crankpin force. 

tt l 3-3 I Repeal Problem 13·29 for the wristpin force. 

tt l 3-32 Repeat Problem 13·29 for the shaking force. 

t 13-33 Figure P13- I shows a single-cylinder air compressor stopped at top dead center (TDC). 
TIlCre is a static pressure P = 100 psi tmpped in the 3-in-bore cylinder. 1he ent ire 
assembly weighs 30 lb. Draw the necessary free..body diagrams to determine the forces at 
pointsA. 8. C, and the suppons HI and H2. which are symmetrically located about the 
piston centerlillC. Assume that the piston remains stationary. 

t I3·34 Calculate and plot the posilion, velocity, and acceleration of a slider crank linkage with' = 
3.1 = 12. and w = 200 rad/scc over one cycle using the exacl solution and the approximate 
Fourier series solutiOfl. Also. calculate and plolthe percent difference between the exact 
and approximate solutions for accelenttiOfl, 

t 13·35 Repeat Problem 13-34 for, = 3, I = 15, and w = 100 rod/sec. 

t 13-36 A slider-crank linkage has r = 3, 1=9. It has an angular velocity of 100 rad/sec at 
time t = O. Its initial crank angle is zero. Calculate the piston acceleralion all = 0.01 
sec. Use two methods, the exact solution, and the approximate Fourier series solution 
and compare the results. 

t 13-37 Repeat Problem 13·36 wilh, = 3.1 = 15. and I =0.02. 

t 13-38 1he following equation is an approximalion of the gas force over 180" of crank angle. 

Using Ihis equation with ~= 150 and Fsmw; = 1200 Ib, calculate and plOl the approximate 
gas torque for , "" 4 in and 1 = I 2 in. What is the total energy del ivered by the gas force 
over the 180" of motion? What is the averJge power delivered if the crank TOIates at a 
constant speed of 1500 rpm? 

t 13·39 A slider-crank linkage has r = 3.75.1 = II and a piston bore of B = 25. 1llc peak gas 
pressure in the cylinder occurs at a crank angle of 120 and is 1150 pressure units. 
Calculate the gas force :md gas torque at thi§. position. 

t 13-40 Repeat Problem 13-39 using the exact melhod of calculation of lhe gas tOftjue and 
compare the result tq that obtained by the approximale expression in equation 13.gb 
(p.653). What is lhe percenl error? 

t 13-41 A slider-crank linkage has r = 4.12.1 = 145 and a piston bore of B = 2.25. 1he peak gas 
pressure in the cylinder occurs at a crank angle of9" and is 1325 pressure units. Calculate 
the gas force and gas torque at th is position, 

t l342 Repe.1t Problem 13-41 using the exact method of calculation of the gas torque and 
compare lhe result to that obtained by the approximate expression in equation 13.8b (p. 
653). What is the percent error? 
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tl3-43 A slidc:r-crank linkage has the following properties: crank 1112 '" 0.045, crank 'G2; 0.4,. 
conrod 111) = 0.12, and piston"LI ;0. 15. Detemille the approximately dynamiC'.lIly 
equivalcnttwo-mass lumped parameter model for this linkage with the masses placed at 
the crank and wrist pins. 

t13-44 If the cOllrod ill Problem 13-43 has I; 12.5.103'" 0.15 and its CG is located 4.5 units 
from point A; calculate the sizes of two dYIl:Ullicaily equivalent masses and the location of 
one if the other is placed at point H (see Figure 13-10, p. 656). 

t13-45 A slider-crank linkage has the following properties: crank "'2 '" 0.060. crank 'G2; 0.38r. 
conrod nI) = 0. 18. and piston nl4; 0. 16. Dctennine the approximately dynami;a1ly 
equivalent two-mass lumped parameter model for this linkage with the masses placed al 
the crank and wrist pins. 

t13-46 If the conrod in Problem 13-45 has I", 10.4, IG} '" 0. 12 and its CG is located 4.16 units 
from point A; calculate the sizes of two dynamically equivalent masses and the location of 
one if the other is placed at point B (see Figure 13-10, p. 656). 

t13-47 A slider-crank linkage has the following properties: r; 3.13. I; 12.5. crank "'2 '" 0.045, 
cnulk rm; O.4r. conrod II/J; 0.12, conrod rOJ = 0.361. and piston 1//4 '" 0. 15. If the cr.lllk 
speed is 1800 rpm, calculate the inertia force:uK! inertia torque for a crank position of ffiI 
.30". 

t13-48 A slider .. crank Iinkage"'fi'3s the following properties:, '" 2.6, / = 10.4. crnnk"'2 '" 0.060, 
crank 'm '" 0.3ar, conrod"'J; 0.18, conrod rOJ; O.4f, and piston "'4 _ 0.16. I ft~ crank 
speed is 1850 rpm. calculate the inertia force and inertia torque for a crank position of ffiI 
; 20". 

t13-49 A slider-crallk linkage has the following properties:, '" 2.6. / = 10.4. crnnk"'2 '" 0.045, 
crank 'G2 = O.4r, conrod III) = 0.12, conrod 'OJ::: 0.361. and piston"'4 = 0.15. If the cr.mk 
speed is 2000 rpm. calculate the inertia force:uK! inertia torque for a cnmk position of ffiI 
_25°. 

tI3 .. 50 A slider-crnnk. linkage has the following properties: ,= 3.13, I = 12.5, crdllk"'2 = 0.060, 
crank 'G2 = 0.38" conrod I1IJ: 0.18, conrod rOJ:: 0.41, and piston "'4:: 0.15. I(the cr.mk 
speed is 1500 rpm. calculate the inertia force and inertia torque for a crnnk position of ffiI 
=22°. 

t 13 .. 51 A slider-crank linkage has the following properties:, '" 3.13, I = 12.5, crank "'1 = 0.045, 
crank 'G2:: 0.4" conrod mJ; 0.12, conrod 'OJ:: 0.361. and pislon nl4:: 0.15. If the crank 
speed is 1800 rpm. calculate the pin forces for a crank position of ffiI '" 30" and a gas force 
of F, ::450. 

t 13 .. 52 A slider-cnulk linkage has the following properties: r = 2.6,1 = 10.4, crank 1112 '" 0.060, 
crank rG2 = 0.38,. conrad III) '" O. J 8, conrod r03 = 0.4/. ruK! piston 1114 '" 0.16. If the crank 
speed is 1850 rplll . calcul:ne the pin forces for a crank position of ffiI = 20" and a gas force 
ofF,"'600. 

'13 .. 53 A slider-crank linkage has the following properties: r = 2.6.1:: 10.4. crank nl2:: 0.045, 
crank rm:: O.4r, conrod III) '" 0.12, conrod rG) '" 0.361, and piston 1114 '" 0.15. If the crank 
speed is 2O:Xl rpm. calculate the pin forces for a crank position of ffiI '" 25° and a gas force 
of F, '" 350. 

t I3-54 A slider-crank linkage has the following properties: ,:: 3. 13,1:: 12.5. crank "'2 = 0.060, 
crank 'm :0.38r. conrodm] '" 0. 18, conrod rOJ :::0.41, and piston 1114 "" 0.15. lftht!crank 
speed is 1500 rpm, calculate the pin forces for a crank poSition of CfJf:: 22° and a gas force 
of F,: 550. 
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HI3-55 Using the data from Problem 13-47 (p. 681): 

a. Exactly balance the crank and recalculate the inertia force. 
b. Overbalance the crank with approximatcly two-thirds of the mass althe wrist pin 

placed at radius -r on the crank and recalculate the inertia force. 
c. Compare these results 10 those for the unbalanced crank. 

H 13-56 Using the data from Problem 13-48 (p. 681): 

a. Exactly balance the crank and recalculate the inertia force. 
b. Overbalance the crank with approximately two-thirds of the mass at the wrist pin 

placed at radius -r on the crank and recalculate the inertia force. 
c. Compare these results to those for the unbalanced crank. 

t1 13-57 Using the data from Problem 13-49 (p. 681): 

a. Exactly balance the crank and recalculate the inertia force. 
b. Overbalance the crank with approx imately two-thirds of the mass at the wriSt pin 

placed at radius -r on the crank and recalculate the inertia force. 
c. Compare these results to those for the unbalanced cmnk. 

t* 13-58 Using the data from Problem 13-50 (p. 681): 

a. Exactly balance the crank and recalculate the inert ia force. 
b. Overbalance the crank with approximately two-thirds of the mass at the wrist pin 

placed at radius -r on the crank and recalculate the inertia force. Compare these 
results to those for the unbalanced crank. 

13.14 PROJECTS 

These are loosely structured design problems intended for solution using program ENGINE. All 
involfe the design of a single-cylinder engine and differ only in the specific data for the engine. 
The general problem stalement is: -Design a single-cylinder engine/or a specified displacemem ami strok.e cycle. Optimi;e Ihe can· 
rod/crank. rOlio and bort!lslroke ralio /0 minimi:e slmking/orces. slmking wrqlle. and pin forces. 
also considering poctoge si;e. Design yOllr link shapes O/Id colcliiale realistic dynamic param
elers (masl!'. CG IOCOlion. momel1l of inertia) for I/rOU links 'Ising tl,e me/hods shown in Chapler 
10 and Section 11 .13 (p. 594). Dynamically model the fillks as described in Ihis chapter. BolallCt 
or OI'erbalance the linkage as lIeelled to achi~I'e these resilits. Ol'eraf/ smoothness o/total /orqlle 
is desired. Design (md si:~ a minimulII M'eight fl)'wlteel by the method oj Section 11 .1 I (p. 586) 10 
smooth rhe totol lorque . \frill' an engineering repa" on yOllr dtsign. 

P13- 1 Two-stroke cycle with a displacement orO.125 liters. 

P1 3-2 Four-stroke cycle with a displacement of 0.125 li ters. 

P1 3-3 Two-stroke cycle wjth a displacement ofO.25 liters. 

P13-4 Four-stroke eycle .with a displacement of 0.25 liters. 

P1 3-5 Two-stroke cycle with 11 displacement or O.50 liters. 

P1 3-6 Four-stroke cycle with a displacement 0(0.50 li ters. 

P1 3-7 Two-stroke cycle with a displacement of 0.75 liters. 

P1 3·8 Four-stroke cycle with a displacement of 0.75 li ters. 
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14.0 INTRODUCTION 

Chapter 14 

The previous chapler d iscussed the design of (he slider-crank mechanism as used in the 
single-cylinder internal combust ion engine and pislOo pumps. We will now extend the 
design to mullicylinder configurations. Some of the problems with shaking forces and 
torques can be allev iated by proper combination of multiple slider-crank linkages on a 
common crankshaft. Program ENGINE. included with this text, will calculate the equa
tions derived in this chapler and allow the student to exercise many variations of an en
gine design in a sha n lime. Some examples are provided as disk files 10 be read into Ihe 
program. These are noted in the text. The student is encouraged to investigate these ex
amples with program ENGINE in order to develop an understanding of and insight to the 
subtleties of this topic. A user manual for program ENGINE is provided in Appendix A 
which can be read or referred to out of sequence, with no loss in continuity, in order to 
gain famil iarity with the program 's operat ion. 

As with the single-cylinder case, we will not address the thennodynamic aspects of 
the internal combustion engine beyond the definition of the combustion forces necessary 
to drive the device presented in the previous chapter. We will concentrate on the engine's 
kinematic and mechanical dynamics aspects. It is not our intention to make an "engine 
designer" of the student so much as to apply dynamic principles to a realis tic design 
problem of general interest and also to convey the complexity and fascination involved 
in the design of a more complicated dynamic device than the si ngle-cylinder engine. 

..3 
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(b) Vee six 

(c) InUne six (d) Vee eight 

Various multlcyllnder engine configurations 
lilustrotions copyright Eoglemoss Publications/Cor Core Magazine. Reprinted wim permission. 

-

Cutaway views of a four-stroke, four-cyllnder Inllne engIne COUTtesy of FIAT Corpororlon. l1o/y 
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bcann~ ,...., 
FIGURE 14· 3 

c"" ....... uns 

"'" 

- '--__ -'-___ -'-_ Cran1~fl ""Io>n('e """'«, 

Crankshaft from on Inllne four-cyllnder engine with pistons, connecting rods, and fltwheel 
a.srrotlon copyright Eog/emass PtJt:JIIcations!COf Cexe MograztIe Reptfnte<1 'Ni1tl petrrtlWon. 

14.1 MUlTICYL1NDER ENGINE DESIGNS 

Mullicylinder engines are designed in a wide variety of configurations from the simple 
inline arrdngemenlto vee, opposed, and radial arrangements some of which are shown 
in Figure 14-1. These arrangements may use any of the stroke cycles discussed in Chap
ter 13. Clerk. Otto, or Diesel. 

hU'E E'G"~::S The most common and simplest arrangement is an inline engine 
with its cylinders all in a common plane as shown in Figure 14-2. Two-: three-,· four-. 
five-. and six-cylinder in line engines arc in common use. Each cylinder will have its 
individual slider-crank mechanism consisting of a crank, conrod. and piston. Thecranks 
are fonned together in a common crankshaft as shown in Figure 14-3. Each cylinder's 
crank on the crankshaft is referred to as a crank throw. These crank throws will be ar
ranged with some phase angle relationship one to the other, in order 10 stagger the mo
tions of the pistons in time. It should be apparent from the discussion of shaking forces 
and balancing in the previous chapter that we would like to have pistons moving in op
posite directions 10 one another at the same time in order to cancellhe reciprocating in
ert ial forces. The optimum phase angle relationships between the crank throws will d if
fer depending on the number of cyli nders and the stroke cycle of the engine. There will 
usually be one (or a small number of) viable crank throw arrangements for a given en
gine configuration to accomplish this goal. The engine in Figure 14-2 is a four-stroke 
cycle. four-cylinder, inline engi ne wi th its crank throws at O. 180. 180. and 0" phase 
angles which we will soon see are optimum for this engine. Figure 14-3 shows the cr.mk
shaft. connecting rods, and pistons for the same design of engine as in Figure 14-2. 

... 

• Used mainty in 
mOiorcycles and boats. 
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Engine power end torque CUries 

w, 
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FIGURE 14- 4 

Cross section of a BMW 5-liter V-12 engine and Its power and tOfque curves Courtesy o/BMW Of Norltl Amerlco Inc. 

fiGURE 14 - 5 

Cutaway view of a 5-ltfer BMW V-12 engine Courtesy of BMW of NorltJ Americo Inc. 
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VEE E"\GI"\ES in IWo-: four-: six-. e ight-. ten-.t and twe l ve .cylinde~ ve rsions 
are produced. with vee six and vee eight be ing the most common configurations. Figure 
14-4 shows a cross seclion and Figure 14-5 a cutaway of a 60° vee-twelve eng ine. Vee 
engines can be Ihought of as (11'0 inline engines grafted togerher onto a commOIl ("mllk
shaft. The Iwo " inline" portions. or banks. are arranged wilh some vee angle between 
them. Figure 14- ld (p. 684) shows a vee-eight engine. Its crank throws flre at O. 90. 270. 
and 180° respectively. A vee e ight's vee ang le is 90". The geometric arrangements o f 
the crankshaft (phase angles) and cylinders (vee angle) have a significant effect on the 
dynamic condition of the engine. We will soon explore these relationships in detail. 

O I' I'OSEU E"oG I'I,ES are essentially vee engines with a vee angle of 180°. The pis
tons in each bank are on opposite sides of the crankshaft as shown in Figure 14-6. This 
arrangement promotes cancellation of inertial forces and is popular in aircraft engines.§ 
It has also been used in some automotive applicfl lions." 

R"I)t.'L E'GI'~:" have their cylinders arranged radially around the crankshaft in 
nearly a common plane. ll,ese were common on World War II vintage aircraft as they 
allowed large displacements. and thus high power. in a compact fonn whose shape was 
well suited to that o f an airplane. Typically air cooled. the cylinder flrrangement allowed 
good exposure of all cylinderuo the airstream. Large versions had multiple rows of ra
dial cylinders, rotationall y staggered to allow cooling air 10 reach the back rows. The 
gas turbine jet engine has rendered these radial aircraft engines obsolete. I 

RO"r/\H.Y E'I,GI'ES (Figure 14-7) were an interesting variant on the aircraft radial 
engi ne and were uscd in WW I airplanes/' Similar in appearance and cylinder arrange
ment to the radial engine. the anomaly was that the crankshaft was the stationary ground 
plane. The propeller was attached to the crankcase (engine block). which rotated around 
the stationary crankshaft ! It is a kinematic inversion of the slider-crank. (See Figure 
2- 13b. p. 47.) One advantage is that the piston mass centers can be in pure rotation and 
so do not impart any vibration 10 the airframe. All seven connecting rods a.nd pistons are 
in the same plane. One connecting rod (the "mother" rod) pivots on the crank pin and 
carries six "daughter" rods on it. as in the radial engine. At least il didn 't need a fl ywheel. 

FIGURE 14-6 

ChevrOlet CorvoII' horizontally opposed s/x-cyllnder engine 
COU1'9$y of Chevrolet DMsIon. Generot Motors Corp. 

68' 

• Muinl y in motorcycles. 
and boats. 

, Hooda. O Il)"SIer, Ford. 
Po~he. 

* BMW. Jag uar. Mercedes. 

; Cominemat six-cylindcr 

aircraft engine. 

I Onginal VW" Beetle" 
four cylinder. Subaru four, 
Honda moIOI"C)'Cte six. 
Fcmui twe lve. Po~hc SIX. 

the ill- fated Corvair six. 
and the shon -lived Tucker 

(Cominental) six. among 
others. 

01 Lubrica llon in the mlDTy 

engine was a problem. So
called ~toss· tubricahon· 

was used, meaning that the 
lubricant (castor oil) pas5ed 
th rough the engine and OUI 

the exhaust. This 
somewhat limited the time 

that the pilot in his open 
cockpil could endu~ 
inhaling the exhaust. TIle 
white sitk scarf poputar 
wi th t/lese pi lots was IlO\ 

used for warmth . but rather 
was ptaced over mouth and 
nose 10 reduce the 
ingestion of castor oi l. 
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~lalio!lary crankshaft 

propeller hub 

FIGURE 14-7 

The Gnome rotary engine (circa 1915). Note the multiple connecting rods 00 the single stoflonory crankpln.OI 

Many other configufmions of engines have been tried over the century o f develop
ment of this ubiquitous dev ice. The bibliography at the end of this chapter contains sev-, 
eral references which describe other eng ine designs, the usual, unusual, and exotic. We 
will begin our detailed exploration of multi cylinder engine design with the simplest con
figuration. the inline engine. and then progress to the vee and opposed versions. 

14.2 THE CRANK PHASE DIAGRAM 

Fundamental to the design of any multicylinder engine (or piston pump) is the arrange
ment of crank throws on the crankshaft. We will use the four-cylinder inline engine as 
an example . Many choices are possible for the crank phase angles in the four-cylinder 
engine. We will start, for example, with the one that seems most obvious from a com
monsense standpoint. There are 360° in any crankshaft. We have four cylinders. so an 
arrangement of O. 90, 180. and 270° seems appropriate. The delta phase a ngle 6ql be
tween throws is then 90°. In general, for maximum cance llation of inenia forces, which 
have a period of one revolution. the optimum delta phase angle will be: 

where /I is the number of cylinders. 

3600 

6$inertia = -,- (14.1 ) 

We must establish some convention for the measurement o f these phase angles 
which will be: 

The first (front) cylinder will be number I and its phase angle will always be zero. 
It is the reference cylinder for all others. 
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2 The phase angles of all other cylinders will be measured with respect to the crank 
throw for cylinder I. 

3 Phase angles are measured inlemalto the crankshaft. that is, with respect to a rotat
ing coordinale system embedded in the first crank throw. 

4 Cylinders will be numbered consecutively from front to. back of the engine. 

The phase angles are defined in a cra nk phase diagram as shown in Figure 14·8 
(p. 690) for a four-cylinder. inline engine. Figure 14-8a shows the crankshaft with the 
throws numbered clockwise around the axis. The shaft is rotating counterclockwise. The 
pistons are oscillating horizontally in th is diagram , along thex ax is. Cylinder I is shown 
with its piston at top dead cenler (TOe). Taking that position as the starting point for the 
abscissas (thUS tinte 7..ero) in Figure 14-8b. we plot the velocity of each piston for two 
revolutions of the cmnk (to accommodate one complete four·stroke cycle). Piston 2 ar· 
rives al TDC 90° after piston 1 has left . Thus we S.1y that cylinder 2 lags cylinder I by 
90 degrees. By convention a lagging el'ell1 is defined as hal'ing a negarive phase angle. 
shown by the clockwise numbering of the crank throws. The velocity plots clearly show 
that each cylinder arrives at TOC (zero velocity) 90° later than the one before it. Nega
tive velocity on the plots in Figure 14-8b indicates piston motion to the left (downstroke) 
in Figure 14-8a: positive velQS;ity indicates motion to the right (up stroke). 

For the discussion in this chapter we will assume counterclockwise rotation of allcrank
shafts, and all phase angles will thus be negative. We wil l. however, omit the negative signs 
on the listings of phase angles with the understanding that they follow this convention. 

Figure 14-8 shows the timing of events in the cycle and is a necessary and useful 
aid in defining our cr.lIlkshaft design. However, it is not necessary to go to the trouble of 
dr.lwing the correct sinusoidal shapes of the velocity plots to obtain the needed infonna
tion. All thaI is needed is a schematic indication of the relative positions within the cy
cle of the ups and downs of the various cylinders. This same infonnalion is conveyed 
by the simplified crank phase diagmm shown in Figure 14·9 (p. 691). Here the piston 
motions are represented by rectangular blocks with a negative block arbitmrily used to 
denote a pislon downstroke and a positive one a piston upstroke. It is strictly schematic. 
The positive and negative values of the blocks imply nothing more Ihan thai stated. Such 
a schematic crank phase diagram can (and should) be drawn for any proposed arrange
ment of crankshaft phase angles. To draw it, simply shifl each cylinder's blocks to the 
right by its phase angle with respeclto the first cylinder. 

14.3 SHAKING FORCES IN INLlNE ENGINES 

We want 10 detennine Ihe overall shaking force which results from our chosen crankshaft 
phase angle arrangement. The individual cylinders will each contribute to the total shak
ing force. We can superpose their effects, taking their phase shifts into account. Equa
lion 13. l4e (p. 659) deli ned the shaking force for one cylinder with the crankshaft ro
tating at constant W. 

fora::::O : 

Fs =[ mA roo! COSWI +m8roi( cosror+fcOS2ror )] i +[mAfw2 sin WI] j ( 14,2a) 

... 
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The schematic cronk phose diagram 

This expression is for an unbalanced crank. In multicylinder engines each crank throw 
on the crankshart is at least counterweighled 10 eliminate the shaking force effects of the 
combined mass rnA of crank and conrod assumed concentrated at the crank pin. (See Sec
tion 13.10 and equalion 13.24, p. 67 1.) The need for overbalancing is less if the crank
shaft phase angles are arranged to cancel the effects of the reciprocating masses at the 
wriSI pins. This inherent balance is possible in inline engines oflhree or more cylinders, 
bUi nOI in some two-cylinder inline engines. Somelimes the crank throws in an inher
ently balanced multicylinder engine are also overbalanced in order to reduce the main 
pin bearing forces as was described in Section 13.10 (p. 675).· 

(fwe provide balance masses with an mr product equal to mArA on each crank throw 
as shown in Figure 14-3 (p. 685). the lenns in equation 14.2a which include rnA will be 
eliminated. reducing it to: 

( 14.2b) 

Recall that these are approximate expressions thai exclude ali hannonics above the second. 

• A 90" vee-eight engine 
typically has approximately 
msfl of overbalance mass 
added per crank throw. to 
reduce the main pin 
bearing forces. 
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We wil l assume thai all cyli nders in the engine are of equal displacemcnI and that 
all pistons and alt conrods are interchangeable. This is desi rable both for dynamic bal
ance and for lower production costs. If we let Ihe crank angle WI represent Ihe instanta
neous position of Ihe reference crank throw for cyl inder I, the correspond ing positions 
or the other cranks can be defined by their phase angles as shown in Figure 14-8 (p. 690), 
The total shaking force for a multicylinder inline engine is then: 

Fs'= /IIsrw1 t [ cos(wt-¢l;)+,yCOS2(WI-ilI;)] ,., 
where" = number of cylinders and ¢II = O. Substitute Ihe identity: 

and fac tor 10: 

cos(o - b) = cosacosb + sin asinb 

• • 
cos 001 L COSq,i +sinWl L sin¢ll 

leI 
; 

+ ~(COS2W1 t c052$; + sin 2W1 f sin 241i] 
I i=1 , ,,, 1 

(14.2c) 

(14.2d) 

The ideal value for the shaking force is zero. This ex pression can only be zero for all 
values of wt if: 

• • 
2>"'~' "0 L,s in4li =0 (\4.3a) 
iml i_ I .,-

• • 
~>"'2~, ·0 L,Sin29i =0 (J4.3b) 
i_ I i.,1 

Thus, there are some combinations of phase angles 4>j which wi ll cause cancellation 
of the shaking force through the second hannonic. If we wish to cancel higher hannon
ics, we could reintroduce those hannonics' temlS that were truncated from the Fourier 
series representation and find that the fourth and sixth hannonics will be cancelled if: 

• • 
L,cos441i =0 L,sin441i =0 (1 4.3c) 
;=1 i=1 , 

" I cos641,' = 0 L, sin641, = 0 (1 4.3d) 
;=1 , .. I 

Equations 14.3 provide us with a convenient predictor of the shaking force behav
ior of any proposed inline engine design. Program ENGINE calculates equations 14.3a 
and b and displays a table of their values. Note that both the sine and cosine summa· 
tions of any multiple of the phase angles must be zero for that harmonic of the shak
ing force to be zero. The calculation for our example of a four-cylinder engine with 
phase angles of 4>1 = 0, 412 = 90, 4>3 = 180,4>4 = 2700 in Table 14- 1 shows thai the shaking 
forces are zero for the first. second. and sixth hannonics and nonzero for the fourth. So, 
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TABLE 14- 1 Force Balance State of a 4-Cylinder Inline Engine with a 0, 90, 180, 
2700 Cronkshott 

" " Primary forces: L.~in¢l; =0 I''''~"O 
i .. 1 ; .. 1 

" " 
Secondary forces: L.sin2¢1i '" 0 L.cos2¢1; ",0 

"" ;'"1 

" " 
Fourth hannonic forces: L.sin4¢11 '" 0 L. cos4¢1; ",4 

i - I ;' .. 1 

" " Sixlh hannonic forces: L,sin6¢1i '" 0 I ''''''' ·0 
i=1 1 .. 1 

our commonsense choice in this instance has proven a good one as far as shaking forces 
are concerned. As was shown in equation 13.2f (p. 648). the coefficients of the fourth 
and sixth hannonic ternlS are"minuscule, so their contributions, if any, can be ignored. 
The primary component is of most concern , because of its potential magnitude. The sec
ondary (second harnlonic) tenn is less critical than the primary as it is multipl ied by rlf 
which is generally less than 1/3. An unbalanced secondary hannonic of shaking force is 
undesirable but can be lived with, especiall y if the engine is of small displacement (less 
than aOOUi Ifl liter per cylinder). 

To see more detail on the results of this 0, 90. 180,270 inline four-cylinder engine 
configuration, run program ENG INE. select the configuration from the Example pull
down menu. and then Plot the shaking force. See Appendix A for more detailed instruc
tions on the use of program ENGINE. 

14.4 INERTIA TORQUE IN INLINE ENGINES 

The inertia torque for a single-cylinder engine was defined in Section 13.6 and equation 
13 .1 5e (p. 660). We are concerned with reducing this inertia torque, preferably to zero, 
because it combines with the gas torque to fonn the total torque. (See Section 13.7, 
p.66I.) Inertia torque adds nothing to the net driving torque as its average value is al
ways zero. but it does create large oscillations in the total torque which detracts from its 
smoothness. Inertia torque oscillations can be masked to a degree with the addition of 
sufficiem nywheel to the system, or the ir external , net effect can be cancelled by the 
proper choice of phase angles. However. the torque oscillations. even if hidden from the 
outs ide observer, or made to sum to zero, are still present within the crankshaft and can 
lead to torsional fatigue failure if the part is not properly designed. (See also Figure 14-23. 
p. 7 14.) TIle approximate one-cylinder inertia torque equation for three hannonics is: 

T - I 2 2(' . . 2 3r. " .... J k' ·21 ""-nl8r (() -SLn(()/' -SLn (()/' --Sln.JWI 
I 2 21 21 

(l4.4a) 

Summing for all cylinders and including their phase angles: 

•• 
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Til l =.!./IIBr2w2i-[':"Sin(WI - q>;) -Sin2(tot - !/l;)- 3r sin3(WI - 4>i)] k 
2 ~ 21 21 ;,. [ 

Substitute the identity: 

sin(a - b ) = sin acosb - COSD sinb 

and factor to: 

; (Sill<Ol i COS$; - cos(l)( i,sin$i) ., . , , '''' .= 
Ti2l :, ~m8r2ro2 - ( Sin 2W1 i cos2$, - cos 2U)1 i Sin 2¢1;) k 

i_ I ~ l 

- ~~ ( Sin3wt t cos3¢1; - cos3ffi1 t sin 34Ji) 
, .. I ,_ 1 

This can only be zero for all values of Wt if: 

• 
L,sin(j! j = 0 
; .. 1 

• 
L, sin29, : 0 
i_ I 

" 
L Sin3$; ", 0 ,., 

• 
L.cos,!>; = 0 
i_ I 

• 
L,cos2$, = 0 
i .. l _ 

• 
L,cos341, =0 
I .d 

( 14.4b) 

(l4.4c) 

(l4.5a) 

( 14.Sb) 

( 14.5c) 

Equations 14.5 provide us with a convenient predictor of the inertia torque behavior 
of any proposed inline engine design. Calculation for our example of a four-cylinder 
engine with phase anglcs of $! = 0, Ih = 90, $3 = 180, $4 = 2700 shows that the inertia 
torque components are zero for the first. second, and third hannonics. So, our current 
e;r;ample is a good one for inertia torques as well. 

14.5 SHAKING MOMENT IN INLINE ENGINES 

We were able 10 consider the single-cylinder engine to be a single plane, or two dimen
sional, device and thus cou ld statically balance it. The multicylinder engine is three di
mensional. lIS multiple cylinders are distributed :llong the a;r;i s of the crankshaft. Even 
though we may have cancellation of the shaking forces, there may still be unbalanced 
moments in Ihe plane of the engine block. We need to apply the criteria for dynamic bal
ance. (See Section 12.2 and equat ion 12.3, p. 612.) Figure 14-10 shows a schemat ic of 
an inline four-cylinderengine with crank phase angles of$J =0,$2 =90,413= 180,$4=270°. 
The sp..1cing between the cylinders is nonnally unifonn. We can sum moments in the plane 
of the cylinders about any convenient point such as L at the centerl ine of the first cyl inder, 
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Moment arms of !tie shaking rYIOment 

" LM, = L 'iF" j (14.6a) 

where Fsj is the shaking force and Zi is the moment am] of the ith cylinder. Substituting 
equation 14.2d (p. 692) for Fs( 

" " 
eosWl L. Zi eosq,j + sin rot L. z; sin q,; 

+ .':(COS2Wt f. :i COS24'i + sin 2Wl f. zi sin 2$i] 
I ;=1 i_I 

This expression can only be zero for all val ues of rot if: 

" ~>l eOS$i =0 
i .. 1 

" 
L, Zicos2$;= 0 
,.,1 

" ~>;sin$;= O 
i- I 

" 
L, Zisin2$/ =0 ,., 

j (J 4.6b) 

( 14.7a) 

(14.7b) 

These will guarantee no shaking moments through the second hannonic. We can 
extend this to higher hannonics as we did for the shaking force . 

• " 
L,=jcos4$;=0 L. zisin4q,i ",0 ( t4.7e) 
; .. 1 i_I 

" " 
L, =,cos6$i =0 L, zisin6q,i =0 (1 4.7d) 
,=1 i_I 

6" 
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TABLE 14·2 Moment Balance State 01 a 4-Cylinder, lnline Engine with a 0, 90, 
180, 27()<' Crankshon. and zl :: 0, Z2" 1, z3:O: 2 , ~,. 3 

" " Primary moments: L, Zjsin4li ",,-2 L Zjcosq,,< =-2 
;"1 , .. I 

" " Secondary moments: L, zjsin2$; =0 L, zjcos241i =-2 
i .. ] ; .. 1 

Note that both the sine and cosille slImmariollS of allY multiple of tile phase angles 
I11I1St be zero for that harmonic of the shaking momellt to be zero. The calculation for 
our example o f a four-cylinder engine with phase angles of ¢II = 0, 412 = 90, $3 = 180, 
til4 = 2700, and an assumed cylinder spacing of one length unit (Z2 = 1, z3 = 2. 13 = 4) in 
Table 14-2, shows that the shaking moments are nOl zero for any of these harmonics. SO. 
OUT choice o f phase angles, which is a good one for shaking forces and torques, fails the 
test for zero shaking moments. The coeffi cients of the fourth and siltth hannonic tenns 
in the moment equations are minuscule. so they will be ignored. The secondary (second 
hannonic) tenn is less critical than the primary as it is multiplied by rll which is general
ly less than 1/3. An unbalanced secondary harmonic of shaking moment is undesirable 
but can be tolerated. especially if the engine is of small displacement (less than about 1/2 
liter per cylinder). The primary component is o f most concern. because of its magnilUde. 
If we wish to use this crankshaft configuration. we will need to apply a balancing tech
nique to the engine as described in a later section to at least eliminate the primary mo
ment. A large shaking moment is undesirable as it will cause the engine to pitch forward 
and back (like a bucking bronco) as the moment oscillates from positive to negative in 
the plane of the cylinders. Do not con/lise tltis shakillg nrOrllent with the shakillg torque 
which acts to roll the engine back and forth about the Z axis of the crankshaft. 

Figure 14- 11 shows the primary and secondary components of the shaking moment 
for this example engine for two revolutions of the crank. Each is a pure hannonic of zero 
average value. The total moment is the sum of these two components. This engine con
figuration is a built-in example in program ENGINE. See Appendix A for he lp running 
the program. 

14.6 EVEN FIRING 

The inertial forces, torques. and moments are only one sel of criteria which need to be 
considered in the design of multicylinder engines. Gas force and gas torque consider
ations are equally important. In general. it is desirable to create a firing pattern among 
the cylinders that is evenly spaced in time. If the cylinders fire unevenly, vibrations will 
be created which may be unacceptable. Smoothness of the power pu lses is desired. The 
power pu lses depend on the stroke cycle. If the engine is a two-stroke. there will be one 
power pulse per revolution in each of its II cy linders. The optimum delta phase angle 
between the cylinders' crank throws for evenly spaced power pulses wi ll then be: 

360' 
6¢1 ..... ~ smM~ =--

" 
(l4.8a) 
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Primary and secondary moments In the O. 90. 180,270" crankshaft four-cvllnder engine 

For a four-stroke enginei'here will be one power pulse in each cylinder every two 
revolutions. The optimum delta phase angle of the crank throws for evenly spaced pow
er pulses will then be: 

720° 
6¢1/our j lfokL "'=-,- ( 14.8b) 

Compare equations 14.8a and 14.8b 10 equation 14.1 (p. 688) which defined the op
timum delta phase angle forcancellation of inertia forces. A two-stroke engine can have 
both even firing and inertia balance, but a four-stroke engine has a conflict between these 
two criteria. Thus some design trade-offs will be necessary to obtain the best compro
mise between these factors in the four-stroke case. 

Two-Stroke Cycle Engine 

To determine the firing pattern of an engine design we must return to the crank phase 
diagram. Figure 14-12 (p. 698) reproduces Figure 14-9 (p. 691) and adds new infor
mation to it. It shows the power pulses for a two-stroke cycle, four-cylinder engine 
with the $i = 0, 90, 180,2700 phase angle crank configuration. Note thai each cylinder's 
negative block in Figure 14-12 is shifted 10 the right by its phase angle with respect to 
reference cylinder I. In this schematic representation. only the negative blocks on the 
diagram are available for power pulses as they represent the downstroke of the piston. 
By convention, cylinder one fires first, so ils negative block at 00 is labeled Power. The 
other cylinders may be fired in any order, but their power pul ses should be as evenly 
spaced as possible across the interval. 

The available power pu lse spacings are diclaled by the crank phase angles. There 
may be more than one firing order which will give even firing, especially with large num
bers of cylinders. In this simple example the firing order 1,2,3,4 will work as it will 
provide successive power pu lses every 90° across the interval. The power stroke an
gles 'Vi are the angles in the cycle al which the cylinders fire. They are defined by the 

•• 
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crankshaft phase angles and the choice of firing order in combination and in this exam
ple are 'Vi = 0, 90, 180, and 270°, In general, l.JIi are not equal to 4li. Their correspon
dence with the phase angles in this example results from choosing the consecutive firing 
order 1,2,3,4. 

For a two-stroke engine, the power stroke angles 'IIi must be between 0 alld 360°, 
We always want them to be evenly spaced in that interval with a della power stroke an
gle defined by equation J4.8c. For our four-cylinde r, two-stroke engine, ideal power 
stroke angles are then 'Vi = 0, 90, 180,270°, which we have achieved in this example. 

We define the delta power stroke a ngle differcmly fo r each stroke cycle. For the 
two-stroke engine: 

For the four-stroke engine: 

360" 
6\1'/'K"()srrokr =--

" 
720~ 

6\1' four s" olr =-

" 

(14.8c) 

(14.8d) 
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The gas torque for a one-cylinder engine was defined in equation 13.8b (p. 657). 1lle 
combined gas torque for all cyli nders must sum the contributions of II cylinders. each 
phase-shifted by its power stroke angle 'V;: 

( 14.9) 

Figure 14-13 (p. 700) shows the ga~ torque, inenia torque. and shaking force for this 
two-stroke four-cylinder engine plotted from program ENGINE. The shaking moment 
components are shown in Figure 14- 11 (p. 697). Except for the unbalanced shaking mo
ments. this design is otherwise acceptable. The inenia force and inenia torque are both 
zero which is ideal. The gas torque consists of unifonnly shaped and spaced pulses 
across the interval. four per revolution. Note that program ENGtNE plots two full revolu
tions 10 accommodate the four-stroke case; thus eight power pulses arc seen. Open the 
fil e FI4- 13.eng in the program to exercise this example. 

Four-Stroke Cycle Engine 

Figure 14-14 (p. 701 ) show~crank phase diagram for the same erelllkslla/t desigll as in 
Figure 14-12 except that it is designed as a/ollr-stroke cycle ellgilll!. There is now only 
one power stroke every 720" for each cyli nde r. The second negative block for each cyl
indermust be used for the intake stroke. Cylinder I is again fired first. An evenly spaced 
pattern of power pulses among the other cylinders is again desired bUI is now not possi
ble with this crankshaft. Whether the firing order is 1,3, 4.2 or I, 2. 4, 3 or 1.4.2,3, or 
any other chosen, there will be both gaps and overlaps in the power pulses. The first fir
ing order li sted. 1,3, 4. 2, has been chosen for this example. This results in the set of 
power stroke angles \jI; = 0,180.270,450". These power stroke a ngles define the 
points in the 720" cycle where each cylinder fire s. Thus for a four-stroke eng ine , the 
power stroke angles 'Vi must be between 0 and no". We would like them to be evenly 
spaced in that interval with a delta angle defined by equation 14.8d. For our four-cylindcr. 
four-stroke engine. the ideal power stroke angles would then be \jI; = 0, 180.360,540". 
We clearly have not achieved them in this example. Figure 14-15 (p. 700) shows the result
ing gas torque. Open the file FI4- 15.eng in program ENGI"''E to exercise this example. 

The uneven firing in Figure 14- 15 is obvious. This uneven gas torque will be per
ceived by the operator o f any vehicle containing th is engine as rough running and vibra
tion. especially at idle speed. At higher engine speeds the flywhee l will tend 10 nwsk Ihis 
roughness, but fl ywheels are ineffective at low speeds. It is this fa ct Ihat causes most 
engine designers lo/am,. eren firing Ol'er elimination 0/ inertia effects in their selection 
of crankshaft phase angles. The inenia force. lorque. and moment are all functions of 
engine speed squared. Bui. as engine speed increases the magnilUde of these factors. the 
same speed is also increasing the fl ywheel's ability to mask their effects. NOI so with 
gas-torque roughness due to uneven firing. It is bad at all speeds and the fl ywheel won', 
hide it at low speed. 

We therefore must reject this crankshaft design for our four-stroke. four-cylinder 
engine. Equation 14.8b (p. 697) indicates that we need a delta phase angle AejI, = 180" in 
our crankshaft to obtain even firing. We need four crank throws, and all crank phase 
angles musl be less than 360". So, we must repeal some angles if we use a delta phase 

... 
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socccssivc numbers ill this 
stqUCTlCC. ~;Ilrer jorv.wd or 
bocbt.urd, is an acttptablc 

FO. If "'t lU{uire the: first 
10 be cylinder 1. then the 
0Il1)' OIlier possibi lity here is 
Ille backward scI 1.2.3.4. 

Ph:hC 
;1O~le Cyl. J TOC 

o 
'[ POll'I'rJ 

Exhaust 
- 180 2 

{ TOC 
o 3 

IlIIakl' 
'---

Compress 
- 180 4 

o 
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TOC 
f Exhaust 

Imak.e 

{ TOC 
Comprn$ 

Intake 

Compress 

( TOC 

Po~ 

,{ TOC 
Exhalls/ 

( POWI'f:J 

ISO 360 

CnUll lingle -

Compress I -
{ TOC 

-I PO":i" J 

';-- 1 Exhaust -
{ TOC 

IlIIoke j 

540 720 

Even tItIng four-stroke. 'our-cyHnder engine cronk phose diagram wITh . ,- 0, lao. 0, 180" 

angle of 180°, One possibility is 41; = 0, 180. O. 1800 for the four crank throws" nle 
crank phase diagram for this design is shown in Figure )4·)6. The power strokes can 
now beevenly spaced over 720". A firing order of I. 4, 3. 2 has been chosen which gives 
the desired sequence of power stroke angles, 'Vi = 0, 180.360,540". (Note that a firing 
order of I. 2, 3, 4 wou ld also work with this engine.)t 

The inertial balance condition of this design must now be checked with equat ions 
14.3, 14.5 and 14.7 (pp. 692·695). These show thatlheprimary inertia force is zero, but 
the primary moment, secondary force, secondarf moment, and inertia torque are all non
zero as shown in Table J 4-3. So, this even-firing design has compromised the very good 
state of inertia balance ofth~ previous design in order to achieve even firing. The inertia 
torque variations can be masked by a nywheel. The secondary forces and moments are 
relatively sOlal1 in a small engine and can be tolerated. The nonzero primary moment is 
a problem which needs to be addressed. To see the results of this engine configuration, 
run program ENGINE and select it from the Example pull-down menu. Then plolthe re
sults. See Appendilt A for more detailed instructions on the use of program ENGtNE. 

We shall soon discuss ways to counter an unbalanced moment with the addition of bal
ance shafts. bul there is a moredircct approach available in this example. Figure 14-17 shows 
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TABLE 14-3 Force and Moment Balance State 01 a 4-Cylinder, Inllne Engine 
with a 0, 180, 0, 1800 Crankshaft, and zl';: 0, Z2 '" I , Z3 '" 2, Z4 = 3 

Primary forces : 

Secondary forces : 

Primary moments: 

Secondary moments : 

" 
L sin4l1 =0 
i_I 

" 
L sin2¢1i = 0 

• / - 1 

" 
L, :,sin¢l, =0 
/ . / 

• 
L, =isin2¢ti =0 
/. / 

" 
L,cos2¢1; ",4 
i _ L 

" 
L, =jCOS4li : - 2 
i_ L 

" ~>!:i Cos2¢1 i ::6 
i_ I 

that the shaking moment is due 10 the action of the individual cylinders' inertial forces 
acting at moment aons abo~ome center. Jfwe consider that center to be point C in the 

F<I F'_l 

I I 
F" 

I //I B I I 

z - z - -

a:-J 12 
- J 
" -" 

" , " 

"' c c 

M, ,. 

" , 

(0) Non-symmetric O. lBO, 0, 180" crankshaft 

FIGURE 14- 17 

(0) Symmetric O. lBO. 1BO. 00 crankshotl 

Mirror symmetric crankshafts concel primary moments 
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• In inlille engines. and 

within anyone bank of a 
vee engine. a nonconsecu
tive firing order (i.e .. not 1. 
2.3,4) is usually preferred 
so that adjllCcnl cylinders 
do IlOI fire sequentially. 
This allows the intake 
manifold more time to 
recharge locally between 
intake slrokcs and the 
edmusl manifold 10 
scavenge more efficiently. 
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middle of the engine, it should be apparent that any primary force-balanced crankshaft 
design which is mirror symmetric about a transverse plane through point C would also 
have balanced primary moments as long as all cylinder spacings were uniform and all 
inertial forces equaL Figure 14- 17a (p. 703) shows the 0, 180,0, 1800 crankshaft which 
is not mirror symmetric. The couple FslLll due to cylinder pairs 1,2 has the same magni
tude and sense as the couple FsJllz due to cylinders 3 and 4, so they add. Figure 14-1 7b 
shows the 0, 180. 180, 0° crankshaft which is mirror symmetric. The couple Fs1ru due 
locylinder pairs 1,2 has the same magnitude but opposite sense to the couple Fs3!U due 
to cylinders 3, 4, so they cancel. We can then achieve both even firing and balanced pri
mary moments by changing the sequence of crank throw phase angles to tIli = 0, 180, 180, 
0° which is mirror symmetric. 

The crank phase diagram for this design is shown in Figure 14-18. The power 
strokes can stil l be evenly spaced over 720°. A firing order of 1, 3.4, 2 has been chosen 
which gives the same desired sequence of power stroke angles, \lfi = 0, 180,360,540°. 
(Note that a firing order of I. 2, 4, 3 would also work with this engine.)· Equations 14.3, 
14.5, and 14.7 (pp. 692 - 695) and Table 14-4 show that the primary inertia force and 
primary moment are both now zero, but the secondary force, secondary momcnt, and 
inertia torque are s[ili nonzero. 

STrokes 
Pha~c 
angle CyJ. 

oc 

o 

I;T (TOC 
Exhaust Compress I 

t Powe':l, Imake 

{ TOC - { TOC 
Exhaust Compress 

- 180 2 
Intake . f; Po"',:1J , 

( TOC , 
( TOC , 

Compress £rh{l/fIt 
- 180 3 

I ., Power'); Imake J 
( TOC -~r TOC 

Compress Exhaust I 
Intake Lt Po"',.;;zC 

o 4 

, 
o 180 360 540 720 

Crank angle 
FIGURE 14- 18 

Even firing four-stroke, four-cyllnder engine crank phase diagram wtth a mirror symmetric 
0.180.180, D"crankshaft 
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TABLE 14-4 Force and Moment Balance Stote of a 4-Cyllnder, Inline Engine 
with a 0, 180, 180,00 Crankshaft, and zl = 0, Z2 " I , zJ;; 2, z.. • 3 

0 0 

Primary forces: Lsin~i :::0 LCOS~i ",, 0 
1 .. 1 ,., 

0 0 

Seooodary forces: _ Lsin 2~I ·O L=2~,=4 
;'.1 i_I 

0 0 

Primary moments: 2, :j sin$1 '" 0 L :iCOS4li =0 
j- I i_I 

0 0 

Secondary momcnts: LZisin2~i =0 2,zicos241, =6 ,., i_I 

This ¢I,::: O. 180. 180. ()i:(:rankshaft is considered the beSt design trade-off and is the 
one universally used in these four-cy linder inline. four-stroke production enginps. Fig
ures 14-2 (p. 684) and 14-3 (p. 685) show such a four-cylinder design. lnertia balance is 
sacrificed to gain even firing for the reasons dted on p. 699. Figure 14-19 (p. 706) shows 
the gas torque. inertia torque. and total torque for this design. Figure 14-20 (p. 707) 
shows Ihe secondary shaking mom en!. secondary shaking force component. and a polar 
plot of the total shaking force for Ihis design. Note that Figures 14-20b and c are just 
different views of the same p"rameter. The polar plot oflhe shak ing force in Figure 14-
20c is a view of the shaking force looking at the end of the crankshaft axis with the pis
ton motion horizontal. The cartesian plot in Figure 14-20b shows the same force on a 
time axis. Since the primary component is zero. this total force is due only to the secondary 
component. We will soon discuss ways to eliminate these secondary forces and moments. 

To see the results of this engine configuTlllion, run program ENGINE and select it 
from the Examples pull-down menu. Then PIO! or Print the resul ts. See Appendix A for 
more detai led instructions on the use of the program. 

14.7 VEE ENG1NE CONF1GURATIONS 

The same design principles which apply to inline e ngines also apply to vee and opposed 
configurations. Even firing takes precedence over inertia balance and mirror symmetry 
of the crankshaft balances primary moments. In general. a vee engine will have similar 
inertia balance to that of the inline engines from which it is constructed. A vee six is es
sentially two thrce-cylinder inline cngines on a common crankshaft. a vee e ight is two 
four-cylinder inlines. etc. The larger number of cylinders allows more power pulses to 
be spaced out ovcr the cycle for a smoother (and larger average) gas torque. The ex ist
ence of a vee a ngle vbetween the two inline engines introduces an additional phase shift 
of the inertial and gas events which is analogous to. but independent of. the phase angle 
effects. This vee angle is thedesigner's choice. but there are good and poor choices. The 
same criteria o f even firing and ine rtia balance apply to its selection. 

• 
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FIGURE 14- 19 
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Torque In the four-stroke, four-cyllnder Inllne engIne with a D. lBO. 180.00 c rankshaft 
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( a ) 

(0) 

(e) 

FIGURE 14- 20 
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The vee angle v:: 2'( is defined as shown in Figure 14-2 1. Each bank is offsct by ils 
bank angle y referenced to the central X axis of the engine. The crank angle WI is mea
sured from the X axis. Cylinder one in the right bank is the reference cylinder. Events in 
each bank wi ll now be phase shifted by its bank angle as well as by the crankshaft phase 
angles. These two phase shifts will superpose. Taking anyone cylinder in either bank 
as an example, let its instantaneous crank angle be represented by: 

(l4.10a) 

Consider first a two-cylinder vee engine with one cy linder in each bank and with 
both sharing a common crank throw. The shaking force for a si ngle cy linder in the di
rection of piston motion u hat with e measured from the piston axis is: 

.~ ;;, mBr(t)l( cos6+fCOS26) U (14.lOb) 

The 10lal shaking force is the veclor sum of the contributions from each bank. 

, 
; 

x • Bank angle Y 

Right 
bank 

, , 

-

(14.IOc) 

L, 

Left bank J 
y z , , 

j k 

, 2 
2 

FIGURE 14- 21 

Vee-engine geometry 
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We now want to refer the crank angle to the central X a;r;is. The shaking forces for 
the right (R) and left (L ) banks, in the planes of the respective cylinder banks can then be 
expressed as: 

,[ , 1 . FsI. = lIInl"w c~s(9 -Y) + ,cos2(9 -o.y ) 1 

(14.IOd) 

Note that the bank angle y is added to or subtracted from the crank angle for each 
cylinder bank to reference it to the central X axis. The forces are still directed along the 
planes of the cylinder banks. Substitute the identities: 

to get: 

cos(9 + y) "" cos 9cosy -sin9sin",( 

cos(9 - y) "" cos9coS"'( + sin 9sin y 

Fs ,;, "'-5'm2 r r 
[

COS9COSY- Sin9 Sin"'( 1 
R + ,(cos29cos2y -sin 29sin 2",( ) 

[

COS9 COS "'( +Sin9Sin "'( 1 
• 2 • 

Fs "" ms I"W r 1 
I. +,(cos29cos2y +sin 29sin 2y) 

(14.1 0e) 

, 
(14.101) 

Now. to account for the possibility of multiple cylinders. phase shifted within each 
bank, substitute equation 14. IOa fore and replace the sums of angle lenns with products 
from the identities: 

COS(UlI - <Pi ) "" (cosWteOS<P i + sin rot sin<Pi) 

sin(WI - <P i) = (S in Wl cos<P i - cosWl sin <Pi) 
(14. IOg) 

Afler much manipulation, the expressions for the contributions from right and left 
banks reduce to: 

for the right bank: 

-12 
(cosWt COS"'( - sin Wl sin ",() L COS ¢li 

-12 
+ (cosWl sin "'( + sin Wl eos ",( ) L sin ¢li 

-12 
+ !:..(cos2Wl cos2",( - sin 2W1 sin 2",() L cos2<p,' 

I i .. 1 

-12 
+ !:..(eos2W1sin 2"'( + sin 2W1 cos 2",() L sin 2<Pi 

I i,,1 

, ( 14.IOh) 

.. 
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and for the left bank: 

" 
(COSWlcosy+sinWl siny) L, COS4li 

; .. }i+ l 

" - (cosWisiny - sinWi cosy) L sin$, 
i"~+ l 

( 14.10i) 
" + .y(COS2001COS2Y + sin 2Ul1sin 2y) L cos2q,; 

1-12 +1 
" 

-.y(COS20l1sin 2y - sin2CJ.l1cos2Y) L sin2$; 

i .. i2+1 

The summations in equations 14.IOh and i give a set of sufficient cri teria for zero 
shaking force through the second hannonic (or each bank, similar to those for the inline 
engine in equation 14.3 (p. 692). We can resolve the shaking forces for each bank into 
components along and nonnal to the central X axis of the vee engi ne: 

Fs~ "'{Fst +Fs/I)cosy j 

(14. JOj) 

Ef4.uution 14. JOj provides additional opponunities for cancellation of shaking forc
es beyond the choice of phase angles; e .g .. even with nonzero values of FSL and F sR. ify 
is 90°, then the x component of the shaking force will btZero. Also, if F sL = FsN, then 
the y component of the shaking force will be zero for any y. This situation obtains for 
the case of a horizontally opposed engine (see Section 14.8. p. 717). With some vee or 
opposed engines it is possible to get cancellation of shaking force components even when 
the summations in equation 14.10 are not all zero. 

The sha king moment equations are easily fonned from the shaking force equations 
by multiplying each term in the summations by the moment amI as was done in equa
tions 14.6 (p. 695). The moments exist within each bank and their vectors will be or
thogonal to the respective cylinder planes. For the right bank we define a moment unit 
vector n liar perpendicu lar to the r IIar-2 plane in Figure 14-21 (p.708). For the left bank 
we define a moment unit vector m liar perpendicular to the I IIar-2 plane in Figure 14-21. 

"" (COSWI cosy - sin Wlsin y) L. :j cos$j 
jel 

"" +(cos(o/sin y + sin WI cos y) L.:I sin¢, 
1=1 

"" +;-( cos2W1cos2y - sin 2W1 sin 2y) ~:j cos2$, 

"" +;-( cos2W1 sin 2y + sin 2W1 cos2y) L. =i sin 241i ,., 

" (l4. lla) 
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" (cosWlcosy+sinWlsin y) L ZiCOS(j)i 
i-i21- 1 

" -(cos Wl siny-sinwt cos y) L Zisin41, 
i . i21-1 

(14.llb) 
" +.y.(COS2(1)j' cos2y +sin 2(1)j' sin 2y) L=i cos2(j)i 

i- i21-1 

" -.y.(cos2wt sin 2y - sin 2wtcos2y) L =i sin 24'i 
i- i21-1 

The summations in equations 14.1 la and b provide a set of sufficient criteria for zero 
shaking lIlomenl through the second harmonic for each bank, similar to those found for 
the inline engine in equalions 14.7 (p. 695). Resolving the shaking momems for each 
bank into components alongoand nomlal to the central X axis of the vee engine g ives: 

M,. ",(M,1. - M'.l )siny 

M'1 ",(-Msl. - M,.l)cOSY 

Ms ; M, i+M, j , , 
(14.11c) 

Equation 14. ll c al lows possible cancellation of shaking moment components for some 
vee or opposed configurations even when the summations in equllIions 14.I/a and bare 
not al l zero: e.g .. ify is 90°, then the y component o f the Shaking momem is zero. 

The inertia lorq ues from the right and left banks of a vee engine are: 

T ~ I 2 2 
12 1/1 ; "2 !/1 sr (J.l ( "" "" J - sin 2(001 +Y)L cos2(j) ; -cos2(Wl+ Y)L sin24'i 

/- 1 i= l 

-..!.. sin 3(Wl +Y)L, COS34'i -cos3(wt+Y)L,sin34' i 3( "/2 "") 
21 i_ I i.,1 

k ( 14.12a) 
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;,[';'("" -1) t',"~i-'<>'("" - 1) t';'~i] 
i-i2+' ;-1'2+1 

T,2IL =~m8r2(I) 2 -[SI11 2(00I-Y) i COS241i-COS2(Ult-Y) :tSinZ4Ii] k 
i .~+ 1 .-%+1 

( 14.12b) 

-~;[,;, 3(""-1) t,,,,~, -oo'3(""-1J t';n~i] 
i=~+l '.~+L 

Add the contributions from each bank for the lotai. For ze.-o inertia torque through the 
third hamlOnic in a vee engine il is sufficient (but not necessary) that: 

"~ "" " " Lsin., =0 L""~i =0 Lsin., =0 L"".i=O 
i. i j .. l ia.Y2+ 1 i.~+ 1 

"" "" " " 
L sin2.i = 0 Lcos2", =0 L Sin241i =0 L''''2~i =0 ( 14.12c) 
i_I i .. . i"'Y2+ 1 i .~ +1 

"" "/2 " " Lsin~I=O L''"~i=O Lsin~, :::0 L""~' =0 ,., i., I",~+l j.~+ 1 

Note thai when equat ions 14. 12.'1 and b are added, partrcular combinations of 411 and y 
may cancellhe inertia lorque even when some tenns of equation 14.12c are nonzero. 

The gas torque is: 

T,,, ' F,' t ( ,;,1"" -(~ i + 1. JI {, +T',","" -(~ i + 1. Jill k .. , (14.13) 

where the left bank has a ballk angle. 11: = + y and Ihe right bank a bank angle, 1: = - "(, 

It is possible to design a vee engine which has as many crank throws as cylinders, 
but, for several reasons, this is not always done. The principal advantage of a vee en
gine over an inline o f the same number of cylinders is its more compact size and greater 
stiffness. It can be about half the length of a comparable inline engine (at the expense of 
greater width). provided that the crankshaft is designed to accommodate two conrods per 
crank throw as shown in Figure 14-22. Cylinders in opposite banks then share a crank 
throw. One bank of cylinders is shifted along the crankshaft axis by the thickness of a 
conrod. The shorter, wider cylinder block and the shorter crankshaft are much stiffer in 
both torsion and bending than are those for an inline engine with the same number of 
cylinders. Figure 14·23 (p. 714) shows computer simulations of several bending and one 
torsional mode of vibration for a four throw crankshaft. The deflections are greatly ex
aggerated. The necessarily contorted shape of a crankshaft makes it d iffi cult to control 
these deflections by design. If excessive in magnitude, they can lead 10 structural failure. 
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Conrod 
I 

FIGURE 14-22 

Conrod 
2 

..crank pin 

Crank throw 

Two connecting rods on a common crank throw 

Conrods 

2 

Main pin 

As an example we will now design the crankshaft for a four-stroke cycle, vee-eight 
engine. We could put two $i =0, 180, ISO. 00 four-cylinder engines together on one such 
crankshaft and have the same balance conditions as the four-stroke, four-cylinder engine 
designed in the prev ious section (primaries balanced, secondaries unbalanced). Howev
er. the motivation for choosing that crankshaft for the four-cylinder engine was the need 
to space the four available power pulses evenly across the cycle. Equation 14.Sb (p. 697) 
then dictated a 1800 delta phase angle for that engine. Now we have eight cylinders 
available and equat ion 14.Sb defines a delta phase angle of 900 for optimum power pulse 
spacing. This means we could use the ~ = 0, 90, ISO, 2700 crankshaft designed for the 
two-stroke four-cylinder engine shown in Figure 14-12 (p. 698), and take advantage of 
its better inertia balance cond ition as well as achieve even firing in the four-s troke eight
cylinder vee engine. 

The 4>1= 0. 90, 180.2700 four-cylinder Cr'dflkshaft has all inertia fac tors equal to zero 
except for the primary and secondary moments. We learned that arranging the crank 
throws with mirror symmetry about the midplane would balance the primary moment. 
Some thought and/or sketches will reveal that it is not possible to obtain this mirror sym
metry with any four throw, 900 delta phase angle crankshaft arrangement. However,just 
as rearranging the order of the crank throws from $,. = O. 180. 0, 1800 to $,. = 0, ISO. [80, 
00 had an effect on the shaking moments, rearranging this crankshaft's throw-order will 
as wel l. A crankshaft of $1 = 0, 90, 270, 1800 has all inertia factors equal to zero except 
for the primary moment. The secondary moment is now gone.· This is an advantage 
worth taking. We will use this crankshaft for the vee eight and deal with the primary 
moment later. 

13 
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• The explanation for this 

is quile simple. Equalion 
14.7b (p. 695) soows lhal 

second moments are II 

fuoclion of 1wice the phase 
angles and the cylinder 
moment arms. If you 
double Ihe values of Ihe 
original 0, 90. 180.270" 
phase angle sequence and 
modulo them wilh 360, you 
gel 0, 180. O. 180" which is 
1\01 mirror symmelric. 
Doubling Ihe new phase 
angle sequence ofO. 90, 
270, 180". modulo 360 
gives O. 180. 180,0" which 

is mirmr symmetric. It is 
this symmetry of lhe 
doubled phase angles 1hal 
causes cancellation of lhe 
second harmonic of the 
shaking moment 
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MODE 7. 141 HZ MODE 11 - 400 HZ 

MODES·176HZ MODE 12 - 425 HZ 

MODE 9·258 HZ 
MODE 13·660 HZ 

MOOE 14 -744 HZ 

FIGURE 14-23 

Bending and torslonol modes of vibration In a four-throw crankshaft 
Courtesy Of Chevrolef DIvIsIon, General Motors Corp. 

Figure 14-24a shows the crank phase diagram for the right bank of a vee-eight en
gine with a 41; = 0, 90, 270, J80° crankshaft . Figure 14-24b shows the crank phase dia
gram for the second (left) bank which is identical to that of the right bank (as it must be 
since they share crank throws), but it is shifre(/ to the right by the \'ee angle 2y. Note that 
in Figure 14-21 (p. 708), the two pislOns are driven by conrods on a common crank throw 
with positive <.0, and the piston in the right bank wi ll reach TDe before the one in the left 
bank. Thus as we show ii, the left bank's piston motions lag those of the right bank. 
Lagging events occur later in lime, so we must shift the second (left) bank rightward by 
the vee angle on the crank phase diagram . 

We would like to shift the second bank of cylinders such that its power pulses are 
evenly spaced among those of the first bank. A litt le thought (and reference to equation 
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14.8b. p. 697) should reveal that, in this example, each four-cylinder bank has potemial
Iy 720/4 = 180° between power pulses. Our chosen crank throws are spaced at 90° in· 
crements. A 90° bank angle will be optimum in this case as the phase angles and bank 
angles will add 10 create an effective spacing of 180°. Every vee-engine design of four 
or more cylinders will have one or more optimum vee angles that will give approximate
ly even firing with any particular set of crank phase angles. 

Several firing orders are possible with this many cylinders. Vee engines are often 
arranged to fire cylinders in opposite banks successively to balance the nuid now de
mands in the intake manifold. Our cylinders are numbered from front to back, first down 
the right bank and then down the left bank. The firing order shown in Figure 14-24b (p. 
715) is I, 5, 4. 3, 7. 2. 6, 8 and results in power stroke angles \Vi = 0, 90, 180, 270. 360. 
450, 540,630°. This will clearly give even firing with a power pulse every 90°. 

Figure 14-25 shows the total torque for this engine design, which in this case is equal 
to the gas torque because the inertia torque is zero. Table 14·5 and Figure 14-26 show 
the only significant unbalanced inertial component in this engine to be the primary mo
ment, which is quite large. The fourth harmonic tenns have negligible coefficients in the 
Fourier series, and we have truncated them from the equations. We will address the bal
ancing of this primary moment in a laler section of this chapter. 

Any vee-cylinder configuration may have one or more desirable vee angles which 
wi ll give both even firing and acceptable inertia balance. However, vee engines of fewer 
than twelve cylinders will not be completely balanced by means of their crankshaft con
figuration. The desirable vee angles wilJ typically be an integer multiple (including one) 
or submultiple of the optimum delta phase angle as defined in equal ions 14.8 (pp. 696-698) 
for thol engine. Ninety degrees is the optimum vee angle (2y) for an eight-cylinder vee 
engine. To see the results for this vee-eight engine con!J.$uration. run program ENGtNE 
and select the vee eight from the Examples pull-down menu. See Appendix A for instruc
tions on the use of the program. 

90 deg Vee. 8~indef 
4·Stroke Cycle 

Sofe • 2.50 in 
Stroke. 2.55 
6JS • 0.98 

3.50 
0.0418~ 

mB O.0116~ 

RPM 3400 

Phase Arlglt!s: 
090270 180 0 90 270 180 

Power Strokes: 
090 180 270 380 450 540 630 

FIGURE 14-25 

Total Torque b-in 

",. 

o 

-3214 
o 160 540 720 

Total torque In the 9()0 v-a engine with 0, 90, 270,180" crankshaft phase angles 
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TABLE 14-5 Force and Moment Balance State of an 8-Cyllnder, Vee Engine 
with a 0, 90, 270,1800 Crankshaft, and zl '" 0, z2 " 1, z3 '" 2, z. .. 3 

0 0 

Primary forces in each bank; L sin'i =0 I""~, -0 
i ., 1 i_I 

0 0 

Secondary forces in each bank: L sin2$i =0 L cos2'1 = 0 
i - I i - I 

0 0 

Primary moments in each bank : L Zisin'l'i =-1 L liCOS'l'1 =-3 
i_I i_I 

0 0 

Secondary moments in each bank : L Zjsin2'1'j = 0 L Zjcos2'j ",0 
i .. 1 i_I 

14.8 OPPOSED ENGINE CONFIGURATIONS -An opposed engine is essentially a vee engine with a 1800 vee angle. The advantage. 
panicularly with a small number of cylinders such as two or four. is the relatively good 
balance condition possible. A four-stroke opposed twin· with O. 1800 crank has even 
firing plus primary force balance, though the primary moment and all higher hannonics 
of force and moment are nonzero. A four-stroke. opposed four-cylinder engine (flat four) 
with a 0, 180. 180,00. four-throw crank has primary force balance but must fire its cyl
inders in pairs. so its firing pattern looks like a twin. A four-stroke flat four with a two
throw. 0.1800 crank will have even firing and the same balance condilion as the inline 

90 deg Vee. 8-Cyjndef 
.·Stroke Cycle 

Bore • 2.50 in 
Stroke. 2.55 
BIS • 0.98 
tAl • 3.50 
mA • 0,1)I18b1 

ma • 0.0116b1 

RPM • 3400 

Phase Angles: 
090 270 180090 270 180 
Power SIroIIes: 
090 180 270 360 450 SolO 630 

FIGURE 14-26 

Pnmary Moment Ib-in 
5921 

o 

-5921 
o ISO 360 720 

Unbolonced primary moment In the 9Q'> V-8 engine with 0 0,90,270,180" cronkshoff 
• As in the BMW R-serics 
motorcycles. 



• For an inline engine. 
m _ n. 

t This is called a 
I..anchester balancer afl~ 
il$ English im'~nlor '" ho 
developed il prior 10 World 
War I (c. 1913). II is slilI 
used in various kinds of 
mllChll1~ry as well as in 
~n8 illes 10 caocd inertia 
forces. 
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four wilh a O. 180. 180. 0° crank. Program ENGINE will calculate lhe parameters for op
posed as well as vee and inline configurations. 

14.9 BALANCING MULTICYLINDER ENGINES 

With a suffic ient number (m) of cylinders. properly arranged in banks of II cyli nders in a 
multi-bank engine: an engine can be inherently balanced. In a two-stroke engine with 
itscr.mk throws arranged for even firing. all hannonics of shaking force wi ll be balanced 
except those whose hannonic number is a multiple of II. In a four-stroke engi ne with its 
crank throws arranged for even firing. all hannonics of shaking force will be balanced 
except those whose hannon ic number is a multiple of nfl. Primary shaking moment 
components will be balanced if the crankshaft is mirror symmetric about the central 
transverse plane. A four-stroke in line configuration then requires at least six cylinders 
to be inherently balanced through the second hannonic. We have seen that an inline four 
with a O. 180. 180. 0° crankshaft has nonzero secondary forces and moments as well as 
nonzero ine nia torque. The in line six with a mirror symmetric crank of III; =0, 240, 120. 
120.240.0° will have zero shaking forces and moments through the second hannonic. 
though the inenia torque's third hannonic will sti ll be present. To see the results of this 
six-cylinder inline engine configuralion . run program ENGINE and seleci the inline six 
from the Examples pull-down menu. 

A VEto: TWELVE is then the smaJlesl vee engine with an inherent Slale of near per
fect balance. as il is two inline sixes on a common crankshaft. We have seen that vee 
engines take on the b.1lance characteristics of the inline banks from which they are made. 
Equat ions 14.10 and 14.11 (pp. 708 10 7 11) introduced no new criteria for balance in the 
vee ehgine over those already defi ned in equations 14.3 (p. 692) and 14.5 (p. 694) for 
shaking force and moment balance in the inline engine. Open the file BMWVI2.ENG in 
program ENGINE 10 see the results ror a vee-twelve eng~. The common vee-dghl en
gine with crankshaft phase angles o f ell; = O. 90. 270. 180° has an unbalanced primary mD
menl as does the inline four from which il is made. It is an example in program ENGINE. 

U!liBALA:-OCED I N"E RTIA TORQUES can be smoothed with a flywheel as was shown 
in Section 13. 10 (p. 67 1) for Ihe single-cylinder engine. NOle that even an engine hav
ing zero inenial torque may require a fl ywheel to smooth its variations in gas torque. The 
10lallorque func tion should be used to delennine the energy variations 10 be absorbed 
by a fl ywheel as it contains both gas torque and inenia lorque (if any). The method of 
Seclion lUI (p. 586) also applies to calculation of the fl ywheel size needed in an en· 
gine. based on its variation in the lotal torque function. Program ENGINE will compute 
the areas under the tOlal lorque pulses needed for the calculation. See Ihe referenced sec
tions for the proper flywheel design procedure. 

U,,'BAI.ANCED S HAk.'NG fOR CES AND S HAKING MOMENTS can be cancelled by 
the addition of one or more rotating balance shafts within the engine. To cancel the pri
mary components requires two balance shafls rolating at crank speed. one of which can 
be the crankshaft itself. To cancel the secondary components usually requires at least 
two balance shafls rotating at twice crank speed, gear o r chain driven from the crank
shaft Figure 14-27a shows a pair of countcrrolaling shafts which are fined wi th eccen
tric masses arranged 180° oul of phase. t As shown, the unbalanced centrifugal forces 
rrom the equal. unbalanced masses will add to give a shaking force component in the 
venical dircclion of twice the unbalanced force from each mass. while their horizontal 



MULTlCYLlNOER ENGINES 

components will exactly cance l. Pairs of counterrotating eccentrics can be arranged to 
prov ide a harmonically varying force in any one plane. The hamlOnic frequency will be 
determined by the rotational speed of the shafts . 

If we arrange two pairs of eccentrics, with one pai r displaced some d istance along 
the shaft from the other. and also rotated 1800 around the sh.aft from the fi rst, as shown 
in Figure 14-27b. we will get a harmonically varying couple in one plane . There will be 
cancellation of the forces in one dinx:tion and summat ion in an onhogonal d irection. 

Thus to cancel the shaking moment in any plane. we can arrange a pair of shaft s. 
each containing two eccentric masses displaced along those shafts. 1800 out of phase. 
and gear the shafts together to rotate in opposite di rections at any multiple of crankshaft 
speed. To cancel the shak ing force as we ll , it is only necessary to provide suffi cient ad
di tional unbalanced mass in o ne o f the pairs of eccentric masses to generate a shaking 
force opposite to that of the engine, over and above that needed to generate the forces of 
the couple. 

2Fr -
F F, 

I 
F, F 

F, ~ IL F , 

mJ2 ml2 

+ 
w 

\.... Gears 

(0) Force balancing 

1 2f~ 

F 
F,. F). F 

F m/2 F , , 

ml2 

(b) Moment balancing 

FIGU RE 14 · 27 

Counterrototlng eccentric masses can balance forces and moments 

719 

F, 

F, F 



• Vee-twins for moIor<:y
des have been made in a 
variely of vee angles: 45°_ 
4S-, .'iO", 52- .60". 75° . 

80°. 90°. 180", and 
possibly othcl1l. All have 
unbalanced secoooary 
force and most have 
unbalanced primary force. 
Some have been fined wi th 

balance shafts to reduce 
shaking. Most are also 
uneven firins. giving tnc:m 
• distinctive exhaust 

50000. The Harley 
Davidson single-cmnkpin, 
45° vee-twin is one 
example whose sound has 
been described IlS ·potato
potato". 
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In an inline engine. the unbalanced forces and moments are all confined to the single 
plane of the cylinders as they are due entirely to Ihe reciprocming masses assumed con
centrated at the wrist pin. (We are assuming that all crank throws are exactly balanced 
rotationally to cancel the effects of mass at the crank pin.) In a vee engine. however, the 
shaking forces and moments have both x and y components as shown in equations 14.10 
and 14.1 1 (pp, 708 to 711) and in Figure 14-2 1 (p. 708). Each bank's piston's shaking 
effects are acting within the plane of that bank's cylinders, and the bank angle r is used 
10 resolve them into x and y components. 

VI-:I-:-TWtN Primary force balance is possible in a 4-stroke vee-Iwin of any vee 
angle v if two crank pins are used. If till = 0, the phase angle of the second pin tjlz must 
be:[2l 

~2:: 1800-2v (14.14a) 

For even fi ring. Ihe relationship must be: 

1\12 ::36O"-v (14. 14b) 

where v is the vee angle as defined in Figure 14-21 (p.708). The only value ofv thai 
satisfies both criteria is 180" (opposed cylinders). All other twin's vee angles can have 
either even firing or primary balance, but not both : 

Figure 14-28 shows the two-dimensional shaking force present in a two-cylinder 9O" 
vee, single-cr.mk-pin engine, which satisfies equation 14. 14a with 'I :: t>2:: 0, coalesc
ing its "two crank pins" into one for Ihis vee angle. The inenia force of each piston is 
confined to the reciprocating plane (bank) of that piston. but the vee angle between the 
cylinder banks creates the pattern shown when the primary and secondary components 
of each piston force are added vectorially. The shaking force of the 90" vee. single-crank 
pin twin has a rotating primary component of constan t ~agnitude that can be cancelled 
with overbalanced counterweights on the crankshaft. However, its second hllrmonic is 

90 deg Vet, 2-CytinOer 
4·S!roke Cycle 

Bore • 3.W in 
Stroke. 3.11 
BIS • 1.03 
UR • 3.!iO 
mA 0.0418b1 
ma • 0.0lt6b1 
RPM • 3400 

Phase Angles: 
o 0 
Power Strokes: 
o 4" 

FIGURE 14-28 

Tolal SI\ak.rIg Force b Y 2783 

-2183 

-2703 

......... 
0_0418b1 at 
1_5501 Radius 
180 degrees 

X 

2783 

Shaking force In a 90- vee-twin engine (looking end-on to the crankshaft axis) 
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planar (in the YZ plane). To cancel it requires a pair of twice-speed balance shafts as shown 
in Figure 14-27a(p. 719). 

Vt:t: Elfa lT The 90" vee-eight engine with a O. 90. 270. 180° crankshaft. which 
has only an unbalanced primary moment, presents a special case. The 90° angle between 
the banks results in equal horizontal and vertical components of the primary shaking mo
ment that reduces it to a couple of constant magnitude rotating about the crank axis at 
crankshaft speed in the same direction as the crank as shown' in Figure 14-29. With this 
vee-eight engine. the primary moment can be balanced by merely adding two eccentric 
counterweights of proper size and opposite orientation to the crankshaft alone. No inde
pendent, second balance shaft is needed in the 90" vee-eight engine with this crankshaft. 
The l800 -oUl-of-phase counterweights are Iypically placed near the ends of the crank
shaft to obtain the largest moment ann possible and thus reduce their size. 

VU:-SIX engines with a 3-throw, 2-conrod-pcr-throw. O. 240. 1200 crankshaft 
have unbalanced primary and secondary moments as does the three-cylinder inline from 
which they are made. This vee six needs a 120° vee angle for inherent balance. To re
duce engine width. vee sixes are most often made with a 600 vee angle which gives even 
firing with a 6-throw 0. 240, 120,60.300. 1800 crank . This engine has unbalanced pri
mary and secondary moments,.~ch being a constant magnitude rotating vector like that 
of the vee eight shown in Figure 14-29. The primary component can be complete lx bal 
anced by adding counterweights to the crankshaft as done in the 90" vee eight. Some 
vee sixes use 90° vee angles to allow assembly on the same production line as 90° vee 
eights. but 3-throw 90° vee sixes will run roughly due to uneven fi ring unless the crank
shaft is redesigned to shift (or splay) the two conrods on each pin by 30°. This results in 
a 4-main bearing, 6-throw 0, 240. 120, 30. 270, 150° crankshaft that gives even firing 
but has nonconstant primary and secondary shaking moments. Some manufacturers· 
also add a single balance shaft in the valley of the vee six, driven by gears at crankshaft 
speed to cancel the Y·component and counterweights on the c rank to cancel the X
component of the noncircular primary shaking moment. 

90 deg Vee 8 Cylinder 
4SlI"okeCycie 

Bore .. 2.50 in 
StroI<e .. 2.55 
SiS .. 0.98 
UR .. 3.50 
mA 0.0(181:11 
me 0.1)116 bI 

RPM 3400 

Phase Angles: 
090270 1110 0 90 270 180 

Po'«ef Strokes: 
090 180 270 360 450 540 630 

Primary Moment lIrill Y 5921 

;-
-5921 

-5921 

BalarlC$d with 
0418 bI mass at 
1.27 RadIUS@ 
180 Degrees 

X 

59" 

Prlmory moment In the Q()O vee-eight englna (looking end-oo to the crankshaft axis) 

2 

• General MolOrs. in lhc:ir 
Buick V6 and corpor1IlC V6 
lines. 



• Abo used at one time by 
Chrysler and Porsche under 
license from Mitsubishi. 

t The arrangement shown 
in Figure 14-3 1a is only 
schematic of Lanchester's 
otiginal design in wh ich 
the cranbhan drove the 
b1I1ance shans through 
right -angled hel ical gea/"$ 
wi th the balance shaft axes 
panillel to the y-axis of 
Figure 14-31. i.e .. 
tmnsvene to. mtner than 
panllIel to. the rntnkshan 
aAis as shown he re. See 
rererence (4 1 for drawi ngs 
of his original design . 
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Calculation of the magnil ude and location of Ihe eccentric balance musses needed (0 

cancel any shaking forces or moments is a straightforward exercise in static balancing 
(for forces) and two-plane dynamic balancing (for momems) as discussed in Seclions 
12.1 (p. 609) and 12.2 (p. 6 12). The unbalanced forces and moments for the panicular 
engine configuration are calculated from Ihe appropriale equal ions in this chapter. Two 
correction planes must be se lected along the length of the ba lance shafts/crankshaft 
being designed. The magnitude and angular locations of the balance masses can then be 
calculated by the methods described in the notcd sections of Chapter 12. 

Secondary Balance In the Four-Cylinder Inline Engine 

The four-cylinder in line engine with a O. 180. 180.0" crankshaft is one of the most wide
ly used engines in the automobile industry. As described in a previous section. this en
gine suffers from unbalanced secondary force. moment. and torque. (ft he displacement 
of the engine is less than about 2.0 liters, then the magnitudes of the secondary forces 
may be small enough to be ignored. especially if the engine mounts provide good vibra
tion isolation of the engine from the passenger companment. Above that d isplacement. 
objectionable noise. vibration. and harshness (NVH) may be heard and felt by the pas
sengers at certain engine speeds where the frequency of the engine's second hannonic 
coincides with one of the natural frequencies of the body structure. Then some balanc
ing is needed in the engine to avoid cuslomer dissatisfaclion. 

The shaking force for an inline eng ine is given by equation 14.2d (p. 692). Taking 
only the second harmonic tenn and applying the relevant factors from Table 14-4 (p. 705) 
for this engine gives 

Fs =mBr(l)"2 4r cos2(1)1 i (14.15) , , _ 
The shaking torque for an inline engine is given by equation 14.4<: (p. 694) in com

bination with equation 13. 15f (p. 661 ). Taking only the second hannonic term and ap
plying the relevant factors from Table 14-4 for this engine gives 

(14.16) 

The princ iple o f the Lanchester balancer, shown in Figure 14-27a (p. 719), can be 
used to counteract the secondary forces by dri ving its two counterrOiaiing balance shafts 
atlwice crankshaft speed with chains and/or gears. Figure 14-30 shows such an arrange
ment as applied to a Milsubishi 2.6L. four-cylinder engine: 

H. Nakamura 131 improved on Lanchesler 's 191 3 design by arranging the balance 
shafts wilhin the engine SO as to cancel the second harmonic of the inertia torque as wel l 
as the secondary inertia force. But, his arrangement docs not affect Ihe unbalanced sec
ondary shaking moment. In fact. it is designed 10 impart zero net moment about a trans
verse axis to e ither balance shaft in order to minimize bending momenls on the shafts. 
and so reduce bearing loads and fri ction losses. This feature is the subject and principal 
claim of Nakamura's patent on this design. [41 

Figure 14-3 1a shows a schemalic of a conventional L.mchCSler balancer arranged 
with the tWO counlerrotating balance shafts with the ir centers in a single horizOnlal plane 
transverse to the vertical plane of piston motion. t 
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FIGURE 14- 30 

LOWER 
BALANCE 
SHAFT 

BoIonce shafts used 10 eUmlnole the secoodory unbalance In the four-cyllnder lnilne engine 
CO!Itesy o( the CfltysIet COfPOf~ 

The balance force from the two balance shafts combined is 

( 14. 17) 

where mbol and rbal are the mass and radius of one balance weight. 

Figure 14-3 1b shows Nakamura's arrangement of the balance shafts with one silu
ated above Ihe other in separate hori zonlal planes. The ven ical offset Xl - X2 between 

x 

>'1 -- Yl 

(0) lonchester balancer 

FIGURE 14- 31 

x 

Y2 -- Yl 

(b) Nakamura balancer 

Two types of secondary balancer mechanisms for the faur-cyllnder Inllne engine 
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the shafts, in combination with the oppositely d irected but equal magnitude horizontal 
components of the counterweights' centrifugal forces, creates a time-varying couple 
about the crankshaft axis defined as: 

(14.18) 

where x and y refer to the coordinales of the shaft centers referenced to the crankshaft 
cenler, and the subscripts I and 2 refer, respectively. to the balance shafltuming in the 
same and opposite directions as the crankshaft. 

The vertical components of the balance weights' centrifugal forces still add [0 pro
vide force balance as in equation 14.17 (p. 723). The torque in equalion 14.18 will have 
opposite sense to the shaking torque if the upper shaft turns in the same direction. and 
the lower shaft in the opposite direction, of the crankshaft. 

For force balance, equations 14.15 (p. 722) and 14.17 (p. 723) must sum to zero. 

~ 4r 2 
m8rw·,cos2W1 - 8mbdl'bdIW COS2Wl = 0 

0' 
, 

llll>ul'b<./ = 21111n' (14.19) 

which defines the mass radius product needed for the balance mechanism. 

For torque balance. equations 14.16 (p. 722) and 14. 18 must sum to zero. 

Subs.tituteequation 14. 19 in 14.20a. 

( 14.20b) 

For this equation to be zero for all WI. 

(l4.20c) 
XI-X2=1 

So, if the balance shafts are arranged symmetrically with respect to the piston plane 
at any convenient locations Yt and -y[, and the dis tance x] - x2 is made equal to the 
length of the connecting rod I, then the second hannon ic of the inertia torque will be com
pletely cancelled. Since the second hannonic is the only nonzero component of inertia 
torq ue in this engine as can be seen in Figureo.f4-20b (p. 707), it wi ll now be completely 
balanced for shaking force and shaking torque (but not shaking moment). 

There is also significant oscillation of the gas torque in a four-cylinder engine as 
shown in Figure 14-20a (p. 707). The gas torque is 1800 out of phase with the inertia 
torque as can be seen in Figure 14-20b and so provides some natural cancellation as 
shown in the total torque curve of Figure 14-2Oc. The magn itude of the gas torque var
ies with engine load and so cannot itself be canceJ1ed wi th any part icular balance shaft 
geometry for all conditions. However, one engine speed and load condition can be se
lected as representative o f the majority of typical driving conditions. and the balance 
system geometry altered to give an opt im um reduction of total engine torque under those 
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conditions. Nakamura estimates that gas torque magnitude is about 30% of the inertia 
torque under typical driving conditions and so suggests a value of XI -x2 = 0.71 for the 
best overall reduction of totallorque oscillation in this engine. Note that the average 
value of the driving torque is not affected by balancing because the average torque of any 
rotating balance system is always zero. 

A Perfectly Balanced Two-Cylinder Engine 

Frederick Lanchester, in 1897. devised an extremely clever horizontally opposed engine 
arrangementl51 of Figure 14·32 (shown rotated 90° from its nonnal orientation) that. with 
only two cylinders. completely cancelled all hannonics of inertia fo rces and moments. 
He recognized that the lateral motion of the connecting rods was a contributor and so pro
vided two counterrotating crankshafts, driven by a total of six connecting rods, three per 
crank pin, with two upper rods straddling one lower rod for Z-axis symmetry. The crank 
counterweights exactly balance the cranks. The colinear opposed pistons exactly bal
ance one another's linear accelerations and the scissors action of the multiple conrods 
exactly cancels all higher hannonics of motion. Clearly the work of genius. The genesis 
of his later (c. 1913) hannonic balancer of Figure 14-3 1a (p. 723) can also be seen here. -14.10 REFERENCES 
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14.12 PROBLEMS 

14-1 Draw a crank phase diagranl for a Ihree-cylinder inl ine engine with a O. 120. 2400 

crankshaft and determine all possible firing orders for: 

FIGURE 14- 32 

Perfectly balanced 
1897 Lonchester 
two-cyllnder engine 

TABLE P14· 0 

Topic/ Problem Matrix 

l4.S Shaking Moment In 
InUne Englnet 

14-8.14-9 

14.6 Even FIrIng 

14-1.14-2.14-3. 
14-4.14-5.14-6. 
14-1.14-19.14-20 

14.7 V .. Engine 
Conftgo __ 

14-10.14-11.14-12. 
14-20.14-21 

14.11 Opposed Engine 

Conftgo""""" 
14-13.14_14 

14.9 BoIoncIng 
MultlcyllndliK 
Enginet 

14-15, 14-16.14-17. 
14-1 8 

I 
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• More information on 
this engine design can be 
found in program ENGINE 
where it is one of the 
examples. 

t These problems an: 
suited 10 solution using 
Mmhcad. MOI/ab. or 
TKSo/l'I!r equation solver 
progroms. 
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14-5 

14-6 

t 14-8 

t 14_9 

t J4-10 

t 14_11 

tI4_13 

t 14-14 

14-15 
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a. Four-stroke cycle b. Two-stroke cycle 

Select the best arrangement 10 give even firing for each stroke cycle. 

Repeat Problem 14-1 for an inline four-cy linder engine wi th a O. 90. 270. 180D 

crankshaft. 

Repeal Problem 14- J for a 45° vee. four-cylinder engine with a O. 90. 270. 1800 

crankshaft. 

Repeal Problem 14-1 for a 45° vee,two-cylinder engine wilh a 0, 90" crankshaft. 

Repeal Problem 14-1 for a 90° vee, two-cylinder engine with a O. 1800 crankshaft. 

Repeal Problem 14-[ for a [800 opposed. two-cy[indcr engine with a O. 1800 

crankshaft. 

Repeat Problem 14-[ for a 1800 opposed. four-cylinde r engine with a O. 180. 180.00 

crankshaft. 

Calculate the shaking force. torque. and moment balance conditions through the 
second hannonic for the engine design in Problem 14- J. 

Calculate the shaking force. torque. and moment balance conditions through the 
second harmonic for the engine design in Problem 14-2. 

Calculate the shak ing force. torque. and moment balance conditions through the 
second harmonic for the engine design in Problem 14-3. 

Calculate the shaking force. torque. and moment balance conditions through the 
second harmonic for the engine design in Problem 14-4. 

Calculate thc shaking force. torque. and moment balance conditions through the 
second harmonic for the engine design in Problcm 14-5. -Calculate the shaking force. torque. and momcm balance conditions through the 
second harmonic for the engine design in Problem 14-6. 

Calculate the shaking force. torque. and moment balance conditions through the 
second hamlOnic for thc engine des ign in Problem 14-7. 

Derive el>pressions. in general tenllS. for the magnitude and angular location with 
respect to the first crank throw. of the mass-radius products needed on the crankshaft 
to balance the shaking moment in a 900 vee-eight engine with a 0.90. 270. 1800 

crankshaft . 

[4- [6 Repeat Problcm 14-15 for a 900 vee six with a O. 240. 1200 crankshaft. 

14- 17 Repeat Problem 14- 15 for a 900 vee fourwith a O. 1800 crankshaft. 

t 14- [8 Design a pair of Nakamura balance shafts to cancellhe shaking force and reduce 
torque oscillations-in the engine shown in Figure 14- 19 (p. 706).· 

14-19 Using program ENGINE. data in Table P14-1 and Ihe crank phase diagram from 
Problem 14-! (p. 725). determine the maximum force magnitudes on main pin. crank 
pin. wrist pin. and piston for a 2-stroke engine with even firing. Overbalance the 
crank. if necessary. to bring the balanced shaking force down 10 atleaSI half of the 
unbalanced value. 
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14-20 Using program ENGINE. dala in Table P14- 1 and the crank phase diagrnm from 
Problem 14-2. delennine the maximum force magnillldes on main pin. crank pin. 
wrist pin. and pislon for a 4-stroke engine with even firing. Overbalance the crank. if 
necessary. to bring the balanced shaking force down to at least half of the unbalanced 
valuc. 

14-21 Using progrUIll ENG INE. data in Table P 14·1 and the crank phase diagram from 
Problem 14-3. detcnnine the maximum force magnitudes on main pin. crank pin. 
wrist pin. and piston for a 4-slroke engine wi th even firi ng. Overbalance the crank. if 
necessary. to bring the balanced Shaking force down to al least half of the unbalanced 
value. 

14-22 Using progrnm ENGINE, data in Table P14·1 and the crank phase diagrnm from 
Problem 14-4, delennine the maximum force magnitudes on main pin. crank pin, 
wriSI pin. and piston for a 2-Slroke engine with even firing. Overbalance the crank. if 
necessary, to bring the balanced sh:lking force down to at least half of the unbalanced 
value. 

14.13 PROJECTS 

These are loosely structured de!fkn problems intended for solution using program ENGtNE. All 
involve the design of one or more multicylindcr engines and differ mainly in lhe speci fic,data for 
the engine. The general problem statement is: 

Desigll a nmlticylinder ellgille for a specified displacemenl and slrote lTc/e. Optinri:e Ihe can
rodlcrallt ratio GIrd bortlstroke rolio to nrininri:e shaking/orees. shaking lorqut. alld pill/orees. 
also consh/ering (X/ckoge si:e. Design ),ollr lilll.: sltapn and calculalt rtaliSlic dYllamic paranre
IUS (mass, CG location. momenl 0/ illertia)/or those finks using tire melhOl/S showlI ill Clwplers 
10 Ihrough 13. IJy/Ulmically modellhe lillks (IS described illlhose c/Ulpll!rs. Bolallet' or OI'Uba/
alice Ihe lillll.{1ge as lIeedcd to (lchicl"e Ihe desireil rt'SIlIIS. Choost crankshaft ,'/WSt anglcs (olld 
I'ee illlgits. if apl"opriale) to oplimi:e tlte ill('rtial /Ja/(mce of the engille. Choose a firillg order 
and ,Ietermille tIre power stroke al/gles 10 oplimi:e el'enfirillg. Trade off illl.'rtia boalallce ifneees
sar)' to achiel'e el·enfirillg. Choose atl optimlllll I'U angle if appropriate 10 Ihe particular prob
lelll. Ol'('rall SIllOOlhness 0/ lotaltorque is desired. Design alit/ si:e a lIIillil/lIIlII weiglll fl)'wheel 
by the lIIethod o/Chapter 1110 smoollllire total torq"e. Wrile an engineering report 011 )"o"r de
sign Olll/ allalysis. 

P14-1 Two-stroke cycle inline twin wilh a displacement of I liter. 

P14-2 Four-stroke cycle inline twin with a displacemenl of I liler. 

P14-3 Two-stroke cycle vee twin with a displacement of I li ter. 

P14-4 Four-stroke cycle vee twin with a displacement of I liter. 

P14-5 Two·stroke cycle opposed twin with a displacement of I liter. 

P14-6 Four-stroke cycle opposed twin with a displacement of I liter. 

PI4-7 Two-stroke cycle vee four with a displacement of2liters. 

PI4-8 Four-stroke cycle vee four with a displacement of2liters. 

PI4-9 Two·stroke cycle opposed four wilh a displacement of 2 liters. 

PI4-IO Four-stroke cycle opposed four wilh a displacement of 2 liters. 

P14- l l Two-stroke inline five cylinder wilh a displacemenl of 2.5 lilers. 

727 

TABLE P14· 1 
Data lor Ploblems 
14- 19 to 14-22 

Displacement 10.0 

'me 1.87 

LJRrotlo 3.00 

'G21 r 0.<0 

rGJ/1 0.36 

Molnpln dla 2.00 

Clankpln dla 1.50 

Idle rpm 600 

Redllne rpm 4000 

PIston mass 0.015 

Conrad mass 0.012 

Cronk moss 0.045 

P"""" SSOO 

Friction coeff 0.02 

Flywheel coeff 0.10 

• 
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• A W engine lias Ih~e 
bank.s of c)'lindcl'$ on a 
«MIl1nOO crank. 
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P14·12 FouNlroke inline five cylinder with a displacement of2.5 liters. 

P14-13 Two-stroke cycle vee six wilh a displacement of 3 liters. 

P14-14 Four-stroke cycle vee six with a displacement of 3 liters. 

P14-15 Two-stroke cycle opposed six with a displacement of3 lilers. 

P14-16 Four-stroke cycle opposed six wilh a displacement of 3 lilers. 

P14-17 Two-stroke inline seven cylinder with a displacement of 3.5 liters. 

P14-18 Four-stroke inline seven cylinder wilh a displacement of 3.5 liters. 

P 14- 19 Two-stroke inline eight cylinder with a displacement of 4 liters. 

P14-20 Four-stroke inline eight cylinder wilh a displacement of 4 liters. 

P14-11 Two-stroke vee len cylinder wilh a displacement of 5 liten. 

P14-22 Four-stroke vee ten cylinder with a displacement of 5 liters. 

P14-23 Four-stroke W-6 with a displacement of 5 liters" 

PI4-24 Four-stroke W-9 with a displacement of 5 liters" 

P14-25 Four-stroke W-12 with a displacement of 5 liters." 

CHAPTER I.e 

P14-26 Design a family of vee engines to be built on the same assembly line. They must all 
have the same vee angle and use the same pistons. connecting rods, and strokes. 
Their crankshafts can each be different. Four configurations are needed: vee fou r. 
vce six . vee eight. and vee ten. All will have the same single-cylinder displacement 
of 0.5 liters. Optimize the single-cylinder configuration from which the muhicylinder 
engines will be conslrUcted for bore/stroke ralio and conrod crank ratio. Then 
assemble this cylinder design into the above configumtions. Find the best compro
mise of vee angle to provide a good mix of balance p even firing in all engines. 

P14-27 Repeat Project P14-26 for a family ofW engines: W-3, W-6. W-9. and W-12. The 
inter-bank angles must be the same for all models. See the built-in example W-12 
engine in program ENGINE for more infonnation on this unusual W configuration . 

P14-28 In recent years some automobile manufacturers have made unusual vee configura
tions such as the VW-Audi VR 15 which is a 15° vee six. Obtain detailed information 
on this engine design and then analyze it with progmm ENGINE. Write a report that 
explains why the manufacturer chose this unusual arrangement and justify your 
conclusions with sound engineering analysis. 

P14-29 Design an inline six- and an inline five-cylinder engine of the same displacement, say 
2.5 liters. Analyze their dynamics with program ENGINE. Write an engineering 
report to explain why such manufacturers: as Audi, Volvo. and Acum have chosen a 
fi ve-cylinder inline over a six cylinder of comparable torque and power output. 

PI4-JO Ferrari has produced vee-twelve engines in both ffJ4 vee and horizomally opposed 
configurations. Design 3-liter versions of each and compare their dynamics. Write a 
report thai explains why the manufacturer chose these aJTllJlgements and justify your 
conclusions with sound engineering analysis . 

P14-3 1 Design and compare a 3-liter 90° vee six. 60° vee six, inline six. and 1800 opposed 
six. all of which designs are in volume production. Explain their advantages and 
disadvantages and justify your conclusions with sound engineering analysis. 
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15.0 INTRODUCTION 

~hapter 15 

Chapter 8 presented the kinematics of cams and followers and methods for their design. 
We will now extend the study of cam-follower systems to include considerations of the 
dynamic forces and torques developed. While the discussion in this chapter is limited 10 
examples of cams and followers. the principles and approaches presented are applicable 
to most dynamic systems. The cam-follower system can be considered a useful and con
venient example for the presentation of topics such as creating lumped parameter dynam
ic models and defining equivalent systems as described in Chapter 10. These techniques 
as well as the discussion of nalural frequencies. effects of damping, and analogies be
tween physical systems will be found useful in the analysis of aU dynamic systems re
gardless of type. 

In Chapter 10 we discussed the two approaches to dynamic analysis, commonly 
called the forward and the inverse dynamics problems. The forward problem assumes 
that all the forces acting on the system are known and seeks to solve for the resul ting dis
placements, velocities, and accelerations. The inverse problem is, as its name says, the 
inverse of the other. The displacements, velocities, and accelerations are known, and we 
solve for the dynamic forces that result. In this chapter we will explore the application 
of both methods to cam-follower dynamics. Seclion 15.1 (p. 730) explores the forward 
solut ion. Section 15.3 (p. 742) will present the inverse solut ion. Both are instructive in 
this application o f a force-closed (spring-loaded) cam-follower system and will each be 
discussed in Ihis chapter. CI 

"9 



TABLE 15- \ Notation Used in This Chopter 

c:: damping coefflclerlt 
Cc :: crltlCol damping coefficient 

k :: spring constant 
Fe ::: force of com on follower 
F, = force of spring on follower 
Fd = force of damper on follower 
m = moss of moving elements 
t = time In seconds 

Tc = tOfque on camshaft 
9:: comshoft angle, In degrees Of radians 
00 = camshaft ongulOr velocity. rad/sec 

DESIGN OF MACHINERV CHAPTER 15 

Old :: damped circular natural frequency. rad/sec 
WI :: forcing f1'equency. rod/sec 

00" = undamped clrculor natural frequency, rod/sec 
x:: follower displacement. length units 
i:: v:: follower velocity, Ieogttl/sec 

x:: a:: follower occelerotlon. Iength/sec2 

~ :: damping rotio 

lS.1 DYNAMIC FORCE ANALYSIS OF THE FORCE-CLOSED CAM
FOlLOWER 

Figure 15-1 a shows a simple plate or d isk cam driving a..spring-Ioaded. roller follower. 
This is a force-closed system which depends on the spring force to keep the cam and 
follower in contact at all times. Figure 15- l b shows a lumped parameter model of this 
system in which all the mass which moves wi th the fo llower train is lumped together as 
m. all the springiness in the system is lumped within the spring constant k, and all the 
damping or resistance to movement is lumped together as a damper with coefficient c. 
The sources of mass which contribute to m are fairly obvious. 1l1e mass of the follower 
stem. the roller, its pivol pin. and any other hardware anached to the moving assembly all 
add together to create m. Figure 15-1 c shows the free-body diagram of the system acted 
upon by the cam force Fe. the spring force Fs. and the damping force F d. There will of 
course also be the effects of mass times acceleration on the system. 

Undamped Response 

Figure 15-2 shows an even simpler lumped parameter model of the same system as 
in Figure 15- 1 but wh ich om its the damping altogether. This is referred to as a con
servative model since it conserves ene rgy with no losses. Thi s is not a realistic or 
safe assumption in this case but will serve a purpose in the path to a bener model 
which will include the damping. The free-body diagram for this mass-spring model 
is shown in Figure 15-2c. We can write Newton's equation for this one-OOF system: 
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Follower n , f Fd , 
Spring , 
Roller 

m m 
C.m 

1:,., .f.X .x 

Fe(f) Fr (f) 

(0) Physical system (b) Lumped model (c) Free·body diagram 

One-DOFlumped parameter model of 0 com-follower system Including damping -
L F=ma=mX 

J-~ (f)-Fs = mX 

From equation 10. 16 (p. 538): 

then: 

Follower 

Spring 

Roller 

Com 

co/' , 

, 

m 

(0) Ph'(Slcal system (b) lumped model 

FIGURE 15· 2 

x.x .x 

C>n&-OOFlumped poromeler model Of 0 corn-folower system without damping 

(l5.la) 

F, 

m 

x.x.x 

(c) Free-body diagram 
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This is a second-order ordinary differential equation (ODE) with constant coeffi
ciellls. The complete solution will consist of the sum of two pans, the transient (homo
geneous) and the steady slate (pan icular). The homogeneous ODE is, 

which has the well-known solution. 

.. J.: 
x:--x 

m 

x;; AcosOlo' + Bsin(J)j' 

(15. lb) 

( 15. Ie) 

where A and B are the constants of integration 10 be detennined by the initial conditions. 
To check the solution. differentiate it twice. assuming conSlani 00, and substitute in the 
homogeneous ODE. 

_W2(A CQs(()t + Bsin (01) = -~(ACOSw( + Bsin <tN) 
m 

This is a solution provided that: 

, k 
ro- =

m 
ro. = It V;;; (IS. ld) 

The quantity <Oil (rad/sec) is called the circular nail/raJ frequency of the system and 
is the frequency at which the system wants to vibrate ifleft to its own devices. This rep
resents the ul/damped fwwraf frequency since we ignored damping. The damped nOIll

raffrequency will be slightly lower than this val ue. Note that (On is a function only of 
the ph~ical parameters of the system m and k; thus it is completely determined and un
changing with time once Ihe system is built. By creatinU-0ne-DOF model of the sys
tem, we have limited ourselves to one natural frequency which is an "average" natural 
frequency usually close 10 the lowest, or fundamental, frequency. 

Any rea! physical system will also have higher natural frequencies which in general 
will not be integer multiples of the fundamental. In order to find them we need to create 
a multi-degree-of-freedom model of the sySlem. The fundamental tone at which a bell 
rings when struck is its natural frequency defined by this expression. The bell also has 
overtones which are its other, higher, natural frequencies. The fundamental frequency 
tends 10 dominate the transient response of the system.!l! 

The circular natural frequency ron (rod/sec) can be converted to cycles per second 
(hertz) by noting that there are 2n radians per r~volution and one revolution per cycle: 

' < I 
I~ '" -w" hertz 2. 

(IS. Ie) 

The constants of in leg ration, A and B in equation 15. lc, depend on the initial condi
lions. A general case can be stated as, 

When 1=0. lei x '" Xo and I' = 1'0. where Xo and 1·0 are constants 

which gives a general solution to the homogeneous ODE 15. lb o f: 

,. 
x = xocosw"I+....Q..sinw~ t 

ro. 
( 15.10 
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Equation l5.1f (p. 732) can be put into polar fonn by computing the magnitude and 
phase angle: 

then : 

( IS.lg) 

Note that this is a pure hannonic function whose amplitude Xo and phase angle 1\1 
are a function of the initial conditions and the natural freq uency of the system. It will 
oscillate forever in response to a single, transitory input if there is truly no damping 
present. 

Damped Response 

If we now reintroduce the damping of the model in Figure 15-1 b (p. 731 ) and draw Ihe 
free-body diagram 3S shown in Figure 15- 1 c, the summalion of forces becomes: 

- (IS.2a) 

Substituting equations 10.16 (p. 538) and 10. 17c (p. 539): 

( IS.2b) 

H OMOGENJo:QUS SOLUTION We again separate th is differential equation into its 
homogeneous and particular components. The homogeneous part is: 

.. c . k 0 
x +- x +-x = 

m m 

The solution to this ODE is of the fonn: 

oX = ReJt 

where R and s are constants. Differentiating versus time: 

and substituting in equation 15.2c : 

x = RseJt 

x = Rs2esl 

R52ell +.£... Rses, +!..Res, = 0 
m m 

( 52 + .£...S+ !.. ) ReJI =0 
m m 

(15.2<0) 

(IS.2d) 

( IS.2e) 

For this solution to be valid either R or the expression in parentheses must be zero 
as ~I is never zero. [f R were zero, then the assumed solution, in equation l5.2d, would 
also be zero and thus not be a solution. Therefore, the quadratic equation in parentheses 
must be zero. 
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(15.2f) 

Thi s is called the chamcteristic equation of the ODE and its solution is: 

_.E.. ± (' J' ' - -4-
m m m ,: 

2 
which has the two roolS: 

, ( 'J' ' s] =--+ 
2m m 2m 

(15.2g) 

, (2:,)' , 
$2 =---

2m m 

These two roots of the characteristic equation provide two independent tenns of the 
homogeneous solution: 

(\5.2h) 

If $1 = $2. then another ronn of solution is needed . The quantity $, will equal s2 when: 

( ')' , - --::1 0 
2m 11/ 

or: 

and: 

C:2mg =2nrw~ :Cr ( IS.li) 

This particular value of c is called the critical da mping and is labeled ce. The sys
tem wi ll behave in a unique way when critically damped. and the solution must be of the 
ronn: 

, 
for 51 =5., :::-

- 2m 
( 15.2j) 

It will be useful to define a dimensionless ratio called the damping ra tio I;. which is 
the actual damping divided by the crideal damping. 

(IS.3a) 

and then: 
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, 
~WII=-

2m 
( IS.3b) 

The damped natural frequency Old is slightly less Ihan Ihe undamped natural frequency 
0011 and is; 

(lS.3c) 

We can substi tute equations IS. ld (p. 732) and 15.3b into equations 15.2g to get an 
expression for the char.lcteristic equ:ltion intenns of d imensionless r.ltios: 

( IS.4a) 

Th is shows that the system response is detennined by the damping r.ltio ~ which dictates 
the value of the discriminal"l'r There are three possible cases; 

CASE 1; 

CASE 2; 

CASE 3; 

Roots real and unequal 

Roots real and equal 

Roots complex conjugme 

Let's consider the response of each of these cases separately. 

C ' Sfo: I : ~> I ol'erdamIJe(/ 

The solution is of Ihe fonn in equation IS.2h and is: 

.f = Rte( _~.;. ¥ ~ z -i}unl + R
2
t'( _~ _,, ~ 2 -l)ronl 

(ISAb) 

(IS.5a) 

Note that since ~ > I, both exponents will be negative making x the sum of two decaying 
exponentials as shown in Figure 15-3 (p. 736). This is the transient response of the sys
tem to a dis turbance and dies OUI after a time. There is no oscillation in the output mo
tion. An example of an overdamped system which you have probably encountered is the 
tone amI on a good-quality record turntable wi th a "cueing" feature. The tone ann can 
be lifted up. then released. and it will slowly "noat" down to the record. This is achieved 
by pUlling a large amount of damping in the system, al the ann pi VOl. The aml's motion 
follows an exponential decay curve such as in Figure 15-3. 

crilically damped 

The solution is of the fonn in equation J5.2j and is: 

(lS.Sb) 

This is the product of a linear func lion of time and a decaying exponential func tion 
and can take several fornls depend ing on the values of the constants of integration, Rt 

735 
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+ = 

---l-----====-,. , 
(a) Term 1 (b) Term 2 (c) Tolal response 

FIGURE 15-3 

Transient response of an overdamped syslem 

x 

(a) Term 1 

FIGURE 15-4 

and R2. which in tum depend on initial conditions. A typical transient response might 
look like Figure 15-4. This is the transient response of the system to a disturbance, which 
response dies out after a time. There is fast response but no oscillation in the output mo
tion. An example of a critically damped system is the suspension system of a new spons 
car in which the damping is usually made close to critical in order to provide crisp han
dling response without either oscillating or being slow to respond. A critically damped 
system will, when disturbed, return to its original position wilhin one bounce. It may 
overshoot but will not oscillate and will not be sluggish. 

CASE3: ~< 1 IInden/amped 

Thp solution is of the fonn in equation 15.2h (p. 734) and sl , s2 are complex conju
gate. Equation 15.4a (p. 735) can be rewritten in a more convenient fonn as: -

( JS.Sc) 

Substituting in equation t5.2h: 

, 
+ --_---=::==--,. , 

(b) Term 2 (c) Tolol response 

Transient response of a crItICally damped system 
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and noting that: 

factor: 

(15.5d) 

Substitule the Euler identily from equation 4.4a (p. 173): 

,,:, ___ ,,!R'H R oo.} j';'( R oo.,)] I 
_ + R,[ =( ~l-"OO.') - j';{ ~l-"OO,,)] 

and simplify : , ( 15.5e) 

x' , -<w" ((R, + R,{ '", ~l-,' OO.' )+(R, -R,)j,;{ ~l - "oo" )]) 

Note Ihat Rt and R2 arejusl constants yet 10 be detemlined from the initial condi
tions. so their sum and difference can be denoted as some other conslants: 

We can put this in polar fonn by defining the magnitude and phase angle as: 

then: 

B 
~ '" arctan

A 

(l5.5f) 

( 15.5g) 

This is the produci of a hannonic function of time and a decaying exponential function 
where Xo and/are Ihe constanlS of integration determined by the initial conditions. 

Figure 15-5 shows the transient response for this underdampcd case. The response 
overshoots and oscillates before finall y settling down to its final position. Note that if 
the damping ratio ~ is zero. equation 15.5g reduces toequation 15. lg (p. 733) which is a 
pure harmonic. 

737 
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x • x 

, = 

--1------====,- , +\-/-\-f--\-f-- , 

(0) Term I (b) Term 2 (c) Totol response 

FIGURE 15-5 

Transient response of on underdomped system 

All example of an underdamped system is a d iving board which continues to os
cillate after the d iver has jumped off. finall y sellling back to zero position. Many real 
systems in macllinery are Imderdamped. inell/ding the typical cam-follower system. This 
often leads to vibration problems. It is not usually a good solution simply to add damp
ing to the system as this causes heating and is very energy inefficient . It is better to de
sign the system to avoid the vibrat ion problems. 

PARTICULAR SOLUTION Unlike the homogeneous solution which is always the 
same regardless of the input. the particular solution to equation 15.2b (p. 733) wil l de
pend on the forcing funct ion F c<,t) which is applied to the cam-follower from the cam. 
In gene,?1 the output d isplacement x of the follower will be a function of simi lar shape 
to the input function but will lag the input function by some phase angle. It is quite rea
sonable to use a sinusoidal function as an example since'ffily periodic function can be 
represented as a Fourier series of sine and cosine tenns of different frequencies (see equa
tion 13.2. p. 648, equation 13.3, p. 649. and the footnote on p. 649). 

Assume the forcing function to be: 

( 15.6a) 

where Fo is the amplitude of the force and OOjis ils circular frequency. Note that Olfis 
unrelated 10 roll or rod and may be any value. The system equation then becomes: 

mx+ci+ k x = Fosin w, 1 ( 15.6b) 

The solution must be of bannonic fonn to match this forcing function and we can 
try the same fonn of solution as used for the homogeneous solution. 

where: 

x ,(I) = X ,sin(w /' - \tI) 

XI = amplilUde 

'I' = phase angle between applied force and d isplaceme nt 

(01= angular velocity of forcing function 

(15.6<) 
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The fac tors X,and IV are not conSlants of integration here. They are constants deter
mined by the physical characteristics of the system and the forc ing function's frequency 
and magnitude. They have nothing to do with the initial conditions. To find the ir val
ues, differenliate the assumed solut ion twice, substitute in the ODE, and get: 

X F, 

f - ~('- mw})' +(rold 
( 15.6d) 

SubstituteequMions 15. ld (p. 732). 15.2i (p. 734), and 15.3a (p. 734) and put in dimen
sionless fonn : 

- (15.6e) 

The ratio w,1 wit iscalled the freq uency ra lio. Dividing X, by the static deflec tion Fo I k 
creates the amplit ude ra tio which defines the relative dynamic di splacement compared 
to the static. 

COMPLETE RESPONSE The complete solution to our system differential equation 
for a sinusoidal forcing function is the sum of the homogeneous and particular solutions: 

x = Xot' -~Il) · ' co{( ~Wnl)- ljI ]+ X/Sin(W / I- W) ( 15.7) 

The homogeneous teml represents the transient response orthe system which will die 
out in time but is reintroduced any time the system is again disturbed. The particula r 
term represents the forced response or steady-state response to a sinusoidaJ forcing 
function which will cont inue as long as the forcing function is present. 

Note that the solution to this equation, shown in equations 15.5 (pp. 735 - 737) and 
15.6, depends only on two ratios, the damping ratio ~ which re lates the actual damping 
relative to the critical damping, and the freq uency ratio w, I wit which re lates the forcing 
frequency to the natural frequency of the system. Kosterfll found that a typical value for 
the damping ratio in cam-follower systems is ~ = 0.06, so they are underdamped and 
can resonate if operated at frequency ratios close to I. 

The initial conditions for the specific problem are applied to equation 15.7 10 deter
mine the values of Xo and $. Note that these constants of integration areconlained with
in the homogeneous part of the solution. 

73. 
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15.2 RESONANCE 

The natural freque ncy (and ils overtones) are of great interest to Ihedesigner as they de
fine the freq uencies at which the system will resona te. The singlc-DOF lumped param
eler systcms shown in Figures 15·1 and 15-2 (p. 731) are the simplest possible to describe 
a dynamic system, yel they contain alt the basic dynamic elements. Masses and springs 
are energy storage elements. A mass stores kinetic energy. and a spring stores potential 
energy. The damper is a dissipative element. It uses energy and converts illO heal. Thus 
all the losses in the model of Figure 15·1 occur through the damper. 

These are "purc" idealized elements which possess only their own characteristics. 
That is. the spring has no damping and the damper no springiness. elc. Any system which 
contains more than one energy storage device such as a mass and a spring will possess at 
least one natural freque ncy, If we excite the system at its natural frequency. we will set 
up the condition called resonance in which the energy stored in the system 's elemems 
will oscillnte from one c lement 10 the other at that frequency. The result can be violent 
oscillations in the displacements of the movable e lements in the system as the energy 
moves from potentiul to kinetic foml and vice versa. 

Figure 15-6a and b show the amplitude and phase angle. respectively. of the dis
placement response X of the system to a sinusoidal input forcing function at various fre
quencies 00[. The forcing frequency oofis the angu lar velocity of the cam. These plots 
nonnalize the forcing frequency as a frequency ratio oofl oon' The amplitude X is nor
malized by dividing the dynamic deflection x by the static deflection FO I k that the same 
force amplitude would create on the system, Thus at II frequency of zero, me output is 
one. equal to the static deflection of the spring at the amplitude of the input force . As the 
forcing \'requency increases toward the natural frequency 00", the amplitude of the out
put motion. for zero damping. increases rapidly and beconws theoretically infinite when 
00[ = (0". Beyond this point the amplitude decreases rapidly and asymptotically toward 
zero at high frequency ratios. 

The effects of damping ratio ~ can best be seen in Figure 15-6c. which shows a 3-D plO! 
of forced vibration amplitude as a function of both frequency ratio oof I OOIJ and damping ratio 
~, The addition of damping reduces me amplitude of vibration at the nrlluml frequency. but 
very large damping r..atios are needed to keep the output amplitude less than or equal to the 
input amplitude, About 50 to 60% of critical damping will el iminate the resonance peak, 
Unfonunately, most cam follower systems have danlping ratios of less than about 10% of 
critical. At those damping levels. the response at resonance is about five times the static re
sponse. This will crcntc unsustainnble stresses in most systems if allowed to occur. 

It is obvious that we must avoid driving this system aI or near its natural frequency. 
One result of operation of an underdampcd cam-follower system near 00,. can be fo llower 
j ump. The system of follo~er mass and spring can oscillate violently at its natural fre
quency and leave contact with the cam. When it does reestablish contact. it may do so 
with severe impact loads that can quickly fail the materials, 

The designer has a degree of control over resonance in that the system's mass m and 
stiffness k can be tailored to move its natural frequency away from any required operat
ing frequencies. A common rule of thumb is to design the system to have a fundamental 
natural frequency 00" at least ten times the highest forcing frequency expected in service. 
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thus keeping all operation well below the resonance point. This is often difficu lt to 
achieve in mechanical systems. One tries to achieve the largest ratio 0011 I 00f possible 
nevertheless. It is important to adhere to the fundame ntal law of cam design and use cam 
programs wi th finite jerk in order to minimize vibrations in me follower system. 

Some thought and observation of equation l5 . ld (p. 732) will show that we would 
like our system members to be both light (low nI) and stiff (high k) to get high values for 
co" and thus low values for t . Unfortunately, the lightest materials nre seldom also me 
stiffest. Aluminum is one-mird the weight of steel but is also about a third as stiff. Tita
nium is nbout half the weight of steel but also about half as stiff. Some of the exotic 
composite materials such as carbon fiber/epoxy offer better stiffness-to-weight ratios but 
their cost is high and processing is difficult. Another job for UnobrainiunI 208! 

(b) 

4 5 
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Note in Figure 15-6 (p. 741) that the ampli tude of vibration at large frequency ratios 
approaches zero. So. if the system can be brought up to speed through the resonance 
point without damage and then kept operating at a large freq uency ratio. the vibration 
will be minimal. An example of systems designed to be run this way are large devices 
that must run at higher speed such as electrical power generators. Their large mass crc
ates n lower natural frequency than their required operating speeds. They arc "run up" 
as quickly as possible through the resonance region to avoid damage from their vibra
tions and "rundown" qu ickly through resonance when Slopping them. They also have 
the advantage of long duty cycles of constant speed operation in the safe Frequency re
gion betwecn infrequent stans and SlOpS. 

15.3 KINETOSTATIC FORCE ANALYSIS OF THE FORCE-CLOSED 
CAM-FOLLOWER 

The previous sections introduced "forwa rd d yna mic analysis" and the solution to the 
system differential equation of motion (equat ion 15.2b. p. 733). The applied force FeU) 
is presumed 10 be known. and the system equation is solved for the resulting displace
ment x from which its derivatives can also be detennined. The inverse d yna mics. or ki 
netostat ics. approach provides a quick way to detennine how much spring force is need
ed to keep the follower in contact with the cam at a chosen design speed. The displace
ment and its derivatives are defined from the kinematic design of the cant based on an 
assumed constant angu lar velocity ro of the cam. Equation 15.2b can be solved algebra
ically for the force F e(t) in a spring-loaded cam-follower system provided that values for 
mass 111. spring constant k. preload Fpl' and damping fac tor c are known in addition to 
the displacement. velocity. and acceleration funct ions. 

Figure 15- 1 a (p. 73 1) shows a simple plate or d isk canwriving a spring-loaded. roll
er follower. This is a force-closed system which depends on the spring force to keep the 
cam and follower in contact at all times. Figure 15-1 b shows a lumped parameter model 
of this system in wh ich all the mass that moves with the follower train is lumped togeth
er as III, all the springiness in the system is lumped within the spring constant k, and all the 
damping or resist.1nce to movement is lumped togethcr as a damper with coefficient c. 

T he designer has a large degree of control over the system spring constant k .. J/ as it 
tends to be dominated by the k:; of the physical return spring. The elasticities of the fo l
lower parts also contribute to the overall system k(ffbut are usually much stiffer than the 
physical spring. If the follower stiffness is in series with the relUrn spring. as it often is. 
equations 10.19 (p. 542) shows that the softest spring in series wil l dominate the effec
tive spri ng constant. Thus the return spring wilrvinually detennine thc ovcrall k un less 
some parts of the follower twin have similarly low stiffness. 

The designer will choose or design the relUm spring and thus can specify both its k 
and the amount of preload deflectionxo to be introduced at assembly. Preload of a spring 
occurs when it is compressed (or extended if an extension spring) from its/ree length to 
its initial assembled length. This is a necessary and desirable situat ion as we want some 
residual force on the follower even when the cam is al its lowest displacement. T his will 
help maintain good contact between the cam and follower at all times. Th is spring pre
load Fp/ = k.rO adds a constant term to equation l5.2b which becomes: 
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or: 
Fr(t) '" IIlX + C.f + k .r + Fp/ 

Fr(t) '" IIlX + c.r + k(x+ xo) 

(l5.8a) 

(l5.8b) 

The value of til is detennined from the effective mass of the system as lumped in the 
single-OOF model of Figure 15- 1 (p. 731). The value of c. for most cam-follower sys
tems can be estimated for a first approximation to be about 0.05 to 0.10 of the critical 
damping Cc as defined in equation 15.2i (p. 734). Koster(t] found thai a typical value for 
the damping ratio in cam-follower systems is ,= 0.06. 

Calcu lating the damping C based on an assumed value of, requires specifying a val
ue for the overall system k and for its effective mass. The choice of k will affect both the 
natural frequency of the system for a given mass and the available force 10 keep the joint 
closed. Some iteration wi ll probably be needed to find a good compromise. Aseloction 
of data for commercially available helical coil springs is provided in Appendix D (p. 815). 
Note in equation 15.8 that the terms involving acceleration and velocity can be either 
positive or negative. The terms involving the spring parameters k and F pi are the only 
ones that are always positive. So. to keep the overall function always positive requires 
that the spring force terms be large enough to counteract any negative values in the other 
terms. Typically. the acceleration is larger numerically than the velocity. so the negative 
acceleration usually is the principal cause of a negative force F c' 

The principal concern in this analysis is 10 keep the cam force always positive in sign 
as ils direction is defined in Figure 15-1. The cam force is shown as positive in that fig
ure. In a force-closed system the cam can only push on the fo llower. It cannot pull. The 
follower spring is responsible for providing the force needed to keep the joint closed dur
ing the negative acceleration portions of the follower motion. The damping force also 
can contribute. but the spring must supply the bulk of the force to maintain contact be
tween the cam and follower. If the force Fe goes negative at any time in the cycle, the 
follower and cam will part company. a condition called follower jump. When they meet 
again. it will be with large and potentially damaging impact forces. The follower jump. 
if any, will occur near the point of maximum negative acceleration. Thus we must select 
the spring constant and preload to guarantee a positive force at all points in the cycle. In 
automotive engine valve cam applications fo llower jump is also called valve float, be
cause the valve (follower) "floats" above the cam, also periodically impacting the cam 
surface. This will occur if the cam rpm is increased to the point that the larger negative 
acceleration makes Ihe fo llower force negative. The "redline" maximum engine rpm of
len indicated on its tachometer is to warn of impending valve float above that speed 
which will damage the cam and follower. 

Program DYNACAM allows the iteration of equation 15.8 to be done qu ickly for any 
cam whose kinemat ics have been defined in thai program. The program's Dynamics 
button will solve equation 15.8 for al l values of camshafl angle, using Ihe displacement. 
velocity. and acceleration functions previously calculated for that cam design in the pro
gram. The program requires values for the effective system mass m, effective spring con
stant k. preload Fpl. and the assumed value of the damping ratio ,. These values need to 
be determined for the model by the designer using the methods described in Sections 
10.11 (p. 537) and 10.12 (p. 540). The calculated force at the cam-follower interface ca.n 
then be plotted or its values printed in tabular fonn. The system's natural frequency is 
also reported when the tabular force data are printed. CI 
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;t:neXAMPLE 15-1 

Klnetostctic Force Analysis of a Force-Closed (Spring-loaded) Com-Follower Sys
tem. 

Given: 

Problem: 

Solution: 

A lranslaling roller follower as shown in Figure 15-1 (p. 731) is driven by a force
closed radial plate cam which has the following program: 

$egmenl I: Rise I inch in 500 with modified sine acceleration 
Segment 2: Dwell for 40" 
Segment 3: Fall I inch in 500 with cyc10idaJ displacement 
Segment 4: Dwell for 40" 
Segment 5: Rise 1 inch in 50" with 3-4-5 polynomial displacemenl 
Segment 6: Dwelt for 40" 
Segment 7: Fall I inch in 50" with 4-5-6-7 polynomial displacement 
Segment 8: Dwell for 40° 
Camshaft angular velocity is 18.85 rnd/sec. 
Follower effective mass is 0.0738 in-lb-sec2 (blobs). 
Damping is 15% o f crit ical (~'" 0 . 15), 

Compute the necessary spring conslanl and spring preload to maintain contact be· 
tween cam and followe r and calculate the dynamic force function for the cam. 
Calculate the system natural frequeocy with the selected spring. Keep the pres. 
sure angle under 30". 

Calculate the kinematic data (follower displacement. veloci ty. accelera tion. and jerk) for the 
specified cam functions. The acceleration for this cam is .. hown in Figure 15·7 and has a 
maximum value o f 3504 in/sec2. See Chapter 8 to review this procedure. 

2 Calculate the pressure angle and rndius of curvature for uial values of prime circle radius. and size 
the cam to control these values. Figure IS..s shows the pressure angle function and Figure 15·9 
(p. 746) the radii of curvature forthis earn with a prime circle radius of 4 in and zero cccenuicity. 
The maximum pressure angle is 29.20 and the minimum radius of curvature is 1.7 in. Figure8-51 
(p. 439) shows the fmished earn profile. See Otaptcr 8 to review these calculations. 

3 With the kinematics of the earn defined. weean address its dynamics. To solve equat ion 15.8 
(p. 743) for cam force , we must assume values for the spring constant J: and the preload F pl' 

The value of c can be calculated from equation 15.3a (p. 734) using the given mass m. the 
damping factor ~. and assumed k. The kinematic parameters are known. 

4 Program DYNACAM does this computation for you. The dynamic force that results from an 
assumedkof 150 1b/in and a preload of751b is shown in Figure 15·IOa (p. 747). Thedamp
ing coefficient c "" 0.998. Note that the fon:e dips below the zero axis in two places during 
negative acceleration. 1l1ese are locations of follower jump. The follower has left the cam 
during the fall because. the spring does not have enough available force to keep the follower 
in contact with the rapidly faJjjng earn. Open the file EI5..()I.earn in DYNACAM and provide the 
specified J: and F pJ to see this example. Another iteration is needed to improve the design. 

5 Figure 15·lOb shows the dynamic force for the same cam with a spring constant of J: '" 200 
Ib!in and It preload of 150 lb. The damping coefficient c "" 1. 153. This additional force has 
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S V A Jdiograms for Examples 15-1 (p. 744) and 15-2 (po 749) 

lifted the function up suffic iently to keep it positive everywhere. There is no follower jump 
in th is case. The max imum force during the cycle is 400.4 lb. A margin of safety has been 
provided by keeping the minimum force comfortably above the zero line at 36.9 lb. Run ex
ample #5 in the progrnm and provide the specified spring constant and preload values 10 see this 
example. 
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FIGURE 15-9 

Radius of curvature of a four-dwell cam for Examples 15-1 (p. 744) and 15-2 (p. 749) 

6 The fundamental natural frequency, both undamped and damped, can be calculated for the 
system from equations IS.ld (p. 732) and IS.3c (p. 735) and arc: . 

<On = 52.06 radlsec; rod = 51.98 radlsec 

-15.4 KINETOSTATIC FORCE ANALYSIS OF THE FORM-CLOSED 
CAM-FOLLOWER 

Section 8. 1 described two types of joint closure used in cam-follower systems, force clo
sure and form closure. Force closure uses an open joint and requires a spring or other 
force source to maintain contact between the e lements. Form closure provides a geo
metric constraint at the joint such as the cam groove shown in Figure 15- 11 a (p. 748) or 
the conjugate cams of Figure 15- 11 b. No spring is needed to keep the follower in con
tact with these cams. The follower will run against one side or the other of the groove or 
conjugate pair as necessary 10 provide both positive and negati ve forces. Since there is 
no spring in this system, its dynamic force eql1alion 15.8 (p. 743) simpl ifies to: 

(15.9) 

Note that there is now only one energy storage e lement in the system (the mass), so, 
theoretically, resonance is not possi ble. There is no natural freq uency for it 10 resonate 
at. This is the chief advantage of a form-closed system over a force-closed one. Follow
er jump will not occur, short of complete fail ure of the parts, no matter how fast the sys
tem is run. This arrangement is sometimes used in high-perfom13.nce or racing engine 
valve trains to allow higher redline engine speeds without valve noat. In engine valve 
trains, a form-closed cam-followe r valve train is called a desmodromic system. 
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As with any design, there are trade-offs. While the fonn-closed systel\ltypically al
lows higher operating speeds than a comparable force-closed system, it is not free of all 
vibration problems. Even though there is no physical return spring in the system, the fol
lower train. the camshaft. and all other parts still have their own spring constants which 
combine to provide an overall effecti ve spring constant for the system as shown in Sec
lion IS.2 (p. 740). The positive side is that this spring constant wi ll typically be quite 
large (stiff) si nce properly designed follower parts are designed to be stiff. The effec
tive natural frequency will then be high (see equation IS.ld, p. 732) and possibly well 
above the forcing frequency as desired. 
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FIGURE 15-11 

Form-closed com-follower sysfems 

Another problem with fonn-closed cams, especially the grooved or track type shown 
in Figure 15-1Ia. is the phenomenon of crossover shock. Every time the acceleration 
of the follower changes sign, the inertial force al so does so. This causes the follower to 
abruptly shift from one side of the cam groove to the othw:. There cannot be zero clear
ance between the roller fo llower and the groove and still have it operate. Even if the 
clearance is very small, there will still be an opportunity for the follower to develop some 
velocity in its short trip across the groove, and it will impact the other side. Track cams 
of the Iype shown in Figure 15- 11 a typically fail at the points where the acceleration re
verses sign. due to many cycles of crossover shock. Note also that the roller follower 
has to reverse direction every lime it crosses over to Ihe other side of Ihe groove. This 
causes significant follower sli p and high wear on the followe r compared to an open. 
force-closed cam where the follower wi ll have less than I % slip. 

Because there are two cam surfaces 10 machi ne and because the cam track. or 
groove, must be cut and ground to high precision to control the clearance. fonn-closed 
cams tend to be more expensive to manufacture than force-closed cams. Track cams 
usually must be ground after heat treatment to correct the distortion of the groove result
ing from the high temperatures. Grinding significantl y increases cost. Many force
closed cams are not ground after heat treatment and are used as-milled. Though the con
jugate cam approach avoids the groove tolerance and heat treat distortion problems. there 
are still two matched cam surfaces to be made per cam. Thus, the desmodromic cam's 
dynamic advantages come at a significant cost premium. 

We wiIJ now repeat the cam design of Example 15-1 (p. 744), modified for desmo
dromic operation. This is simple to do with program D YNACAM. We will merely spec
ify the spring constant and preload values to be zero, which then assumes that the fol-
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lower train is a rigid body. A more accurate result can be obtained by calculating and 
using the effective spring constant of the combination of parts in the follower train, once 
their geometries and materials are defi ned. The dynamic forces will now be negative as 
well as positive, but a ronn-closed cam can both push and pull. 

;l:neXAMPLE 15-2 
; 

Dynamic Force Analysis of a Form-Closed (Desmodromlc) Com-Follower System. 

Given: 

Problem: 

Solufion: 

A translating roller fo llower as shown in Figure 15-11 a is driven by a form-closed 
radial plate cam which has the following program: 

Segment I: Rise I inch in 500 with modified sine acceleration 
Segment 2: Dwell for 400 
Segment 3: Fall I inch in 500 with cycloidal displacement 
Segment 4: Dwell for 400 
Segment 5: Rise I inch in 500 with 3-4-5 polynomial displacement 
Segment 6: Dwell for 40° 
Segment 7: Fall I inch in 50" with 4-5-6-7 polynomial displacement 
Segment 8: D~l for 400 

Camshaft angular veloci ty is 18.85 raJ/sec. 
Follower effective mass is 0.0738 in_lb_sec2 (blobs). 
Damping is 15% of critical (~ = 0.15). 

Compute the dynamic force function for the cam. Keep the pressure angle under 
30°. 

Calculate the kinematic datil (follower displacement. velocity. acceleration. and jerk) for the 
specified cam functions. The acceleration for th is cam is shown in Figure 15-7 (p. 745) and 
has a maximum value of 3504 inlsec2. Sce Chapter 8to review this procedure. 

2 Calculate radius of curvature and pressure angle for trial values of prime circle radius, and 
size the cam to control these values. Figure 15-8 (p. 745) shows the pressure angle function 
and Figure 15-9 (p. 746) the radii of curvature for this cam with a prime circle radius of 4 in 
and zero eccentricity. The maximum pressure angle is 29.2° and the minimum radius of cur
vature is 1.7 in. Figure 8-5 1 (p. 439) shows the finished cam profile. See Chapter 8 to re
view these calculations. 

3 With the kinematics of the cam defined, we can address its dynamics. To solve equation 15.9 
(p. 746) for the cam force, we assume zero values for the spring constant k and the preload 
Fp /. The value of c is assumed to be the same as in the previous example (p. 744), 1.153. 
The kinematic parameters are known. 

4 Program DYNACAM does this computation for you. The dynamic force that results is shown 
in Figure 15- 12 (p. 750). Note that the force is now more nearly symmetric about the axis 
and its peak absolute value is 289 lb. Crossover shock will occur each time the follower force 
changes sign. Open the file E IS-02.carn in DYNACAM to see this example. 

Compare the dynamic force plolS for the force-closed system (Figure 15-lOb, p. 747) 
and the foml -closed system (Figure 15-12, p. 750). The absolute peak force magnitude on 

.9 

I 
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e ither side of the track in the fonn-closed cam is less than that on the spring-loaded one. 
This shows the penalty that the spring imposes on the system in order to keep the joint 
closed. Thus, either side of the cam groove will experience lower Slresses than will the 
open cam, except for the areas of crossover shock mentioned on p. 748. 

15.5 KINETOSTATIC CAMSHAFT TORQUE _ 

The kinetostatic analysis assumes that the camshaft will operate at some constant speed 
00. As we saw in the case of the fourbar linkage in Chapter II and with the slidcr-crank 
mechanism in Chapter 13. the input torque must vary over the cycle if the shaft velocity 
is to remain constant. The torque can be easily calculated from the power relationship. 
ignoring losses. 

Power in = Power out 

Tr ffi = I-~ It 

T = Frv 
< .., 

(15. 10) 

Once the cam force has been calculated from e ithe r equation 15.8 (p. 743) or 15.9 
(p. 746), the camshaft torQue Tc is easily found since the follower velocity I ' and cam
shaft (0 are both known. Figure 15- 13a shows the camshaft input torque needed to drive 
the force-closcd cam designed in Example 15- 1 (p. 744). Figure 15- 13b shows the cam
shaft input torque needed 10 drive the fonn-closed cam designed in Example 15-2 (p. 
749). Note that the torque required to drive the force-closed (spring-loaded) system is 
significantly higher than that needed to drive the fonn-c losed (track) cam. The spring 
force is also extracting a penalty here as energy must be stored in the spring during the 
rise portions which will tend to slow the camshaft. This stored energy is then returned to 
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the camshafl during the fall ponions. tending 10 speed it up. The spring loading causes 
largcr oscillations in the torque. 

A flywheel can be sized and fined to the camshaft to smooth these vari3lions in 
torque just as was done for the fourbar linkage in Section 11.11 (p.586). See that sec
tion for the design procedure. Program DYNACAM integrates the cmnshaft torque func
tion pulse by pulse and prints those areas to the screen. These energy data can be used to 
calculate the required fl ywheel size for any selected coefficient of fluctuation. 

One useful way to compare alternate cam designs is to look at the torque func tion as 
well as at the dynamic force . A smaller torque variation wi ll require a smaller motor and/ 
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or nywheel and will run more smoothly. Three different designs for a single-dwell cam 
were explored in Chapter 8. (See Examples 8-6, p. 412, 8-7, p. 414. and 8-8. p. 415.) 
All had the same lift and duration but used d ifferent cam functions. One was a double 
hannonic, one cycloidal, and one a sixth-degree polynomial. On the basis of their kine
matic results, principally acceleration magnitude. we found (hat the polynomial design 
was superior. We will now revisit this cam as an example and compare its dynamic force 
and torque among the same three programs. 

$:n'XAMPLE 15-3 

Comparison of Dynamic Torques and Forces Among Three Alternate Designs of 
the Same Com. 

Given: A translat ing roller follower as shown in Figure 15-1 (p. 73 1) is driven by a force
closed radial plate cam which has the following program: 

Design I 
Segment I: Rise I inch in 900 double hannonic displacement 
Segment 2: Fall I inch in 90° double hannonic displacement 
Segment 3: Dwell for 1800 

Design 2 
Segment I: Rise I inch in 90° cycloidal displacement 
Segment 2: Fall I inch in 900 cycloidal displacement 
Segment 3: Dwell for 1800 

Design 3 
Segment I: Rise I inch in 90° and fall I inch in 90" with polynomial displace. 

ment. (A single polynomial can create both rise and fall.) 
Segment 2: Dwell for 1800 _ 

Camshaft angular velocity is 15 rad/sec. Follower effective mass is 0.0738 in-Ib
sec2 (blobs). Damping is 15% of cri tical (~= 0.15). 

Find: The dynamic force and torque functions for the cam. Compare their peak magni
tudes for the same prime circle radius. 

Solution: Note that these are the same kinematic cam designs as are shown in Figures 8-27 
(p. 412). 8-28 (p. 414). and 8-30 (p. 416). 

Calculate the kinematic data (follower displacement. velocity. acceleration, and jerk) for 
each of the specified cam deSigns. See Chapt!:! 8 to review this procedure. 

2 Calculate the radius of curvature and pressure angle for trial values of prime circle radius. 
and size the cam to control these values. A prime circle radius of 3 in gives acceptable pres
sure angles and radii of curvature. See Chapter 8 to review these calculations. 

3 With the kinematics of the cam defined. we can address its dynamics. To solve equation 
15. 1 a (p. 731) for the cam force. we will assume a value of 50 Ib/in for the spring constant k. 
and adjust the preload F pi for each design to obtain a minimum dynamic force of about 10 
lb. Fordesign I this requires a spring preload of28 lb; for design 2. 15 Ib; and for design 3, 10 lb. 
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4 The value of damping c is calculated fmm equation 15.2i (p. 734). The kinematic parame
ters x, y, and a are known fmm the prior analysis. 

5 ProgT'olJ1\ DmACAM will do these computlltions for you. Thedynamic forces that result from 
each design are shown in Figure 15-14 (p. 754) and the torques in Figure 15-15 (p. 755). 
Note that the force is largest for design I lit 82 Ib peak and least for design 3 III 53 Ib peak. 
The same ranking holds for the torques which range from 961b-in for design I to 521b-in for 
design 3. These represent reductions of35% and 46% in the dynamic loading due to a change 
in the kinematic design. Not sU'llris ingly. the sixth.<Jegree polynomial design which had the 
lowest acceleration also has the lowest forces and torques and is the clear winner. Open the 
files E08-06.cam. EOS.()7 .cam, and EOB-08.cam in program DYNACAM to see these results. 

15.6 MEASURING DYNAMIC FORCES AND ACCELERATIONS 

As described in previous sections, cam-follower systems tend to be underdamped. This 
allows significanl osci llations and vibrations to occur in the follower train. Section 8.7 
(p. 444) discussed the effects of manufacturing errors on the actual accelerations of cam
followers and showed dynamic measurements of acceleration. Dynamic forces and ac
celerations can be mcasured-rairly easily in operating machinery. Compact, piezoelec
tric force and acceleration transducers are available that have frequency response'ranges 
in the high thousands of her1Z. Strain gages provide strain measurements that are pro
portional to force and have bandwidths of a ki lohertz or better. 

Figure 15- 16 (p. 756) shows acceleration and force curves as measured on the fol
lower train of a sing le overbead camshaft (SOHC) valve train in a I.S-liter four-cylinder 
inline engine. 121 The nonfiring engine was driven by an electric motor on a dynamom
eter. The camshaft is turning at 500, 2000, and 3000 rpm (1000. 4000, and 6000 crank
shaft rpm), respectively, in the three plots of Figure 15- 16a, b, and c. Acceleration was 
measured with a piezoelectric accelerometer attached to the head of one intake valve, and 
the force was calculated from the output of strain gages placed on the rocker arm for that 
intake valve. The theoretical followe r acceleration curve (as designed) is superposed on 
the measured acceleration curve. All acceleration measurements are converted to units 
of mm/deg2 (i.e. , normalized to camshaft speed) to allow comparison with one another 
and with the theoretical acceleration curve. 

At 500 camshaft rpm . the measured acceleration closely matches the theoretical 
acceleration curve with some minor oscillations due to spring vibration. At 2000 cam
shaft rpm , significant oscillat ion in the measured acceleration is seen during the fi rst 
positive and in the negative acceleration phase. This is due to the valve spring vibraling 
at its natural frequency in response to excitation by the cam. This is called "spring surge" 
and is a significant factor in valve spring fatigue failure. At 3000 camshaft rpm, the 
spring surge is still present but is less prominent as a percentage of total acceleration. 
The frequency content of the cam's forc ing function passed through the first natural fre
quency of the valve spring at about 2000 camshaft rpm, causing the spring to resonate. 
The same effects can be seen in the rocker arm force. Everything in a machine tends to 
sympathetically vibrate at its own nalural frequency when excited by any input forcing 
function. Sensitive transducers such as accelerometers will pick up these vibrations as 
they are transm itted through the structure. 

• 
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15.7 PRACTICAL CONSIDERATIONS 

Koster! I! proposes some general rules for the design of cam-follower systems for high
speed operation based on his extensive dynamic modeling and experimentation. 

To minimize the positional error and residual acceleration: 

Keep the total lift of the follower to a minimum. 

2 (fpossible, arrange the fol lower spring to preload all pivots in a consistent direction 
to control backlash in the joints. 

3 Keep the duration of rises and falls as long as possible. 

4 Keep follower train mass low and follower train stiffness high to increase natural 
frequency. 

5 Any lever ratios present will change the effecti ve sti ffness of the system by the 
square of the ratio. Try to keep lever ralios close to I. 

6 Make the camshaft as stiff as possible both in torsion and in bending. This is per
haps the most imponant fac tor in controll ing follower vibration. 

7 Reduce pressure angle GY increasing the cam pitch circle diameter. 

8 Use low backlash or antibacklash gears in the camshaft drive Irain. 
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15.10 PROBLEMS' 

Program DVNACAM may be used losoil'e rhese problems where applicable. Where Ilnirs 
are Illlspecified. work in OilY consisleflllllliis syslem )'011 ",isll. Appendix D (p. 8/5) COli

rains some pages from a COl%g of commercially o\'oi/oble lIelicol coil springs 10 aid i/l 
designing realistic solutions 10 tllese problems. 

-t* IS_1 Design a double-dwell cam 10 move a 2·in-dia roller follower of mass = 2.2 bl from 0 
to 2.5 inches in 60" with modified sine acceleration. dwcll for 120". fall 2.5 inches in 
30" with cycloidal motion. and dwell for the remainder. The total cycle must take 4 
sec. Size a return spring and specify its preload 10 maintain contact between cam and 
follower. Calculate and plot the dynamic force and torque. Assume damping of 0.2 
times critical. Repeat for a fonn-closed cam. Compare the dynamic force. torque. 
and natural frequency for the fonn-closed design and the force-closed design. 

·tt I5_2 Design a double-dwell cam to move a 2-in-dia roller fol lower of mass:: 1.4 bl from 0 
to 1.5 inches in 4S" with 3-4·S IXllynomial motion. dwcll for 150°. fall 1.5 inches in 
90" with 4-5-6-7 IXllynomial motion. and dwell for thc remainder. The total cycle 
must take 6 sec. Si7.c a return spring and specify its preload 10 mainlain contact between 
cam and follower. Calculate and plot the dynamic force and torque. Assume damping of 
0.1 limes crilical. Repeat for a form-c losed cam. Compare the dynamic force, torque, and 
natural frequency for the form-c1osed design and the foree-closed design. 

.1* 15-3 De.~ign a single-dwell cam to move a 2-in-dia roller follower of mass:: 3.2 bl from 0 
to 2 inches in 60°. fall 2 inches in 90°, and dwell for the remainder. The total cycle 
must take 5 sec. Use a seventh-degree IXl lynomial. Sizc a return spring and specify 
its preload to maintain contact between cam and follower. Calculate and plot the 
dynamic force and torque. Assume damping of 0.15 times critical. Rcpeat for a 
fonn-closed cam. Compare the dynamic force . torque, and natural frequency for the 
fonn-closed design and the force-closed design. 

-ft IS-4 Design a three·dwell cam to move a 2-in-dia roller follower of mass = 0.4 bl from 0 
to 2.5 inches in 40". dwell for 100". fall 1.5 inches in 90". dwell for 20". fall I ineh in 
30°. and dwell for the remainder. The total cycle must take 10 sec. Choose sui table 
progl"olms for rise and.fall to minimize dynamic forces and torques. Size a rcturn 
spring and specify its preload to maintain comaci between cam and follower. 
Calculate and plot tke dynamic force and torque. Assume damping of 0.12 times 
critical. Repeat for a fonn -closed cam. Compare the dynamic force. torque. and 
natuml frequency for the fonn-closed design and the force-closed design. 

·U IS-5 Design a four-dwell cam to move a 2-in-dia rollcr follower of mass = 1.2S bl from 0 
to 2.5 inches in 40", dwell for 100°. fall 1.5 inches in 90". dwell for 20". fa ll 0.5 
inches in 30°. dwell for 40". fall 0.5 inches in 30". and dwell for the remainder. 1be 
total cycle must take 15 sec. Choose suitable programs for rise and fall to minimize 
dynamic forces and torques. Size a return spring and specify its preload to maintain 
contact between cam and follower. Calculate and plot the dynamic force ancl torque. 
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Assume damping of O. IS times critical. Repeat for a fonn-dosed cam. Compare the 
dynamic force, torque. and natuml frequency for the fonn-closed design and the 
force-closed design. 

Ott 15-6 A mass-spring damper system as shown in Figure 15-1 b (p. 731) has the values 
shown in Table PIS-I. Find the undamped and damped natural frequencies and the 
value of critical damping for the system(s) assigned. 

t 15-7 Figure P15-1 shows a cam-follower system. The dimensions of the solid. rec tangular 
2 X 2.5 in cross-section alurninum-ann are given. The cutout for the 2-in-diameter, 
1.5-in-wide steel roller follower is 3 in long. Find the ann '5 mass, center of gravi ty 
location, and mass moment of inertia about both its CG and the aml pivot. Create a 
linear, one-DOF lumped mass model of the dynamic system referenced to the cam
follower and calculate the cam-follower force for one revolution. The earn is a pure 
eccentric with eccentricity:: 0.5 in and turns at 500 rpm. The spring has a rate of 123 
Ib/in and a preload of 173 lb. Ignore damping. 

tt 15_S Repeat Problem 15-7 for a double-dwell cam to move the roller follower from 0 to 
2.5 inches in 60° with modified sine acceleration, dwell for 120°, fall 2.5 inches in 
30° with cycloidal motion. and dwell for the remainder. Cam speed is 100 rpm. 
Choose a suitable spring rate and preload to maintain follower contact. Select a 
spring from Appendix..O (p. SIS). Assume a damping ratio of 0.10. 

H 15_9 Repeal Problem 15-7 for a double-dwell cam to move the roller follower fromp to 
1.5 inches in 45° wi th 3-4-5 polynomial motion, dwell for 150°, fall 1.5 inches in 90° 
with 4-5-6-7 polynomial motion, and dwell for the remainder. Cam speed is 250 rpm. 
Choose a suitable spring rate and preload to maintain follower contact. Select a 
spring from Appendi}; D (p. SI5). Assume a damping ratio of 0. 15. 

H 15- 10 Repeal Problem 15-7 for a single-dwell cam to move the follower from 0 to 2 inches 
in 60°, fall 2 inches in 90°, and dwell for the remainder. Use a seventh-degree 
polynomial. Cam speed is 250 rpm. Choose a suitable spring rate and preload to 
maintain follower contact. Select a spring from Appendi}; D (p. 815). Assume a 
damping ratio of 0.15. 

r- ' O 

All dimensions 
in inches 

FIGURE P 15· 1 

Pfoblems 15-7 to 15-11 

Oil 

TABLE P1S-1 
Problem 15·6 

m , c 

a. 1.2 " 1.1 

b. 2.1 46 2.4 

c. 30.0 2 0.9 

d. 4.5 25 3.0 

9. 2.8 75 7.0 

f. 12.0 50 14.0 

° Answers in Appendb F. 

t 1ltese problems are 
suited to solution using 
Marhcad. Marlab. or 
TKSol"er equation sotver 
programs. 

~ 1ltese probtems are 
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is 00 tile anached CO
ROM. 
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HIS_II Repeat Problem 15-7 for II double-dwell cam to move the roller follower from 0 to 2 
inches in 45° with cydoidal motion. dwell for ISO", fall 2 inches in 90° with modified 
sine motion. and dwell for the remainder. Cam speed is 200 rpm. Choose a suitable 
spring rate and preload to maintain follower contact. Select a spring from Appendix 
D (p. 815). Assume a damping ratio ofO.15. 

H 15-12 The cam in Figure P1 5-2 is a pure eccentric with eccentrici ty", 20 mm and turns at 
200 rpm. The mass of the follower is I kg. The spring has a rate of 10 N/m and a 
preload of 0.2 N. Find the fo llower foree over one revolution. Assume a damping 
ratio of 0.10. If there is follower jump. redefine the spring rate and preload to 
eliminate it. 

H15-13 Repeat Problem 15-12 us ing a cam with a 20-mm symmetric double harmonic rise 
and fall ( 180° risc - 180" fall). See Chapter 8 for cam fonnulas. 

U 15-14 Repeat Problem 15-12 using a cam with a 20-mm 3-4-5-6 polynomial rise and fall 
(180° rise _180° fa ll ). See Chapler 8 for cam fonnulas. 

HIS-IS Design a double-dwell cam to move a 50-mm-dill roller follower of mass"" 2 kg from 
o to 45 mm in 6IY' with modified sine acceleration, dwell for 120°, fall 45 mm in 90° 
with 3-4-5 polynomial motion, and dwell for the remainder. The lotal cycle must 
take I sec. Size a return spring and specify its preload to maintain contact between 
cam and follower. Select a spring from Appendix D (p. 815). Calculate and plot the 
dynamic foree and torque. Assume damping of 0.25 limes critical. Repeat for a 
fonn-dosed cam. Compare the dynamic force. torque, and natural frequency for the 
fonn-dosed design and the force-dosed design. 

H15-16 Design a single-dwell cam using polynomials to move a 50-mm-dia roller follower of 
mass = 10 kg from 0 to 25 mm in 60°, fall 25 mOl in 90", and dwell for the remainder. 
The total cycle must take 2 sec. Size a return spring and specify its preload to 
maintain contact between cam and follower. Select a sQting from Appendi;\; D (p. 815). 
Calculate and plot the dynamic foree and torque. Assume damping of 0. 15 times 
cri tical. Repeat for a fonn-closed cam. Compare the dynamic foree, torquc, and 
natural frequency for the fonn-closed design and the foree-c losed design. 

U 15- 17 Design a four-dwell cam to move a 50-mm-dia roller follower of mass = 3 kg from 0 
to 40 mm in 40°, dwell for 100", fall 20 mm in 90". dwell for 20°. fall 10 mOl in 30°, 
dwell for 40°. fall 10 mm in 30°, and dwell for the remainder. The total cycle must 
take 10 sec. Choose suitable programs for rise and fall to minimize dynamic forces 
and torques. Size a return spring and specify its preload to maintain cOnlact between 
cam and follower. Calculate and piC)( the dynamic force and torque. Assume damping of 
0.25 times critical. Repeat for a form-closed cam. Compare the dynamic force, torque, 
and natural frequency for the fonn-closed ~ign and the force-closed design. 

f* 15-18 Design a cam to drive an automotive valve train whose effective mass is 0.2 kg. ~ '" 
0.3. Valve stroke is 12 mm. Ro ller fOllower is 10 mm diameter. The open-close 
event occupies IwO of camshaft revolution: dwell for remainder. Use one or two 
polynomials for the rise-fall event. Select a spring constant and preload to avoid 
jump to 3500 rpm. Fast opening and closing and maximum open time are desired. 

U15-19 For the cam-follower train described in Problems 10-30 and 10-31 (p. 558), deter
mine and plot the kinetostalic follower foree and camshaft torque over one cycle if 
the cam provides a 3-4-5 polynomial double-dwell angular motion to roller ann 2 
wi th a rise of 10° in 90 camshaft degrees, dwell for 90", fall 10° in 90", and dwell for 
the remainder. The camshaft turns 100 rpm. 



16.0 INTRODUCTION 

Of all the myriad activities that the practicing engineer engages in, the one thai is al once 
the most challenging and potentially the most satisfying is that of design. Doing calcula
tions to analyze a clearly defined and structured problem, no malleT how complex., may 
be difficult, bUllhe exercise of creating something from scratch, to solve a problem that is 
often poorly defined, is I'ery difficult. The sheer pleasure and joy at conceiving a viable 
solution to such a design problem is one of life's great satisfactions for anyone, engineer 
or not. The preceding chaplers have attempted to present the particular subject mailer in 
a way and context that will nOI only enhance the student 's fundamental understanding of 
the topic but also encourage and promote his or her creative efforts toward the solution 
of design problems. 

As a closing to a book that began with a discussion of a design process in Chapter 1. 
it is perhaps appropriate to present something of a "case study" of the design process to 
conclude the discussion. Some years ago, a very creative engineer of the author's ac· 
quaintance, George A. Wood Jr., heard a presentation by another creative engineer of the 
author's acquaintance, Keivan Towfigh, about one of his designs. Years later, Mr. Wood 
himself wrote a short paper about creative engineering design in which he reconstructed 
Mr. Towfigh 's presumed creative process when designing the original invention. Both Mr. 
Wood and Mr. Towfigh have kindly consented to the reproduction of that paper here. It 
serves, in this author's opinion, as an excellent example and model for the student of en
gineering design to consider when pursuing his or her own design career. 

• 
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16.1 A DESIGN CASE STUDY 

Educating for Creativity In Engineering[1] 

by GEORGE A. WOOD JR. 

One/llcer of engineering, as it j.f practiced in indlls,ry. is the creatil't! process. Let liS 

define creOli\'ityas Roflo May does in his book. The COllrage to CrearePI It is "the pro
cess of bringing something new into being." Milch 0/ engineering has litrle to do with 
creativity in ils/lllfesl sense. Many engincers choose flol to elller in/a creative cmerpri.ft!, 
hilt prefer the realms of analysis. testing and product or proces.f refinement. Manyotll
ers find their satisfaction in management or business roles and art! thus remored from 
engineering creativity as we shall discuss it here. 

From the oUlset. 1 wish 10 note that the less crcafil'c endeavors are no less importam 
or satisfying to many engineers than is the creatil'e experience to those of us witll the will 
10 create. It would be a false goal for of! engineering schools to assume that their pllr· 
pose was to make all would·be ellgineers creatil'e alld Ihat Iheir success should be meo
sured by Ihe "creatil'e qlloliem" oflheir gradllOles, 

On Ihe other hand,for Ihe smdenl K'lIo has a creatil'e nall4re, a life of high adl'en
rure awaits if he callfind himself in (III academic em'irOllment K'IIicli recognizes his neel/s, 
enhances his abilities and prepares himfor a place in indl4stry wllere Ilis potemial elm be 
realized, -In this lalk / will review Ihe creatire proce.fS as I have known it personally lind wit· 
Ilessel/ ;1 in others, Then ! shall attempt to indicOIe Ihose aspects of my IrainiliS thaI 
seemed 10 prepare me best for a uealire role lind how this knowledge lind these altitlldes 
loward a career in enginuring might be reinforced in tadais schools and colleges. 

Durillg a coreer of almOSI thirty years as a machine desigller, ! h(ll'e seen and been 
a part of a number of creat/I'e moments. These stalld as the high poillls of my working 
life. When I have been the creator I hal'efelt great elatioll and immense satisfaction, 
When I have been with others at their creatil'e momems I have felt alld been buoyed lip 
by Iheir delight, To me, Ihe crearive momem is the greatest r(,ward that the professioll of 
engineerillg gives, 

Let me recoullt all experience of eigh, years ago when ! heard a paper giwn by a cre
tIIille mall abollt all immensely cremive moment. AI the First Applied Mechanisms Con
ference ill Tulsa, Oklahoma, was a paper elltilled The Four-Bar Linkage as an Adjust
ment MedumismJ31 II was nestled between two "how to do it" academic papers with 
graphs and equatiolls of imerest to ellgilleers ill the analysis of their mechallism problems. 
This paper contained ollly Olle I'ery elementary equation allli fil'e simple Wllslratil'e fig
llres; yel, I remember it now more dearly thallllllY other paper I lwve el'er heard ar mech
allism cOllferences, Tile author was Keivan TowJigh and he describet/the applicalio" of 
the geomelric chnracteristics of tile instant cetller of the coupler of afour bar mec/umism, 
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His IJroblem had beell to provide" simlJle rotational adjustmelll for the oscillaling 
mirror of all optical gah'allometer. To aCCOmlJlish Ihis, he was required to rolall' the 
elllire gall'lll/ometer assembly abO/if all axis Ihrollgh the celller of the mirror and per
pendicular to the pil'OI axis of Ihe mirror. High rigidity of the syslem after alljuslment 
was e.uelllial with I'ery limitell space amilable alld low cost required, since lip 10 six
teell oflhe,fe gall'(l/lometerllniu were used inlhe complete. instrllmelll. 

His l'olwionwas to mount the ga/l'wlOmeter elements 011 the coupler link of a one
piece,flexure hinged, plasticfollr bar thechanism so designed IlllIt the mirror center was 
at the installl center of the lillkage at the millpoint of its adjllstmem. (See Fig 4.) II is abow 
this fJlIrticlllar geomelric point (set! Fig I.) thlll pllre rotation OCCllrs and witll proper 
selection of linkage dimensions IMs cOllllition of rotatiOIl withow trallsllllion coulll be 
made to ,/Oid sllfficiemly accurately for the adjustment angles required. 

Unfortunately, this paper was 1101 gil'ell the 101' prize by the j ullges ofille cOllference. 
Yet, it wa.f, illdirectly, a descriptioll of all outstalldingly creative momell( ill the IIle of a 
creatil'e mall, 

Let us look at this paper together and builtJ the steps through which the author prob
ably IJrogressed in the achitr.emem of his goal. I have never seell Mr. Towfigh since, and 
I shall there/ore describe a generali:ed creatil'e process which may be incorrecf in some 
details but which, I am sure, is surprisingly close to the actual story he ",ollid tell. 

The gall'anometer problem was presented to Mr. Towfig" by his management. II 
was, 110 doubl, phrased something like this: "III aliI' new mOl/e/, WI! n/l/Sf improve the 
stability of the adjustmelll of the equipment bllt keep the cO.~t down. Space is crilicalalld 
low weight is too. The overall llesign mllst be dealled Ill', since Cllstomers like modem. 
slim-styled eqllipmefllllnd we'll lose ,Wiles 10 others if we don't keelJ ahead of them 011 all 
poims. Our indllstrilll designer has tllis sketch IIIlII a/l 0/ liS in sales like and wilhi" which 
),011 should be able to mllke tile mechanism fit." 

Then/allowed a list of specifications tlte mechallism mllsr meet, a time when Ihe lIew 
model should be in production alld, 0/ COI/rse, rhe request/or some lIew/ealllrt! Ihal wOlild 
result ill a srrollg compelitil'e edge in the marketplace, 

I wish to poillf Ollt that Ihe gail'al/omerer at/jllslmellf was probably ollly aile hoped
for imlJrOl'cmelll amollg mOlly olhers, The bllt/get and time allowed were lillIe more 111011 
enollgh needed/or conventional rede.vig/l, sillce Ihis cost mllsl be (.'ol'ered by rhe e.\pecl
ed sales o/tlte reslliting illstrument, For el'ery IhOl/sand dollars spellt ill engineering, an 
equil'alellt increase in sales or reduction ill manu/aclllring cost mllst be realized at a 
greater level thall the mOlley will bring if illl'ested somewhert! else. 

/1/ approaching tI,is projecI, Mr, Towfigh had 10 hare a complete knowledge 0/ the 
eqllilJmenr he was designing, fie had to hm'e 1'1111 the earlier mOl/els himself, He mllst 
have adjllsled the mirrors 0/ exisling machilles many times. He had 10 be able 10 visllalize 
the fllllClioll 0/ each elemellf in the eqllipmellf ill its most basic form, 

(research) 
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Fig. I 

c P-------;Q 

(ideat ion) 

(frustralion) 

(incubation) 

(Eureka!) 

B A 

Secondly, he had to ask himself(as if he were the customer) whtll operational alld 
maintenance requirements wouldJrustrate him mosl. He had to determine which oJthese 
might be impro\'ed within the design time OI'ai/able. IlIlhis case he Jocused on the mirror 
adjustmem. He considered the rt'quinmem oj rOUltiOIl withollt translation . He deter
mined fhe maximum allgles that would be necessary alld the allowable translation that 
wOllld 1101 affect Ihe practical accuracy oj the equipment. He recognized the desirability 
of a one screw adjustment. He spem afew hOllrf'll/inking 0/ all the ways he had seen oj 
rafatillg an assembly abom all arbitrary poim. He kepI rejecting each ,folution as it came 
to him as hefelt. ill each cas&, rhat Ihere was a better way. His ideas had roo many parts, 
i/lvoll'ed slides, pil'DrS, roo mOllY screws. were too I'ibrarioll sensiril'e or too large. 

He Ihollght about the problem that el'ellillg alld til olher rimes while he proceeded 
with Ihe design of other aspects oj the machine. He came back. to tile problem several 
times dllring Ihe /lext Jew days. His desig/llime was running a/It. He was a mechanism 
specialist Dlul I'isua/izeti a host oj cranks and bars moving the mirrars. Theil one day, 
probably after a period when he had mrned his anemion elsewhere, on rethinking of the 
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adjustmem device. an image of the system based all aile of the elememary characteristics 
of afollr bar mechallism came to him. 

I feel certain that this was a visllal image. as clear as a drawing on paper. It was 
probably nOl complete but involved two inspirations. First was the characteristics of the 
il/Slalll center, (See Figs J. 2. 3.) Second was the use offlexure hingejoims which led to 
a one-piece plastic molding. (See Fig 4.) I am sure that at ;his moment he had afeeling 
that this solution was right. He knew it wirh cerraimy. The whole of his engineering 
background told him. He was elated. ~He was filled wirh joy. His pleasure was nor be
cause of the knowledge rhat his superiors would be impressed or thor his security in the 
company would be enhanced. Ir was rhe joy of personal victory, the awareness rhat he 
had conquered. 

The crearil'e process has been documemed before by many others for more quali
fied to allalyze rhe workillg ofrhe humall milld rhalli. Yer I would like ro address,forthe 
remaining milllltes, how education can enhance this process and help more engineers. de
sigllers and draftsmen extend rheir creative potential. 

The key elemellls I see ill creativity Ihar ha~'e greatest bearing all the quality rhar 
resultsfrom the creative e/f3ft are visualization and basic knowledge thai gives strellgth 
to thefeelillg rhar rhe right SOllllioll has been achieved. There is 110 doubr ill my milldlhat 
the fill1damemal mechanical prill(:iples that apply ill the area ill which the crealive effort 
is being made must be vivid in the milld of the creator. The words that he was given ill 
school must describe real elements that have physical. I,isual sigllijicallce. F = ma mllst 
brillg a pictllre to his milld vivid ellough to touch. 

If a persall decides to be a designer, his training should insrill in him a cOlllinlling 
curiosity to know how each machine he sees works. He mllsr note its elements (flld men
Ially see them fimclion togerher even when rhey are nOI moving. I feel rhat rhis kind of 
solid. basic knowledge couples with physical e.\perience to build ever more criticallel'els 
a/ which one acceprs a lemative SOllllioll as ';righl," 

It should be noted that there have been rimes for all of us when the illspired "righl" 
solw ion has provell wrollg in the long rUII. That this happells does not derracrfrom the 
process but indicates that crearivity is based on learning alld that failures build toward a 
firmer judgment base as the engineer matllres. Thesefailllre periods are ollly negative. ill 
Ihe growth of a young ellgineer. wllell they reslllt ill the fear to accept a lIew chal/ellge alld 
beget excessive callfioll wllich rhen srifles tlte reperitioll of tlte creative process. 

Whm would seem tlte mosr sigllijicalll aspects of all engineerillg curriculilm 10 help 
the potentially creative studellt develop illlo a trllly cremil'e ellgilleer? 

FirSI is a solid, basic kllowledge ill physics. malhematics, chemisoy Wllllhose sub
jects relating to his area of interest. These fllndame1llals should IWI'e physical meallillg 
10 tile student and (l vividness that permits him to explain his thoughts to the u1llrailled 
layman. All too ojtenlechnical words are used to cover clolldy cOllcepts. They sen'e the 
ego of the IIser instead of the edtlcation of the liSleuer. 

(analysis) 
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SecolI(i is the growth of the silldent's ability 10 I';.f/wlite. The crealil'e designer nutSI 

be able 10 del'dop a mCllla! image of thaI which he is Im'cnting. The edifOr of the book 
Seeing with the Mind's Eye/4/ by Samuels and Samuels, .w)'s in the pre/ace: 

" ... l'iSlloliwlion is Ihe way we think. Be/ore words. imagt's were. Visilafizotioll is the heart 
of the bio.compllfcr. The hllmall brain program.f (II1l1 seif-fJI'ograms IlIro/lg/t its imIJges. Riding 
a bicycle, driring a car. learning /Q read. baking u mke. playing golf· all skills are acquired 
through the image makillS proass. Visualization is Ihe 1II,imOie COIISciQl/Sllt.fS 1001." 

Ohl,iollsly. the creator of new machines or products mllS1 excel in this area. 

To me. a course in Descri,Jtil'e Geometry is one part of all engineer's traillillg that 
ellhallces one's ability to l'isllalize theoretical concepts and graphically reprotJuce Ihe 
reslili. This abililY is essential whell aile sels 011110 {Iesigll a piece of IIew eqllipmelll. 
First. he visllalizes a serif'S of compleu machilles wilh gaps where lite problem or IIn
kllown areas are. Dllrillg this time. a nllmber of {Jireclions Ihe de\,elopmelll cOl/ld lake 
begin 10 for/ll. The best of Ihese images are recorded on paper alld Ihen are reviewed wilh 
Ihose around him IInlil.finally. a basic concepl emerges. 

The Ihir{1 elerl/elll is Ihe building of Ihe sllldelll's knowledge of whal can be or has 
beell done by OIhers willi difJerem speciali:ed knowledge than lIe has. This is Ille area to 
which experience will add Ihrollgholll his career liS long as he maim(tin,f (III emllllsiaslic 
curiosity. Creatil'e engineering is II bllilding process. No aile can del'elop a new concept 
im'o/rillg principles about which he has no know/edge. The crealive engineer looks at 
problems illihe /ighl of what he has seell.learned (II/d experienced alld sees /lew waysfor 
combillillg these 10 fill a /IeII' need. , 

FOllrth is the del'elopmelll of the ability of the stlldelll tlPtommunic(lte his know/edge 
10 OIlIers. This communication mllst im'olve not only skills wilh the techniques /lsed by 
lechnical,)eople bllt /Ill/st also indude the ability 10 share engineering concepts willt 1111· 
lrained shop workers. business people allli tile gelleral pllblic. The engineer will seldom 
gllin the 0PI)ortllnilY to del'elop a cOllcept if he C(lllllOt pass 011 to Ihose aroulld him his 
emhllSill.fm (lnd confidence inlhe idea. Frequemly, truly ingeniolls ideas are lost becallse 
the creator cannot transfer his I'il'id image 10 those who might finance or market it. 

Fifth is the del'eioplI/em of a student's knowledge of Ille physical reslllt of engineer· 
ing. Tile more he can see real machines tloing real .... ork, tile more crelltil'e he can be as 
a designer. The engineering slildem slloult/ be required 10 rUIl tools, make products, ad· 
just machinery and visit factories, It is through 'ltis type of experience li/Ot judgemelll 
grows a.~ to what makes a good machille. when al)proximlltioll will suffice and where op
timi:lItiofl shollld halt. 

It is often said that there has been.fa much theoretical llcl'elopmelll in ellgilleer' 
illg dl/ring the past fell' decades that the col/eges a/ld Imil'ers;lies do /lot hOl'e time 
for lite basics Ilwl'e outlined abol'e. II is suggested 11101 industry should fill ;/1 Ihe 
praclice areas tlUII colleges h(lre 110 time for. so thm the sllldem Cllll be exposed to tile 
Imest techllology. To some degree I IIl1derslOnd lIlld sympllthi:e with tllis approach. bw 
I feetlhal there is (lllegatil'e side Ihat needs 10 be recognized. If a POIl'lI tilllly creatil'e 
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engineer le(lres college witham the mealls to achiere SOllie crelllil'e sllccess as he 
elllers his first job. his enthusiasm for creative effort is frustrated alld his imerest 
SlIpped 10llg before the most elllightelled com/JallY can fill in the basics. Therefore, 
a result of the "basics later" afJproach of tell is to remore from the gifted engineer
ing sllldellf the means to express himself l'iSlfally (111(1 phy.fic(ll/y. Machine design 
tasks therefore become the ({amain of thc graduates of !eclll1ica/ (l1I({ trade schools 
alld the creatil'e comribl/lioll by mOllY a brillialllllllil'l'I'sity stl/dent to p ro({II L·ts that 
COIlf(/ make all Ollr 1;I'es richer is lost. 

As l said atlhe start, 1101 all engilleering sllldellfs II(11'e the ({esire, dril'(' (llId ellfllllsi
asm that are essential to crearil'c effort. Yet I fee! deeply the lIudfor the enhancemellt of 
the potential of those II'ho do, That expanding techllology makes course decisiOIl.\· diffi
clllt for both stll(lelll and pmfessor is cerraillly trlle. The forefmnr of academic thollght 
lias a compelling att/"Octioll for both the teacher alld the leamer. Yet I feel that the {Iel'e!
opmell/ of strong b{lsic knowledge, IIII' abilities to ri,fllllli:e, to communicate. to respect 
what has bel'li ({aile, to see omi feel real machinery. lIee({ not exclu(le or be e.rcflu/ed by 
tfte excitement of the lIew. I beliel'e thar Ihere is (I curriClllum balance thaI call be 
achiel'ed which will enhallce the Imem "remil'ity ill all engineering alld science Slt/dellls. 
It call gil'e a[ir'" /)asi.f for riJpse II'lto look towards (I career of mec/wlliw/ im'emioll alld 
still include the excitemem of new tecltnology. 

111O/Je that Ihis diSCl/ssion mlly help ill generating thollght and providing sOllie ('0/1-
stl'llctil'e suggestions Ih(ll lIIay lead more engineering stilt/ems to find the immense satis· 
[action of the creatil'e moment in the industrial elll'imlllllem, III writing this paper I h(ll'e 
spem considerable lime ref/ecting all my year.f in engineering alld I would close witll tlte 
following thollght , Fortllose of liS who hal'e knowII such times during our careers, the 
success fill cul",illatio" s of cremil'e efforts s((Jl/d amOll8 Ollr most joyous hOllrs, 

16.2 CLOSURE 

Mr, Wood's description of his creat ive experiences in engineering design and the educa
tional faclors which inll uenced them closely paraJ[elthis author"s experience as well. The 
student is well advised to follow his prescription for a thorough grounding in the funda
mentals of engineering and communication skills. A 1110S1 S<ltisfying c<lreer in the design 
of machinery can result. 
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Computers, 

my children, 

computers! 

1 

A.O 

In addition to the textbook version of the commercial simulation program Working Model, 
there are seven custom computer programs provided on the CD-ROM with this text: pro
grams FOURBAR, FlVEBAR. S[XBAR, SUDER, MATRIX, DYNACAM, and ENGINE. These 
are student editions of the programs. Professional versions with extended capabilities are 
available al bltp:llwww.desjgnofmachjoery.coml. Programs FOURBAR, FIVEBAR, SIX
BAR, and SLIDER are based on the mathematics derived in Chapters 4 to 7 and 10 to 11 
and use the equations presented therein to solve for position, velocity, and acceleration in 
linkages of the variety described in the particular program's name. Program DYNACAM 
is a cam design program based on the mathematics derived in Chapters 8 and 15. Pro
gram ENGINE is based on the mathematics derived in Chapters 13 and 14. Program MA
TRIX is a general linear simultaneous equation solver. All have similar choices for dis
play of output data in the form of tables and plots. All the programs are designed to be 
user friendly and reasonably "crashproof." The author encourages users 10 email reports 
of any "bugs·' or problems encountered in their use to him at norton@wpi.edu. 

learning Tools 

All the custom programs provided with mis text are designed to be learning tools to aid 
in the understanding of the relevant subject matter and are .'ipecificaJ/y 1101 imended 10 
be /lsed fOl" commercial purposes in the design of hardware and should not be so used. 
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It is quite possible to obtain inappropriate (bul mathematically correct) results to any 
problem solved with these programs, due to incorrect or inappropriate input of data. In 
other words, the user i s expected 10 understand the k inematic and dynamic theory un
derlying the program's structure and \0 also understand the mathematics on wh ich the 
program 's algori thms are based. This infonllation on the underlying theory and mathe· 
matics is derived and described in the noted chaplers of this text. Most equations used 
in the programs are derived or presented in this textbook. 

Disclaimer 

Commerci al software for use in design or analys is needs 10 have built-in safeguards 
againsllhe possibility o f the user provid ing incorrect, inappropri," e. or ridiculous values 
for input variables, in order to guard against erroneous results due to user ignorance or 
inexperience. T he student editions of the custom programs provided with this text 
are not commercial software and deliberately do not contain such safeguards 
against improper input data. on the premise that to do so would "short circuit " the stu
dent's learning process. We learn most from our failures. These programs provide a 
consequence-free environment to ex plore fai lure of your des igns "on paper" and in 
the process come to a more thorough and comple te understanding of the subject 
matter. The author a nd publi sher a re no t r esponsibl e fo r a ny da mages which 
may result from th e use or mis use of th ese progra ms. 

Brute Force and Ignorance (BFI) 

The very rapid computation speed of these programs al lows the student to explore a much 
larger namber and variety of potential solutions to more real istic and comprehensive prob
lems than could be accomplished using only hand catcu la,lOr solutions of these compli
cated systems of equations. This is both an advantage and a danger. The udvamage is 
that the student can use the programs like a "night simulator" to "ny" potential design 
solutions through the ir paces with no consequences from a "crash" of the design not yet 
buil t. If the student diligently attempts to interpret the program 's resul ts and relate them 
to the relevant theory, a more thorough understanding of the kinematics and dynamics can 
result. On the other hand, there is a great temptation to use these programs with "brute 
force and ignorance" (BF!) to somewhat randomly try solutions without regard to what 
the theory and equations are tell ing you and hope that somehow a usable solution will 
"pop out." The student who succumbs to this temptation will not obtain much benefi t 
from the exercise and wi ll probably have a poor design result. This situation is probably 
best summed up in the following comment from.a student who had suffered through the 
course in kinematics using these programs to design solutions to three project problems 
like those listed at the end o~ Chapter 3 . 

. .. The computer. with its immense benefits for the engineer. can also be a hindrance if 
one does not fi rst develop a thorough understanding of the theory upon which a panicu
lar progr.un is based. An over-reliance on the compUier can leave one "computer sman" 
and "engineering stupid." The SA approach becomes increasingly tempting when it can 
be employed with such ease .... Briofl Kimball 

Smart student! Use these computer programs wisely. Avoid Bmle Force and Igllo
rallcd Engineer your solutions and understand the theory behind them . 
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A. I GENERAL INFORMATION 

Hardware/ System Requirements 

These progr.:uns require Windows 98/2OCX>/NT/XP. A CD- ROM drive is needed, as is a 
hard disk drive. A Pentium III (or faster) equivalent processor is recommended with at 
least 64MB of RAM. 

Installing the Software 

The CD-ROM contains the executable program fi les plus all necessary Dynamic Link 
Library (DLL) and other ancillary fi les needed to run the programs. Run the SETUP fi le 
from the individual program's fo lder on the CD-ROM to automatically decompress and 
install all of its files on your hard drive. The program name will appear in the list under 
the Start menu's Program menu after installation and can be run from there. 

How to Use This Manual 

This manual is intended to 1»used while running the programs. To see a screen referred 
to, bring it up within the program to follow its discussion. 

A.2 GENERAL PROGRAM OPERATION 

All seven programs in the set have similar features and operate in a consistent way. For 
example. all printing and plolting functions are selected from identical screens common 
to all programs. Opening and saving files are done identically in all programs. These 
common operations will be discussed in this section independent of the particular pro
gram. Later sections will address the unique features and operations of each program. 

Note that stl/dem editions of these programs are suppl ied with this book at no charge 
and carry a limited-tenn license restricted to educational use in course work for up to I 
year. If you wish to use the program for the benefit of a company or for any commercial 
purpose, then you must obtain the professional edition of the same progrrun. The st u
dent editions a re not to be used commercia lly. The professional editions typically 
offer more features and better accuracy than the student editions. 

Running the Programs (All Programs) 

At start-up. a splash screen appears which identifies the program version, revision num
ber, and revision date. Cl ick the bUlIon labeled Start or press the Elller key to run the 
program. A Disclaimer screen next appears which defines the registered owner and al
lows the printing of a registration fonn if the software is as yet unregistered. A registra
tion fonn can be accessed and printed from this screen. 

The next screen, the Title screen, allows the input of any user and/or project identi
fication desired. This infonnation must be prov ided to proceed and is used to identify 
all plots and printouts from this program session. TIle second box on the Title screen al
lows any desired file name to be suppl ied for storing data to disk. This name defaults to 
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Modell and may be changed at this screen andlor when later wriling the data to disk. 
The third box allows the typing of a starting design number for the first design. This 
design number defaults 10 I and is automatically incremented each time you change the 
basic design during this program session. It is used only to identify plots. data fil es, and 
printouts so they can be grouped, if necessary. at a later date. When the Nexl button on 
the Title screen is clicked. the Home screen appears. 

The Home Screen (All Programs) 

All program actions start and end at the H ome screen which has several pull-down menus 
and bulIOOS. some of which commands (Fife. New, OPCII , Save, Save As. Ulli/s, Abollf, 
Plot. Prim. Quit) are common to all programs. These will be described below. 

General User Acllons Possible Within a Program (All Programs) 

The programs are constructed to allow operalion from the keyboard or the mouse or with 
any combination of both input devices. Selections can be made either with the mouse 
or, if a bulton is highlighted (showing a dolled square within the button). the Enter key 
will activate the bUllon as if it had been clicked with the mouse. Text boxes are provided 
where you need to type in data. These have a yellow background. In general, what you 
type in any text box is nOl accepted until you hit the Elller key or move off that box with 
the Tab key or the mouse. This allows you to retype or erase with no effect until you 
leave the text box. You can move between available input fields with the Tab key (and 
backup with Shift-Tab) on most screcns. If you are in doubt as to the order in which 10 
input the data on any screen. try using the Tab key as it will take you 10 each needed entry 
field in It sensible order. You can then type or mouse click to input the desired dat:1 in 
that fie ld. Remember that a yellow background means ~)/.ped input data is expected. 
Boxes with a cyan background provide infonnation back 10 you bUI cannot be typed in. 

Other infonnation required from you is selected from drop-down menus or lists. 
These have a while background. Some lists allow you to type in a value differenlthan 
any provided in the available list of selections. If you type an inappropriate response. it 
will simply ignore you or choose the closest value to your request. Typing the first few 
letters of a listed selection will sometimes cause illo be selected. Double clicking on a 
selectable item in a list will often provide a shortcut. 

Units (All Programs) 

The UnilS menu defines several units systems tochoose from. NOle 'hat all programs 
work entirely in pure "limbers wi,hol/l regard 10 IIn;ts. It is your responsibi lity to ensure 
that the data as input are in some consistent units system. No units conversion is done 
within the programs. The Units menu selection that you make has only one effect, 
namely to change the labels displayed on various input and output parameters within the 
program. You mix units systems at your own peri l. 

Examples (Most Programs) 

Most of the programs have an Examples pull-down menu on the Home screen which 
provides some number of example mechanisms that wi ll demonstrate the program's 
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capability. Selecting an example from th is menu will cause calculation of the mech
an ism and open a screen to allow viewing the results. In some cases you may need 
to hit a button marked Co/cli/ate, RIm, or Animate on the presented screen to see the 
results. Some programs also provide access to examples from various screens. 

Creating New, Saving, and Opening Files (File - All Programs) 

The standard Windows funct ions for creating new files, saving your work to disk. and 
opening a previously saved file are all accessible from the pull-down menu labeled File 
on each program's Home screen. Selecting New from this menu will zero any data you 
may have already created within the program, but before doing so will give warning and 
prompt you to save the data to disk. 

The SOI'e and SOI'eAs selections on the File menu prompt you to prov ide a file name 
and disk location to save your current model data to disk. The data are saved in a cus
tom format and with a three-character suffix unique to the particu lar program. You 
should use the recommended suffix on these files as that will allow the program to see 
them on the disk when you want to open them later. If you forget to add the suffix when 
saving a file, you can st ill recover the file. 

Selecting Open from tile File menu prompts you to pick a file from those available 
in the disk directory that you choose. If you do not see any files with the program's suf
fix, use the pull-down menu within the Opell Fife dialog box to choose Show All Files 
and you wi ll then see them. They will read into the program properly with or without 
the suffix in thei r name as long as they were saved from the same program. 

Copying Screens to Clipboard or Printer (Copy - All Programs) 

Any screen can be copied as a graphic to the clipboard by using the standard Windows 
keyboard combo of Alt-PrintScrn. It wi ll then be available for pasting into any compat
ible Windows program such as Word or Powelpoil1t that is running concurrently in Win
dows. Some screens also provide a button to dump the screen image to an attached laser 
printer. However, the quality of that printed image may be less than could be obtained 
by copying and pasting the image into any program that accepts graphic input such as 
Word. Powerpoillf. or Paint Shop Pro and then printing it from that program. It seems 
that ViSlIal Basic does not print graphics as well as some other Windows applications. 
NOTE: In some cases the plotted Junctions may /lot prillt properly. If so. copy the screen 
to clipboard, paste imo Word. and print Jrom WOld. 

Printing to Screen, Printer, and Exporting Disk Files (Print Button) 

Selecting the Prim button from the HOllie screen will open the Prim Select screen (see 
Figure A-I, p. 774) containing lists of variables that may be printed. Buttons on the left 
of this screen can be clicked to d irect the printed output to one of Screen. Printer, or Disk. 
This choice defaults to Screen and so must be clicked each time the screen is opened to 
obtain either of the other options. The output is different with each of these selections. 

Selecting Screen will result in a scrollable screen window full o f the requested data. 
Scrolling will allow you to view all data requested serially. This data screen can be 
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The Print Selectscreen Is common to all programs (not all programs allow component selection) 

copied to the clipboard or dumped to a printer as described above, but th is clip or dump 
will typ1cally show only a ponion of Ihe avai lable datil. i.e .. one screcnfu l. 

Selecting Primer as the output device will cause the elmrc selection of data to prim 
to an avai lable printer. Only some of the sidebar information shown on the screen dis
play will be included in this printout. 

Selecting Disk as the output device will cause your selections to be sent to the file 
of your choice in an ASCII text format (tab delimited) that can be opened in a spread
~heet program such as LolliS 123 or Excel. You can then do fun her calculat ions or plot
ting of data within the spreadsheet program. 

The Prim Sefecl screen has two modes for data selection, Presel FormalS and Mix 
alld Malell. The former provides preselected sets of four variables for printing. Select
ing Mix alld Mmcll allows you to pick any four of the avai lable variables for pri nting. 
You must print four variables at a time in either ifiode. Depending on the program, you 
may be able to select other ancillary parameters such as the number of decimal places or 
the frequency of data to be printed. 

Plotting Data (Plot Button) 

The Pfol button on the HOllie screen brings up the PlorType screen (see Figure A-2) 
which is the same in all programs. Variables in these programs can be plotted in one of 
several formats, three cartesian (see below) and one polar (see below). This screen al
lows a choice among these four "navors" of plots shown as plot-style icons. 1be first 
icon (upper left) provides four functions plotted on canesian axes in four separ.Jte windows. 
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The Plotrype screen is common to 011 progroms that allow ploHing 

The second icon (upper right) plots tWO funct ions on cartesian axes in separate windows. 
The third icon (lower left) allows one to four functions to be plotted on common carte
sian axes in a single window. This choice is of value to show a single function full screen 
or to overlay multiple lunctions. (Be advised, however, that multiple functions wi ll scale 
\0 the largest function of the set, so if there are large differences in magnitude between 
the members of the set, it may be difficult to see and interpret the smaller ones.) The 
fourth icon (lower right) provides a polar plot of one selected fu nction . You may select 
any of these four plot styles by clicking on ils icon or on the Select button above it and 
then clickingNexl. Shortcut: Doubleclicking on a plot icon will bring up the next screen 
immediately. 

CARTESIAN PLOTS depict a dependent variable versus an independent variable on 
cartesian (.r.y) axes. In these programs, the independent variable shown on thex axis may 
be either time or angle, depending on the calcu lation choice made in the particular pro
gram. The variable for the y axis is selected from the plot menu. Angular velocities and 
torques are vectors but are directed along thez ax is in a two-dimensional system. So their 
magnitudes can be plotted on cartesian axes and compared because their directions are 
constant, known, and the same. 

PoLAR PLOTS Plots of linear velocities, linear accelerations, and forces require a 
different treatment than the cartesian plots used for the angular vector parameters. Their 
directions are not the same and vary with lime or input angle. One way to represent these 
linear vectors is to make two cartesian plots, one for magnitude and one for angle of the 
vector at each time or angle step. Alternatively, the x and y components of the vector at 
each time or angle step ca n be presented as a pair of cartesian plots. Either of these 
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approaches requires two plots per vector and has the disadvantage of being difficult to 
interpret. A better method for veClOrs that act on a moving point (such as a force on a 
moving pin) can be to make a polar plot with respect to a local, nonrotating axis coordi
nate system (LNCS) x, 'I anached at the moving point. This local. nonrotating x, y axis 
system translates with the point as it moves but remains always parallel to the global X, 
Y axis system. By plott ing the vectors on this moving axis system we can see both their 
magnitude and d irection at each time or angle step. since we are auaching the roots of all 
the veclOrs to the moving point at which they act. 

In some of the programs. polar plots can be paused between the ploning of each vec
tor. Without a pause, the plolting may occur too quickly for the eye to detect the order in 
which they are drawn. When a mouse click is required between the drawing of each vec
tor, their order is easily seen. With each pause, the current value of the independent vari
able (time or angle) as well as the magnitude and angle of the vector are displayed. 

The programs also allow alternate presentations of polar plots, showing just the vec
tors,just the envelope of the path of the vector tips, or both. A plot that connects the tips 
of the vectors with a line (its envelope) is called a hodograph. 

SELECTING PLOT VAR tABLES Choosing anyone of the four plot types from the 
Plot Type screen brings up a Piol Select screen which is essentially the same in all pro
grams. (See Figure A-3.) As with the Print Select screen, two arrangements for select
ing the func tions to be plotted are provided, Preset Formats and Mix and Match. The 
fonner provides preselected collections of functions, and the latter allows you to select 
up to four functions from those available on the pull-down menus. In some cases you 
will also have to selectlhe component of the function desired, i.e., x, y, mag. or allgle. 

PLOT ALIGNMENT Some of the Plot Select screens offer a choice of two further 
plot style variants labeledAliglled and Allnotated. The al iwd style places multiple plots 
in exact phase relationship, one above the other. The annotated style does not align the 
plots but allows more variety in their display such as fills and grids. The data displayed 
is the same in each case. 

COORDINATE SYSTEMS For particular variables in some programs, a choice of co
ordinate system is provided for di splay of vector infonnation in plots. The Coordin(lfe 
System panel on the Plot Select screen will become active when one of these variables is 
selected. Then either the Global or Local button can be clicked. (It defaults to Global.) 

GLOBAL COORDINATES The Global choice in the Coordinate System panel refers 
all angles to the XY axes of Figure A-6 (p. 78 1). For polar plots the vectors shown with 
the Global choice actually are drawn in a local,j'Jonrotating coordinate system (LNCS) 
that remains parallel to the global system such asxl, Yl at point A and X2, Y2 at point B in 
Figure A- I (p. 774). The LNCS x2, Y2 at point B behaves in the same way as the LNCS 
XI, YI at point A; that is, it travels with poi nt B but remains parallel to the world coordi
nate system X.Y at all times. 

LOCAL COORDINATES The coordinate system x',y' also travels with point B as its 
origin, but is embedded in link 4 and rotates with that link, continuously changing its ori
entation with respect to the global coordinate system X.Y making it an LRCS. Each link 
has such an LRCS bUI not all are shown in Figure A-3. The Local choice in the Coordi
nate System panel uses the LRCS for each link to allow the plouing and printing of the 
tangential and radial components of acceleration or force on a link. This is of value if. for 
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example, a bending stress analysis of the link is wanted. The dynamic force components 
perpendicular to the link due \0 the product of the link mass and tangential acceleration 
will create a bending moment in the link. The radial component will create tension or 
compression. 

I)LOTTING Once your selections are made and are shown in the cyan boxes at the 
lower right of the Pial Select screen. the Next button will become available. Clicking il 
will bring up the plots that you selected. FigureA-4 (p. 778) shows examples of the four 
plot types available. From this Plot screen you may copy to !he clipboard for pasting 
into another application or dump Ihe Plot screen to a printer. The Bock bUllon returns 
you to the previous Plot Select screen. Next returns you to the Home screen. 

The About Menu (All Programs) 

The Abow pu ll-down menu on the Home screen will display a splash screen containing 
infonnation on the edition and revision of your copy of the program. The Disclaimer 
and Registration fonn can also be accessed from this menu. 

Exiling a Program (All Programs) 

Choosing either the Quit button or Quit on the File pull-down menu on the Home screen 
will exit the program. If the current data has not been saved since it was last changed, it 
will prompt you to save the model using an appropriate suffix. In all cases, it wi ll ask 
you to eon finn that you want to quit. If you choose yes, the program willtenninate and 
any unsaved data will be gone althat point. 
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(0) Four aligned plots In separate windows (b) Two aligned plots In separate windows 

-
(e) One to tour plots superposed In one window (d) Single poIor plot 

FIGURE A -4 

The four styles of plots available In all programs, SIdebar information Is dlff9lent In eoch program 

Support (All Programs) 

Please not ify the author of any bugs via email to norton@wpi.edu. 

A.3 PROGRAM FQURBAR 

FOURBARfor Will(/Ow,f is a linkage design and analysis program intended for use by stu
dents. engineers and othe r professionals who are knowledgeable in or are learning the 
art and science of linkage design. It is assumed that the user knows how to detennine 
whether a linkage design is good or bad and whether it is suitable for the application for 
which it is intended. The program will calculate the kinematic and dynamic data associ
ated with any linkage design. but cannot substi tute for the engineering judgment o f the 
user. The linkage thcory and mathematics on which this progr.tm is based are documented in 
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Chapters 4 to 7. 10. and II of this textbook . Please consult them for explanations of the 
theory and mathematics involved. 

The FOUR8AR Home Screen 

Initially, only the 1111'111 and Qui' bullons are active on the Home screen. Typically. you 
will start a linkage design with the Inpur bullon. but for aquick look at a linkage as drawn 
by the program. one of the examples under the Example pull-down menu can be select
ed and it wi ll draw a li nkage. If you ';-ctivatc one of these examples. when you return 
from the Anim(Jtion screen you will find all the other buttons on Ihe Home screen to be 
active. We will address each of these buttons in due course below. 

Input Data (FOUR8AR Input Screen) 

Figure A-5 (p. 780) defines the input parameters, link numbering. and the axis system 
used in program FOUR BAR. The link lengths needed are ground link I, input link 2. cou
pler link 3. and output link 4. de fined by their pin-to-pin distances and labeled ll. b. c. d in 
the figure. The X axis is constmined to lie along link 1, defined by the instant centers It .2 
and 11•4 which are also 1:lbeled. respectively. 02 and 0 4 in the figure . Instant center 11.2. 
the driver cmnk pivol. is theO'rigin of the global coordinate system. , 

It might seem overly restrictive to force the X axis to lie on link I in Ihis "aligned 
system."" Many linkages will have thei r ground link at some angle other than zero. How
ever. reorienting Ihe linkage after designing and analyzing it nterely involves rotating the 
piece of paper on which it is drawn to the desired fina l angle of the ground link. More 
formally. it means a rotation of the coordinate system through the negative of the angle 
of the ground link. In e ffect. the actual final angle of the ground link must be subtracted 
from all angles of links and vectors calculated in the aligned axis system. 

In addition to the link lengths, you must supply the location of one coupler point on 
link 3 to find that point'scoupler curve positions. velocities, and accelerations. This point 
is located by a position vector TOOted at h 3 (point A) and directed to the coupler point P 
of interest which can be anywhere on link 3. The program requires that you input the polar 
coordinates of this vector which are labeled p and 03 in Figure A-5. The program asks for 
the distance from h3 to the coupler point. which is p, and the angle the coupler point 
makes with link 3 which is 03. Note that angle 03 is nOI referenced to either the global 
coordinate system (GCS) X. Y or 10 the local nonrotating coordinate system (LNCS) x. y 
at point A. Rather. it is referenced to the line AB which is the pin-to-pin edge of link 3 
(LRCS). Angle OJ is a propeny of link 3 and is embedded in it. The angle which locates 
vector RpA in the x.ycoordinate system is the sum of angle OJ and angle 8J. This addition 
is done in the program. after 93 is calculated for each position of the input crank. Also see 
Section 4.5 (p. 171 ). 11te coordinate system. dimensions, angles, and nomenclature in 
Figure A·5 are consistent wilh those of Figure 4-6 (p. 172) that were used in the deriva
tion of the equations solved in progmm FOUR BAR . 

Calculation (FOUR8AR. FtVE8AR, SIXBAR. and SLIDER Input Screens) 

Basic data for a linkage design is defined on the II/pili screen shown in Figure A-6 
(p. 781). which is activated by selecting the IIIPllt bUllon on the Home screen. When you 
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Unkoge data lor program FOUR8AA, (Open the file F ~-05,4br In FOURBAR to see this IInkoge) 

open this screen for the first time. it will have default data for all parameters. The link
age geometry is defined in the Lil/kage Data panel on the left side of the screen. You 
may change these by typing over the data in the yellow text boxes. 

The open or crossed c ircuit of Ihe linkage is selected in a panel at Ihe upper right of 
the screen in Figure A-6. Se lect the type of calculation desired, one of Angle Sleps. Time 
Steps, or One Position from Ihe Calculation Mode in Ihe upper-right panel. The stan. 
fini sh, and delta step infonnation is different for each of these calculation methods. and 
the input text box labels in the Ill ilia} CondiTiolls panel will change based on your choice. 
Type the desired init ial, della, and final conditions as de!\ired. 

O\E Pos rno'l wi ll calculate position, velocity, and acceleration for anyone spec
ified input position 9z. input angular velocity Wz. and angular acceleration cr.Z. 

A"GU: Sn:ps assumes that the angular acceleration cr.2 of input link 2 is zero. mak
ing Wz constant. The values of initial and final crank angle th. angle step .692. and the 
constant input crank velocity Wz are requested. The program will compute all linkage pa
rameters for each angle step. This is a steady-state analysis and is suitable for either 
Grashof or non-Grashof linkages provided that the total linkage excursion is limited in the 
latter case. 

T t\ IE STEPS requires input o f a start time, fini sh time, and a time step. all in sec
onds. The value for cr.z (which must be either a·constant or zero) and the initial posi tion 
9z and initial velocity Wz of link 2 at time zero must also be supplied. The program will 
then calculate all linkage parameters for each time step by applying the specified accel
eration. which of course will change the angu lar velocity of the dri ver link with time. 
This is a transient anal ysis. The linkage will make as many revolutions of the driver 
crank as is necessary to run for the speci fied time. This choice is more appropriate for 
Grashof linkages. unless very short time durations are specified, as a non-Crashof link
age will quickly reach its toggle positions. 

Note that a combination of successive Time Step, Crank Angle, and Time Step 
analyses can be used 10 simulate the start-up, steady-state. and deceleration ph;lscs. re
spectively. o f a system for a complete analysis. 
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Input Dota screen for program fOuRBAR. Corresponding screens In FMtlAA, S1xBAA, and SOOER are similar 

C.'I£lI.ATE The ClI/CJ4iale bUllon will compute all data for your linkage and show 
it in an arbitrary position in the linkage window on the Illput screen. [f at any time the 
white linkage window is blank. theCa/clI/ate button wi ll bring back the image, TheSlep 
bunon will move the linkage through its range in "giant steps." 

After you have calculated the linkage, the Allimale and Nexi bullons on the 1111'1/1 
screen will become available. The Animllle button takes you to the Animalion screen 
where you can run the linkage through any range of motion to observe its behavior. You 
can also change any of the linkage parameters on the Animalion screen and then recalcu
late the results there with the Recalc bulton. The Next button on either Ihe Inpill or An
imation screen returns you to the Home screen. The Plot and Pri"t buttons will now be 
available as well as the Al/ill/lIIe button which wi ll send you to the Anima/ion screen. 

C,U;ULATtO" ERRORS If a position is encountered which cannot be reached by 
the links (in either the angle step or time step calculations), the mathematical result will 
be an attempt to take the square root of a negative number. The program will then show 
tl dialog box with the message Links do 1101 COlIl/eCI for Theta2=:c:c and present three 
choices: Abort. Retry. or Ignore. Abort will tenninate the calculation at this step and re
turn you to Ihe l"plII screen. Retry will set the calculated parameters to zero at the cur
rent position and attempt to continue the computation at the next step, reporting succes
sive problems as they occur. Ignore will continue the calculation for the entire excur
sion. setting the calculated parameters to zero at any subsequent positions with problems 
but will nOI present any further error messages. If a linkage is non-Grashof and you re
quest calculation for angles that it cannot reach. then you willirip this error sequence. 

Limits of 
motion 
at toggle 
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Choosing Ignore will force the calculation to completion, and you can then observe the 
possible motions of the linkage in the linkage window of the InplIl screen with the Sholl' 
bulton. 

GRASIIOJo' CmWITION Once the calculation is done, Ihe linkage's Grashof condi
tion is displayed in a panel at the top right of the screen. Ir the linkage is non-Grashof. the 
angles 31 which it reaches toggle positions are displayed in a second panel al upper right. 
This infonnation can be used \0 reset the initial conditions to avoid tripping the "links 
cannot connect"" error. 

Animation (FOURBAR, FIVEBAR, SIXBAR, and SUDER) 

The AI/ill/Me button on [he HOllie screen brings up Ihe Animation screen as shown in 
Figure A-7. Its Run bunon activates the linkage and runs it through the range of motion de
lined in its most recent calcu lation. The Grashof condition is reported at the upper right of 
the screen. The number of cycles for animation can be typed in the Cycles box at lower left. 

Animation speed can be adjusted with a slider bar at lower left. This feature is pro
vided to accommodate variations in speed among computers. The Fast setting always 
gives the maximum computer speed. If your computer is very fast. the animation may 
occur too ntpidly to be seen. The drop down box labeled Range. lets you change the range 
of speed control. Largerntnge values will give slower animations at the Slow setting. The 
Step button moves the linkage one increment of the independent variable at a time. 

Text boxes in the Lillkagc Data panel allow the linkage geometry to be changed with
out returning to the I I/pllt screen. TIle initial conditions can be redefi ned in the panel on 
the leftrofthis screcn. The Open-Crossed selection can be switched, but the Calculation 
TYIJC can only be changed on the Input screen. Use the Back bUllon. After any such 
change. the linkage must be recalculated with the Recafc lJ\Juon and then rerun, 

Two panels at the lower right of the Allimation screen provide switches 10 change 
the animation di splay, In the Show Curves panel, displays of Links, COl/pier Path. and 
Celltrodes can be tumed on and off in subsequent animations. 

Cf.:NTRODES Only the FOURBAR program calculates and draws the fixed and mov
ing centrodes (the loci of the instant centers as defined in Section 6.5 (p. 287) and shown 
in Figure 6-15a, p. 290). Different colors are used to d isti nguish the fixed from the mov
ing centrode. The centrodes arc drawn with their point of common tangency located at 
the first position calculated. Thus. you can orient them anywhere by your choice of stan 
angle for the calculation . 

AUTOSCALJ-; can be turned on or off in the Anil1lm/on Settings panel. The linkage 
animation plot is nomlally autoscaled to fi t the screen based on the size of the linkage 
and its coupler curves (but not ofthecentrodes as they can go 10 infinity). You may want 
to tum off aUlOscaling when you wish to print two plots of different linkages at the same 
scale for later manual superposition. Tuming off autoscaling wi ll retain the most recent 
scale factor used. When on. il will rescate each plot to fit the screen. 

TRACE Tuming Trace on keeps all positions of the linkage visible on the screen so 
that the pattern of motion can be seen. Turning Trace off crases all prior positions. show
ing only the current position as it cycles the linkage through all positions giving a dynam
ic view of linkage behavior. 
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FOlJRBAR Animote Screen. Programs FIVEBAR. !;jXBAA. and SUDER have similar animation screens 

Dynamics (FOURBAR. FIVEBAR, SIXBAR, and SLIDER Dynamics Screen) 

The Dynamics button on the /-lome screen brings up a screen that allows input of data on 
link masses, mass moments of inertia. CG locations, and any ex ternal forces or torques 
acting on the links. The location of the CG of each moving link is defined in the same 
way as the coupler point. by a position vector whose root is at the low-numbered instant 
center or each link. That is, for link 2 it is '1.2; for link 3, '2.3; and ror link 4. '].4. These 
vectors for a rourbar linkage arc shown in Figure A-8a (p. 784) labeled RCGi where 
i is the link number. Note that the angle of each CG vector is measured with respect 
]0 a locof rotating coordina/e s),slem (lRCS) whose origin is at the aroremen]ioned 
instant center and whose x axis lies along the line of centers of the link. For example, in 
Figure A-8a (p. 784), link 2's CG vector is 3 in a] 30°, link 3's is 9 in aI45°. and link 4's 
is 5 in a] 0°. The program will automatically create ]he necessary position vectors R 12, 
R32. R23. R43, R34. and R 14 needed rorthedynamic force equations as shown in ]he free
l:xxJy diagrams in Figure A-8b. These position vectors are, of course, recalculated in the 
lIonrOlliling focal coordinate s)'slems (l NCS) at the links' CGs ror each new position of 
the linkage as the link angles change. 

The masses and mass moments of incrtin with respect to the CGs of the moving links 
are also requ ired. Any external forces or torques which are applied to links 3 or 4 are 
typed in the llpproprimc boxes on the J))'II(1mic.~ screen as shown in Figure A-9 (p. 785). 
The direction angle of nlly externnl force must be measured with respect to the global 
l'oordi,Wle system (GCS). The program willllssume that this angle remains constant for 
all positions of]he linkage nnalyzed. You must also supply the magnitude and direction 
or the position vcctor Rp which locales any point on the rorce vector Fp. TIlis Rp vector 
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CaJcul:lIes all 
forces and 
torques 

Displays 
the matrix 
of dynamic 
par.amctcrs 
(eq. 11 .9) 

Dynamic Dota Input screen ror program FOURBAR. Screens for programs FIVEBAA, SlXIlAR. and SUDER are similar 

is measured in the rorating. loelll coordillllle system (LRCS) embedded in the link. as 
were the CGs of the links. Rp is /lot measured in the global system. The prognllll takes 
care of the resolution of these Rp vectors. for each position of the linkage. into coordi
nates in the nonrotating local coordinate system at the CG. Note that if you wish to ac
count for the gravitational force on a heavy link, you may do so by applying that weight 
as an ex ternal force acting through the link's CG at 270" in the global system (Rp = 0). 

For other linkages such as the fivebar. sixbar. and fourba r slider-crank. the dynamic 
data input is similar. The only difference is the number of links for which mass property 
data and possible external forces and torques must be supplied. 

After solving (by clicking the So/l'e bUllon), clicking the Show MlIlrix button will 
display the dynamics matrix for the linkage. The results of the dynamics calculations 
are automatically stored for later plotting and printing. The menus on the PIOI and Prim 
screens will expand to include forces and torques for all links. 

Balancing (FOURBAR Only) ' 

The Ba/allce button on the FOURBAR Home screen brings up the Balallce screen shown 
in Figure A-IO (p. 786), which immediately displays the mass-radius products needed 
on links 2 and 4 to force balance it and reduce the shaking force to zero. Iryou place the 
total amounts of the calcu lated mass-radius products on the rotating links. the shaking 
force will become zero and the shaking torque will increase. A partial balance condit ion 
can be speci fied by reducing the balance masses and accepting some nonzero shaking 
force in return for a smaller increase in torque. 

• I'rogram ESG."E also 
allows balllrlC"ing bUI us 
Ba/anu Seff"" is 
comptclely differem Ih:m in 
FOURBAR and ~o will be 
discussed sep:tnuety in Ihe 
scclion on lite E:-'CIN£ 

program. • 
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unkoge Balancing screen In progrom FoI.IReAR ont'(o Other programs do allow flywheel calculatlons 

Thp FOUR8AR Balance screen in FigureA- 10displays two mini-plols Ihal superpose 
Ihe shaki ng forces and shaking torques before and .. ner balancing. Effects on the shak
ing force and torque from changes in the umount o f balans;»mass-mdius product placed 
on each [ink can be immediately seen in these plots. 111e energy in each pulse of the 
torque-time curve is also displayed in a sidebar on the right of this screen for use in a 
flywhee l sizing calculation. See Section 11 .1 1 (p. 586) for a discussion of the meaning 
and use of these data. The program calcu lmes a smoothed torque function by multiply
ing the raw torque by the coefficient of fluctuation specified in the box at lower left. 

Cognates (Fou".> Only) 

The Cogl/ales pull-down menu allows switching among the three cognates which create 
the same coupler curve. Switching among them requires rec:llculation of all kinematic 
and dynamic parameters via the II/put. DYllami(;S. and Ba/allce buttons. The previously 
used mass property data is relained but can be changed easily by selecting the DYllamics 
bulton. The Cayley Diagrpm menu pick under CQgllme.f di splays thut diagrum of all 
three cognates. See Chapter 3. Whenever linkage data are changed on the I ll/JUI Screell 
and recalculated. the program automatically calculutes the dimensions of that linkage's 
two cognates. These can be switched to. calculated. and investigated at any time. 

Synthesis (FOURBAR Only) 

This pull-down menu allows selection of two- or three-position synthesis of a linkage. 
each wi th a choice of two methods. See Chapler 5 for a di scussion of these methods and 
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derivations of the equations used. When the linkage is synthesized, its link geometry is 
automaticall y put into the input sheet and recalculation is then required. 

Other 

See Section A.2, General Program Operation (p. 771) for jnfonnation on New, Open . 
SGI'e. SGI'e As. Plot. Prim. UnifS. and Quil functions. 

A.4 PROGRAM FIVEBAR 

FIVEBAR/or Windows is a linkage design and analysis program imended for use by stu
dents. engi neers. and other professionals who are knowledgeable in or are learning the 
art and science of linkage design. it is assumed that the user knows how to detemline 
whether a linkage design is good or bad and whether it is suitable for the application for 
which it is intended. The program will calculate the kinematic and dynamic data associ
ated with any geared fivebar linkage design, but cannot substitute for the engineering 
judgment of the user. The linkage theory and mathemat ics on wh ich thi s program is 
based are documented in Chapters 4 to 7. and I I of this textbook. Please consult them 
for explanations of the theol¥'and mathematics involved. 

The FIVE BAR Home Screen 

Initially. only the II/pllt and Quit buttons are active on the Home screen . Typicall y. you 
will stout a linkage design with the II/pili button. but for a quick look at a linkage as drawn 
by the program. one of the examples under the Example pull-down menu can be select
ed and it will draw a linkage, If you acti vate one of these examples, when you relUm 
from the Animation screen you will find allihe other buttons on the Home screen to be 
active. We wi ll address each of these buttons in due course below, 

Input Data (The Input Screen) 

Because this program deals with the geared fivebar mechanism (GFBM). it requires 
more input data than for the fourbar mechanism. Fi ve link lengths must be supplied as 
shown in Figure A-II (p. 788); dri ver crank (link 2), first coupler (link 3), second cou
pler (l ink 4). driven crank (link 5). and ground (link I). Two other linkage parameters must 
be defined as input. namely, the gear mtio <A) and the phase angle (41). The phase angle is 
defined as the angle of link 5 when link 2 is at 0° as shown in FigureA- 1 [. Note that the 
gear ratio as shown in the figure is a IIl'gar;I'e ratio because theextemal gears tum in opposite 
directions. 'Ille addition of an idler gear will create a positive gear r-J.tio. It is also worth not
ing that the gear ratios defined in theZNH Atfaso/Geared Fil'char Linkagc.f (Appendix E, 
p. 819) are the reciprocal of the gear ratio in program FI VEBAR. So, when transferring 
dala from this atlas 10 the program. the gear ratio must be reciprocated in o rder to gel the 
same linkage as shown in the atlas. Otherwise the coupler curve will be a mirror image 
of the one in Ihe atlas. 

The coupler point P is defined in Ihe same way as in the fourbar linkage. A coupler 
point can only be placed on link 3 in this program. If you want a coupler point on link 4. 
mirror your linkage and renumber the links to put the coupler point on link 3. 

787 
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Link 2 
Gear ratio 

Link 1 

FIGURE A- I I 

Input data for program FIVE6AR_ (Open the disk file F _A-I' .5br In Frve8AA to see this linkage) 

Basic data for the livebar linkage is defined on the II/pill screen which is similar to 
that for FOUR BAR shown in Figure A-6 (p. 781). The Inplil screen is activated by select
ing thellllJII( button on the Home screen. When you open lJitis screen for the first lime. it 
will have defaull datu for all link parameters. You may change any o f these by typing 
over the dalu in the yellow text boxes. 

Select the type of calculation desired in the upper right comer of the screen, one of 
AI/gle Steps. Tillie Step~·, or Olle Positioll. The CalCII/ale button wilt compute all data 
for your linkage and show it in an arbitrary position on the screen. If the white linkage 
display window is blank. the Calmlale bunon will bring back the image. See the dis
cussion of calculations for the FOUR BAR program in Section A.3 (p. 778). They are sim
ilar in FIVEBAR. 

After you have calculated the linkage. the Animate and Nexi buttons on (he Inplll 
screen will become available. Animale takes you-to theAl/illlGlion screell where you can 
mn the linkage through any range o f motion \0 observe its behavior. You can also change 
any of the linkage paramete.rs on the Allima/ion screen and then recalcul3te the results 
with the Recalc button. The Nexi bunon on either the InpIII or Animation screen returns 
you to the HOllie screen. The Plot 3nd Prilll buttons will now be 3vailable as well as the 
Allim(lle button which returns you to the Animmion screen. 

Animation (FIVE BAil) 

In program FI VEBAR, the AnimOliOIl screen and its features arc essentially similar to 
those of program FOURBAR. The only exception is the lack of a ccntrode selection in 
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FIVEBAR. See the AI/imlllion discussion for FOURBAR in Section A-3 (p. 778) for more 
infomlat ion. 

Dynamics (FtVEBAR Dynamics Screen) 

Input data for dynamics calculation in FIVEBAR are similar to that for program FOURBAR 
with the addition of one more link. However, linkage balancing is not available in FrVE
BAR. See the discussion of dynamics qlculations for program FOUR BAR in Section A-3 
(p. 778) for more information. 

Other 

See Section A.2, General Program Operalion (p. 77!) for infonnation on New, Ope". 
Sove. StII'e As, Plot, Prim, Ullits, and Quir functions. 

A.S PROGRAM SIXBAR 

SIXBARfor Windows is a linkage design and analysis program intended for use by stu
dents. engineers. and olher professionals who are knowledgeable in or are learning the 
art and science of linkage design. It is assumed (hat the user knows how to detennine 
whether a linkage design is good or bad and whether it is suitable for the application for 
which it is intended. The program wi ll calculate the kinematic and dynamic data associ
ated with any linkage design but cannot substitute for the engineering judgment of the 
user. The linkage theory and mathematics on which this program is based are document
ed in Chapters 4to 10. and I I of this textbook. Please consult them for explanations of 
the Iheory and m:uhematics involved. 

The SIXBAR program is generally similar 10 Ihe FOURBAR program. It will analyze 
the Watt 's II and the Stephenson 's III linkage isomers as defined in Figure 2-14 (p. 48). 
These are two of the five distinct sixbar isomers. The Watt's II mechanism is shown in 
Figure A-12 (p. 790) with the program's input parameters defined. The Stephenson's 
III mechanism is shown in Figure A-5 (p. 780) with its input parameters defined. Note 
that the program divides the sixbar into IWO stages of fourbar linkages. Stage I is the 
left half of the mechanism as shown in Figures A-12 and A-5. Stage 2 is the right half. 
The X ax is of the global coordinate system is defined by instant centers 11.2 and 11.4 with 
its origin at/t.2. The third fixed pivot 11.6 C,tIl be anywhere in the plane. Its coordinates 
must be supplied as input. 

The SIXBAR Home Screen 

Initially, only the Inpur and Qllit bUllons are active on the Home screen. Typically, you 
wil l sian a linkage design with the Inpur bUllon, but for a quick look at a linkage as drawn 
by the program. one of the exam ples under the Example pull-down menu can be select
ed and it will draw a linkage, If you activate one of these examples. when you return 
from Ihe Animation screen you win find all the other bUllons on (he Home screen to be 
active. We wi ll address each of these buttons in due course below. 

The Home screen's Examples pull-down menu includes both Watt's and Roberts' 
straight-line fourbar linkage stages driven by dyads (making them sixbars), a single-

7 • • 
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Inpuf doto fOf program SixBAR---a Watt's It linkage 

dwell sixbar linkage si mi lar to that o f Example 3-13 (p. 137) and Figure 3-31 (p. 138). 
and a dpuble-dwell sixbar linkage that uses an alternate approach to that of EX:lmple 3- 14 
(p. 139) and Figure 3-32 (p. 140), -
Input Data (s'X8" Input Screen) 

Much of the basic dU1l1 for the linkage design is defined on the II/{JIII screen which is 
activated by selecting [he II/pili bUllon on the Home screen. When you open thi s screen 
for the fi rst time, it will have default data for all link parameters. You may change any 
of these by typing over the dalu in the yellow text boxes. A choice ofWaU's or Stephen
son's linkage must be made on the Illput screen. The link infomlal ion differs for the 
Watt's and Stephenson's linkages. 

WATr 's II LINKAGE For the Watt's linkage (Figure A- 12) the stage I data is: 
crank. first coupler. first rocker. and ground lin~segment from instant centers / 1.2 to /1.4' 
These correspond to links 2. 3a. 4a. and la. respectively. as labe led in the FigureA-12. 
The stage 2 data are: second crank. second coupler. second rocker. corresponding respec
tively to links 4b, 5a. and '6 in Figure A,12. The angle 04 that the second crank (4b) 
makes with the first rocker (4a) is also requested. Note that this angle obeys the right
hand ru le as do all angles in these programs. 

Two coupler points are allowed to be defined in this linkage. one on link 3 and one 
on link 5. The method of location is by polar coordinates of II position vector embedded 
in the link as was done for the fourbar and fi vebar linkages. The first coupler point C is 
on link 3 and is de fined in the same way as in FOURBAR. Program $ tXBAR requires the 
length (3c) o f its posi tion vector Reo and the angle OJ which that vector makes with line 
3a in Figure A-12. The second coupler point F is on link 5 and is defined with a position 
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vector RjD rooted at instant center ' 4.5' The prognlm requires the length (5c) of thi s posi
tion vector RjD and the angle 05 which thai vector makes with line Sa. The X and Y COl11-
ponents of the locat ion of the third fi xed piVOl/ l.6 are also needed. These are with re
spect to the global X.Yaxis system whose origin is al 11.2' 

STEPH ENSON ' S III LINKAGE The stnge I data for the Stephenson's linkage is 
similar to that of the Watt 's linkage. The fi rst stage 's cr:Ink, first coupler, fi rst rocker, 
and ground link segment from instant centers II ,2 to 1\ ,4 correspond to links 2, 3a, 4, and 
la. respectively, in Figure A- 13. The-link lengths in stage 2 of the linkage are: second 
coupler and second rocke r corresponding, respectively, to links 5a and 6 in FigureA- 13. 

Note thaI, unl ike the Wail's linkage, there is no "second crank" in the Stephenson 's 
linkage because the second stage is driven by the coupler (link 3) of the first stage . In 
this program link 5 is constrained to be connected to link 3 at li nk 3's de fined coupler 
poi nt C which then becomes instant center 13.5 ' The data for this are requested in similar 
format to the Watt's linkage, namely, the length of the position vector Rca (line 3c) and 
its angle 03 . The second coupler point location on link 5 is de fi ned, as before, by posi
tion vector Ric with length 5c and angle 05' 

The X Hnd Y components o f the location of the third fi xed pivot 11.6 are required. 
These are with respecl to the global X.Y axis system. 

Select the type of calculation des ired in the upper right comer of the screlln, one of 
AI/gle Steps, Time Stc/)S, or Qlle Positioll. The Calc/llate button will compute all dala 
for your linkage and show it in an arbit rary position on the screen. If at any time the link
age display window is blank , the Calclliate button will bring back the image. See the 
description of calculations for progrnm FOURB AR in Section A. 3 (p. 779). They are sim
ilar in SIXBAR, 
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After you have calculated the linkage, the Animate and Next buttons on the InplII 
screen will become available. Animate takes you to theAllinllllion screen where you can 
run the linkage through any range of mati on to observe its behavior. You can also change 
any of the linkage parameters on the Allimation screen and then recalculate the results 
with the Recalc button. The Next button on either the II/pili or Animation screen returns 
you to the Home screen. TIle Plol and Prim buttons will now be available as well as the 
Allimafe button which returns you to the Allimation screen. 

Animation (StXBAR) 

The Animation screen and its features in $IXBAR are essentially similar to those of pro· 
gram FOURBAR. The only except ion is the lack of a CelltrO(/e selection in StXBAR. See 
the Animation discussion for FOURBAR in Section A.3 (p. 782) for more infonnation. 

Dynamics (SIXBAR Dynamics Screen) 

Input data for dynamics calculation in SIX BAR are si milar to that for program FOURBAR 
with the addition of two links. See the discussion of dynamics calculat ions for program 
FOURBAR in Section A.3 (p. 783) for more infonnat ion. 

Other 

See Section A.2, General Program Operation (p. 771) for information on New, Ope", 
Save, Save As, PIO!, Prim, Ullits, and Qllit functions, 

A.6 PROGRAM SLIDER -
SLIDER/or Windows is a linkage design and analysis program intended for use by stu
dents, engineers. and other professionals who are knowledgeable in or are learning the 
art and science of linkage design, It is assumed that the user knows how to detenlline 
whether a linkage design is good or bad and whether it is suitable for the application for 
which it is intended. The program will calculate the kinematic and dynamic data associ
ated with any linkage design, but cannot substi tute for the engineering judgment of the 
user, The linkage theory and mathematics on which this program is based are document
ed in Chapters 4 to 10, and I I of th is textbook. Please consult them for explanations of 
the theory and mathematics involved. 

The SUDER Home Screen 

Ini tially. only the /nplII and Quit buttons are active on the Home screen. Typically. you 
will start a linkage design with the /npw bulton. but for aquick look at a linkage as drawn 
by the program. one of the examples under the Exam/,/e pull-down menu can be select
ed and it will draw a linkage. If you activate one of these examples. when you return 
from the Animation screen you will find all the other buttons on the Home screen to be 
active. We will address each of these buttons below . 
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Input Data (SLIDEll: Input Screen) 

Basic data for the sixbar linkage is defined on the Il1plII screen. which is activated by 
selecting the Il1plll bunon on the Home screen. When you open this screen for the first 
lime, it wi ll have default data for all link parameters. You may change any of these by 
typing over the data in the yellow text boxes. 

Figure A- 14 defines the input parameters for the fourb:u slider-crank linkage. The 
link lengths needed are input link 2 andcoupler link 3. defi'ned by their pin-to-pin distanc
es and labeled (l and b in the figure. TheX axis lies along the line d. through instant cen
ter '1.2 (point 0 2) and parallel to the direction of motion of slider 4. Instant center 1 t.2. the 
driver crank pivot. is the origin of the global coordinate system. The sl ider offset c is the 
perpendiculardislance from IheX axis to the sliding axis. Slider position d will be calcu
lated for all positions of the linkage. 

In addition to the link lengths, you must supply the location of one coupler point on 
link 3 to find that point's coupler curve positions. velocities, and accelerations. This point 
is located by a position vector rooted at h3 (point A) and directed to the coupler point P 
of interest which can be anywhere on link 3. The program requires that you input the polar 
coordinates of this vector wh ich are labeledp and 03 in FigureA-14. The program needs 
the distance from h3 to the't"oupler point p and the angle 03 that the coupler point makes 
with link 3. Note that angle 03 is not referenced to either the global coordinar,e system 
X.Yor to the local nonrotating coordinate systemx.y at point A. Rather, it is referenced to 
the line AB which is the pin-to-pin edge of link 3. Angle 03 is a property of link 3 and is 
embedded in it. The angle which locates vector RCA in the X.y coordinate system is the 
sum of angle 0 3 and angle 93. This addition is done in the program, after 93 is calculated 
for each position of the input crank. 

The definition of93 is different in program SUDER than in Figure 4-9 and the deri
vat ions in Section 4.6 (p. 178). This was done 10 maintain consistency of input data 

y p y 

I' 

Link 3 

Offset (. 

x 
Slider position d 

FIGUII:E A·14 

Input dafa for Program SUDER 
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among all the linkage programs in this package. Actually, within program SUDER, the 
angle shown in Figure A-14 (p. 793) that you input as 83 is converted using the law of 
cosines to the one shown in Figure 4-9 (p. 178) before the calculations are done with the 
equat ions from Section 4.6 (p. 178), 

Calculation (SUDER Input Screen) 

See the description of calculat ions for program FOURBAR in Section A.3 (p. 779) for 
more infommtion. They are similar in SLIDER. Select the type of calculation desired in 
the upper right comer of the screen. one of Allg/e Sle/)s. Time Steps. or Olle POSilioll. The 
Calculate button will compUle all data for your linkage and show it in an arbitrary posi
tion on the screen. If at any time the while linkllge window is blank. [he Calclliate bu[
[on will bring back [he image. 

After you have calculated the linkage, the AI/imale and Next buttons on the Input 
screen wi ll become available. Animate takes you [0 theAl/imation screen where you can 
run the linkage through any range of motion 10 observe its behavior. You can also change 
any of the linkage parameters on [he Animation screen and then recalculate [he results 
with Ihe Recalc button. The Next bUllon on either the Input or Animation screen returns 
you 10 Ihe Home screen. The Plot and Prilll buttons will now be available as well as Ihe 
AI/ill/ale button which returns you to the Animation screen. 

Animation (SUDER Animation Screen) 

The Animation screen and ils reatures in SLIDER are essentially similar to those or pro
gram FQURBAR. An exception is the lack of a Celllrode seleclion in SUDER. See the dis
cussion of the Animation screen for FOURBAR in Section A.3 (p. 782) for more inronna-
tion. -
Dynamics (SLtDER Dynamics Screen) 

Inpu[ data for dynamics calculation in SUDER are similar to that for program FOURBAR. 
See the discussion or dynamics calculat ions for Program FOURBAR in Section A.3 
(p. 783) for more infonnation. 

Other 

See Section A.2, General Program Operation (p. 771) for infomlation on New. Open. 
Sal"e. Save As. Plot. Prim. Ul)ilS, and Qllit functions. 

A.7 PROGRAM DYNACAM 

DYNACAM!or Windows is a cam design and analysis program intended for use by stu
dents, engineers. and other professionals who are knowledgeable in the art and science 
of cam design. It is assumed that the user knows how to detennine whether a cam de
sign is good or bad and whether it is suitable for the application for which it is intended. 
The program will calculate the kinematic and dynamic data associated with any cam 
design but cannot substitute for the engineering judgment of the user. The cam theory 
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and mathematics on which this progmm is based are shown in Chapter 8 and 15 of this text. 
Please COIlsultthem for complete explanations of the theory and mathematics involved. 

The DVNACAM Home Screen 

Initially. only the SVA/ and Quit buttons arc active on the /jome screen. Typically, you 
will stan a cam design with the SVAJ bulton. but for a quick look tit a cam as drawn by 
the program. one of the examples under the £mmple pull-down menu can be selected 
and it will dmw a cam profile. If you -activate one of these examples, when you return 
from the Cam Profile screen you will find all the other bUllons on the !lome screen to be 
active. We will address each of these bullons in due course below. 

Input Data (DVNACAM Input Screen) 

Much of the basic data forthecamdesign is dcfined on the I"putscrcen shown in Figure A-IS 
(p. 796), which is activated by selecting the SVA/ bulton on the flome screen. When you 
open this screen for the first lime, it will be nearly blank, with on ly one segment's row 
visible. (Note that the built-in examples can also be accessed from this fonn at its upper 
right comer.) If you selected an example cam from the pull-down menu on the flome 
screen, making the InlJIIT sc~n nonblank , please now select the Clear All bunon on the 
IflPIIT screen to zero all the data and blank the screen, in order to bener follow, lhe pre
sentat ion below. We will proceed with the explanation as if you were typing your data 
into an initially blank I flPIII screen. 

If you use the Tab bulton, it will lead you through the steps needed to input all data. 
On a blank II/pili screen. Tab first to the Calli Omega box in the upper left comer and 
type in the speed of the camshaft. Tab again (or mouse click if you prefer) to the Num
be,. ojSegmellf.'i box and type in any number desired between I and 24. That number o f 
rows will immediately become visi ble on the Illpur screen. Note that some of this 
screen's choices such as Osclt (oscillating ann follower) and Delta Theta are disabled in 
the student edition of the program. 

Another Tab should put your cursor in the box for the Bera (segmem duration an
gie) of segment I. Type any desired angle (in degrees). Successive Tabs will take you 
to each Bela box to type in the desired angles. All Beras must. of course. sum to 360 
degrees. If they do not, a warning will appear. 

As you continue to Ta b (or click your mouse in the appropriate box, if you prefer), 
you will arrive at the boxes for Morio" selection. These boxes offer a pull-down selec
tion of Rise, Fall . Poly, lUld Dwell. You may select from the pull-down menus with the 
mouse. or you can type the fi rst leiter of each word to select them. Rise, fall. and dwell 
have obvious meanings. The Poly choice indicates that you wish to create a customized 
polynomial function for that segment. and this will later cause a new screen to appear on 
which you will define the boundary conditions of your desired polynomial function . 

The next set of choices that you will Tab or mouse click to are the Program pull
downs. These provide a menu of standard cam functions such as Modified Trape:oid. 
Modified Sille. and Cycloid. Also induded are portions of functions such as the first and 
second halves of cycloids and simple hamlonics that can be used to assemble piecewise 
continuous functions for special situations. • 
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5 V A J Input screen fOl' program DVNACAM 

After you have selected the desired Program functions for each segment, you will 
Tab or t"lick to Ihe Posilioll Start :md End boxes. Start in th is conleXI refers 10 the be
ginning displacement position for the follower in the panicular segment. and Elld for its 
final posilion. You may begin !lIthe ··IOP" or "bouom" of the displacement ;'hill" as you 
wish, but be aware that the range of position val ues of the follower must be from a zero 
value to some positive value over the whole cam. In other words, you cannot include 
any a nticipated base or prime circle radius in these position data . These position 
numbers represent the excursion of the so-called S diagram (displacement) of the cam 
and cannot include any prime circle infonnation (which will be input later). 

As each row's (segment's) input data are completed, the Cafe bulton for that row 
will become enabled. Clicking on this bunon wi ll cause that segment's S, v'A. and) data 
to be calculated and stored. After the Calc button has been clicked for any row, the P10l 
and Prim bullons for that segmem will become avai lable. Clicking on these bunons will 
bring up a plot or a printed table of data for S. v,~ A.) data for that segment only. More 
detailed plots and printouts can be obtained later from the flome screen. 

Polynomial Functions 

If any of your segments specificd a Poly mOl ion, click ing the Calc bunon wil l bring up 
the BOlil/dary Condition screen shown in Figure A-16. The cursor will be in the box for 
Number a/Conditions Requested. Type the number of boundary conditions (BCs) de
sired, which must be between 2 and 20 inclusive. Whcn you hit EliteI' or Tab or mouse 
click away from this box, the rest of the screen will activate, allowing you to type in the 
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desired values of BC~. Note that the stan and end values of position Ihat you typed on 
the '''Pill screen are already entered in their respective S boundary condition boxes at Ihe 
beginning and end of the segment. Type your additional end of interval conditions on V. 
A. and J as desired. If you also need some BCs within the interval. click or lab 10 one of 
the boxes in the row labeled Local Theta at the lOp of the screen and type in the value of 
the angle at which you wish to provide a Be. That column will activate and you may 
type whatever additional BCs you need. 

The box labeled Nllmber o/ComJitiolls Select"" monitors the Be count. and when 
it matches the Numher o/Conditions Requested, the Next bunon becomes available. Note 
that what you type in any (yellow) lext box is not accepted until you hit Enter or move 
off that box wilh the Tab key or Ihe mouse. allowing you to retype or erase with no effect 
until you leave the text box. (This is generally true throughout [he program.) 

Selecting the NexI button from Ihe BC screen calculates the coefficients oflhe poly
nomial by a Gauss-Jordan reduction method with panial pivoting. All computations are 
done in double precision for accuracy. If an inconsistent set of conditions is sem to the 
solver. an error message will appear. If the solution succeeds. it calculates s v lIj for the 
segment. When finished. it brings up a summary screen that shows the BCs you select
ed and also the coefficients of the polynomial equation that resulted. You may at [his 
point want to print this screen to the printer or copy and paste it into another documenl 
for your records. You will only be able to reconstruct it later by again defining the BCs 
and recalculating the polynomial. 

• 
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Back to the Input Screen 

Completing a polynomial function returns you 10 the /1I/1II( screen. When atl segments 
are calcu lated. select the Next button on the IIII}/If screen (perhnps after copying il to the 
clipboard or printing it 10 the printer with the appropriate buttons). This will bring up 
the COlllillllity Check screen. 

Continuity Check Screen 

This screen provides a visual check on the continuity of the cam design at the segmcnI 
interfaces. The values of each function al the beginning and end of each segmcm are 
grouped together for easy viewing. The fundamCrl lallaw of cam design requires thallhe 
S, V. and A functions be continuous (see Chapler 8). This will be true if the boundary 
values for those functions shown grouped as pairs are equal. If this is not true. then a 
warning dialog box will appear when the Next button is clicked. It is possible that the 
mismatch is due 10 numerical roundoff error and is irrelevant. The error is shown as a 
true percent of the maximum value of the function to allow you to decide whether it is 
sign ificant or not. You will have the choice to proceed to the Home screen or return to 
the Inpllt Data screen to correct the problem. 

Sizing the Cam 

Once the S V A J functions have been defined 10 your satisfact ion. it remains to size the 
cam and detennine its pressure angles and radii of curvature. This is done from the Si:e 
Cam screen shown in Figure A-17. which is accessible from the button of that name on 
the Home screen. The Si:e Cam screen allows the cam rotation direction and follower 
type (flat or roller) to be set. The cam Iype (radial or barre.» and follower motion (trans
lating or osci llating) are only available in the professional version. The prime circle mdi
us and follower offset for a translating follower can be typed into their bo)tcs. When a change 
is made to any of these parameters. the schematic image of cam and follower is updated. 

Select the Cafe button to compute the cam size parameters. The max and min pres
sure angles will appear in the bo)tes at the tOp of the screen. For more infonnation. se
lect the Sholl' SUllllllary button at the upper right . This will change the schematic image 
10 a summary of pressure angle and radius of curvature infonnation. When you hit the 
Next bulton. the cam profile will be drawn. 

Drawing the Cam 

The cam profile shown when leaving the Si:e Cam screen can be independently access
L-d at any time from the Home screen with the Draw COlli button. The Draw Calli screen 
shown in Figure A-IS (p. 800), allows the cam rotation direction. prime circle mdius. 
roller radius. and offset (if available) to be changed. The cam size data will be recalcu
lated and the new profile displayed. 

In the cam profile drawing. a curved arrow indicates the direction of cam rotation. 
The initial position of a roller follower al Cam apgle e = 0 is shown as a filled circle with 
rectangular stem. and of a flat -faced follower as a filled rectangle. Any eccentricity 
shows as a shift up or down of the filled follower with respect to the X axis through the 
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cam center. The smallest fil led circle on the cam centerl ine represents thecamshaft. The 
smallest unfilled circle is the base circle. The prime circle may be somewhat obscured 
by the repeated drawings of the fol lower diameter. which sweep oUithe cam surface. The 
pitch curvc is drawn along the locus of the roller follO\~er centers. The radilll lines th:lt 
fonn pieces of pie within the Ix~ circle represent the segment!> of the cam. If the cam 
turns counterclockwise. the mdial lines are numbered clockwise around the circumfer~ 
ence and vicc versa. 

Follower Dynamics (DVNACAM Only) 

When the cam has been sized, the DYllamics bunon on the Home screen will become 
available. This button brings up the Dy"ami{'s screen shown in Figure A-19 (p. 801). 
Text boxes are provided for typing in values of the effect ive mass of the followe r sys
tem. the effective spring constant. the spring preload, and a damping fac tor. Byeffec
tive mass is meant the masS of the entire follower system as reflected back to the cam
fol lower roller centerline orcam contact point. Any link mtios between the cam~fo l low~ 

er and any physical masses must be accounted for in calculati ng the effective mass, Like
wisc the effective spring in the system must be renected back to the follower. The damp
ing is defined by the damping mtio zeta. as defined for second-order vibmting systems. 
See Chapter 10 for further information. 

10e joumal diameter and the coefficients of friction are used for calculating the friction 
torque on the shaft. TIle Sian New or Acclllllulate switch allows you to either make a fresh 
torque calculation or accumulate the torques for seveml cams running on a common shaft. 

'99 

Type in 
these 
data 



• 

800 

C"" 
change 

Il)(alion 

""~ 

Slow the 
animallon 

FIGURE A - 18 

~-• • 
~
~-'I 1_
r-r_ I --.. _,_ .. 
I"ii'" -,--r-~ 

---1"""3 

~_ .. 
>1----..... 53 

DESIGN Of MACHINERY APPENDIX A 

--, .. --I '0IIII 

...... _-

t 

1 

Can change 
,,,= 
parameters 
h,re 

Max · min 
pressure angle .. 

Min radius 
of curvature 

Mo~ info on 
pres~ure angles 
and radii of 
cor'VOIUTe 

Com Profile screen In progrom DVNACAM 

The energy infonnation in the window can be used to calCUlate a flywheel needed for 
any coefficient of fluctUlll ion chosen as described in Section [1.11 (p. 586), The pro
gram calculates a smoothed torque function by mul tiplying the raw camshaft torque by 
the coefficient of fluclu.uion specified in the box at lower right of the screen. 

Other 

See Seclion A.2. General Program Operation (p. 771) for information on New. Open. 
San', Sm'/! As, Piol. Print, Units. and Qllil functions. 

A.a PROGRAM ENGINE 

ENGINE/or Wi"dows is an internal combustion (1C) engine design and analysis program 
intended for use by studenls,-enginecrs. and othcr professionals who are knowledgeable 
in the an and science of engineering design. It is assumed that the user knows how to 
detennine whether a design is good or bad and whether it is suitable for the application 
for which il is intended. The program will calculate the kinematic and dynamic data as
sociated with any engine design. but cannot substi tute for the engineering judgment of 
the user. The theory and mathematics on which this program is based are shown in Chap
ters 13 and 14 of this textbook. Please consult them for an explanation of the theory and 
mathematics involved . 
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Initially. only the Inpllt and Quit bUllons are active on the Home screen. Typically, you 
will start a design with the II/pllt button, but before doing so, one of the examples under 
the Example pul l-down menu can be selected. If you activate one of these examples. it 
will calculate the result and take you to the Engine Data screen (see FigureA-22, p. 805). 
Click on the Run bUllon to see the engine in oper.lIion. When you return to the Home 
sereen you will find all the other buttons to be active. We will address each of these but
tons below. 

Single-Cylinder Engine (Input One-Cylinder Data Screen) 

This program can be thought of as being used in two stages. each of which roughly cor
responds to the topics in Chapters 13 and 14. respectively. That is. the Inpllt and Bal· 
ance bullons on the Home screen deal with single-cylinderengines (Chapter 13). and the 
A551!mble bUllon with multicylinder engines (Chapter 14). The f"/ywheel bulton can be 
used with either a single- or multicylinder design. 

Tm~ I /I' I'UT HCTTO'll Oil the Home screen brings up the Inplll On('·Cylilldf.'l" Dow 
screen shown in FigureA-20 (p. 802). Def:lUlt data are present in all entry boxes. De
vice type can be set to either an IC engine or compressor. The only difference between 
these two choices is the magnitude of the cylinder pressure used in the calculations. The 
default pressure for ei ther device can also be changed in the box at lower right. The 
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-stroke cycle can be specified as 2 or 4 stroke. Two operating speeds must be specified, 
idle and redline. The midrange speed is the average orthe two speeds supplied. One of 
three calculation speeds must be selected from the Idle, Midr(lll8f!. and Redlille options. 
The number of cylinders can be specified in The No. Cylillders box. and Engine T)"fJe can 
be selected from its pull-down menu. At this screen. only one cylinder of the engine is 
being calculated. so the choices of number of cylinders and engine type are not used until 
later when the engine is assembled. Choices made on this screen will be carried forward 
to the Assemble screen and also can be changed there if desired. The CG locations of 
crank and conrod. expressed as a percent of length are typed in boxes on the left. The 
masses of crank. conrod, and piston. must be supplied (in proper units) in the boxes at 
the right. 

Text boxes in the Engine Geometry Panel on the left allow typing of the cylinder 
displacement. bore. stroke Qr crank radius. and UR rJtio. Cylinder displacement is the 
primary variable in this program. Any displacement volume can be achieved with an in
finity of combinations of bore and stroke. To resolve this indetemlinacy. bore is arbi
trarily given precedence over stroke when the displacement is chnnged. That is. a change 
of displacement will force achange in slroke. leaving the bore unchanged. Changing the 
bore will force a change in stroke. keeping the speci fi ed displacement. Either the stroke 
or the crank radius may be changed. bUI either will force the other to change accordingly 
since stroke is always twice the crank radius. so only one need be input. The bore/stroke 
rat io is calculated and displayed al upper right. 
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The diameters of main pins and crankpins are used only to calculate an estimated 
frict ion torque in combination with an estimate of friction coefficient in the engine. The 
frict ion torque is calculated by multiplying the user-specified coefficient of frict ion by 
the forces calculated at the piston-cy linder interface and at the main pin and crankpin 
journals. These last two fric tion forces are multiplied by the journal radii supplied by 
the user to obtain friction torque. The piston frict ion creates friction torque through the 
geometry described in the gas torque equation 13.8 (p. 653). The other torque values (gas 
torque, inertia torque, and total torque) are not reduced in the program by the amount of 
the calculated fric tion torque, which is- at best a crude estimate. 

CALCULATION When all data are supplied. a click of the Calculare button will 
cause the piston position. veloci ty. and acceleration: the inert ia forces and torques: and 
pin forces plus gas force and gas torque 10 be calculated for two revolutions of the crank
shaft. At this screen. these data are computed only for one cyl inder of the engine. regard
less of how many cylinders were specified. The gas force and gas torque calculation is 
based on a built-in gas pressure curve simi lar to the one shown in Figure l3-4e (p. 642). 
This gas pressure function in the program is kept the same at all engine speeds as dis
cussed in Section 13.1 (p.640). Though this is not accurate in a thernlOdynamic sense. it 
is both necessary and appropriate for the purpose of comparing designs based solely on 
their kinematic and dynamiloWfactors. 

Calculations are done for all parameters at 30 increments over two crankshaft revo
lutions. giving 241 data points per variable. When calculations are complete. the plot 
window wi ll show a schematic of the single-cylinder engine that can be animated with 
the RUI/ button. The bore. stroke. and conrod dimensions are to scale in the animation. 
The Time Delay value can be increased to slow the animation. 

The Nexi button returns you to the /-lome screen where you can use the Plot and Prim 
buttons to display the results of the single-cyl indercalcu lat ions. See Section A,2 (p. 771) 
for infomlat ion on the Prillt and Plot screens. 

Balancing the Crank (ENGtNE Balance Screen) 

The Balance bulton on the /-lome screen brings up the Balance screen shown in Figure A-21 
(p. 804). The bottom of this screen displays the mass-radius product needed on the crank 
to cancel the primary component of unbalance due to the mass at the crankpin. The un
balanced shaking force is displayed as a hodograph in a plot window. Infonnat ion on 
the amounts of mass esti mllted 10 be located at the crankpin and wrist pin is displayed in 
the sidebar. These data provide enough infonnation to detennine the counterweight pa
rameters needed to either exactly balance or optimally overbalance the single-cylinder 
engine. Three text boxes at the bottom left of the screen al low input of the desired mass, 
radius, and angle of the counterweight proposed to be placed on the crankshaft. 

Clicking the Calculate button recomputes the shaking force and torque with the add
ed counterweight and superposes a hodograph of the new. balnnced shaking force on the 
plot of the unbalanced force at the same scale so the improvement can be seen. See 
Chapter 13 for a discussion of the meaning and use of these data. Note that if the engine 
design has enough cylinders to allow a crankshaft arrangement that will cancel the iner
tial forces. then there mny be no advnnlage to overbalancing the crank . But. for a single
cylinder engine and some two-cylinder engines (twins), overbalancing the crank can sig
ni fi cantly reduce the shaking force. 

803 
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Single-cyllnder Balance screen from program ENGINE 

Assembling a Mullicylinder Engine (Engine Data Screen) 

Once the single-cylinder configuration is satisfactorily deflgned and balanced, the en
gine can be assembled. Figure A-22 shows the Ellgine Dow screen used for assembly of 
a multicylinder engine. Its Help bUllon brings up the infomlat ion shown in Figure A-23. 
which points oUlthat the crank phase diagram (called a Power Chart in program ENGINE) 
as defined in Section 14.2 (p. 688) and shown in Figures 14-9, 14- 12. 14-14. 14-16. 
14-18, and 14-24 (pp. 691-715) should be defined and drawn manually before proceed
ing with the assembly of the engine. The assumptions and conventions used in the pro
gram to number the cylinders and banks are also stated on the screen shown in Figure 
A-23. These are the same conventions as were defined in Section 14.2 (p. 688). The up
per limit stated in item 7 of Figure A-23 for the acceptable range of power stroke angles 
wi ll be either 360° for a two-stroke engine or 720° (as shown) for a four-stroke engine. 

The firi ng order, the crankshaft phase angles. and the angles at which the cylinders 
fire {firi ng angles)-all angles in cylinder order-are typed in the boxes on the righl of 
the Engine Data screen based on an arrangement according to the rules in Figure A-23. 
Note that Ihe program does nol do any inlernal check on the compalibilily of these 
data. It will accept any combination of phase angles. firi ng o rders, and power stroke 
angles you prov ide. It is up to you to ensure that these data are compatible and realistic. 

The program also needs the dis tance between cylinders which is defaulted to one. 
This infonnation is used to define the =j in equations 14. 11 (pp. 7 10-711). If you want to 
compute the correct magnitude of the shaking moment. the actunl cylinder spacing of 
your design needs to be supplied in the box at the lower left of the screen in Figure A-22 
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t+++HHHHH++ Warning +++++++++H+H+H 
Before proceeding you need to wOO<. 001, 00 paper, the CfilM'S 
Phase Angles, the engine's firing Order, and the POwtlr Stroke angles 
(the angles at which the cylinders lire). 

This program uses the Phase Angles and firing Angles 
and Vee Angle to calculate the rEISUHs. firing Qrder is used as a point8f. 
N you change oo~ the Firir.g Order, ~ wW make the resuHs inccrrect. 
It is your responsibility to ensure that all these fadors agreel 

This program requires that these rules be fojlowed when designing 
and numbering your crankshaft phase and firir.g angles, and vee angle: 

t . The eogine·s iron! cylin<ier in the right bank is always number t 
2· Nurrber one cylinder is the relBfBOCe cylinder lor all othefs 
3 . Number one cyfinder always has a Crank Phase Angle 01 zero degrees 
4· Number one cylin<ier always fires first in firing Order 
5 • Thus the POW8f Stroke Angle lor number one is afso zero degrees 
6 • Crank Phase Angles are always between 0 and 360 degrees 
7· firir.gAngIes are between 0 and 720 deg. and in ascending onier 
8 . Phase Angles shift to the right versus cylinder 1 on the Crank Phasa Diagram 
9· The Vee Angle shilts the second bank to the Right 00 the Crank Phase Q;agram 
10· Cytinders are numbered first down right bank and then down left bank 

You must draw VOUf crank phase diagram to decide these vafues before p!'oceedlng. 

Rules tOf assembling a multlcyllnder engine In progrom ENGINE 
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Phose ongle and power charts fOf a vee-eight engine from program ENGINE. Compare to Figure 14-24 (p. 715) 
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(p. 589). The areas under the pulses of the total torque curve arc a measure of energy 
variation in the cycle. The flywheel size is based on these energy Vllriations as defined in 
Section 11.11. The lotallorque curve for [his example vee-eight engine is shown in the 
upper plot of Figure A-26 (p. 807). The areas under its pulses are shown in the table at 
the right of the screen. Note thaI for a properly designed, even firing, mult icylinder en
gine, the absolute values or all pulse areas will be the same. In [hal case the energy value 
needed for the flywhee l calculation is just the area under any onc pulse. These data can 
be used in equation 11.22 (p. 591) to compute the requ ired flywheel moment of inenia 
based on a chosen coefficient of fluctuat ion k. Program ENG INE then calculates a 
smoothed IOlallorque function by multiplying the raw torque by the specified coefficient 
of nuctuation. The lower plot in FigureA-26 shows the nywheel smoothed torque for the 
example vee-eight engine with k = 0. 1. The torque function with the nywheel added is 
nearly a constant value. which is desirable. 11le pulses due to the individual cylinder's 
explosions have been effeclively masked by the nywheel. The maxim um and minimum 
values of torque with and without the nywheel are shown in boxes at the left of lhe 
screen. Dala for the engine design are displayed in the panel at the top of the screen. 

A.9 PROGRAM MATRIX 

Program MATRIx/or Windows solves a matrix equation of the fonn A X n = C. A must 
be square and can have up to 16 rows and 16 columns. C must be a vector with as many 
clements as A has rows. When the data have all been typed in and checked as shown in 
Figure A·27, click the Soll'e button and it will compute the tenns of vector n. The re
sults can be printed to screen, primer. or a d isk file in the same m:tnner as described in 
Section A.2 (p. 771). If the matrix is singular or the solution fails for olher reasons, an 
error m~ssage will be retumed. No plotting or animation is provided in this program. -

. " " 

FI G URE A - 27 

Program Matrix Input ond calculation screen 



APpendix B 

-
MATERIAL PROPERTIES 
For selected engineering materials. Many other alloys are available. 

The following tables contain approximalc values for strengths and other specifications 
of a variety of engineering materials compiled from various sources. In some cases the 
data arc minimum recommended values and in other cases lIrc dala from a single test 
specimen. These data are suitable for use in the engineering exercises contained in this 
text but should not be considered as statistically valid representations of speci fications 
for any particular alloy or material. The designer should consult the materials' manufac
turers for morc accurate and up-lo-d:llC strength infomlation on materials used in engi
neering applications or conduct independent tests of the selected materials 10 determine 
their ultimate suitability to any applicat ion. 

Table No. Description 

B-1 Physical Properties of Some Engineering Materials 

B-2 Mechanical Properties of Some Wrought-Aluminum Alloys 

B-3 Mechanical Properties of Some Corbon Steels 

8-A Mechanical Properties of Some Cast-Iron Alloys 

8-5 Properties of Some Engineering Plastics 
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• DESIGN Of MACHINERY APPENDIX B 

Table 8·1 Physical Properties of ~ome Engineering Materials 
Data from VorlOi.JS Sources. These Properties ore EssentiaJly Similar for All Alloys of the Particular Moterlal 

Materiol Modulus of Elasticity E Modulus 01 Rigidity G Poisson's Weight Moss S~IfIC 
Rollo v Density "I Density p lOVity 

Mpsl GP, Mpsl GP, Ibt ln] Mgfm1 

Aluminum Alloys 10.4 71.7 3.9 26.8 0.34 0.10 2.8 2.8 

Beryllium Copper 18.5 127.6 72 49.4 0.29 0.30 8.3 8.3 

Bross, Bronze 16.0 110.3 6.0 41.5 0.33 0.31 8.6 8.6 

Copper 17.5 120.7 65 M.7 0.35 0.32 8.9 8.9 

Iron. Cost Gray 15.0 103.4 5 .9 AD.4 0.28 0.26 7.2 7.2 

Iron, Cost. Ductile 24.5 168.9 9.4 65.0 0.30 0.25 6.9 6 .9 

Iron, Cost. Malleable 25.0 172.4 9.6 66.3 0.30 0 .26 7.3 7.3 

Magnesium Alloys 6.5 M.8 2.4 16.8 0.33 0.07 1.8 1.8 

Nickel Alloys 30.0 206.8 11.5 79.6 0.30 0 .30 8.3 8.3 

Steel. Carbon 30.0 206.8 11.7 80.8 0.28 0.28 7.8 7.8 

Steel. Alloys 30.0 206.8 11.7 80.8 0.28 0.28 7.8 7.8 

Steel. Stainless 27.5 189.6 10.7 74.1 0.28 0.28 7.8 7.8 

Titanium Alloys 16.5 113.8 6.2 42.4 0.34 0 .16 4.4 4.4 

Zinc Alloys 12.0 82.7 4.5 31.1 0.33 0.24 6.6 6.6 

Prop6(N6$ ofSOrne MetOls and Aloys, InTernollonol Nickel Co .• Tnc .• NY; MetOls HofldbooI(. AmericOl'1 SOCiety for Malols. Materials Pcr1c . QH. 

Table B·2 Mechanical Properties of Some Wrought-Aluminum Alloys 
Dota from VOriaus Sources. ' ApPfaximOfe Volues. Consult Manufacturers for More Accurate Information 

Wrought· Tensile Yield Strength Ultimate Tensile Fatigue Strength Elongation Brinell 
Aluminum Condition (2% offlel) Strength at SEa cycles over 2 In Hardness 

Alloy kpsl MPa kpsl MPa kpsl MPa % ·H8 

1100 Sheet annealed 5 34 13 90 35 23 

Cold rolled 22 152 24 165 5 M 

2024 Sheet annealed 11 76 26 179 20 

Heat treated 42 290 64 Ml 20 138 19 

3003 Sheet annealed 6 4 1 16 110 30 28 

Cold rolled 27 186 29 200 4 55 

5052 Sheet annealed 13 90 28 193 25 47 

Cold rolled 37 255 42 290 7 77 
6061 Sheet annealed 8 55 18 124 25 30 

Heat treated AD 276 45 310 14 97 12 95 

7075 Bar annealed 15 103 33 228 16 60 
Heat treated 73 503 83 572 14 97 11 lSO 

ProperfIes or Some Metals and Aloys. Inlernotlonol Nickel Co .• Inc ,NY; Metals Handbook. Am&rk:on SOCiety tor Melois. Moterlols PorIt. OH. 
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MATERIAL PROPERTIES 811 

Table 8-3 Mechanical Properties. of Some Carbon Steels 
Dato from Vorious Sources. Approximate Volues. Consult Manufacturers for More Accurate Information 

SAE I AISI Condition Tensile Yield Strength Ultimate Tensile Elongation Brinell 
Number (2"10 ollset) Strength over 2 In Hardness 

kpsl MPa kpsi MPa % ·H. 
1010 Hot rolled 26 179 - 47 324 28 95 

Cold roiled 44 30'! 53 365 20 105 
1020 Hot roiled 30 207 55 379 25 III 

Cold roiled 57 393 68 469 15 131 
1030 Hot rolled OS 259 68 469 20 137 

Normalized@ 165O"F 50 345 75 517 32 149 
Cold rolled 64 441 76 524 12 149 
Q&T C IOCO"F 75 517 97 669 28 255 
Q&T@8(X)OF 84 579 106 731 23 302 
Q&T@4OO"F 94 648 123 848 17 495 

1035 Hot rolled 40 276 72 496 18 143 
Cold rolled 67 462 80 552 12 163 

1040 Hot rolled"" 42 290 76 524 18 149 
Normalized@ 165O"F 54 372 86 "'3 28 170 
Coid roiled 71 490 85 586 12 170 
Q&T@ I20YF 63 434 92 634 29 192 
Q&T@8OO"F 80 552 110 758 21 201 
Q&T@4000F 86 593 113 779 19 262 

1045 Hot rolled 45 310 82 565 16 163 
Cold roiled 77 531 91 627 12 179 

1050 HoI roiled 50 345 90 621 15 179 

Normalized@ 165O"F 62 427 108 745 20 217 
Cold rolled 84 579 100 689 10 197 
Q&T@ 12OO"F 78 538 104 717 28 235 
Q&T@8OO"F 115 793 158 1089 13 444 

Q&T@4OO"F 117 807 163 1124 9 514 
1060 Hal rolled 54 372 98 676 12 200 

Normallzed@ 165CJ<'F 61 421 112 772 18 m 
Q&T@ 12OO"F 76 524 116 800 23 m 
Q&T@ lCOO"F 97 669 140 965 17 277 
Q&T@8OO"F III 765 156 1 076 14 311 

1095 Hot rolled 66 455 120 827 10 248 
Normalized@ 165O"F 72 496 147 1 014 9 13 
Q&T@ 12OO"F 80 552 130 896 21 269 
Q&T@8OO"F 112 772 176 1213 12 363 
Q&T@6CX)OF 118 814 183 1262 10 375 

• SAE Handbook, SOciety 01 Aulomottva Englnaars. Wcrrandol8. PA; Malols Handbook, Amarlcon SOCIety lor Matols. Materials Poric . CH. 
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812 DESIGN OF MACHINERY APPENDIX 8 

Tobie 8-4 Mechanical Properties of Some Cast-Iron Alloys 

Cast-Iron Alloy Condition 8r1nell 
Hardness 

I, 156 

Gray Cost Iron--Cioss 30 Ascosl 32 221 109 752 210 

Gray Cost Iron--Class 40 Ascosl 42 290 140 965 235 

Gray Cost Iron--Class 50 Ascasl 52 359 164 1 131 262 

Gray Cost Iron-Class &J As cost 62 427 187 1289 302 
Ductile Iron 60-40-18 Annealed 47 324 65 448 52 359 160 

Ductlle Iron 65-45-12 Annealed 48 331 67 462 53 365 174 

Ductile iron 8(}.5&{)6 Annealed 53 365 82 565 56 386 228 

Ductile Iron 120-90-02 Q&T 120 827 140 965 134 '124 325 

PropertIM of Some Me/oJs ond AIoy:l. lntemotlonol Nickel Co" Inc .. NY. Me'O/S HorIdbook, A.meI!con Society tor Marois. Ml;Jler\oII; Po1c. OH 

Table 8-5 Properties of Some Engineering Plostics 
0010 from \tlOOus Sources. · ApproxWnate Volues. Consult Monufocfuers for More Accurate Information 

Approximate Ultimate Ultimate Elongation Mo, SP4tC1f1C Material ModuluS of t Tensile Compressive over 21n Temp Gravity Elasticity E Strength Strength 

Mpsl GPo kpsi MPo kp. MPo 'I. OF 
ASS 0.3 2.1 6.0 41.4 10.0 68.9 5-25 16Q.200 1.05 

20-40% gloss filled 0.6 4.1 10.0 68.9 12.0 82.7 3 2(J().23O 1.30 -Acetol 0.5 3.4 8.8 60.7 18.0 124.1 60 220 1.41 

20-~ gloss tilled 1.0 6.9 10.0 68.9 18.0 124.1 7 185-220 1.56 

Ac",,", 0.4 2.8 10.0 68.9 15.0 103.4 5 140-190 1.18 

Auoroploslic (PTFE) 0.2 1.4 5.0 34.5 6.0 41.4 100 35().33Q 2.10 

Nyton 6/6 0.2 1.4 10.0 68.9 10.0 68.9 60 18Q.3O() 1.14 

NylOn II 0.2 1.3 8.0 55.2 8.0 55.2 300 1&Q.3OO 1.04 

2O-3O'l. gloss filled 0.4 2.5 12.8 88.3 12.8 88.3 4 25().34Q 1.26 

Polycorbonate 0.4 2.4 9.0 62.1 12.0 82.7 100 250 1.20 

1 ().4Q% glass nlled 1.0 6.9 17.0 117.2 17.0 117.2 2 275 1.35 

HMW Polyethylene 0.1 0.7 2.5 17.2 . 525 0.94 

Polyphenylene Oxide 0.4 2.4 9.6 66.2 16.4 113.1 20 212 1.06 

2()-3()% glass filled 1.1 7.8 15.5 J06.9 17.5 120.7 5 260 1.23 

POlypropylene 0.2 1.4 5.0 34.5 7.0 48.3 500 250-320 090 

2Q.3O'I< ot= fllled 0.7 4.8 7.5 51.7 6.2 42.7 2 3IJO.32O 110 

Impact Polystyrene 0.3 2. 1 4.0 27.6 6.0 41.4 2-80 140-175 1.07 

2O-3O'l. gloss filled 0.1 0.7 12.0 82.7 16.0 110.3 I 1&Q.200 1.25 

PoIysulfone 0.4 2.5 10,2 70,3 13.9 95.8 50 3()().345 124 

• Modern P/o$r/c$ Encyc/opedla. McGl'ow·HI. New York; MocIlln9 De5Ign Molerio/$ Reference Iswe. Penton P\.IbIIstW'og. Cleveland. OH. 

t Most pIa$tICS do nol obey Hooke's law These opporElf1I moduli of eIostlclly \lOry with Ilme ond lempElrotvre 



APpendiXC 

-
GEOMETRIC PROPERTIES ' 

DIAGRAMS AND FORMULAS TO CALCULATE THE FOLLOWING 
PARAMETERS FOR SEVERAL COMMON GEOMETRIC SOLIDS 

v = volume 

m = mass 

Cg = location o f center of mass 

Ix = second moment of mass about x axis = f (y2 + z2)dm 

I y = second moment o f mass about y axis = f (x2 + z2) dm 

I: = second moment of mass about z axis = J (x2 + )'2)(1111 

k-f = radius of gyration about.r axis 

I.:y = radius of gyration about y axis 

kz = radius of gyrat ion about : axis 

• 
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(a) Rectangular prism 
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DESIGN OF MACHINERY APPENDIX C 

m .. V . mass density 

b 
YC8@"2 

111((12 +c2 ) 

I)" .. 12 

k .. ...1... fi, )" m 

11/ .. V . mass density 

YCg on axis 

11/ .. V . mass density 

ZCg on ax is 

Ye8 on ax is =C8 on axis 

m(3a2 +3b2 +/2) 
Iy- Iz - 12 

k._k._.I&. ) . V;,-
In _ V . mass density 

YCg on axis 

In _ V . mass density 

YC8 at center 

ZCg on axis 

ZCg at center 



APpendix D 

-
SPRING DATA 

The following catalog pages of helical compression and extension spring data 
provided courtesy of Hardware Prodllcts Co., alelsea, MnssacJlllsettS. 

"'. 
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D 

COMPRESSION 
SPRINGS 

DESIGN OF MACHINERY APPENDIX 0 

Pouno. P'I' 'nch 1'lIVre ... C"" ..... ' '0< 
e.ch 0"''''11, and ,,,,,, __ to " .. ' .... "'I>e< 0' 
~"'" 't'fl~"ed to com~'~" ' ... ..,..'" t 
To compte ••• he """'It \0 0". 't'Q~.e. 

\, "" 1<0 a' , .... v''''_ 
M" •• mum [)eHec,.o<> .. <I .... mou~' ..""nQ 
",,11K,. 10 11''''' " .......... ..,,.,..,.,. H ... 
value ... b"""",(j h ....... , .... to'"' hr"9l~ ~ ....... 
,~. 'loiod "" c"",p'.,...,a "'''IIlh 



SPRING DATA 

..-oo, C--------+------~ 

I\QTl S1Oc ' '''"''I:rH~O''''''_'''' 
.n Of_ no >to .. '" ~'ooJ "·oe .. 
Q~Od "flO" 'OQo_. 

1''''' .... _ in<~ '9-'0 _ 0 c_,.." lor 
oocl> 11>''''11. ..... ,,,,,,_I> , ... __ '" 
po<onclo ' .. ~.ecI '0 o:ornpo ... ,100 111'''''' 1" 
To <_est 'Ioo .... inv II " or ,.; " '_Wfl .... or " O, , .... ~ 
M . . ........ o.Uoc,- ;0 , ... _, .... ""Il 
dcl'-<:,. '0 g .... me ..... -.", _ n .. 
val ... ... blroc'od ""'" .... " ........ ,~ _ , .......... or compt_ ...... ,~ 

t Hardware Produets Compan3/. Ine. 
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D 

EXTENSION 
SPRINGS 

. ' '.' • • ~ f 
J' . "' .. "'-r"~ , 

• ~ _ ~ •• Vy-'V ._" ,~ 

- ," -
ORDER BY: 
Sf LENGT11 ~ 0 .0 . x WIRE DIA. 

SPECIFY HOOKS OR lOOPS 

The li<o~re, given lot ' Maxlmum EKlensior'l" 
and 'bs. per inch' s.e!of a Spllng 1"1ong. For 
Ol~ lengttl$ multiply \he "Maximum Exl&n' 
tIOn' and d",oda the 'bs. pe' Inch" by \he 
length in Inches. The ' Maunum Load" and 
'Initial Tensoon" remain oonstam tor any 
length. 

e.ample: A spring W diam .. 06Z" ..... re and 
4" Ong will have a safe maximum eJrtanSl(lf'l 
(J 32" and R wi. rllqwre 41bs. 10 dell8C1 K 1 
In. The spring w~1 hold approximately 3.3 Ibs. 
before ij stans 10 (lI(tend, and w~1 hold a 
maJ<tnum 0116.1 Ibs without permanent 
SU"1ch. If 8.5 11:>$. is I'o.Ing on the spring h will 
dellecl l .3" 8.Slbs. minus 3 Jibs dMded by 
4 105. per inch equals 1.3', 

FOR aUICK OEU VERY 
CIII161 7.a84-9410 

t«JT F Stoc"P' "11" 0" bo "":»<od 
"' .... "' .... ..... 0<""'·00 P", •• Q""'''' 4'<'" '..:0-"," 

DESIGN OF MACHINEIlY APPENDIX 0 
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Hardware Products Company, Inc. 
191 WILLIAMS STR EET · CHELS EA, MA 02150 



APpendix E 

ATLAS O..f GEARED FIVE BAR 
LINKAGE COUPLER CURVES 
C. Zhang, R. L. Norroll, T. Hammond 

The follow ing pages of coupler curve dala are excerpted from the complete work. 
See Sections 3.6 (p. 11 3),4.8 (p. 182).6.8 (p. 302). and 7.4 (p .347) for more 
in fo rmation on the geared fi vebar linkage. Use program FI VEBAR to investigate 
other linkage geometries . 

Alpha = Coupler Link 3/ Link 2 

Beta = Ground Link I I Link 2 

Lambda = Gear Ratio = Gear 5/ Gear 2.· 

Phase angle is noted on each plot of a coupler curve. 

The dots along curves are al every J 0 degrees of Link 2's rotation. 

Linkage is symmetrical: Link 2 = Link 5 and Link 3 = Link 4 

• Note Ihallhis lambda is Ihe in\'erse of the f.. thai is defined in ~ctions 4.8, 6.8. and 7.4. See also Figures 
P4-4 (p. 20 1), P6-4 (po 30S). and P7-4 (p. 359). For example. a gear ratio A. of 2 in this atlas corresponds to 
a A.Oro.s in the text and in program FrvE8AR . (The difrerence merely corresponds 10 a mirroring or the 
linkage from left to right.) 
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APpendix F 

ANSWERS TO SELECTED 
PROBLEMS 

CHAPTER 2 KINEMATICS FUNDAMENTALS 

2· ' 

,. 
h. 4 
o. 4 

2·J ,. 

b. , 

i. 4 
c. 2 
j . 2 

d. , 
k. , 

, . 7 
1. , 

p. as many as it has sections less one 

c. 3 d. 3 , . 2 

f. , 

m. 2 
q. 3 

g. 4 
, . 2 

2·4 •. 6 

b. 3 

b. 6 c. , d. 4, but 2 arc: dynamically coupled c. 10 

2-5 force-dosed 

a. pure rotation 
b. complex planar motion 
c. pure translation 
d. pure translation 
e. pure rotation 
f. complex planar motion 
g. pure: translation 
h. pure translation 
i. complex planar mOlion 

2·7 a. 0 b. I c. I d. 3 

2·8 
a. structure .. DOF = 0 
b. mechanism .. OOF '" [ 
c. mechanism .. DOF "" I 
d. mechanism .. OOF =. 3 

f. 3 

825 





ANSWERS TO SELECTED PROBLEMS 

........ - i ...... . 

FIGURE S3 · 3 

One possible solution to Problem 3·8 

,./ 
./ 

/ 

'. 
\ 
t 

~ ; 
\.... .. ~ ./ 

......... .-........ 

3· 10 The solut ion using Figure 3·1 7 (p. 11 6) is shown in Figure S3·4. (Use program 
FOUIIDAR to check your solution.) 

3·22 The transmission 5 1e ranges from 3 1.50 to 89.9~. 

A 

B 

A 

Cognme#2 

FIGURE 53 · 4 

Originallink.age 
(Cognate #1) 

B 

p 

Roberts diagram 

c 
Cayley diagram 

c 

Cognate #3 

Solution to Problem 3·10. Finding the cognates 01 the lourbor Iinkoge Ihown In Figure 3· 17 (p. 116) 

" 

c 
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• These files can be found 
in Inc PR08LBl SOLU

TIONS folder on the CO

ROM included with this 

teu 

t l1le letter x in the 
filename represents the row 
number from the table of 
problem data. 

DESIGN Of MACHINERY APPENDIX F 

3·23 Grashof crank-rocker. Transmission angle ranges from 58. 10 10 89.8°, 

3·31 LJ '" 160.6, ~:c: 81.3. L3 '" 200.2, L4 '" 200.2 mm. 

3.16 Grashof double-rocker. Works from 56° to 1580 and from 2020 to 310°. Transmis
sion angle ranges from 0" 10 90". 

3.39 Non-Grashoflriple-rocker. Toggles at ± 11 6°, Transmission angle ranges from 0° 10 

88°. 

3-42 Non-Grashof triplc-rocker. Tossles at ± 55.4°. Tl1Insmission angle ranges from 00 to 
88.8°, 

CHAPTER 4 

4·6 and 4·7 

4-9 and 4·10 

4-11 and 4·12 

POSITION ANALYSIS 

See Table 54- 1 and the file P07-04ro ..... 4br. 

See Table 54-2. 

See Table 54-3. 

4-13 See TablcS4-I. 

4-14 Open the file P07.()4rowAbrt in program FOURBAR 10 sec: this solution.· 

4-15 Open the file P07-04row.4brt in progntm FOURBAR to sec: this solut ion.· 

4-16 See Table S4-4. 

4-17 See Table S4-4. 

4-21 r Open the file P04-21.4br in program FoURBAR to see this solution." 

4-13 Open the file P04-23.4br in progntm FoURBAR to see,llir is solution.· 

4-25 Open the fi le P04-25.4br in progmm FoURBAR to see this solut ion.· 

4-26 Open the fil e P04-26.4br in program FOUR BAR to see this solution." 

4-29 Open the file P04-29.4br in program FOURBAR to see this solution." 

4·30 Open the file P04-3O.4br in program FOURBAR to sec: this SOlution." 

4·31 '1 =-6.265, '2=--0.709. 

CHAPTER 5 ANALYTICAL LINKAGE SYNTHESIS 

5·8 

For left dyad: Assume: : "" 1.075. 

Calculate: W "" 3.67@-1 13.5° 

For right dyad: Assume: s '" 1.24. 

Calculate: U =- 5.46@-125.6° 

5·11 See Figure S5-J (p. 830) for the solution. 1be link lengths are: 



ANSWERS TO SELECTED PROBLEMS ... 
TABLE 54-1 Solutions for Problems 4-6, 4-7, and 4- 13 

.ow ., " Trani ., " Trans 
open open Ang c<oued em .... Ang 

a .... 117.3 28.4 -115.2 -143.6 28.4 

c ~. 1 16.5 69.6 173.3 103.6 69.6 

• 7.5 78.2 70.7 -79.0 - 149.7 70.7 

g -16.3 7.2 23.5 155.7 132.2 23.5 
- 1.5 103.1 75.4 -113.5 141.8 75.4 , - 13.2 31.9 45.2 -102.1 -147.3 45.2 

m -3.5 35.9 39.4 -96.5 -135.9 39.4 

TABLE 54 -2 Solutions lor Problems 4-9 to 4- 10 

'ow ., - SI_ ., SI_ 
open open em .... c<oued 

a 180.1 5.0 -0.14 -3.0 

C 205.9 9.' -25.90 -4.6 

• 175.0 16.4 4.20 -23.5 

g 212.7 27.1 -32.70 -14.9 

TABLE 54-3 Solutions 10f Problems 4- 11 10 4- 12 

.ow ., " '0 '" " '0 
open open open crossed c<oued crossed 

a 232.7 142.7 1.79 -259.0 -169.0 1.79 
e 91.4 46.4 2.72 118.7 163.7 6.10 

• 158.2 128.2 6.17 -96.2 ~.2 5.70 

TABLE 54-4 Solutions lor Problems 4-16 to 4-17 

'ow 

'" '. '" " open open e,"""" em"",, 

a 173.6 -177.7 -115.2 -124.0 

e 17.6 64.0 -133.7 180.0 

• -164.0 -94.4 111.2 41.6 

Q 44.2 124.4 41.1 -149.3 
37.1 120.2 -67.4 -ISO.5 
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y 

s 

110.2' 

2 
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FIGURE 55-1 

Solution to Problem 5-1 1. Open the tile P05-11 In progrom Fot..IRsAA for more InfQ(motlon 

-y 
P, 

3 
P, 

3 

x 

0,,,,,,,, 0, 
2 

w 

fiGURE 55-2 

D Solution 10 Problem 5-15. Open the file P05-151n program FouRSAR for more Information 
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0, 

FIGURE 55 -3 

y , 

0. 

x 

Solution 10 Problem 5-19. Open the file P05-191n program FouIlsAAfor more Information 

Link I '" 4.35. Link 2:: 3.39. Link 3 = 1.94. Link 4 = 3.87 

5-15 See Figure S5-2 for the solUlion. The link lenglhs are: 

Link I '" 3.95, Link 2 : 1.68. Link 3 :: 3.05, Link 4: 0.89 

5-1 9 See Figure S5-3 for Ihe solution. The link lengths are: 

Link I :2. Link 2 = 2.5. Link 3 = I. Link 4 '" 2.5 

5-26 Given: 112 = -45°, P21 : 184.78 mm. 02::: _5.28° 

113 = _90°, PJ1 = 277.35 mm. OJ:: -40.47° 

02.<::: 86 mill O2)" : - 132 mm 

0 4 .= 104 mill 0 4)" = - 155 mOl 

For leC! dyad: Calcuhue: ~2 = -85.24° Ih:: _ 164.47° 

For right dyad: 

Calculate: W: 110.88 mOl 

Calculate: Z :46.74 mm 

Calculnle: Y2 __ 75.25° 

Calculate: U .. 120.70 mm 

Calcu lale: S: 83.29 mm 

9", 124.24° 

4' = 120.34° 

'13 : - 159.53° 

0"= 104.35° 

'V '" 152.80° 

8" 

G 



• These files can be found 
in the PR08LEM SOLU· 
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ROM included with this 

D"" 

5-33 Given: 

For left dyad: 

For right dyad: 

5·35 Given: 

For lefl dyad: 

• For right dyad: 

CHAPTER 6 

6·4 lind 6·5 

6·6 and 6·7 

6·8 and 6·9 

6·10 and 6·11 

DESIGN OF MACHINERY APPENDIX F 

0.2::: _25", 

0.3= - 101°. 

Oz.,;=-6.2 mm 

04.T = 28.0 mm 

P2]::: 133.20 mm. 

p ) ] :: 238.48 mm. 

02y =-I64.0mm 

04y = - 12l.0mrn 

Calculate: Ih = _53.07" 

Calculate: w= 128.34 mm 

Calculate: 2 = 85.45 mm 

Calculate: 12=-77.26" 

Calculate: u= 92.80mm 

Calculate: S= 83.29 mm 

<X2 = -29.4". 

<X3 = -2.3". 

P21 = 99.85 mm. 

P31 =188.23 mm. 

Oz.,;=-111.5mm 02)"= 183.2mm 

04x: - 11l.5mm 04y = - 38.8 mm 

Calculate: ~2 = 69.98" 

Calculate: w= IOO.06mm 

Calculate: 2:306.82 mm 

Calculate: 12 = -4.95° 

Calculate: U =232.66 mOl -
Calculate: S= 167.l7mm 

VELOCITY ANALYSIS 

b2= - 12.58" 

63 = _51.64° 

~3= -94.11 " 

0= 11 8.85" 

¢I = 37.14" 

13 = _ 145.66" 

0:: 119.98" 

\If = 65.66" 

Sz = 7.48° 

~ : - 53.75" 

~3 = 139.91° 

a = 150.03" 

¢I:: -49.64° 

13 =-48.81 " 

0:: 62.27" 

III = -88.89" 

See Table 56-1 and the file P07-04row.4br. 

See Table 56-2. 

See Table 56-3. 

See Table 56-4. 

6·16 VA = 12 in/sec@ 124."3". VB = 1l.5 in/sec@ ISO", Vc :: 5.65 in/sec@ 153.3°. 
w3:: -5.69 rad/sec . • 

6-47 Open the file P06-47.4br in progmm FOURBAR to see this solution: 

6-48 Open the file P06-4S.4br in program FOUR BAR 10 see th is solut ion.' 

6·49 Open the file P06-49.4br in program FoURBAR 10 see this solut ion" 

6-51 Open the file P06-51.4br in program FoURBAR 10 see this solution: 

6-62 Open the file P06·62.4br in program FoURBAR to see this solution: 

6-65 VA:: 94.5 in/sec. VB:: 115.2. VJ/ip = 162.S. V"<lm:: 65.9. 003 = -70 rad/sec. 
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TABLE 56- I Solutions lor Problems 6-4 to 6-5 

.OW "" "'. Vp Vp "" "" Vp Vp 
open open mog ong crossed crossed mag ang 

a -6.0 -4.0 "'.8 58.2 -<l.66 -2.66 22.0 129.4 
c -12.7 -19.8 273.8 -53.3 -'22.7 -15.7 119.1 199.9 
e 1.85 40.8 260.5 -12.1 -23.3 19.3 139.9 42.0 

g 76.4 146.8 798.4 92.9 239.0 168.6 1435.3 153.9 
-25.3 25.6 103.1 -13.4 56.9 6.0 476.5 70.4 , -56.2 -94.8 436.0 -77.4 -55.6 -16.9 362.7 79.3 

m 18.3 83.0 680 .• 149.2 7.73 -67.0 571.3 133.5 

TABLE 56-2 Solutions for Problems 6-6 to 6-7 

.ow VA -VA "'3 V,mag "3 V,mag 
mag ang open open crossed c.oued 

a 14 135 -2.47 -9.9 2.47 -9.92 

c 45 -120 5.42 -41.5 -6.42 -3.54 

e 250 135 -<1.86 -189.7 8.86 -163.80 

g 700 60 -28.80 738.9 28.80 -38.90 

TABLE 56-3 Solutions for Probtems 6-8 to 6-9 

.ow VA VA •• V"" V, mag "'3 V .... v,mag 
mag eng open open open c"' .... c<Cued c<Cued 

a 20.0 120.0 -10.3 33.5 41.2 3.6 -33.5 14.6 

c 240.0 135.0 23.7 73.0 142.5 6.5 257.8 38.8 

• -180.0 165.0 -2.7 -176.0 5.4 -44.5 -17.1 89.0 

TABLE 56 -4 Solutions for Problems 6- 10 to 6- 11 

'ow "'3 ., "'3 ., 
open open e<oued c""'"" 

a 32.6 16.9 -75.2 -59.6 

c 10.7 -2.6 -<1.2 5.1 

• -158.3 -81.3 -116.8 -193.9 

g -<1.9 -40.9 -48.5 - 16.5 

I -40.1 47.9 59.6 -28.4 

CI 
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TABLE 57·1 Solutions for Problems 7·3 to 7·4 

Row 
., 0, Ap Ap 0, 0, Ap Ap 
open open mag on. crossed crossed mog ong 

a 26.1 53.3 419 240.4 77.9 SO.7 298 -11.3 

c -154.4 -71.6 4400 238.9 ~.2 -148.0 3554 100.6 

e 331.9 275.6 10260 264.8 1287.7 1344.1 19340 ~.5 

9 -23510. -19783. 172 688 191.0 -43 7rFf. -47436. 273634 ~.O 

-044.6 505.3 9492 -81.1 121.9 -728.0 27871 150.0 

k -2693. -4054. 56271 220.2 311.0 1672.1 27759 -39.1 

m 680.8 149.2 35149 261.5 9266.1 10303. 63 831 103.9 

TABLE 57·2 Solutions lor Problems 7·5 to 7·6 

Row 
A, A, a' ABmag ABang 0, Asmag ABong 

mag ang open open open crossed crossed c"''''''' 
a 140 -135 25 124 180 -25 74 180 

c 676 153 -29 709 180 29 490 180 

e 12500 4S -447 6653 0 447 11 rFf5 0 

9 70000 1SO -1136 62688 180 1136 58429 180 

-
TABLE 57 ·3 Solutions for Problems 7·7 to 7-8 

Row 0, 0, "'slip " 0, "'slip 
open open open crossed crossed crossed 

a 130.5 130.5 -128.5 -9.9 -'>.9 -128.5 

c -212.9 -212.9 1078.8 -217.8 -217.8 112.5 

e 896.3 896.3 -1818.6 595.6 595.6 277.1 

TABLE 57·4 Solutions for. Problem 7·9 

Row " °4 ., " open open crossed crossed 

a 3191 2492 -<>648 --5949 

c 314 228 87 147 

e 2171 ~24 7781 5414 

9 -22 064 -23717 -5529 -29 133 

-5697 -3380 -2593 -7184 
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CHAPTER 7 

7·3 and 7·4 

7·5 and 7·6 

7·7 and 7·8 

7·' 
7·12 276.5 in/sec2. 

ACCELERATION ANALYSIS 

See Table 57·1 and the file P07..Q4rowAbr. 

See Table 57·2. 

See Table 57·3. 

See Table 57-4. 

7·21 AA '" 26.26 m/sec2 @ 2 IL1 °.A8 :IE 8.328 m/sec2 @-13.9°. 

7·24 AA:: 16m/sec2 @237.6°.AB '" 12.01 m/sec2 @207Ao,«4=92rad/sec2. 

7·28 AA ::39.38m/sec2 @-129°,AB =39.7 m/sec2 @_90°. 

7·39 Open the file P07·39.4br in program FOURBAR to see this solution: 

7·40 Open the file P07·40Abr in program FOURBAR to see this solution: 

7·41 Open the file P07-4I.4br in program FOURBAR to see this solution: 

7·42 Open the file P07-4~br in program FoURDAR 10 see Ihis solution: 

7·44 Open the file P07-44.4br in program FOURDAR 10 see this solution: 

7·56 Tipover:lt 19.0 to 20.3 mph: load slides at 16.210 19.5 mph. 

CHAPTER 8 CAM DESIGN 

Most of Ihe problems in Ihis cam ch:lpter:lre design problems with more Ihan one cor
rect solution. Use program DVNACAM to check your solution obtained with Malhc(ld 
or TKSol"er and also to explore various solutions and compare them to find the best one 
for the const ..... ints given in e:lch problem. 

8· 1 Sec Figure 58· I. 

8·2 Sec Figure 58·1. 

) 

• These riles can be fOl.llld 

in the Pll:OBUM SOLU· 

TlONS folder on the CO
ROM il'lCluded wilh Ihis 
text. 

direction ___ / 

of sliding 

(0) Effective linkoge fO( Problem 8-1 (b) Pressure ongle. fO( Problem 8-2 

FIGURE S8 · 1 

Solutions to Problems 8-1 ond 8-2 



8.4 ¢I = 4.9°. 

8·6 ¢I = 13.8°. 

DESIGN OF MACHINERY APPENDIX F 

CHAPTER 9 GEAR TRAINS 

9·1 Pitch diameter: 5.5, circular pitch = 0.785, addendum: 0.25. dedendum =0.3 13, tooth 
thickness: 0.393. and clearance: 0.063. 

9·5 a.Pd=4, 

9·6 Assume a mininlllm no. of teeth : 17. then: pinion = 17t tlnd 2. 125·in pi tch ditl. Getlr = 
153t 3/ld 19.125-in pilchdia. Contact mtio:- 1.7. 

9·7 Assume a minimum no. of teeth = 17. Ihen: pinion = 171 3/ld 2.83·in pitch dia. Gear= 
1361 and 22.67-in pi tch dia. An idler gear o f any dia. is needed to get the positive ratio. 
Conlactratio= 1.7. 

9-10 Three stages of 4.2: 1,4: I, and 4.167: I give -70: I. Swge I = 20t (d = 2.0 in) to 841 (d = 8.4 
in). Swge 2: 20t (d: 2.0 in) to SOt (d = 8.0in). Stage 3 = 1St (d: I.S in) to 751 (d = 7.5 in). 

9·12 The square rool of 150 is > 10 so will need three stages. 5 x 5 x 6 = 150. Using a min
imum no. ofteelh = 18 gives 18:90, 18:90. and 18: lOS teeth. Pilch dins. are 3.0. 15 and 
IS in. An idler ( 18t) is needed 10 make the overall ralio posilive. 

9·14 The factors 5 X 6 = 30. The rat ios 14:70 and 12:72 revert to SlIme center distance of 4.2. 
Pitch dias. are 1.4, 1.2, 7, and 7.2. 

9·16 The factors 7.5 x \0 = 75. The !'"dtios 22: 165 and 17: I 70 revert 10 same center distance 
.of 6.234. Pitch dias. are 1.833. 1.4 I 67, 13.75, tlnd 14. I 67. 

9·19 The factors 2 x 1.5 = 3. The mtios 15:30 and I 8:27 rev~·to the same center distance of 
3.75. Pitch dias. are 2.5, 5, 3, and 4.5. The reverse train uses the same 1:2 first stage as 
the forward train, so il needs a second stage of I :2.25 which is obtained wilh a 12:27 
gearset. The center distance of the 12:27 reverse stage is 3.25 which is less than that of 
the forward stage. This allows Ihe reverse gears to engage through an idler of any suit
able diameter 10 reverse output direcl ion. 

9·21 For the low speed of 6: I, the factors 2.333 X 2.571 = 6. The mtios 15:35 and 14:36 re
vert 10 the same center distance of 3. 125. Pi tch dias. are I.S75, 4.375. 1.75, and 4.5. 
The second speed train uses the SlIme I :2.333 first slage as the low speed train. so it 
needs a second stage of I: 1.5 which is obtained with a 20:30 gearset which reverts to 
the same center distance of3.125. TIle additional pi tch dias. are 2.5 and 3.75. The reverse 
tmin also uses the same I :2.333 first stage as Qpth forward tmins, so il needs a second stage 
of I: 1.714 which is obtained with a 14:24 gearsel. The center distance of the 14:24 reverse 
stage is 2.375 which is less than that of the forward stages. This allows the rever.oe gears to 
engage through an idler of any suitable diameter to rever.oe output direct ion. 

9·25 a. 00:2 = 790, 

9·26 a. 00:2 = -59, 

c. w/lfm = -4.544, 

c. w (lrm = 61.54. 

9· 27 a. 560.2 rpm and 3.57!O I. 

e. Wti = -61.9S 

e. Wti = -63.33 

b . . t = 560.2 x 2 - 800 = 320.4 rpm 

9·29 See Table S9-1 for solution. The lhird row has the smallest error and smallest gears. 

9·35 11 = 0.975. 
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TABLE 59- I Solution to Problem 9-29 
Possible ratios for two-stage compolJnd gear train to give the ratio 2.71828 

Pinion 1 Gear 1 Ratio 1 Pinion 2 Gear 2 Ratio 2 Train ratio 

25 67 2.68 70 71 1.014 2.71828571 

2. 57 1 .... 47 65 1.383 2.71826853 

'0 " 1.067 31 79 2.548 2.71827957 

30 64 2.133 62 79 1.274 2.71827957 

31 4. 1.548 45 79 1.756 2.71827957 

31 64 2.065 60 79 1.317 2.71827957 

31 79 2.548 75 80 1.067 2.71827957 

35 67 1.914 50 71 1.420 2.71828571 

9-37 T1 = 0.998. 

9-39 WI'" -1142.9 rpm. OO:! '" -3200.0 rpm. 

9-41 w, '" 391.8 rpm. w~ 783.7 rpm. 

94 3 W(j =-12.4 rpm. Wf"'-125.1 rpm. 

CHAPTER 10 DYNAMICS FUNDAMENTALS 

10- 1 CG@8.36in from handle end. I;: '" 0. 177 in-lb-sec2• k'" 8.99 in. 

10-2 CG@ 7.61 in from handle end. In'" 0.096 in-lb-sec2• k = 8.48 in. 

10-4 

10-6 

10-9 

3. X = 3.547. y = 4.8835. 

b. x'" -62.029. y = 0.2353. 

l'" 1.4308, 

1 '" 17.897, 

14':-1.3341 

14': 24.397 

a. In series: 
b. In parallel: 

k,ff- 3.09. 
ktff = 37.4. 

Softer spring dominates 
Sliffer spring dominates 

Abs error 

5.71E-06 

1.15E-05 

4 .3De-07 

4.30£-07 

4.30£-07 

4.30£-07 

4.30£-07 

5.71E-06 

3. In series: 
b. In parallel: 

erfl'" 1.09. 
c,ff'" 13.7. 

Softer damper dominates 
Sti ffer damper dominates 

10-12 

10-14 

k,ff = 4.667 N/mm. 

k,ff= 240 N/mm. 

m~=O.278 kg 

m~= 72 kg 

10-20 Effective mass in lSI gear: 0.054 bl. 2nd gear = 0.096 bl. 3m gear :0.216 bl. 41h 
gear s 0.863 bl. 

10-21 Effective spring constant at follower .. 308.35 Ib/in. 

10-25 Effective spring constant: 11 1. 1 N/mm. effective mass = 27 kg. 

10-26 .f: 5.775 in. 

G 



.. 8 

• These: files can be found 
in the PROBLEM SOUI-

nONS folder on the CD-
ROM included with lh is 
lex!. 

DESIGN OF MACHINERY APPENDIX f 

CHAPTER 11 DYNAMIC FORCE ANALYSIS 

11 ·3 Open fi le P Il·03row,sld in program SUDER to check your Solulion: 

11 -4 Open file P l1-03row.sld in program SUDER [0 check your solution,· 

I J -5 Open file P1I-05rowAhr in program FOURBAR to check your solul ion.· 

J 1-6 Open file P1 1-05rowAbr in program FOURBAR to check your solut ion, · 

11-7 Open file P I I-07rowAbr in program FOURBAR to check your solution,· 

II - Il Ft2T = - 1246 N, F l2y '" 940 N; Ft4x = 735 N. F I4y =-22 19 N: 
F3'].;r '" 306 N. F32y = - 183 N: F43x = 45.1 N. F43,. = - 782 N: T1 2 = 7.14 N-m 

11 - 13 Open file Pll-13.4br in program FOURBAR 10 check your solution,· 

11 - 14 F12 ,. 1278 lb. F)2 = 1290 lb, 
lFf = 0.645. 

F43 = 1290 lb, 
F mmd'" 53. t lb. 

CHAPTER 12 BALANCING 

12- 1 

,. /I!iI"b '" 0.934. ab = _75.5° 

o. mIY/> = 5.932, at> = 152.3° 
,. fIlVb= 7.448, o/> = -80.76" 

12-5 

Ft4 = 710 lb. 

,. lII"r" = 0.814, a,,= - 175.2°, 11111'11 = 5.50. ab = 152.1 " 

o. m"r" = 7.482, 9,,= - 154.4°, mll'~7.993, 9b = 176.3° , mar" = 6.254. a" = -84.5", lII/1"b = 3.671, ab = _73.9" 

12·6 IV,,=3.56!b, 

12·' IV,,=4.2Ib, 

IV" = 2.13 lb. 

IV,,=3.lllb. 

9b= - 129.4" 

9b= 135" 

12-8 TIlese are the same linkages as in Problem 11-5. Open the fi le P 11 -05row.4br in 
program FOURBAR to check your solution.· Then use the program to calculate the 
flywheel data. 

12-9 Open the file P 12-09.4br in program FOURBAR to check your solution" 

12-14 R3 = 3.46 in. 93 =180", R4 =""3 in . 94 = 90° 

12-16 W4 = 9.66lb, 94-= 160.19", IV~ = 13.91 Ib, 9s = 56.49° 

12-18 d3 = 18.95 mm. a3 = _147.46", d4 = 20.8 rnm. 94 = 28.94" 
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CHAPTER 13 ENGINE DYNAMICS 

13· 1 Exact solution = - 42 679.272 in/sec @ 299. 156° and 200 rad/scc 

Fourier series approximation'" - 42 703.631 in/sec @ 299. 156° and 200 radfsec 

ErroT::-O.0571% (-0.000571) 

[3.) Gas torque:: 2 040 (appTox~. Gas force = 3 142 

J )-5 Gas lorque = 2039.53 (approx.). Gas lorque = 2 039.9J (exact) 

Error=0.OJ86% (0.000 186) 

13·7 

a. /lib:: 0.00748 allb:: 7.2 • 
b. nib '" 0.00800 at Ib '" 7.2. 
c./",<x/d",0.6912. 

13·9 1II1a;; 0.018 al r a = 3.5. 

mp =0.0 1251 atlp =4.3 1 
ma = 0.01200 at la '" 4.80 
Error = 11.48% (0. 11 48) 

IlMdtJ = 0.2205, Error = -26.5% (-0.265) 

1)· 11 Open the file P I3- I I.eng in program ENGINE 10 check your solution.· -1)·14 Open the file P I3· 14.eng in program ENGINE to check your solution." 

13-19 Open the file P13·19.eng in program ENGINE to check your solution." 

CHAPTER 14 MUlTICYllNDER ENGINES 

Use program ENGINE to check your solutions." 

CHAPTER 15 CAM DYNAMICS 

15·1 to 15-5 Use program DYN .... CAM to solve these problems. There is not any Oll~ 
right answu 10 lhese design problems. 

15·6 SeeTableSl5-1 

15.7 10 15-19 Use program DYN .... C .... M 10 solve these problems. There is not any olle 
right answer to these design problems. 

TABLE S15·' 
Solutions to Problem 
15·6 

"'" "'" Cc 

o. 3.42 3.38 8.2 

b. 4.68 4.60 JQ.7 

c. 0.26 0.26 15.5 

d. 2.36 2.33 21.2 

e. 5.18 5.02 29.0 

f. 2.04 1.96 4Q.O 

" These: liIes can be found 
in !he PROBLEM Sot..U
nONS folder 011 lhe CD· 
ROM included with this 

lexl. 



INDEX 

-A 

acceleration 4, 162, 328 
absolute 330. 335 
analysis 

analytical 336 
gmphiral 331, 332 

angular 560. 569. 579 
osfru I'te/Of 336 
dtjiniliQn 328 
im'trltd sfidtr-cratlk 343, 346 

cam-follower 384 
comparison of SMfN$ 403 
ptot/actor 401 

centripetal 329, 335. S5 I 
cOOolis 341 
difference 

analytical sollllion 336. 337 
tiffinilion 331 
rquarion 330 
graphical sO/lIIioll 335 
in SUdtf·croll/; 340 

discontinuities in 390 
human tolerance of 350 
linear 560. 569 
modified sine 397. 403 
modified trapezoidal 395 
multiplier factor (cams) 449 
normal 335 
of a valve Ullin 153 
of lUIy point on link 348 
of gcared fivebar 347 
of piston 352 

of slip 146 
rehuive 331. 335 

ptal.: 446 
sinusoidal 393 
tangential 329. 335 
tolerance 351 

accelerometer 350 
across variable 540 
actuator 30, 554 
addendum 465, 470 

circle 470 
modification coefficients 474 

AGMA 470, 474 

air 
cylinder 30. 87 
motor 71 

all wh~l drh"e 509 
a ll_wheel_drive 511 
Ampere, Andre Marie 5 
amplitude ratio 739 
analogies II , 729 
analogs 540 
analysis II , 12, 86. 87. 559, 765 

definition 8 
of mechanisms 3. 24 

analytical linkage 
synthesis ss. 90, 210, 211, 221 

conlpare 10 graphical 2 18 

angle 
of a vector 

dtfillilion 174 

of approach 467 
of recess 467 

angular \'elocity 
ratio 282, 285. 464 

definition 281 
animate (in programs) 782, 788 

antiparallelogram 50 
linkage 289 

apparent position 167 

applications 
assembly machines 421 
automobile engine 377 
automobile suspension 117. 286 
automobile transmission 465 
engine valves 411 
indexing table drive 404 
movie camera 115 
of air motors 11 
of fluid JlOwer cylinders 12 
of hydraulic motors 71 
of kinematics 6 
of solenoids 12 
optical adjusting mechanism 287 
steam locomotives 51 
toggle linkages 91 

appro:d mate 
circle arc 136. 139 
dwell 141 
straight line 113. 130. 139 

arc or aClion 467 

arctangent 
two-argument code for 164 

841 



arm (ep icyclic) 493 
Arlobolevsky 6 

linkage catalog 141 
refe rence 146 

aspt'rilies 27 

aUas of roupler cun'es 
fourbar 114, 11 5 
geared fi vebar 12\. 787 

automobile 
clutch 592 
suspc:nsion 117, 130.286 
wheel oolancer 628 

a:.:is 
of rotation 530 
of slip 

cam·fo/lo ... ·tr 279. 430 
Inl't'rfell sfilll'f crank 301. 342. 

579 
slilll'r block 291, 293 

of transmission 467 
cum-JoIlo ... ·l'f 430. 43 I 
gtur tuth 466 
Im·trred slidtr-crank 301. 579 
slidtrblock 291.293 

axle 286 

B 

babbitt 677 
backdrin 90, 478 

background 
resea rch 9, 16, 606, 763 

backhoe 7 
backlash 468, 470 

definition 468 
bala nce 

complete 608 
dynamic 608. 612 

riftS 628. 629 
mass 609 
shafls 702, 118. 721 
single-plane 609 
sialic 608. 609. 722 

tires 628 
balancer 

LallChester 722 
Nakamura 723 

balancing 55 1 
dynamic 6 15. 722 

suondary force 722 
engines 

multi-cylinder 718 
singlt-cylinder 671 

linkages 6 18 
rfftct on ilJpltt rorqJ/c 621. 624 
efftct on pin forces 621 
oprim/11Il counter .... eiglru 624 
shaking force 6/7. 618 
shaking momel1l 614 

stalic 611 
ba ll 

and socket 21 
joint 27 

bank 
angle 708 
engine 681 
of cylinders 640 

Barker 52 
base circle 

cam 429, 442 
gear 470. 412. 479 
invohlle 465 
radius 429 

base units 17 

""'m 
cantilever 546 
double cantilever 546 
indetemlinate 34 
simply supported 34 

!rearing 61 
ball 62 
bushing 64 
effective diameter 64 
effective length 64 
fiange-mount 62 
journal 61 
linear ball 62 
pillow block 62 
mtio 64 

dl'/inilion 64 
poor. l'Xompll' of 64 

roller 62 
rolling-element 62 
sleeve 61 
spherical rod end 62 

bell 6, 26, 462 
fiat 481 
synchronous 48 1 
timing 482 
vee 463. 481 
vibration in 483 

benchmarking 9 
Berkor-lowen method 618 
big end (conrod) 655 

binary 35 
link 26 
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binomia l 
e)(pansion 649 
theorem 648. 653 

bis«lor 137 
blank paper syndrome 8, 594 
blobs 18 

bore/stroke ral io 676 
Boston rocker 290 
bollom delld center (nDC) 641 
boundary conditions 377, 384, 

407, 415 
brainstorming I I 
brake 493 
branch 

defec t 191 
dcfini tion 191 

brule rorce lind igno rance 
(BFI) 770 

building blocks 30 
bump stetr 286 
Burmester cunes 242 

bus hing 64 
bal1 133 

c 
cam 6, 26, 88. 136, 353, 377, 729 

and fol1ower 87. 136. 278 
aUlOmOlive valve 546, 743 
axial 381. 451 
barrel 381. 404 
conjugll1c 450 
conlour 442 
cutter 444 
cylindrical 381 
definition 377 
design 

fllnd!lmel1llliillwof 388 
dcsmodromic 748 
disk 537. 730. 742 
double-dwell 385 
dynamic test fixture 446 
face 381 
force .... losed 148. 750 
ronn-e losed 748. 749. 150 
grinding 444 
ground 452 
manufacturing 444 
materials 444 
mechanisms 540 
milled 452 
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mQ(ion program types 383 
plastic 444 
piau: 38 1, 752 
r.ldial 38 1, 451 
single.dwell 411 

aJ},lIImt'lric(!/ rist·fall 417 
symml'lrical rist'jall 411 

stationary 440 
three-dimensional 382 
track 748 

ca m·follower 44. 47, 65 

camoid 382 
ca msha ft 747 

torque 750 
cap;lcitor 540, 543 
carburetor 643 
carry through 50 
cu rteshtn 

coordinates 172 
form 164 _ 

plot 775 
Cayley diagram 123, 126 

degellCl1Ite 126 

center 
of curvature 441 
of gravi ty 527.528.569.653 

global 528 
of percussion 535. 625. 655 
of rotation 535. 536. 625. 655 
point 239 

cirel, 239 
Ct!ntrifugal force 551 , 718 

centrodes 287 
fixed. moving 289 
noncircular gears 480 

cent ros 273 

chain 26 
drive 462. 482 

\'ibrmiQlr ill 483 
silent 482 

change points 49 
characteristic equation 734, 7J5 

C hasles 
reference 197 
theorem t69. 271 

C hebyschev 122, 129, 130, 240 

chorda l actiOn 482 

circle 
arc 132 

lI'ith N'mo/e ctllter 113 
point 239 

eirel, 239 

cireuit 
defect 191 
definition 191 

circuits 
of a link;tge 177 

distinguishing 194 
nrmrherof 192 

circu lar 
gears 289 
pitch 470 

civil engineering 5 
clearance 468, 470 

C lerk 643 
cycle 641 
engine 643 

clockworks 5 
closed 

curve 11 3 
kinematic chains 30 
mechanism 30 

closed loop 70 
closed-form solution 

definition 192 
clutch 

automobile 592. 663 
synchromesh 505 

coefficient 
of damping 540. 545 
of fl uctuation 591. 592. 662. 808 

cognate 123, 127 
charncter of 123 
fourbar linkage 122 
geared fi vebar 129 

colinearity 90. 108 
combined fun ctions 

for cams 394 
common 

normal 279. 466. 467 
tangent 279. 465 

communication 17, 766 
complex 

motion 25 
conrod 654 
coupltr 30, /13 
dtfinition 26, 168 

number 172 
notation 173. 174 

plane 173 
compliance 

defin it ion 57 
compliant mechanisms 57 

component 
orthogonal 178 

compound 
epicyclic train 497 
gear train 484. 485 

compress ion 
ignition 645 
stroke 642 

Computer Aided 
Drafting 87, 594 
Engineering 87. 88. 11 5 
Manufacturing 445 

computer graphics 107 

conca\'e 436 
conjugate 

ac tion 478 
cams 380. 746. 748 

conjugates 380. 465 
connecting rod 30, 640 
conrod 645, 654. 657 

two per crank throw 7 12 
conrodlcrank ratio 676 
conservation or energy 552 
conservath'e model 730 
constant 

acceleration 394 
of integration 732 
velocity 421 

constrained 30 
construction angle 108 
contact ratio 474 

minimum 475 

continuation methods 148 
continuous 45 

mQ(ion 421 
Continuous Numerical Control 

(CNC) 445 

convex 436 
coord inate system 26, 164, 560 

absolute 17. 164 
global 164. 213. 575. 783 
local 164 

nonroto/;ng 164. 560, 576. 785 
rolating 164. 576. 785 

coriolis acceleralion 341, 343 
correction planes 613, 722 

cost 88 
coulomb friction 538, 578 

counter 
balance 57 



couple 6 13 
rotating eccentrics 719 
shaft 504 
weight 611, 623. 674, 721 

crtlllbha{l 672 
oprimllm halanc~ 624 

coupler 11 3, US. 186, 762 
as 11 physical pendulum 625 
attachment points 

alremall: 101 
curve equation 249 
curves 113. 114. II? 121. 123, 139 

alluso/ 115 
degenerale 1f3 
degree of Ifl 
desigll charu 121 
dOllble points 114 
sill/peso/ 114 
symmetrical 117 

definition 30 
OutpU1 93, 95. 99, 101 
point 115. 139. 779. 793 

cou pler curve 
equation 

complexit), 249 
synthesis 250 

crllnk 115, 640. 654 
definit ion 30 
eccentric 64 
phase diagram 689. 704, 804 
short 64 
throw 685 

crank·conrod ralio 648 
crank·rocker 49, 11 5 
crank-shaper 47 
crank'slider 

threebar 563 
quick-return /12 

crankpi n 657 
splayed 721 

crankshaft 643, 685 
balance weights 672 
mirror symmetric 704. 714 
phase angles 806 
phase diagram 688 

creali"e process II. 762 
definition 762 

creati"ily 7, 10, II , 21 , 762 
Critical Extreme Position 

(CEP) 378, 383, 385 
Crit ical Path Motion 

(CPM) 378, 383, 421 , 422, 427 

• 

crossed 
helical gears 477 
mechanism 177. 232 

crossover shock 450, 468, 
748, 750 

crowned pulley 481 
crunode 114, 121 
cubic function 

fi nding roots of 193 
current 540 
curvilinear translation 127 
cusp 

on cam 436 
oncoupJercurve 114.117,121 
on moving centrode 29 1 

cycloid 
curve IJ4 
gear tooth 465 

cycloidal 
coupler curve 291 
displacement 391. 393. 412 

compared 403 
dynamic torque 752 
single-d .... ell 411 
\'ibrat;on 447 

cylinder 
air and hydraulic 71 
spacing (lC engines) 804 

o 
d'Alctllbert 5, 550, 551, 553, 609, 6S7 
dampers 547. 740 

combining 541 
in parallel 542 
in series 541 

drunpmg 538, 50\ S<6, 729, 733, 743 
coefficient 540 
critical 734. 735. 736 
effective 542, 545 
internal 548 
nonlinear 538 
pseudo-viscous 540 
quadratic 538 
ralio 734. 739. 740. 743 
viscous 538 

DC component 649 
decision matrix 13 
dedendum 470, 472 

circle 470 
deferred judgment I I 
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deneclion 527, 538 
bending 546 
torsional 548 

degree 11 3, 121 , 407 
degree of freedom 24, 29, 34 

definition 30 
distribution of 40 
spatial mechanisms 34 
visualizing 29 

Dejonge 6 
Delone 144 

della 
phase angle 688 

oprimllm 688 
power stroke angle 698 
triplet 39. 40. 44 

deltoid 51 
Denavit, J. 6, 122 
density 

mass 527 
weight 527 

derived unit 17 
descriplh'e geometry 5, 766 
design 7, 88, 761 

axiomatic 15 
by successive analysis 87, 88 
case study 762 
computer-aided 13 
definitiOflP 7 
detailed 13. 15. 20 
process 3, 7. 8. 14. 21. 86. 5TJ. 761 
qualitative 87 
ratios 676 
simplicity in 47 
specifications 10 
trade-off 66. 591. 676 

desmodromic 380, 450, 746 
determinant 235 
diametral pitch 471 

Diesel cycle 645 
a iffcrential 493 

automotive 511 
cellier 511 
rear 5/1 

center 509 
definition 509 
limited slip 511 
Torsen 5 11 

digitizing increnlent 448 
dimensional synthesis 88, 90, 

92, 146 
of a fourbar linkage 92 



INDEX 

Dirac della functions J88 
discontinuities 388 
discriminant 735 
displacement 

cam 384. 406 
definition 165 
10lal 169 

dissipaliye element 740 
Dixon, A. IS 
DOE S~t degree of freedom 

dol product 552 
double 

crank 49 
dwell 141, 385 

cum 385 
linkugt 119, 384 

enveloping wormset 478 
harmonic 413. 752 
parallelogram linkage 5 1 
rocker 49, 90. 99, 129 -drag link SO, 110 

dragged crank 110 
driver 66 

crank 572 
stage 99 

driving torque 576, 652 
duplicate planar linkages 89 
dwell 44, 66, 136, 137, 384, 452 

<om 
dQl/blt- 385 
sing/I" 412 
singlt- 411 

definition 136 
linkages 136 
mechanism 45. 136. 141 
mOlion 113 

dyad 93, 213, 21S, 218. 227, 239 
defin ition 30 
driver 97, 99. 10 1 
ompul 110. 11 2. 136 

DYSACAM program 
example 

cons/ant \·tlodry 424 
fQrce 743, 744. 748 
polynomial 410 
radius of CllrmlUrt 438 
single-dwtfl 411 
torque 75/, 753 

general information 769 
how to run 171, 195 

dynamic 
analysis 20 

balancing 
dtl';uS rtqll;r;ng 613 
nrac/lint 628 

equilibrium 550 
equivalence 625 

reqll;rtnrtl1ls!or 654 
force 4, IS. 162. 350. 35 1. 527 

ol1oIY$;$ 525, 559 
nrtaSllrtmel1l 753 

• friction 538 
models 526 
system 4. 5SO. 560 

[_quintet 39 

eccentric 
cmllk 64 

E 

masses 7 18. 719 
eccentricity 

cam_follower 
dt/inilion 430 
tfftCI on prtSSIl" anglt 433 
flol-/aced 434, 443 
roller 410 

effect.ive 
damping 545 
linkage 377. 463 
links 44, 28 1 
mass 543 
spring 545 

efficiency 478, 552 
definition 501 
of a conventional gear train SO l 
of an epicyclic train 501 

t.1astomers 481 
electric motors 66, 586 
electrical circuit 541 
electromechanical devices 89 
endpoint specification 383 

energy 
kinetic 265 

;n cam-/ollo ... trs 394, 404. 428 
;nfly ... heels 587, 662 
;n Itl'er ratios 543 
in rtSOI1Qnu 740 
;n rolO/;ng sySftnrJ 530 
in l'irt/m/l<'orA: 552. 554 
peak 403 

law of conscrvation 552 
method 552, 583 
potential 552, 740 
storage elements 740 

Esc tSE program 638, 649. 
659, 683 

flywheel calculations 662 
how to run 771. 800 

engineering 14 
approach 14 
design 4, 7, 86, 136 

cost;n 88 
dtfi";/;oll 7 

human factors 16 
repon 17 

engines 66, 640 
inline 685 

!ollr-cylindtr 722 
six-cylinder 718 

multicylinder 685 
/xl/ollcing 718 

opposed 687 
flal-/Qllr 717 
t ... ;n 717 

radial 687 
rotary 687 
vee 640, 687, 705 

... 

I tigh/ 640. 705, 711. 7/4. 
721.806 

six 705, 721 
twtli't 718 
I ... in 720 

epicyclic gear train 
efficiency of 503 

equation solver 196, 549, 594 
equilibrium 538, 550 
equivalent 

mass 543 
spring 543 
system 540. 545. 729 

Erdman, Arthur 6, 107. 210. 242 

ergonomiCS 16 
euclidean geometry 92 

Euler 5 
equivalentS 175 
idcntity 113 
theorem 169 

Eureka! II, 164 
Evans. Qlh'er 5 

e\'o!ute 465 
exhaust stroke 643 

external 
gearsct 472 
load 57 1 
torque 57 1 
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F 

face width (gears) 470 

Ferguson's paradox 497, 500 
filllllld vance mechanism 115 
finite 

difference method 16 
element method 16 

firin g 
angles 806 
even 696 

impor/(lIJu of 699 
illlille/Olir 702. 705 
\'f'f' eight 716 
I'ct engillf's 716 

order 702, 716, 806 
paltem 696 
uneven 699 

r.,'ebllr 
linkage 

geared 54 
Fln :IM It program 

example 
cogl1o/e offol/roor 130 
cOl/pIer Clln'es 112 
r.wel slroishl nile J 32 

how 10 run 771 

fi xed 
cent rode 287. 290 
pivots 100. 103. 115, 122 

specifif'd /03 

nexure hinge 763 
night s imulator 770 
Ouclualion 591 
nywheel 69, 531, 583 

caJculmion 
in progrom Dri'lAcoU/ 75/ 
in program ENGINE 806 
ill program FOURBIoJI 587 

designing 
for for/fbi" linkage 586 
for fC engine 662 

effect 623 
engine 662. 663 
in ICcngines 7 18 
malerials 592 
1l1Omcm of inertia of 662 
physical 592 
Si7.e 808 
sizing 591 

follower 729 
cam 89, 377 

oligm'd 430 

force-closed 730. 742 
form-closed 746 
S)'S{l'1II 377. 729 
lUulerdamped 740 

flat-faced 380. 440. 451 
float 450 
force- or fonn-closed? 450 
jump 450, 740, 743. 744 
mushroom 380 
roller 748 
TOtating 379 
slip 748 
translating 379 

jl(J{-/aced 546 
precl'ssioll 450 
rolier 752 

translating or rotating? 450 
veloci ty 750 

foot-pound-second (fps) system 17 
force 

analysis 
dYllomic 526. 742 
kille/oSlalie 742. 744. 746, 749 

applied 561, 565 
cemrifugal 551. 552, 657 
closed 29 
closure 29, 380. 746 
crankpin 669, 671 
dynamic 638 

cam-
foliowl'r 743, 744. 749. 752 
compllred /0 gfl/l'ilaliOlta/ 553 
millimizillg 394 

external 554, 609 
externally applied 561 
gravi tational 553, 560 
impact 743 
iutia .sO, 554, m. (JJ), 651, 651, (:II} 

link 117 
mainpin 669, 671 

effecl of balollcillg all 675 
piston sidewall 667 
primary 705 
reaction 572 
secondary 705 
shaking 582, 608, 638 

Clllletllillg 718, 719 
fourN" lillkllge 623 
ill illlilll' elrgilles 689, 705 
ill Olll'-cyfilider l'lIgilies 651, 657 
ill I'et engillt'S 710 
primary 702 
secOIrdar), 702 

spring 537, 730, 742 
transducer 628. 753 
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transmission 92 
wristpin 667, 671 

form-closure 29, 380, 746 
FormUla I 

engine red line 650 
four·stroke cycle 641 , 699 
fourbar linknge 47, 123, 569, 608 

acceleration 336 
ami-parallelogram 51 
change points 51 
classification of 52 
cognates 126 

c/wmeter of 123 
coupler curves 114 
eTank-rocker 42, 90 
double-rocker 90, 93 
Grashof condition 47 
link1ess 289 
mechanism 762 
optimum straight-line 132 
quick-return 108 
subchain 93 
symmetrical 118 
triple- rocker 49. 90 

FOllRKAR program 91, 121 , 559 
example 

cOCl/lIles 126 
cOllpler eun'/! 115 
fil'eoor equiI'lIltll/ 130 
qllicWtllmr lOB 
slmighl.lilre lilrkllges 130 
tirrte-{1Qsitioll synlhesis 100. 232 
/Ogg/e /89 
{wa'posilioll synthesis 220 

how to ron 771 

Fourier 5, 649 
desc riptors 252 
series 649, 692 

eqlla/ioll 649 
free body 551, 564 

diagrunl 560. 5ffJ. 657. 666. 730, 733 
J ree choices 94 

for fu nction synthesis 245 
in Ihree-position 

synthesis 226. 227 
in two-position 

synthesis 214. 215, 218 

free vector 272, 335, 336 
frequency 

rorcing 739, 740 
fu nd31l1ental 732, 740. 746 
natural 729 

and reSOI/(lfrct' 740 



INDEX 

c(lIIrjollo,,"l'r 743. 744. 
746. 753 

cireular 711. 718 
unJam~J 712. 711 

on:l'lones 732 
ratio 739 
response 753 

Frt!udenstein, Ferdinand 6 

Freudenstein 's equulion, 176 
friction 29, 463, 657 

bells 463 
Coulomb 538 
force 566 
in linkages 92 
nonl inear 538 
torque 803 
work 292 

fris bee 272 
frus tration 10, II. 7'-' 
full joint 27, 31 -functi on 

forcing 738. 753 
generation 88. 383 

fllralpiml symhesis 242 
d~/ilr;I;O/r 89. 2/0 
IlIbl~ of/rr~ c/wicrs 245 
''''o-posi'ion 91 

generator 88. 243_ 377 
functional \'isua liullion 10 
fundamental frequency 649 
fundamental hlw 

of cam design 390. 741 
of gearing 464_ 466. 468 

d~jinilion 466 

fuzzy logic 2-»1, 250 

G 
G lilloway mechanis m 51 

." force 645.651_ 659_ 669_ 696_ 803 
cun·t 645. 651 

pressure 651. 803 
cunt 643. 645. 651 

torque 651. 653. 696. 803 
gale 11 5 
Guuss-Jordan elimination 222 

gear 
antioocklash 469 
base pitch 474 
bevel 479. 480 

spiral 480 

SIr(l!glu 480 
blank 479 
helical 477 
herringbone ~77, 478 
hypoid 480 
idler 48-\. 78.7 
rack 479 
ratio 122, 183. 543, 787 
set 129. 289 
shaper 472 
spur 477 
tecth 465 

/IIII-drpih 471 
IfPSTC 475 
1I/U'qlllll-add~lIdlllll 474 

tooth action 462 
tmin 462. 483 

rOlllpoulld 485 
(Irs;1:11 algorilhm 489 
rarlitsl kno • .-n rt/I'I'l'IIU 462 
rpicyC/ie 493. 494. 495. 505 
rrror /11 etmtr dislilllcr 468 
'rratiomJI ralio 491 
rtl'l'rt~d 487. 504 
simpll' 483 

worm 478 
womlset 478 

gearbox 462, 486 
geared fi\ 'cbar 

coupler curves III 
mechanism 54. 183 

(II/al)'sis 182. 347 
cog/wre of/orrriJtlr 129 
roupler crr n'es 113 
im'usiolls 0/ 56 
/Jrogram/or 787 

gearing 
rundamemallawof 464 

tltjimlion 466 

gears 26, 464 
non-circular 289. 480 
profile-shifted 474 

gearsct 464, 478 
angle of approach 467 
angle of recess 467 
arc of oct ion 467 
changing center distance 468 
contact rat io 474. 476 
clItemul 465 
highest poim of single-tooth 

contact 475 
intemal 465. 472 
length of action 466. 474 
preSSlire angle 467 

genetic lilgorithrns 248 

Gene va 
mechanism 45 
..... heel 45 

glo ba l mass center 618 

goal statemenl 10, 606 
graphiclil 

dimensional synthesis 88 
COlli/Hire lOo/ltll)'liml 218 
rools /leedl'd/or 93. 99 

position analysis 163 
Grashor 48, 162 

conditioo 47. 48, 51. 99 
gl'ortdjil,tbar 55 

cmllk-rocker 130 
double-rocker 189 
liveoor 129 
linkage 66 
special-case 49 

gra \ italional 
constant 17. 19 
system 17 

gravity 351 
ground 

definition 30 
pivots 105 
plane 122 

Gruebler 31 
criterion 40 
equDtion 31. 34. 35. 42 

Ilachelle 5 
Hain. Kurt 6 

linkagcs 141 
reference 145 

half 
join1 29. 35 

H 

84' 

Hall , Allen S. 6, 107, lOS, 129 
I'lammond, Thorn 121 
harmonic 413 

number 718 
harmonics 649, 692 
I-Iartenberg, Richard 6, 123 
helical motion 27 
helix angle 27, 477, 478 
higher pair 6, 27. 29 
Hilchcock chair 290 
hob (gear) 472 



... 
hodograph 776 
Hoeken 

linl:age 130. 133 
reference 145 

homogeneous 732 
ODE 732 
solution 133 

homo!opy methods 248 
hood hinge 89 
hood hinge mechanism 57 
Hrones 

reference 145 

Hrones and Nelson aUas 114 
human ractors engineering 16. 22 
Humvet' 5 11 
hunting 469 
hydraulic 

cylinder 87 
motor 66, 71 

hyperboloids 480 
hypoid gellrs 480 

idea generation 1I 
ideation 10. II , IS, 764 

and invcmion JO 
idenllncntion of need 8 
ideolity lIlatrix 222 
imaginary axis 173 
imbalance 628 
inch·pound·!«ond (ips) 18 
inclined plane 5 
incubation 12. 764 
inde)(ers 40-4 

indexing 136 
table 404 

indices of merit 285 
induction system 642 
inductor 540, 542 
inertia 

balance 702 
I'U tl1gine 705. 7/6 

force 550. 609, 659, 687. 696 
mw moment of 529 
torque 550, 554. 660. 693 

inertial reference frame 164 
innn!l}' orsolulions 218. 239 
i~ne£lion points 415. 438 

init/al conditions 732 

inner ear 350 
input torque 586, 623 
ins tant centers 273 

cam-follower 278, 432 
fourbar linkage 274, 287, 762 
generate centrodes 289 
permanent 273, 274 
slider<rnnk 276 
using in linkage design 285 

intake s troke 642 
interference 472 

intermittent mol ion 44, 421 
internal combustion engine 576, 

638, 683 
interpolation increment 446 
invention 7, 10 
inl'erse dynamics 526, 559, 742 
in\'ersion 

definition 45 
for three-position 

synthesis 103, 105. 107 
in ideation II 
ofslider-crank 113 

faru analysis 579 
posi/ion soliltion 181 

inversions 
distinct 45 
of foumar linkage 48 
of 5ixbar linkages 47 

inmlute 465. 468, 472, 479 
definition 465 
teeth 468 

isomer 40, 789 
invalid 40 
number of valid isomers 40 

iteradion 8, 12, 13, 87, 92, 94, 
422. 527, 594 

J 
Jacobian 195, 196 
jerk 353, 411 

angular 353, 354 
cam 384 
difference 355 
in belts and chains 483 
linear 354 

jiller 137 
joint 6, 27 

cam-follower 63 
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cantilevered 63 
force index 187. 593 
force-closed 29 
form<losed 29 
mulliplc 32. 35 
one-freedom 27 
order 29 
slider 27 
sl iding 274 
slntddle mounted 63 
two-freedom 27 

joystick 27 

K 
Kant 5 
Kaufman. R, 107, 210 
Kempe 113 

reference 145 
Kennedy, Alexander 6 
Keflnedy's rule 273. 274 
Kimball. B. 770 
kinematic 

applications 6 
chain 29 

c/a:u af 48, 55. 56 
d,.jirdtiOlr 29 
im'usian of 48 

pair 6~7 
structure 32, 34 
synthesis 559 

kinematics J, 4, 50 52S, m, 7"-1, 752 
definition 3 
hislory of 5, 20 

kinetics 3, 5, 525 

kinelosfatic:s 526. 559, 742. 750 
Kinsyn 107 
KISS 15 
Koster 540, 743. 757 
Kotll, S. 119 
Kutzbllch 31 

L 
Lagrange 5 
Lanchesler 

engine 725 
Frederick 508. 725 
harmonic balancer 722. 725 

L'Ecole I'olyte£hnic 5 
length or action 466, 474 
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subfoldu to install thaI program. 
Acrtpt olltht dt/oult choicts 
of/trtd lind donal upfou ony 
nt .. 'tr l'trsiOfU of .dllfiltS fhal n,Jy 
ulrtody IN on your sys/tRi with 
old" I'tnions from this CD-ROM. 

p~ DYKACAM SUbfoider 

PI!OIiIAAI ENGINE SUbtoider 

PII()GAAM f MIAII SUbfoider 

p~ FouRlAll Subfolder 

pt()I;RAM M .... fI\X SUbfolder 

P~ SiX ...... SUbfolder 

PIIOGIAM S UDU Subfolder 

EXAMPLES AND FIGURES Folder 

Data lUes for Norton's custom 
programs that match some 
examples and figures in text. 

Chapter 2 SUbfoidSf 
R)2·19b.Sbr 

Chapter 3 Subfolder 
CopmcI.4br """"2. ... """"'AIr Rl3.()IL4br 
Rl3.()1 b.4br 
RlMO .... 

Rll<I6. ... 
R»<>7b.0b0 
RJ3 .. 07c.6br 
RJ3-aI .. 4br 
RlWk.Obo 
RJJ..I2..4br 
RJ3- I3a6br 
AJ3.. ITh .. 4br 
RJ3--18 .. 4br 
RJJ...24 .. 4br 
F03--28a4br 
FOJ..28h5br 
RJ3.29a ... 
RlJ...~ .. 4br 
RJ3.29d ... 
RJJ..2ge .. 4br 
RJ3-29f .. 4br 
R)3.. 3lcJibo
RJ3.34 .... 
R)3...3S .. 6br 
FI'IlW1 .... ,...,..,.. 

Chapter 4 SUbfolder 
R»--1I..5b-
RJ.I....1S .. 4br 

Chapter 5 SUbfolder 
BJ:S.01..4br 
EO><J2arnoo 

""""'-EO>02 .... 
E()5.ffi .... 

Chapter 6 Subfolder 
ffiS-14 .. 4br 
ffiS-15a..4br 
ffiS-1Sb.4br 
ffiS-17b..4br 

Chapter 8 Subfolder 
"".()J~ 

"""'"""'~ 
""""""' """'-1m<>!-
""""-"'n 

""'""'"" _ ,,,,,,,", _,,,,,,," 
BJO-I<>=om 
8)8..1l..cam 

_''-<an 

Key TO IIIINAME SUFfixes 

OYNAC\M .~ 

ENGIN!! ."" 
FrVEBAR .5811 

FouRBAR ASK 

MATt.A8 .M 
MA~ .MTI< 
S,X8AIt .... 
Su"," .ru> 
TKSoLvu. .TKW 

WORKIS<> MOOEI. .111',,120. wM] 

Chapler 11 SUbfolder 
EI I-OI..mtr 
E1I-02..nlD" 
E11 .. O..l..mIT 
EI I-03 .. 4br 
FIl-06..4br 

Chapter 12 SUbfOider 
FI2..{lS .. 4br 

Chapter 14 SUbfolder 
BrnwV I2..cng 
FI4- I2..cng 
FI4- 14.cng 
FI4-18.mg 
FI4-24.mg 

Chapter 15 SUbfoider 
EI5-0I.c.n 
EI><I2.am 

Appendix A Subfolder 
F ......A..{lS .. 4br 
F......A .. Il..5b-

Plloet:tM SOLUTIONS Folder 

Data lUes that lOIve selected 
problems In lhe text .. 

Chapter 3 Subfolder 
PQ3..14.4br 
roJ.22. ... 
P03-23.4br 
P03-36.4br 
JlO3.42 .. 4br 

Chapter 4 Subfolder 
ro4-21.4br 
ro4-23.4br 
ro4-2S.4br 
ro4-26.4br 
ro4-29.4br 
ro4-JO.4br 

Chapter 5 SUbfolder 

"""""" POS-II.4br 
POS-ISAb" 
POS-I9.4br -"' ... 

Chapter 6 Subfolder 
Pl))..47.4br 
POO4II .... ... 



CO· ROM CATALOG 

P06-49.4br 
P06-5L.4br -Chapter 7 SUbfolder 
1'07-%1.4br 
P07.Qk.4br ""' ........ 
1'07-<»g.4br 
l'07-<»i.4br ""'_ ... 
""''''''' ... 1'07·39.4br 
P07-40.4br 
1'07-41.4br 
1'07-42.4br 
1'07-44.4br 

Chapter 10 SUbfolder 
PIt).()4a.mtr 
PI(}.{)4b.nur 

Chapter 11 SUblO1der 
PlI-<l3a.5Id _ 
PlI.QksId 
PII.{JJe4kI 
PlI-03g.sId 
PII-<»a.tkw 
PlI-{lSa.ll.-w 
PlI-{l5a.4br 
PI 1-{l:5c. 4br 
"II.QSe.4br 
PII-05g.4br 
l' l l-06a.rkw 
1'1I.(Xic.lkw 
1'11.{)5c.lkw 
pll..(J6t..1kw 
pll-07a.4br 
pll-07c.4br 
pll-07e.4b-
pll· I2.4br 
pll· I).4br 

Chopter 12 SUblo1der 
p12-09.4br 

Chapter 13 SUblolder 
PIJ..ll.eng 
" 1J.. 14.cng 
PIJ.. I9a.en& 
PIJ.I9b.eng 

TKSOLVER FilES Folder 

TlCSoIver model flies. 
Th~ TKso/I'rr program is nrrdrd ro 
run th~Sf!fi/~s und is nOl includrd 
with this text. Su WWMJ.uts.com, 

Geor1.lk SUblo1der 
O;mpound.rkw 
,="-.w 
'niple.rkw 

Unkoges.1k. SUbfOider 
3 ~tion FtxPivocs.lXw 
3 pa;ition.lkw 
Cogn:ue.lkw 
Coupler.tkw 
DrngSIider.tkw 
'4>"'2okw 
Exll.(».tkw 
F~ PQ5.05.tkw 
Fwdlar.lkw 
Foortxu-.lkw 
Invak:d slidcr-<:r.l1k.tkw 
sec,,"w 
SlidecCmpr.1Xw 
Slider.rkw 
Sooi Cogn:ue.tkw 
Symrnetric.tkw _.w 
Virtual w.:n:.lkw 

Mlsc.tk SUblO1der 
c.mc.k.okw 
Co",,,, ... 'w 
Q.lbic.1i:w 
Cydoidtkw 
RJ4..1S.tkw 

.......... "" SCCA.rkw 
Studeor.lkw 

WORKING MODEl PROGRAM 

This/older COIl/OillS lire Workhlg 
Mf)(lei Textbook Ellition progrum. 
Directions/or its instlll/u/ioll Or(' 
prm'id~d on /h~ inside back COI'('r 
0{ /his /~xlbook. Note Ihu/lhe 3·D 
I'f!rsion o/Working Model is not 
prm'ided with this lext. 

WORKING MODEl FilES folder 

Chapter 2 SUbfoider 

Working Modrl2D Fj/r s 

02·I(t),wm2d • ScoIch Yoke 
02. I2awm2d·(ieneva 
(J2..12b.I"nl2d·1tdchet lind P-Jwl 
02·12c.wm2d· L.inearGcneva 
02·13.wm2d· Slider-Cnlnk 
02·14alx:.wm2d· SqJhcnson Invasioo 
02·14de.v.m2d· Wz I~ 
02·15.wm2d • GnMof Inversioos 
02·16.v.m2d • Non-Gntsho( Invmions 
02·I9b.v.m2d • Geared Fivdxtr 
02·20 ...... m2d· Desk i..a.n1l 
P2.() l f.wm2d·~ 'hive 
P2-ill.wm2d- Fnn &rd l..oader 
P2·()kwm2d· Radial Engino: 
P2.()4d.wm2d - Walking Beam 
P2-04e. ..... m2d. DnUtingAnn 
P2-<»g.wm2d. Dnun Brake 

.. 
P2-out.v.m2d • COO1p\"SSioo 01amber 
P2-05a .... m2d. Olebysdlev Mechanism 
P2-05b. .... m2d. Kempe SL Mechanism 
P2-07.wm2d - Thronle Mechanism 
P2-08 ..... m2d - ScissorsJuck 
P2-lO.wm2d - Walt's Fsrgine 
P2-13.wm2d - Crimping Thol 
P2 ·14 ...... m2d • Pick and I'\ace 
P2-15 ...... m2d - po ..... er llacksuw 
P2-I6. .... m2d - Powdtr I"re:;s 
P2-IS ..... m2d -Oil F'1I:kt PUIllP 

WorI;ing Model 3D Fifrs 
P2.()IILwm3 - Cylindrical c;m 

Chapter 3 5ubfolder 

Working MtxIcI 20 FUrs 

OJ.04.wm2d - Eluvnple J. I 
03-OS.wm2d - EJuunpleJ.2 
03.()7b. .... 1n2d · EJuunplc J.4 
0J.<l9c ..... m2d • Eu.nple J.(j 

0J.11.wm2d - 3-Position S)'l1thesis 
OJ-12b. .... m2d • 4br Quick Return 
OJ-13a.wm2d • 6br Quidc Retum 
OJ-14.v.m2d - Quick·Renn! Shapa' 
OJ.14.· ...... 1I12d • Quidc·Rttum Shapa' 
OJ-15 ..... m2d-~~e5 
OJ-17 ..... m2d - Cwpkr Cur.oe Alia! 
OJ-17a .... m2d - Coupler Curve Atlas 
03-18. .... m2d - Camera Fihn Advance 
03·IS··.wm2d· Camer.! Film Advance 
03·19a, ..... 1112d • Auto Su~~" 
0J.193-· ...... m2d • Auto SIISpCIISions 
0J.24a .... m2d· Roberts DiagJlun 
OJ.2Sa. .... m2d . Roberts Diagrnrn 
OJ-25b. .... m2d. Robens IJia&nvn 
OJ-26.\\m2d-~~ 
03-26a.wm2d • Robens Diagram 
OJ-26b. .... m2d • 0Icb)'<dlev ~ 
03-1fib. •. v.m2d - Orebyschev Cognaws 
OJ-27c.wm2d - Qr.rilinearTTlQ. 
0J.27d. .... m2d· CwvilinearTI:¥1S, 
0J.28.\\m2d - GFBM 4br CognaIe 
OJ.28-•. wm2d. GFBM CopirIles(all.) 
03-29.v.m2d - SlJ1lighl·Linl: Linkages 
03-29a.wm2d - Woo SlJ1lighl·Linc 
0J.29b. wm2d • WJlI'S Engine 
OJ-29c.wm2d. Robens Str.Iighl·Lme 
03-29d. .... m2d -Olebysdlev Sl. 
OJ-29c. .... m2d. Hoel:en Strnighl.Linc 
03-29f ..... m2d - Evans StnugIl·Linc 
03-29g. .... m2d. PeaucdlierSut-t..ine 
OJ-31c ..... m2d-~()v.'eJl-Rockc.-
OJ-31d .... m2d - Singlc-Dwcll-Slider 
03-32v.m2d· DoubIe-Dv.e1l Lft:¥ 
0J-34.1<m2d· 180" RoderOutpur. 
OJ. 35.wm2d • 'Ml<Jling M:.rchine 
OJ. 36.IIm2d • 3fi1' Roo:.:ker Outpul 
PJ.()3.v.m2d. Treadle Wheel 
PJ.07 ..... m2d . \\~t1king Beam 
PJ..()I ..... m2d . Loom La),," Drive 



• 

Chapter 4 SUbfolder 

Workjng Mo4el20 FUu 
04- 16.wm2d -Double RocmToggie 
P4-0I.wm2d - flu-Bar Analysis 
P4-02.wm2d -SIidcr-Qri; Analysis 
P4-ID.wm2d ·InYencdSIidrr-Cnrit 
P4-(t'ic..wm2d - Radial Engine 
P4-Q1id. ... m2d - Walking Beam 
P4-OSe.wm2d · Dra/Iing Machine 
P4-<l5g.wm2d · Drwn Br.!ke 
P4-05h.wm2d - Compres.sion Olamba" 
P4-06.wm2d· Pn!¥1d PIoK:e 
P4-07.wm2d - Power Hacksaw 
P4-OO.wm2d - WaIkin& Beam Cro.qu 
P4-1 Lwm2d - Loom LaybarDrive 
P4-14.wm2d . Treadle Wheel 
P4-18.wm2d • Ellif.(ical TIWl"IItlcl 

Chapter 6 SUbfolder 

WOrki!!g Mqdrl20 filr s 

()6.Q5c.wm2d·1nstn CaIlefS 
()6.1Cl:l.wm2d· ~~ 
C6-11.wm2d - Rock ~ 
C6-12. ... m2d·~ 
()6.14a.wm2d - C'cnutxks I 
()6.14b .... m2d - CenlJtdes 2 
C6-14c.wm2d • CentrotIcs 3 
()6.14d.wm2d • Courodes 4 
()6.15a. ... m2d - Cen&rodes S 
C6-1Sb.wm2d - CentrOOc:s 6 
()6.17a. ... m2d - C)'doKbI Mo6:JrI 
f'6..Ol .... m2d· Fola"-lhr Ana/ysi5 
P6-02.wm2d . SIidrr.Qa.nk Analysis 
P6{}3.wm2d · 11JYeI1ed Slider-Oanlr: 
P6-OIIc.wm2d, Radial Engine 
P6-08d.wm2d - Walking Beam 
P6-08e.wm2d - DrnIIing Machine 
fl6.(l!g .... m2d - Drum Bmke 
P6-a!h.wm2d - Ccrnpres:sim Ownbcr 
I'6-IS."m2d · Power Hacksaw 
1'6-16. "m2d - Pick and f'Iaoe 
I'6-lbm2d · Powder Press 
1'6-19."m2d · Walking Beam ColYeyor 
P6-21.wm2d -Tog&Ic Plim 
P6-23.wm2d· Stuf.:e Grinder 
P6-29.wm2d · Drwn PaIaJ 
P6-JO.wm2d . Qij F'.eld ~ 
P6-12"m2d · EIIiptOJ TnlmmeI 

Working Motkl30 Bfa 

06- 12 ... 1113 - BUJl1I SIcering 

Chapter 7 SUbfolder 

Working M odel 20 fifa 
P7.{)I.wm2d· Four·Bar Analysis 
P7.:02. "m2d - Slidcr-Cr.vtk Analysis 
P7.{)3."m2d -lnvenc:d Slider-Crank 
P7.(k"m2d . Radial Eilgft 

DESIGN OF MA.CHINERY CD-IlOM CATALOG 

P7.ad.wm2d - Walking Be:m 
1'7.{)!\e.wm2d - Drnfling Machine 
P7.oog.wm2d ·Dr\lm Br.lke 
P7-O!h. ... m2d - Canpress Olamber 
P7- I ~ .... m2d · Power ~lacb3w 
P7-16 .... m2d· Pn nI Pbce 
P7-19 .... m2d· WaIkJng Beam 
P7-20.wm2d· SurfaoeGrinlb
P7-24.wm2d· Drum Pedal 

Chapler 8 SUbfolder 

Working Mo4el20 fifa 

~"m2d-T..-Iatin8 Follower 
C8-Olb..wm2d·~ FolIowcr 
~"m2d-RoIler~ 
ffi.OOc. ... m2d - Rat·Faced Follower 
CS-39 .... m2d - Cam IHi FoIlowo-
08-48.wm2d - Radii ofCurvruure 
E8-02.wm2d. EMlnpie 8-2 
EW3.wm2d. fJl;ample8-3 
E8-C».wm2d - WmpIe 8-4 
E8-07.wm2d. ~ 8-7 

Working Model W Fifa 

M-03a. ... m3. RoIkf FoI1ower 
~ .... m3 - Cylindrical Cam 

Chapter 9 SUbfolder 

Working Model 20 fiks 

(}}.Qlb."m2d·lnIcmal GcarseI 
~.wm2d. Exlem.'ll ~ 
(J).(lS."m2d - InvoillC Curves 
(9.()6.wm2d -Toom &gagcmm 
09- 19."m2d - Rack:nl Pinion 
09-28 .... 1n2d - Coolpound GearTmin 
09-33. ... m2d - PlanetaryGear.;ec 

Working M odel W Fj/e~ 

09-16.wm3 • Helical·P".lr.lllcl Gears 
09-17.,,1113 • Helical-Crosscd Gears 
09-18 .... m3 -Worm:nl WonnGcar 
09-21 .... m3 . Bevel Gean 
09-30 .... m3-GearTraim 
09-34.wm3 - PIanewy GcarseI 
()I)..44a.wm3. Tr.!llSlTlission - High 
OO-Mhwm3 - Thmsmi:s.sion - Low 
0944c.wm3 . Tr.V1SIl1ission· R~ 
09-S 1.wm3 - Drive Train 
J'9.02.wm3 . ~ Epicyclic 
P9·o.Lq:al-"m3 - Diffm:nrial 
P9·o.Uocb:dwm3 - Diffcm1lial 

Chapter 10 SUbfoider 

workiM Model 20 FU,s 
lD-lla. ... m2d · ValvcTrain 

Chapter 13 SUbfolder 

Working Modd 20 Fifa 

lJ.{)l. ... m2d - ~EigtIl ~ 

PDF PROBLEM WORKBOOK folder 

This/older contoins PDF filt! of 
olltht jigures needed 10 soh,t rht 
1t,J."S tnd-o/-chapttr probltms. 
loch PDF Jile cOIltaills ant 
probftm jigU" and all of tht 
problem SlatemelilS ussociUled .... ith 
ir. The)' are grou~d 1/1 suh/olders 
by cllapter alld Ihe;r jiltllumts art 
Ille S(lme as Ihefigure number or 
problem mllllber i/ll·o/\·td. Thtst 
jilts pro"ide tilt srudtm .... ilh a 
prill/able .... orkbook 0/ Wusrrolt'd 
problems in ""'hich grapllical 
problem so/utiOlls can be directly 
"'orl;td Ol/t or atwlYlica/ so/"Iion 
resIIlts recorded. 

-



SYSTEM REQUIREMENTS 

WindowS® plaHorms (Working Model and Design of Machinery Programs) 

PCfltium·bascd processors 

Windows!! 95fl81ME/200J or Windows NTT .... 4,0 or higher. 

64 megabytes of RAM 

40 megabytes offrec hard disk space 

CJ).ROM drive. 

Mac ™OS plcHorms (Working Model Only) 
l'owerl>(:·based systems 

MacT"'OS System 7. 1 or higher. 

64 megabytes of physical RAM 

CD·ROMdrive 

~ I E fundamental que 0 usuario sa iba cu idar do Iivro, tanto na Bibliotcca 
~' com9 ,r! dela. Pa ra isso, procuramos orienta r 0 leitor na correta . 

INST 

I. 

2. 

3. 

•• 
s. 
6. 

7. 

8. 

C 
h 

C 

F 

::1 " 

\ 

util~~ao dos documentos. Observe as dicas seguin tes : 
,., 
• Retire a livro da estante pelo meia da lombada; -
• Nunca 0 deixe no interior de um carro estacionado Ao so l; 

• Vire as paginas pe lo meio (n unca pela extremidade); 

• Nao risque, rasu re e nem retire folhas; 

., progrums! If you 

, he seven programs 

r veT5ion from the 

9. 
10. T 

T 

" 

"'A 
856. 
,to< W; 

• 

• 

Nao coma ou beba enquanto esta lendo; 

Nunca use adesivos para consertos; 
=l~ is provided on p. 

techniques. Sec 

INST 

Win 
I. 

d 

2. h 

3. 

• Nunca sa ia com 0 livro da Biblioteca (ou permita que outro 0 fa,.:a) sem 
antes registra- Io no Balcao de Emprestimo. , 
joSiga as'dicas descritas, pois livros danificados scrao rcpostos pelo uSUllrio. 

JeW under that. The box for hiding MS· DOS file extensions sllould be off.) 

4. Double·dick drive D. Open the WMlnstallcr folder. You may view the file WMIIl~\lIJ1.txl. 

5. To insmlJ. double<lick on the Setup foklcr. Double<liek Setup.exe to stnn the installation process. 

then Options. then 

6. Enter the directory where you want Worting Model 20 installed. During the installation. yourcomputcr may need 10 be TeSUIJ1ed. 

7. Worklllg Model 20 can be launehed by double<licking on the icon on the desktop or by clicking on the icon in the Stnn/PTograms menu. 

MacOS plaHorms 
I. Quit all applications that arc running on your machine. 

2. Insert the Working Model CD·ROM containing Worlcing Model® 20 Version 4.0 

3. Double·dick on the WM20 4.0 folder. Double<lick the icon entitled "Launch me to insUIl WM2D 4.0". 

4. Follow the inslllil instructions. The Easy Install opt ion installs both Working Modcl20 and the simulation files. The CUStom Install option 
al lows you tochoose componenLS for insmliation such as the simulation files and/or the applicat ion. 

5. After installa1ion. launch Working Model. When prompted. enter your name. school. and the Macintosh serial number NORTON·3£. 
06178967 
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